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DERIVATIONS ON BANACH PAIRS

M.V. VELASCO AND A.R. VILLENA

ABSTRACT. In this paper the well-known theorem by
Johnson and Sinclair establishing the continuity of derivations
on semi-simple Banach algebras is extended to the Banach
pair framework. We establish the continuity of the compo-
nent operators, D1 and D_, of every derivation (D4, D_) on
a semi-simple Banach pair. We reduce the problem to prim-
itive Banach pairs by showing the invariance of “almost all”
primitive ideals under derivations.

0. Introduction. Given a complex Banach space, X, the Banach
space L(X) of all continuous linear operators on X is actually a
Banach algebra with respect to the operator composition. However,
such a product cannot be defined in the Banach space L(H, K) of all
continuous linear operators between two complex Hilbert spaces H and
K. 1t is still possible to introduce the algebraic structure on this space
by using the triple product [abc] = ab*c, which satisfies

Ifabd]| < llall loll [lc]l,  ¥a,b,¢ € L(H, K).

However, both product and triple product are unable to explain the al-
gebraic nature of the Banach space AT = L(X~, X ™) of all continuous
linear operators between two complex Banach spaces X~ and X*. In
order to describe the algebraic structure of this space, we must consider
a twin space, namely the Banach space A~ = L(X*, X ™). We need
two triple products

[ ]e AT x A7 x AT — AT
and

[, ] A" x AT x A7 — A,
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defined by
[atb~ct]y =atb ¢t and [a"bTcT]_ =a"btcT,
respectively, with the properties

[a*b~c ] rd e ]y = [a"pmctd™] "]y = [a"b7[cTd e ] ]+,

[[a bte ] dte ] =[a [bTc dT]ie ] =[abT[cde ] ],
Ha™b™ e 477 < fla™ 1 16~ -l 1+,
and
lla=bF e ]-ll- < lla” -6l lle -,

foralla®™,bt,ct,dT,et € At anda=,b7,c”,d",e” € A~. The couple
(A%, A7) is the most typical example of a Banach pair. A Banach pair
is defined as a couple (AT, A7) of complex Banach spaces, endowed
with two triple products AT x A~ x AT — At and A~ xATxA~ — A,
satisfying the above four conditions. For the sake of convenience, the
norm on both A and A~ will be denoted by || - || and similarly both
triple products will be denoted by [-,-,]. It should be noted that all the
linear structures considered in this paper are assumed to be complex.

Jordan pairs arise in a natural way in the geometry of bounded
symmetric domains. Loos showed in [10] a strong dependence between
bounded homogeneous circled domains, in finite-dimensional complex
vector spaces, and certain Jordan ternary structure so-called Jordan
pairs. It is easy to check that Banach pairs defined above become
Jordan Banach pairs for the symmetrized product.

In the sequel the statements P(c), where P is some relation, have a
meaning that P(+) and P(—) are both valid.

Because of the Johnson-Sinclair theorem [7] on the continuity of
derivations on semi-simple Banach algebras, our knowledge about the
continuity of derivations on Banach algebras is fairly satisfactory. Even
in the framework of the most familiar kinds of nonassociative algebras
[18, 19, 20] and [22], similar results are known. The topic of automatic
continuity has been successfully developed also in the triple system
context [1, 21] and [23]. Now we contribute to this classical problem
by establishing the continuity of derivations on Banach pairs.

Given a Banach pair (A", A7), we say that a couple (Dy,D_) of
linear operators Dy : AT — A" and D_ : A~ — A~ is a derwation if
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the following “Leibnitz rule” holds:
D, ([a’b™7a%]) = [Dy(a®)b™ ¢ + [a” D—, (b77)c7] + [a°b™7 D, ()],

for all a”,b%,c” € A°.
An example of derivation on (L(X~, X)), L(X*, X)) is given by

Di(a")=a"™w —u"a"™ and D_(a")=a u" —ua,
Va® € A°,

where v~ in L(X ™) and u™ in L(X™). It should be pointed out
that operators of this type have been intensively studied since a long
time ago [4, 5, 6, 11, 12] and [15], under the name of generalized
derivations. Here we prove that every derivation on a “standard
operator pair” is of this form, and therefore a theorem by Chernoff
[2] is extended to the Banach pair framework.

The classical notion of semi-simplicity leads to the concept of a
semi-simple Banach pair, defined in a natural way below. In the
last section we prove that derivations on semi-simple Banach pairs
consist of continuous operators. This result provides a generalization
of the Johnson-Sinclair theorem. Moreover, we obtain a Kleinecke-type
theorem for continuous derivations on Banach pairs.

It should be noted that, in order to prove the continuity of derivations
on Banach pairs, we will follow the strategy established in our earlier
paper [20] so the problem will be reduced to primitive Banach pairs.
Therefore, it will be essential to prove the invariance of a sufficiently
large number of primitive ideals under derivations. This will be shown
in the third section. In this step we also extend results of Sinclair [13]
and Thomas [16].

1. Banach Pairs.

1.1 The radical. Given a Banach pair (A", A~) and linear subspaces
I° C A7, the couple (I, 17) will be called a left-left ideal, respectively
right-right ideal, if [A°A~°1°] C I, respectively [[7A 7 A°] C I°. A
two-sided ideal is a left-left and right-right ideal. Finally, (I*,17) is
said to be an ideal if it is a two-sided ideal such that [A7]~7A”] C I”.
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Let (AT,A™) be a Banach pair. If (I7,I7) is an ideal whose
components I and I~ are closed in AT and A, respectively, then
the quotient pair (A" /I, A~ /I™) is a Banach pair in an obvious way.

A left-left ideal (IT,17) in a Banach pair (A", A™) will be called
modular if there exist u™ € AT and v~ € A~ such that

[A°T~°u?] C I°,

and
a’ — [au”u’] € I°,

for all a” € A”. The couple (u™,u™) is called a right modular unit for
(It,I).

We observe that, for a modular left-left ideal (I*,I7) in a Banach
pair (AT, A7), we have that I"™ = A" if and only if I~ = A~. Hence,
the maximality of a modular left-left ideal (I, I~ ) means the following:
I7 # A° and, if (J*,J7) is another left-left ideal with I C J? and
(I*,17) # (J*+,J7), then J7 = A”.

For a Banach pair (AT, A7) and a%,b%,c° € A° we introduce the
multiplication operators by

Lyo(a®,b77)c® = Mp-o(a®,c”)b77 = Rao(b™7,¢%)a’ = [a®b 7).

Hence Ly-(a”,b77) and R4-(b"7,c”) are continuous linear operators
from A to A?. These operators are called left and right multiplica-
tion operators, respectively. Also M -o-(a’,c”) is a continuous linear
operator from A~ ¢ into A° which is called the middle multiplication
operator.

Proposition 1.1.1. The components I™ and I~ of a mazimal
modular left-left ideal (IT,17) in a Banach pair (AT, A™) are closed
in AT and A, respectively.

Proof. Let (ut,u”) be a right modular unit for (I",I7). We
have that ||u?]| # 0 and (v*,v "), where v = |ju" ||||ut] and v~ =
|lu=||"*u~ is a right modular unit for (I*,17).

