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ON LIMITING BEHAVIOR OF
PROBABILITY MEASURES ON
LOCALLY COMPACT SEMIGROUPS

CVETAN JARDAS, JOSIP PECARIC AND NIKOLA SARAPA

ABSTRACT. In this paper we study the problem of summa-
bility in the weak and the vague topology of the sequence
of convolution iterates (u™, n € N) where p is a probabil-
ity measure on locally compact semigroup S. Instead of the
usual Cesaro, (c,1) summability of a sequence (u™, n € N),
we consider the problem of the summability of this sequence
by stochastic strongly regular matrices. Our Theorem 1 gen-
eralizes Theorem 3.1 in [6, p. 131]. Theorem 1 also holds if
we make some changes on the topological assumptions on S,
i.e., if we suppose that S is a Polish space.

1. Introduction and preliminaries. Throughout this paper
S will denote a locally compact, Hausdorff, second countable semi-
group. By a measure on S, we mean a finite regular nonnegative
measure on the class Bs of all Borel sets in S. By P(S) we denote
the set of all regular probability measures defined on S. We put
Q(S) = {u : p is a measure on S and u(S) < 1}.

Let C(S) D K(S) be the spaces of (real-valued) bounded continuous
functions, and continuous functions with compact supports, respec-
tively.

A net (pq) of measures converges weakly to a measure  if lim,, |, s fdpa
= [y fdp for each f € C(S). Then we write p = (w)limg o or
to — p. (Wa) converges vaguely to p if lim,, [s fdpa = [ fdp for
each f € K(S). Then we write p = (v) limg, f1o OF f1o ~> p.

If (1to) C P(S) and pro > , then p € P(S). By the Banach-Alaoglu’s
theorem, the set Q(S) is compact in the vague topology.
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The convolution p * v of two measures p, v is defined by
wy [ sawer= [ [ endue i), 1exs)

For AC S and z € S we write Az~™! = {y:yzr € A}, 27 1A ={y:
zy € A}. Then we have

(1.2) ,u*z/(E):/Su(E:c_l) du(m):/sl/(x_lE) du(z), FE € Bs.

If p,v € P(S), then pxv € P(S). Moreover, P(S) is a topological
semigroup with respect to the convolution, i.e., the mapping * :
P(S) x P(S) — P(S) is jointly continuous in the vague topology, [4,
p.- 280]. Q(S) although compact is not a topological semigroup since
the convolution in Q(S) is not vaguely jointly continuous [4, p. 281].
It can be shown that, in the general case, the convolution in Q(S) is
not even vaguely separately continuous, see [9].

When S is compact, Q(S) as well as P(S) is a compact topological
semigroup with respect to convolution and the vague (weak) topology
(these two topologies obviously coincide in that case). P(S), despite
being a topological semigroup, is compact if and only if S is compact.
Otherwise, the closure of P(S) in the vague topology is equal to Q(S)
(4, p. 280].

In some respects convolutions on semigroups behave like convolutions
on groups if the multiplication on S has the property that S x K — S
is proper for each compact K C S, i.e., if
(1.3)

{(z,y) : zy € K',y € K} is compact for all compact K, K’ C S.

If the multiplication in S satisfies (1.3) or, in particular, if S is
a locally compact group, or if S is a compact semigroup, then the
convolution is vaguely separately continuous on Q(S) [9, pp. 367, 370
and 368]. Separate continuity in the weak topology takes place without
any condition on the multiplication [9, p. 370].

Wk k- x p (with nterms) we denote by p”.
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Let A = [an;], n,j € N, be a real infinite matrix. We say that A is
reqular or a Toeplitz matrix if it transforms convergent sequences into
other convergent sequences and if it preserves limits. In other words,
A is a regular matrix if

oo

A—lim(z)=A— nll)n;o Ty = nlgr;o Zl Anj; = nlgr;o Ty,
j=

for every convergent sequence x = (z,,,n € N) of real numbers. By the

well-known Silvermann-Toeplitz theorem, we have that a matrix A is

regular if and only if

(1.4)
o0 (o)
21612]; lan;| < oo; nl;ngo an; =0, jeN; nl;n;o;anj =1.

A matrix A is called strongly regular if it is regular and if, in addition,
it satisfies the following condition

o0

(1.5) lim Z |Gnj — an 1| =0.

Jj=1

As an example of a stochastic strongly regular matrix, we have Cesaro
(¢, 1) summability matrix C = [an;] defined by a,; = 1/n for j < n
and a,j = 0 for j > n.

Put a,; = (e°» — 1)e 7", n,j € N, where (g,,n € N) is a sequence
of positive real numbers such that lim,_,,, €, = 0. Then A = [a,;],
n,j € N, is a stochastic strongly regular matrix [8, p. 364].

Let A = [an;], n,j € N, be a Toeplitz matrix. Then (1.5) is a
necessary and sufficient condition such that for every bounded sequence
(25,7 € N) C R we have

n— oo "

(1