Now we claim that d(vt, ") > 1 where d(vt, I") denote the distance
from vt to I'T. Otherwise there exists a* € I'" with |[v* +at| < 1.
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Let b in AT be given by the following absolutely convergent series:

bt = ZRA+(U+ +at, 0 )" (v +a™).

n=0
Since [b*v ™ (vT +a™)] = bT — (v +aT), we obtain that
vt =" —[btv o)) —[bTv a™] —at
lies in I, Therefore, for every a™ € A™,
at =(at —[atv o))+ [aTvTvt] e IT

so It = AT, which gives a contradiction.

Since d(vt,It) > 1, the couple (I, 1) is a proper modular left-left
ideal containing (I, ™). Therefore, I is closed in A*.

Finally, since (I~,I") is a maximal modular left-left ideal in the
Banach pair (A7, AT), we obtain that I~ is closed in A~. O

In [3], subsection 2.4 and 2.9, a primitive Banach pair is defined
as a Banach pair (A", A7) for which there exists a maximal modular
left-left ideal (I, I~) not containing properly a nonzero ideal of the
pair. An ideal (P*,P7) is said to be primitive if the quotient pair
(AT /Pt A~ /P7) is primitive. It is clear that a primitive ideal is the
largest ideal contained in a maximal modular left-left ideal. Hence,
from Proposition 1.1.1, it follows that primitive ideals in a Banach pair
are necessarily closed.

The radical, Rad (A*, A7), of a Banach pair (A", A7) is defined as
the ideal (R, R™) given by the intersection of all primitive ideals
in (A*,A7). If (A*,A") has no modular left-left ideal, we define
Rad (A*,A") = (A", A") and the Banach pair is called radical. When
Rad (A1, A™) = (0,0) the Banach pair is said to be semi-simple.

Ezample 1.1.2. For Banach spaces X~ and X7, let (AT, A7) be a
Banach subpair of the Banach pair (L(X~, X "), L(X*, X™)). Then,
for every (zf,zy) € (X*,X ™), the couple (I*,I7) given by I7 =
{a” € A7 : a%(x,7) = 0} is a left-left ideal in (AT, A"). Assume
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now that every component A? contains the set FL(X 7, X?) of those
operators in L(X 7, X9) with finite rank. Then there exist ut € A"
and u~ € A~ such that u(z;?) = z§ and the ideal (I*7,I7) is a
maximal modular left-left ideal with (u*,u™) as a right modular unit.
Therefore, (0,0) is the largest ideal in (AT, A™) contained in (I, 17)
so the Banach pair (A", A7) is primitive.

1.2 Representations. Given Banach spaces X~ and X1 and letting
A° = L(X~7,X"), we observe that there exist continuous actions
(a,27%) — a2~ =a’(z77) from A% x X~7 to X such that

[@bc|2™ = a” (b7 (c°2™7)),

for all a?,b%,¢” € A, and 27 € X°.

Let (AT, A7) be an arbitrary Banach pair. A couple of Banach
spaces (X, X ™) is said to be an (AT, A™)-module if there exist two
continuous bilinear mappings, (a*,z7) — etz from AT x X~ into
XTand (a~,z7) —~ a~xt from A~ x X into X ~, for which the above
equality holds. The (A", A~)-module (X, X ™) is called irreducible if
X9 A% # 0 and the only (A", A™)-submodules of (X, X ™) are (0,0)
and (X1, X ™). We observe that (X, X ™) is irreducible if and only if
every nonzero x~ 7 in X ~7 satisfies

A%z = X°.

If (AT, A7) is a Banach pair acting on a couple (X*,X ™) of Ba-
nach spaces then, for every a” € A°, the mapping ®°(a”) given by
®7(a”)z~" = a’x~“ defines a continuous linear operator from X7
into X?. We note that ®7 is a continuous linear operator from A into
L(X~79,X7). Moreover, the couple (®*,®™) is a homomorphism from
(A%, A7) into (L(X~,X™T),L(X™,X 7)) in the following sense:

@7([a%b"7c7]) = [@7(a”) @7 (b"7) D (c7)],

for all a”,b%,c” € A°.

A representation from a Banach pair (A*,A”) into a couple of
Banach spaces (X, X ™) is defined as a couple (&1, ®~) of continuous
linear operators, 7 : AT — L(X ™7, X7), satisfying the above equality.
Such a representation is called faithful if ker ®T = 0 and ker ®~ = 0.
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We observe that every representation (®*,®~) from a Banach pair
(A%, A7) on a couple of Banach spaces (X, X ~) defines an (A1, A™)-
module structure on (X*, X ™) via

a’z™? =®%(a%)(z77), a” € A%, z° € X°.

If these actions are irreducible, we say that the representation is
1rreducible.

Theorem 1.2.1. An ideal (P*,P~) of a Banach pair (A*, A7)
is primitive if and only if there exists an irreducible representa-
tion (®F,®7) from (AT,A™) on a suitable couple of Banach spaces
(X*,X7) withker®t = P* and ker®~ = P~.

Proof. Let (I'",I7) be a maximal modular left-left ideal of (A", A7)
with a right modular unit (u*,u™) such that (PT, P7) is the largest
ideal of (AT, A7) contained in (I",I7). Then I and I~ are closed
subspaces of AT and A~, respectively. The couple of Banach spaces
(X*,X~) given by XT = AT/It and X~ = A~/I" is endowed
with a structure of (A', A™)-module defined by a?(b=7 + I~7) =
[a®b~7u’] + I°, a’,b° € A?. The maximality of (I™,I7) implies
that the (A*, A7)-module (X, X ™) is irreducible. Let (®*,®~) be
the associated representation. Then (ker ®* ker®~) is an ideal in
(AT, A7) and we observe that [ker ®7u~7u°] C I so that ker 7 C I°.
Actually it is easy to check that (ker ®*,ker ®7) is the largest ideal
in (A%, A7) contained in (I*,17). Therefore, ker ®* = P* and
ker® = P.

On the other hand, by [3], if (&1, ®™) is such a representation, then
(ker @, ker ®7) is a primitive ideal in (AT, A7). i

By applying the above representation theorem to a primitive Banach
pair, (A1, A7), we obtain a faithful and irreducible representation from
(AT, A7) on a suitable couple (X*, X ™) of Banach spaces.

Ezample 1.2.2. Every Banach algebra A gives rise to a Banach pair
(A, A) if we define the two triple products by [abc] = abe. It is well
known that every primitive ideal P in a Banach algebra A is the kernel
of a continuous and irreducible representation ® on a Banach space X.
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Hence, the couple (®, ®) is an irreducible representation of the Banach
pair (A, A) on (X, X) and so the couple (P, P) is a primitive ideal in
(A, A). In particular, the Banach pair (A4, A) is semi-simple whenever
the Banach algebra A is semi-simple.

Lemma 1.2.3. Let (A", A7) be a Banach pair and (XT,X™) be a
couple of Banach spaces on which (A%, A7) is irreducibly represented
with kernel (PT,P~). If (I, I7) is an ideal for which either IT ¢ P+
or [~ ¢ P~ then (I",I7) acts irreducibly on (X, X7).

Proof. Define linear subspaces Y and Y~ of Xt and X —, respec-
tively, by

Yt={zteXt:I 2zt =0} and Y ={2 € X :ITz =0}

If z¥ € YT, then (I"(A~2%),0) is an (A", A”) submodule of
(X*,X™) different from (X*,X~) so that It (A~x%) = 0. There-
fore, AY ' C Y, and analogously we prove that ATY ~ Cc Y*. Thus
(Y*,Y ") isan (AT, A™)-submodule of (X*, X 7).

If (YH,Y7) = (X*,X7), then ITX~ =0 and I X' = 0 so that
It Cc Pt and I~ C P~, which contradicts our assumption. Hence
(Y*,Y ") = (0,0). Therefore, for every nonzero element z+ € X,
we have that (AT(I~z*),I"z") is a nonzero (A", A™)-submodule of
(X T, X ™) which shows that I~z = X . In a similar way we can prove
that Tz~ = X for every nonzero element = € X, so (I'",I7) acts
irreducibly on (X, X7). O

1.3 Density. From now on we will consider a Banach pair (A1, A7)
acting irreducibly on a couple (X, X ™) of Banach spaces. We observe
that (A=, A") is also a Banach pair acting irreducibly on (X~, X ).
Therefore, there exists a duality between the components X+ and
X~ so, roughly speaking, every assertion on a component has a twin
assertion on the twin component.

Lemma 1.3.1. Let (AT, A7) be a Banach pair acting irreducibly
on a couple (X*,X™) of Banach spaces. If F : X° — X7 is a linear
operator such that

Fa® (b7 727)) =a’ (b7 F(27)), a” € A%, 077 € A77,27 € X7,
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then F' is a scalar multiple of the identity operator on X°.

Proof. We may assume that 0 = 4. Let G be the algebra of those
linear operators G : XT — X such that

Glat (b~ zT)) =a™(b~G(z")), a" € AT b” e A™ 2" € XT.

For a nonzero element G in G, the couples (G(X'),A”G(X™)) and
(ker G, A ker G) are (A", A )-submodules of (X*,X ). Hence it
follows that G(X*) = X* and kerG = 0, so G is invertible and it
is easy to check that G~! lies in G. Therefore G is a division algebra.

Now we fix a nonzero element wa' in X*. We obtain a norm on the
vector space G by defining |G| = |Gz ||, G € G. Let G and G’ be in
G, and choose a* € AT and b~ € A~ with Gz, = a* (b zf). We have
that

|G'G| = |G'Gay || = |G (a™ (b7a7))|
= [la* (b~ (G"zq))|| < K[a™[[[lo~[lG"],

for a suitable positive number K. Therefore, the right multiplication
operator Rg, by the element G on G, is continuous. If, given G in G,
we define ||G|| as the usual operator norm of Rg, then || - || becomes
an algebra norm on G, and from the Gelfand-Mazur theorem the result
follows. O

Lemma 1.3.2. Let (AT, A7) be a Banach pair acting irreducibly
on a couple (X*,X ™) of Banach spaces. If z9,...,x% are linearly
independent elements in the component X%, then there exists a7 in
A77 such that a=°z] #0 and a™%z7 =0 for 1 <k <n.

Proof. We may suppose that o = +. For n = 1 the result is trivially
true and we assume inductively that the result holds for n. Let’s
assume also that a“x™ = 0 whenever a~ lies in A~ and a’:vk|r =0
for 1 <k <n+1. We define

I"={a €A :az{=0fork=2,...,n}

and observe that (AT,17) is a left-left ideal in (A%, A™). Hence,

(A+I_a::+1,[_m:+1) is an (AT, A™)-submodule of (X*, X~), which
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is nonzero by the inductive hypothesis. Since I *acj; 11 = X7, we define
a linear operator F': X~ — X~ by Fa~ = a~af fora~ =a"z}
with a= € I~. We observe that

Fla(btz7))=a (b7G(z7)), a € A, bt € ATz~ € X,

so the above lemma implies that there exists a number A\ such that
a~(zf — Azt,,) = 0, for every a= € I~. The inductive hypothesis

applied to xff)\m:“, x;', ...,z shows that there exists a™ € A~ with
a~zy =0for k=2,...,n. Therefore, a~ € I~ but a~(z{ — )\me_l) +
0. This contradiction proves the result. a

From the above lemma it is easy to obtain the following density
theorem.

Theorem 1.3.3. Let (AT, A™) be a Banach pair acting irreducibly
on a couple of Banach spaces (X, X7). If 29,...,2% are linearly
independent elements in the component X7 and y,?,... ,y,° are ele-
ments in X ~%, then there exists a=% in A~ such that

a”zy =y, fork=1,...,n

Now we argue as in [7, Lemma 2.1] in order to obtain the following
improvement of it.

Lemma 1.3.4. Let (AT, A") be a Banach pair acting irreducibly
on a couple (XT,X7) of infinite-dimensional Banach spaces. If
xf, ...,z ... are linearly independent elements in X+, then, for ev-

ery nonzero element x— € X, there exists a— € A~ such that
a~zf =0,
a Xy =x

and
. are linearly independent.
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Proof. We apply inductively the above theorem to choose a sequence
b, in A~ such that
(i) by 7z =0,
(ii) by 3 =z~ — by zy,
(iii) b, z;;, =0 if m < n,
(iv) if n>3 then b, z; is not a linear combination of ¢z, ... , ¢
where ¢, =b] +---+0b,,_4,
(v) I, ]l <27™if n > 3.

Therefore the element =7 = > "7, b.“ satisfies our requirements.
O

We follow the pattern established in [7], by applying inductively the
above result, to get suitable sequences whose intrinsic properties will
solve a great deal of our continuity problem.

Previously we introduced a useful notation. If a Banach pair
(A%, A7) acts on a couple of Banach spaces (XT,X ™), then, given
(a°,a™7) in (AT, A7), we define a continuous linear operator Lxo
(a”,a~7) from X7 into itself by

Lxo(a®,a77)(z7) = a’(a™27).

Corollary 1.3.5. Let (AT,A") be a Banach pair acting irre-
ducibly on a couple (X+, X ™) of infinite-dimensional Banach spaces.
If J;f, ..., xr, ... are linearly independent elements in X+, then, for
every nonzero element x in X, there exist sequences {a}} in AT
and {a; } in A~ such that, for every natural number n,

Lx+(af,a;) - Lx+(af,ay)zf =0 for k< 2n,

and

LX+(a’I’J’L_7aT_L) o 'LX+ (afaaf)m;n+l = l‘+.

2. Derivations of primitive Banach pairs.
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2.1 Methods of automatic continuity. Recall that the continuity of an
operator F' acting between Banach spaces X and Y may be determined
by means of its so-called separating subspace

S(F)={y €Y : there exists z, — 0 in X and F(z,) — y}.

By the closed graph theorem it follows that F' is continuous if and
only if S(F) = 0. Also, if G is a continuous linear operator from Y to
another Banach space Z, it is well known [14, Lemma 1.3] that,

S(GF) = G(S(F)).

Therefore the composition operator GF' is continuous if and only if
G(S(F)) =0.

It is easy to check that, for a derivation (D4, D_) on a Banach pair
(AT, A7) the separating couple (S(D),S(D-)) is an ideal consisting
of closed subspaces.

Finally, in order to activate the power of suitable sequences that we
will construct, we require the continuity principle stated by Thomas in
[16].

Theorem 2.1.1. Let X be a Banach space, {S,} a sequence of
continuous linear operators from X into itself and {R,} a sequence of
continuous linear operators whose domain is X but which may map
into other Banach spaces Y,. If F is a possibly discontinuous linear
operator from X into itself such that

R,FSy---S,, is continuous for m > n,

then
R,FSy---S5, 1is continuous for sufficiently large n.

2.2 Continuity of derivations on primitive Banach pairs. The aim of
this section is to establish the continuity of the component operators
D_,D, for every derivation (D_,Dy) on a primitive Banach pair
(A%, A™). First we observe that (D_, D, ) is also a derivation on the
primitive Banach pair (A~, AT). Therefore, to reach our goal, it suffices
to prove the continuity of one component operator.
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From Theorem 1.2.1, (A%, A7) is faithfully and irreducibly repre-
sented on a suitable couple (X, X ™) of Banach spaces.

The methods of the proof depend on the dimension of the Banach
spaces X1 and X .

Lemma 2.2.1. If either X or X~ has a finite dimension, then D
18 continuous.

Proof. In this situation we observe that the middle multiplication
operators on AT have finite rank. Thus, for all a=,c~ € A~, the
composition D_M 4+ (a™,¢™) is continuous. Since Ma+(a™,¢7)Dy =
D _My+(a=,¢7)—My+(D_a",¢7) — My+(a—,D_c7), it follows that
My+(a=,c”)D4 is continuous. Hence S(D;) C ker My+(a™,c™)
for all a=,¢~ € A~. Therefore [A~S(D1)A~] = 0 which shows
that S(Dy) = 0. Otherwise, by Lemma 1.2.3, (S(D4),S(D_-)) acts
irreducibly on (X*, X ™) so

which is a contradiction. O

Lemma 2.2.2. If both X+ and X~ are infinite-dimensional, then
D, is continuous.

Proof. We choose a sequence {z,, } of linearly independent vectors in
X ~. For every nonzero x~ € X, we apply Corollary 1.3.5 in order to
obtain sequences {a,}'} in A" and {a} in A~ satisfying

Lx- (a’r_w a:) -+ Lx- (afv af)“?n—i—l =,
Lx-(ay,al)---Lx-(a7,af)z; =0 for k<2n.

We consider the sequence {S,} of continuous linear operators on A™
given by S, = Ru+(a;,a}), n € N, and the sequence {R,} of
continuous linear operators from A into X' given by R,(at) =
atxsy,,1, at € AT, n € N. We have, for all natural numbers m
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and n,
RuD. Sy« Sp = RpSy--SpD,
+ Ry[Ra+ (D-ay,ai) + Ras(ay, Dyaf)] - Ra+ (ay,af) + -+
+ Ry+(ay,af) - Ro[Ra+ (D_ay,a) + Ra+ (ay, Dia})],

which is continuous if m > n, since R,S1---S,, = 0. Thus, we
can apply Theorem 2.1.1 in order to obtain that R,DS;---S, is
continuous for a sufficiently large n, so R,Sy -+ SpD4 is continuous
as well. This shows that S(Dy) C ker(R,S1--+Sy) so S(Di)z~ = 0.
Hence S(D4)X~ = 0 and therefore, Lemma 1.2.3, S(D) = 0. O

Putting together the above lemmas, we get the following theorem.

Theorem 2.2.3. FEvery derivation (D", D™) on a primitive Banach
pair (AT, A7) consists of continuous linear operators DT and D~.

2.3. Derivations on some operator pairs. In this section we determine
all the derivations on a relevant class of Banach pairs, namely, the
standard operator pairs. To do this, we follow the pattern established
earlier by Kaplansky in [8] and adapted by Chernoff in [2].

Given a couple (XT,X~) of Banach spaces, a Banach subpair
(A%, A7) of the Banach pair (L(X—,X™),L(X™, X 7)) is said to be a
standard operator pair if every component A contains the finite rank
operators FL(X~7,X7). From Example 1.1.2, it follows that such a
pair is primitive and Theorem 2.2.3 shows that every derivation on it
is continuous.

Theorem 2.3.1. Let (A*,A™) be a standard operator pair on a
couple (X, X™) of Banach spaces, and let (D1, D_) be a derivation
on (AT, A™). Then there exist continuous linear operators ut on X+
and u~ on X such that, for alla™ € AT anda™ € A,

Dia"=atu —uta® and D a =a u" —ua .

Proof. Asis usual, given a continuous linear functional f on a Banach
space X and an element y in a Banach space Y, we denote by y® f the
continuous linear operator from X into Y given by (y ® f)z = f(z)y.
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Fix elements z+ € X+, 2= € X~ and continuous linear functionals
ft on XT and f~ on X~ with f9(z°) = 1. Since 27 ® f~ =
(z* @ f7)(@” ® f)(a" ® f7), we have

Di(zt®@f ) =Dyt @ f7)(z" @ f)
+@tefT)D (e fN) (et @ f7)
+ (@t fNDi(zT @ f).

By evaluating the above operators in the element £, we obtain that
Fr(Di(@t @ f7)a”) + f7(D-(z” @ fH)a) =0.
Now let
vI=(@Tef )D (z- @f") -Di(a"®f )z @f") e L(XT)
and
v =" @fN)Di(z"f)-D (- @ fM)(zt® f7) € L(X7).
We define a derivation (A, A_) on (AT, A7) by
Ayat=Diat — (aTv —vta™)
and
A a~ =D a —(a vt —va").

Then A_(z= @ fM) (2t @f7)+(z~ @ fT)A;(zt ® f) = 0. Therefore,
for all a” € A7,

Br(a(z77 @ f77) = Ag(a”)(z 7 @ f7).

Now we define continuous linear operators w™ on X+ and w~ on X~
by

wh(y) =A@yt ©f )T and wT(yT)=A (y ® [T,



1168 M.V. VELASCO AND A.R. VILLENA

which satisfy

Bp(a”(z 7@ f 7)) =wa’(z 7 @ f7),
for all a” € A°. Then, for all a” € A% and y° € X7, we have
w?a(y~IRf77) = Aola”(y™7 @ f7) (27 @ f77)]

+a’(y 7@ f7)Ac(z77 ® f77),

so that
Aya? =w” —a’w™? — f7(w7z%)a’.

Now let Ay = ff(whz®) and A\_ = f~(w™2~). Then Ay + A\_ =0. If
we define

1 1
ut =0t —wt + 5)\+IX+ and v =v —w + 5)\_1)(7,

then, for all a? € A%, we conclude

Dya’ =a°u 7 —ua’. ]

A representation theorem for derivations on standard operator alge-
bras given by Chernoff in [2] follows from the above theorem.

Corollary 2.3.2. Let A be a standard operator algebra on a Banach
space X. Then every derivation D on A is such that

Da = au — ua,

for a suitable continuous linear operator u on X. In particular, every
deriwation on L(X) is inner.

Proof. Since the couple (D,D) is a derivation on the standard
operator pair (A, A), there exist continuous linear operators u and v
on X, such that

Da = av — ua = au — va,
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for all @ € A. Therefore, a(v — u) = —(v — u)a for all a € A, which
shows that © = v and the result is proved. ]

3. Invariance of primitive ideals.

3.1 Invariance principle. Sinclair proved in [13] that every primi-
tive ideal in a Banach algebra remains invariant by every continuous
derivation on the algebra. Recently Thomas [16] showed that every,
possibly discontinuous, derivation on a Banach algebra leaves invariant
the primitive ideals in the algebra except perhaps a finite set of them
which must have finite codimension. Now we translate both results to
the pair framework. We start, following the strategy of Thomas, by
showing that the continuity of a derivation pair is closely related with
the invariance of primitive ideals under this derivation.

For a closed linear subspace M of a Banach space X we will denote
by mp the usual quotient map from X onto X/M.

Lemma 3.1.1. Let T be a possibly discontinuous linear operator on
a Banach space X, and let M be a closed linear subspace of X such
that wpT™ is continuous for all n € N. Then there exists C > 0 such
that

|7y T™| < C", VneN.

Proof. We consider the closed linear subspace N of X given by
N={zeM:T"'z e M, Vn € N}.

From the continuity of 7T it follows that S(T') C kermyy = M. For
every natural number n, the linear operators mp;T™ and (wpT™)T are
continuous so (mpIT™)(S(T)) = 0, that is, 7"S(T") € M. Therefore,
S(T) € N and the linear operator Ty : X/N — X/N given by
Tn(x+ N) =T(x)+ N is continuous. Now we consider the continuous
linear operator ¢ from X/N onto X/M given by ¢p(z + N) =z + M
and we observe that my/T" = ¢TI for all n € N. Thus,

s T < Nlgllllwn Il TN )™ < 1 Tw][", ¥neN. o
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Now we state a useful duality between the invariance properties of
the component operators of a derivation on a Banach pair.

Lemma 3.1.2. Let (Dy,D_) be a derivation on a Banach pair
(AT, A7), If (P*, P) is a primitive ideal of (AT, A™), then

D.(PYYcP* <« D_(P")CP.

Proof. By Theorem 1.2.1 (P*,P™) is the kernel of an irreducible
representation from (A", A7) on a suitable couple (X, X ™) of Banach
spaces.

Assume that D, (PT) C P*. Then [AT(D_(P~)+ P )A*| Cc P*
so that
0= [AT(D_(P™)+ P7)AT|X™ = A*(D_(P™) + P7)X ™.

Therefore, D_(P~) C P~. Otherwise, by Lemma 1.2.3, (P*,D_(P ")+
P7) acts irreducibly on (X*, X ™) contradicting that

0=AH(D_(P7)+P)X+.

On the other hand, if D_(P~) C P, then, by considering the
derivation (D_,D,) on the Banach pair (A~, A") we obtain that
D,(P*)c P*. o

A notion of quasinilpotence, which will be crucial in our reasoning,
may be introduced in the Banach pair setting as follows.

Let (AT, A™) be a Banach pair. We observe that for (a™,a™) € AT x
A~ the sequences {||R4+ (a,at)"a™||*/"} and {||[R4- (at,a™)"a"||*/"}
converge. Moreover, for all n € N, we have that

|Ra+ (a,at)" 2at|| < [la™|?|Ra-(at,a™ )" ta ||
< la**la” [P Ra+ (@™, a™)"a™]].

Hence,

lim|[R+ (a”,at)a™||/™ = lim |Ra- (a*,a”)"a" ||V/".
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This number will be denoted by r(a*,a™). The couple (at,a™) is
said to be quasinilpotent if r(a*,a”) = 0. If (a™,a™) is quasinilpo-
tent, then Y Ra-(a”%,a”)"a” is absolutely convergent and b° =
Yoo Ras(a™7,a%)"a is such that a”+b7 —[a®a~7b%] = 0. Therefore,
(a™,a™) is right-quasiregular in the sense of [3].

Ezample 3.1.3. Given a continuous linear operator F' on a Banach
space X, let r(F) be its usual spectral radius, i.e., 7(F) = lim ||[F"||/™.
Let (X*,X™) b a couple of Banach spaces and (7, S) a couple of

continuous linear operators, 7' € L(X ,X7*) and § € L(X, X ).
Then

r(T,8) = lim [|(TS)"T[|*/™ < Lim |(T8)"|™|T||*/™ = r(TS)
and

F(TS) = lim |(78)" [/ *HD = tim | (T)"T) S|+
< lim [[(T8)"T|[Y D S| D = (T, 5).

Therefore, r(T'S) = r(T,S) = r(S,T) = r(ST).

Let (I*,I7) be a quasinilpotent ideal of the Banach pair (A*, A7)
which means that (a®,a™) is quasinilpotent for all a* € I* and
a” € I~. Obviously, (I*,I7) is a right quasiregular ideal, so is
contained in the radical of (AT, A7), see [3].

Theorem 3.1.4. Let (Dy,D_) be a derivation on a Banach
pair (AT, A7) and (P*,P™) a primitive ideal of (AT,A™). Then
D (PT) C Pt and D_(P~) C P~ if and only if either mp+D? or
mp- D™ are continuous operators for all n € N.

Proof. For the necessity we observe that (D4, D_) gives rise to a
derivation (D, p+,D_p-) on the primitive Banach pair (A" /P, A~/
P~) which must be continuous by Theorem 2.2.3. Hence, mp- D} =
D, pompo is continuous for all n € N.

In order to prove the converse, suppose that the operators mp+ D"}
are continuous for all n € N. Then, by the above lemma, there exists
a positive number C such that ||7p+ D7 || < C™ for all n € N. Now we
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observe that, for all a* € P™, a~ € P~ and every n € N,
mp+ DRy (a7 a) e = (2n+1)lrp+ Ra+ (D_a™,Diat)"Dia™.
Hence,
Imp+ Ra+ (D-a”, Dya™®)"Dya™||V"

— @n+ )Y, DP T Ry (a0t ) et | V"

< @0+ DY |mps DIV Ryx (a7, at) VT

< @2n+1)!"Y"C||R gt (0™, at) et ||H"
which converges to zero. This proves that (D, (a™) + P*,D_(a™) +
P~)=0and ((D4+(P*)+P*)/P*t,(D_(P~)+P~)/P™) is a quasinilpo-
tent ideal of (AT /P*, A~ /P~). Hence it is contained in the radical of

(At/P*; A~ /P~) which equals (0,0). Therefore, D (P*) C P* and
D.(P")cC P.

Now if the operators mp- D™ are continuous for all n € N then, from
the above, it follows that the derivation (D_, D) on the Banach pair
(A™, A") is such that P~ and P* remain invariant under D_ and D, ,
respectively. ]

The above invariance principle leads to the following invariance prop-
erty for continuous derivations on Banach pairs.

Corollary 3.1.5. Let (Dy,D_) be a derivation, with continuous
component operators, on a Banach pair (A, A™). Then, for every
primitive ideal (P, P~) in (A", A7) we have

D.(PYYcP* and D_(P")CP.

The above result provides an extension of a well-known Sinclair
theorem about invariance of primitive ideals.

Corollary 3.1.6. Primitive ideals in a Banach algebra remain
invariant under every continuous derivation on this algebra.

Proof. We note that every derivation D on a Banach algebra A
gives rise to a derivation on the Banach pair (A, A), namely the couple
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(D, D). Now, by Example 1.2.2, every primitive ideal P in A leads to
a primitive ideal in (A, A) by considering the couple (P, P). Therefore,
from Corollary 3.1.5 we obtain that D(P) C P for every derivation D
on A and every primitive ideal P in A. |

3.2. Invariance theorem. The aim of this section is to show that, given
a derivation on a Banach pair (A%, A7), a sufficiently large number of
primitive ideals in this pair remain invariant under it. Our methods
will depend on the dimension of the component Banach spaces, X
and X ~, of the couples (X*, X ™) on which (A%, A7) acts irreducibly.

Proposition 8.2.1. Let (PT,P™) be a primitive ideal in a Ba-
nach pair (AT, A7) such that (AT /P*, A~ /P™) is faithfully and irre-
ducibly represented on a couple (X, X ™) of infinite-dimensional Ba-
nach spaces. Then, for every deriwation (Dy,D_) on (AT, A™)

D.(P"Yc Pt and D (P7)CP.

Proof. By Theorem 3.1.4 it suffices to show that the operators 7p+ D"
are continuous for all n € N.

If the result fails, we may define

k' = max{k € NU {0} : mp+ D% is continuous}.

Now we choose linearly independent elements z, ,... ,z,,... in X .
By applying Corollary 1.3.5, we obtain, for every — € X, sequences
{a,}'} and {a, } in AT and A~, respectively, such that

Lx-(mp-ag,mpray)---Lx-(mp-ay,mp+af ) ey, =~
and
Lx— (TI'P—CI/T_L, 7Tp+a:) tee Lx— (ﬂ'P—af, 7Tp+af)$; =0
for k¥ < 2n. Now we consider the sequence {S,} of continuous linear

operators on AT given by S,, = R4+ (a,,,a;), n € N, and the sequence

n*o'n
{R,} of continuous linear operators from A" into X, given by

R, (a") = (7TP+D§_IG+).’.U2_”+1, at € AT, neN.
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Finally we write
bt, = La+(ah,am 1)+ La+(as,ay)(af).
Then, for all natural numbers m and n,
R,D.S;---Spna™
= (mp+ DX (Ra+ (a7, af ) -+ Rax+ (apy, ath)a™ )25, 4

! —
=Tp+ Di 1 ([a+amb$])wzn+1

B Z (k" + 1)!
- ikl
SV ilglk!
' [(WP+Dia+)(7FP—Dia%)(”P+Dib;)]$5n+1

= [(mp+ DY ab) (ag, + PT)(bh, + P23,

(K + 1)!
X om
i+j+k=k"+1
i<k’

(np+ D at)(mp-Da,,)(mp+ DB )25, 01
= (rp+ DX *Ya )Ly (a,, + P, a}, + PT)
-+ Lx-(ay + P~ af + PM)ay, .,
k4 1)!
D D=t

iljk!
i+jt+k=k"+1,
i<kl

[(mp+ Dia®)(mp- DY ag)(mps Db )
Since Lx - (ay, +P~,a,+PT) - Lx-(ay +P~,af + PM)a5, ., = 0,if
m > n, the operator R, DSy S, is continuous. By Theorem 2.1.1,

it follows that the operator R, DSy - Sy is continuous for sufficiently
large n so that the operator from A% into X given by

ar— (7rp+D_’f_,+1a+)ac7,
. . K41y y— _ K'+1y _
is continuous. Therefore, S(mp+ DY ™)X~ = 0so that S(mp+ DY ") =

0 which contradicts the definition of k. ]

For a derivation in a Banach pair (AT, A7) we study the invari-
ance of the primitive ideals (PT,P~) for which the quotient pair
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(A*/P*, A= /P7) acts faithfully and irreducibly on a couple of Banach
spaces (X, X ™), one of them having finite dimension. In essence, to
do this we will follow the pattern of [17], earlier established in [18].
However, several additional difficulties will have to be considered.

It will be crucial, in the sequel, to consider ideals (I, 1) for which
there exists (u*,u™) in (AT, A7) such that

at —[atu ut]el™ and a —[u uta el

forallat € AT anda™ € A™.

Assume that (u™,u") is such a couple for the ideal (I, ) and
let (J*,J7) be an ideal in (AT, A”) such that I + J+ = AT,
Since [AATA"] = [A-(I" +J")A ] € I" + J~, we have that
[uwuta~] € I + J~ whenever a~ lies in A~. Therefore, for every
a~ € A™, we obtain

a”=(a" —[uuteT )+ [uTutaT] €I +J7,
which shows that I~ +J~ = A~.

Lemma 3.2.2. Let (P, P;"),... (P}, P}) be ideals of a Banach
pair (AT, A7) satisfying the following properties:

1. There exist uj ... ,u} € A* and uy,...,u, € A~ such that
at —[atugufl € PF and o —[ujuia ] € Py,
forallat ¢ AT, a- c A~ andk=1,...,n.

2. BF+ P =A% and so PT + P = A" if i #].
Then the homomorphism from (A*, A7) onto (&F_,(AT/PH),
k=1(A7/F,)) given by
at v (et + P, ... 0t + P
and
a +—(a +P,...,a +P))

1s onto.
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Proof. We observe that A™ and A~ are Banach algebras with respect
to the products

at bt =[atu"bT] and a” -b” =[a"uTb7],
and the norms

la*] = llu[lla™| and |a~[| = [lu™l[la” ],
respectively. Also P,j' is an ideal in AT with ug as a right modular
unit, for £ = 1,... ,n. Similarly, P, is an ideal in A~ with u, as a

left modular unit.

Now we observe that the reasoning used in [18, Lemma 2.2] and [17,
Lemma 3.2.1] may be followed even if we have either right modular units
or left modular units instead of the units required in those lemmas,
respectively. Therefore, our result is shown. ]

Lemma 3.2.3. Let (AT, A™) be a Banach pair faithfully and ir-
reducibly represented on a couple (X', X ™) of Banach spaces, with
dim X~ < oo and dim X~ < dim X*. Then there exist elements ut in
AT and u= in A~ such that
i)

Lx—(’U,_,’U, :Ix—.

Equivalently, for all at € AT anda™ € A~
+

+ +

atu ut]=a" and [u uta"]=a".

Proof. Let {z7,...,z, } beabasisin X~ and z],... ,z; be linearly
independent elements in X+. From Theorem 1.3.3 there exist elements
ut € AT and v~ € A™ with w7z, 7 = 2§ for k = 1,... ,n. Therefore,
it is clear that Ly (u™,ut) = Ix-.

For all a* € At and a= € A~, we have

(at —[atu uwt))X” =0 and (¢ —[u uTa )XT=0.
Hence, [aTu u'] = a* and [u"uta"] = a~. On the other hand, if

[aTu~ut] =at, forevery at € AT, then AT (Lx-(u™,u")—Ix-)z~ =
0 so that Lyx-(u™,u") = Ix-. O
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A Banach pair (A%, A7), whose product is nonzero, having no non-
trivial ideals is said to be simple.

Corollary 3.2.4. Let (AT,A™) be a Banach pair faithfully and
irreducibly represented on a couple (X+,X ™) of Banach spaces, one
of them having finite dimension. Then (AT, A7) is simple.

Proof. Let (IT,17) be an ideal of (A*,A™). From Lemma 1.2.3 it
follows that (X, X ™) is a faithful and irreducible (I, I~)-module.

If min{dim X*,dim X~} = dim X, then we apply the above lemma
to obtain elements ut € I and v~ € I with [atu ut] = a*, for all
at € AT, Sinceu™ € I' forall a* in AT, we have that a* = [atTu~"u™]
liesin It so At =I1T and A= =1".

If the above equality does not hold, by considering the faithful and
irreducible (I, I")-module, (X, X ), the result follows. u]

Lemma 3.2.5. Let (P, P]"),...,(PS,PF) be pairwise differ-
ent primitive ideals of a Banach pair (A'*’,A ) such that, for every
k=1,...,n, the quotient pair (A*/P,:', A7 /P is faithfully and ir-
reducibly represented onto a couple (X,c ,X) of Banach spaces with
dim X, < oo and dim X, < dim X,j. Then the homomorphism from

(AT, A7) to (@r_,(AT/PH),@u_,(A=/P,)) given by

at — (et + P, ... 0t + P
and
a—(a”+P,...,a" +P;))
15 onto.
Proof. By applying Lemma 3.2.3 there exist u],...,u} in AT and
uy,...,u; in A~ satisfying the first requirement in Lemma 3.2.2. We

observe that ((P;* + P"/P"), (P + Py /P)) and ((P;" + P;"/P}"),
(P + P /P[)) are ideals of the Banach pairs ((At/P), (A=/P7))
and ((A*/ Pj+), (A™/P;")) respectively. Since Banach pairs are simple,
Corollary 3.2.4, it follows that Pt = Pj+ and P, = P; whenever
P’ + Pj+ # AT for i # j, contradicting our assumption. Therefore,
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the second assertion in Lemma 3.2.2 is fulfilled and our result follows
from that lemma. ]

Lemma 3.2.6. Let R, S and T be linear operators on a finite-
dimensional Banach space X. Then there exist complex numbers \
and p (which may be chosen with arbitrarily small modulus) such that

R+ AS + pT + Aulx is invertible.

Proof. Consider the nonzero complex polynomial in two complex
variables given by

p(A, p) = det(R+ AS + puT + A\ulx).

Since the set {(A\, 1) € C? : p(\,u) = 0} has no interior points, our
result follows. O

Lemma 3.2.7. Let (AT, A™) be a Banach pair and {(P;},P;)}
be a sequence of pairwise different primitive ideals of (A*,A™) for
which each quotient pair (AT /P.Y, A~ /P;) is faithfully and irreducibly
represented into a couple of Banach spaces (X5, X,7) with dim X,; <
oo and dim X,; < dim X;I. Then there exist sequences {a;}} in AT and
{a,} in A~ such that a;}, € P, and a,, € P, , whenever m > n, and

n’

Ly-(a,, + P;,a}, + PF) is invertible, if m < n.

Proof. By Lemma 3.2.3, there exist sequences {u;'} in A" and {u,, }
in A~ such that Ly~ (u, + P, ,u} + P;) =1I,- foralln € N.

Let k£ be a natural number. By applying Lemma 3.2.5 we obtain
elements b ,b,,,..., in A" and by »bpy1s- - in A” such that, for

k+10°
j=kk+1,...,

b+ P =P for i=1,...,j—1

and
b}’ + P;’ = u;’ + P;’.

For j > k+1, given complex numbers Ag, Agy1,...,A; and pr, fry1,
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., 145, we have
J J
Ly- <Z()\ibi +P),)> (bl + P) >
! i=k

i=k
j—1
:LXT(ZAb +P;),
T Nizk

j—1
(wib + P}t) )
k

=

j—1
+ ML= (u; + Py Zu,b++P+)>
i=k

j—1

+ Ly <Z()\ibi +Py), uj*>
i=k

=+ )‘j:u'jIX{-

From Lemma 3.2.6 we get inductively two sequences of complex num-
bers {A,}0° . and {p,}52, such that

A = Wi = ].
J J
LXj<Z (Nib + Py), Y (i) + P;F) )
i=k i=k
is invertible if 7 > k£ + 1, and

1207 11 Mgt I < 2577 if j > k.

Therefore, by defining

ak _Z“JJ and a —Z)\J],

the sequences {a;} and {a; } have the required properties. O

Proposition 3.2.8. Let (D, D_) be a derivation on a Banach pair
(AT, A™). Let P be the set of the primitive ideals (P, P~) of (AT, A7)
such that:
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1. the quotient pair (AT/PT,A~/P™) is faithfully and irreducibly
represented on a couple (X+, X ™) of Banach spaces, one of them having
finite dimension,

2. DL(P*) ¢ P*, or equivalently, D_(P~) ¢ P~.
Then P is a finite set.

Proof. If the result does not hold, by considering the Banach
pair (A, A1) instead of (AT, A™) if necessary, we get a sequence
{(P;}, P, )} of pairwise different primitive ideals of (A", A~) for which
D, (P}) ¢ Pf. Also there exists a faithful and irreducible representa-
tion (®;, @) from the quotient pair (A* /P, A~ /P.) on a couple of
Banach spaces (X', X,,) with dim X, < oo and dim X, < dim X,'.

By Theorem 3.1.4, for every natural number n there exists k, € N
such that Tp+ Di” is discontinuous. Indeed, k, may be chosen such
that Tp+ Df_ is discontinuous if k = k,, but continuous if k < k,.

Let {a;"} and {a,, } be the sequences obtained from the above lemma.

We consider the sequences of continuous linear operators, {S,} and
{R,} given by

Sn = Ra+(ay,ay)
and

Ry =@}, Dt
We observe that, for all b € AT and m,n € N,

O mps Rav(ar,a)) - Raw (am, a;h)b"
=@ Ry pr(ay + Py af +P)
Ryt (ag + Py yag + PY)(67 + PY)
=&, (0" + P2, (a,, + P, )®; (a), + P;)
@, (ay + Py )@f (af + PY)
=@} (b7 + Pl)Lx(a,, + Py ,a, + PF)

- Ly-(ay + P, ,af + P)),

n
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which equals zero if m > n since in such a case a), € P;}F. Moreover,
by writing b, = L+ (a),a,. |)--- L+ (a5, a; )(af) we have

Ay A1

RuD. S - Smat
= @,fﬂP;Df_"RAAr (a7 ,a7)
- Ry+(a,,,a)a™
=®mor[ata, bl

o (X 0tk

i+j+k=k+n
kn -
=& m+[(Di"a")a,,by]

k! i
rar( X el D) g, D ) gy D))
itjthk=kn, °
i<kn

= &}, + Ra+ (a;,0]) - Ra+ (ap, ) (Dhra®)
k! . )
+ ot i+ J - kp+
+<I>n( > (e Dia )(wP"D_amx?rP;Dwm)])

i+j+k=kn
i<kn

=&t rp (Dirat) Ly (ay, + Py, a), + PT)

L ( +Pn,a1 +P+)
k! ; -
+<I>I< > —i!ﬂk![wwma*)(wmwam><wpn+Dib;>1).
i+j+§:kn
1<kn

Thus R,D,S; ---Sa™ is continuous if m > n. By Theorem 2.1.1, the
operator R, D, S;---S,a™ and, therefore, also the operator

at — (B 7ps (Dima®)) Ly (a, + P, ,af + P)
"LX;(CH + P, ,af + P,

from A" into L(X, ,X,) is continuous for a sufficiently large n.
Since the operators L (a + Py ,ar +P),... Ly (a7 + Py, ai +
PF) are invertible, it follows that <I>;'L'7rP+Dﬁ" is continuous, so that

S(mp+ DEm) C ker & = 0. Thus 7,4 D¥* is continuous, contradicting
the choice of k,,, and our result is proved. a
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Since every primitive ideal has to be like one of those considered in
either Proposition 3.2.1 or 3.2.8, the following result is immediate.

Theorem 3.2.9. Let (Dy,D_) be a derivation on a Banach pair
(AT, A™). Then

D, (P"Yc Pt and D (P7)CP~

for every primitive ideal (P, P™) of (AT, A™) except for a finite set
of them, for which the quotient pair (A*/P*, A~ /P™) is faithfully and
irreducibly represented on a couple of Banach spaces (X+,X ™), one of
them having finite dimension.

The above invariance properties for primitive ideals in Banach pairs
imply the known invariance properties for primitive ideals in Banach
algebras given in [16]. Indeed, for a derivation D on a Banach algebra
A and a primitive ideal P of A, we apply the above invariance theorem
to the primitive ideal (P, P), considering the derivation (D, D) on the
Banach pair (4, A), and the theorem about invariance of primitive
ideals proved by Thomas follows.

Corollary 3.2.10. Let D be a derivation on a Banach algebra A.
All the primitive ideals of A, except perhaps a finite set of them which
must necessarily have finite codimensions, remain invariant under D.

4. Continuous derivations.

4.1 Automatic continuity theorem. Now we prove that, for a deriva-
tion on a semi-simple Banach pair, there exists a family of invariant
primitive ideals whose intersection is zero. From this, we deduce the
continuity of the component operators of that derivation.

Lemma 4.1.1. Let (P, P]),...,(P},P;) be primitive ideals
of a Banach pair (A%, A™) which do not remain invariant under
a derivation (Dy,D_). If (QT,Q7) is an ideal of (AT, A™) with
Pfn---NnPfNQ*T =0, then QT = 0.

Proof. Assume that n = 1, and let (X;5,X;) be a couple of
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Banach spaces on which (AT, A7) is irreducibly represented with kernel
(P, Py).

We claim that Q*X; = 0. Otherwise QT ¢ P;' and, by Lemma
1.2.3, (Q*, Q™) acts irreducibly on (X;", X7). Since

[(D+P")Q™QT] cDL[PQ~Q™] - [P (D-Q7)Q7]
—[PFQ (DL c P NQ* =0,

we have
0=[(D+P")Q QTIX™ =Dy (PN(Q™(QTX 7)) = Di(P)X ™.

Thus, Dy (P;") € P;' and, by Lemma 3.1.2, D_(P;) C P; contra-
dicting our assumption. Therefore, Q*X = 0 and so Q+ C P1+ which
implies that Q* = 0.

Assume that the result holds for a natural number n. Let (P;f, P["),
o (PE P, (PE P, L), and (QT,Q7) be ideals of (AT, A7) sat-
isfying the requirements of the lemma. Then we apply the above step
to the ideals

(Pr-:_—i—l?Pn_—Q—l) and (P n---NPINQ*, P N---NP, NQ")

to obtain that P;" N---N P N Q" = 0. By the induction assumption
it follows that Q* = 0. m

Theorem 4.1.2. FEvery derivation on a semi-simple Banach pair
consists of continuous operators.

Proof. Let (D4, D_) be a derivation on a semi-simple Banach pair
(AT, A7). By Theorem 3.2.9, D,(P*) ¢ Pt and D_(P~) C P~
for all primitive ideal (PT, P™), except perhaps for a finite set of them
(P, P, ..., (PF,Py). If (QF, Q) is the ideal of (A1, A™) obtained
as the intersection of all the invariant primitive ideals in (AT, A7), then

(Pfn---NPfNnQ*,PrN---NP, NQ")
= Rad (AT, 47) = (0,0).

Now we apply the above lemma to obtain that QT = 0.
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From Theorem 3.1.3 it follows that S(D.) is contained in Pt for
every invariant primitive ideal (P*,P~) in (A", A7) and so S(D4) C
Q1 = 0. Therefore, D, is continuous.

Finally, by considering the derivation (D_,D,) on the semi-simple
Banach pair (4™, A") the continuity of D_ follows. a

Now the classical Johnson-Sinclair theorem can be obtained by con-
sidering, for every derivation D on a semi-simple Banach algebra A,
the derivation (D, D) on the semi-simple Banach pair (4, A), Exam-
ple 1.2.2.

Corollary 4.1.3. Every derivation on a semi-simple Banach algebra
18 continuous.

4.2. A Kleinecke type theorem. The continuity of the component op-
erators of a derivation on a Banach pair is a useful tool for inquiring
about the ranges of the components. We prove a result about deriva-
tions with continuous components whose second iterations annihilate a
couple of elements in a Banach pair.

Theorem 4.2.1. Let (AT, A™) be a Banach pair and (D,D_) be
a derivation on (AT, A™) with continuous components. If D3at =0
and D2a~ = 0 for some at in AT and a= in A~, then the couple
(Dya™,D_a™) is quasinilpotent.

Proof. Consider the subalgebra RM (AT, A™) of L(A*, AT) gener-
ated by all right multiplication operators on AT, and let A be the Ba-
nach algebra obtained as the operator-norm closure of RM (A1, A7) in
L(A*,A"). For all bt € AT and b~ € A~ we have

D+RA+ (bi, b+)*RA+ (bi, b+)D+ = RA+ (D_bi, b+)+RA+ (bi, D+b+).

Hence the subalgebra of those elements 7' in RM(A™, A~) for which
D,.T—-TDy, liesin RM(A*,A) equals RM (A", A™) since it contains
all right multiplication operators on At. Therefore, we can define a
derivation A on RM(A™, A™) by
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forallT € RM (A", A™). Since this derivation is continuous, we extend
it to a (unique) derivation on A, which we also denote by A.

Now we observe that
A(Ry+(D_a,at)+ Ra+(a™,Dya")) =2R4+ (D_a~,Dia™)
and
A*(Ry+(D_a”,a") + Rp+(a”™, Diat)) = 0.

By the classical Kleinecke theorem, it follows that R+ (D_a~, Dya™)
is a quasinilpotent operator in L(A*, A*). Therefore,

r(Dyat,D _a”) =lim||Ry+ (D_a~,Dya*)"Dya™t|'/"
< lim(||Ra+ (D-a™, Dya™ )" || Dya (/")
=0. 0

Let S € L(X™) and T € L(X ™) be continuous linear operators on
Banach spaces X and X~. By an operator intertwining with the
couple (S,T) we mean a linear operator F' from X to X~ such that

TF =FS.

Corollary 4.2.2. Let S € L(X™') and T € L(X ) where X' and
X~ are Banach spaces. If F* € L(X ,X1)and F~ € L(X",X ") are
such that the operators TF~ — F~S and SF* — FTT are intertwining
with (S, T), then the operators (TF~—F~8)(SF*—F*T) and (SF* —
FTT)(TF~ — F~S) are quasinilpotent.

Proof. We consider the derivation (D;,D_) on the Banach pair
(L(X~,X*),L(X*,X")) given by

D (F*)=S8F* —F*T and D_(F~)=TF~ — F~S,
forall F* € L(X ,X*)and F* € L(X™", X—). This derivation whose

components are continuous is such that D2 (F*) = 0 and D% (F~) = 0.
From Theorem 4.2.1 it follows that the couple (SF* — F*T,TF~ —
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F~S) is quasinilpotent which proves the result having Example 3.1.3
in mind. o
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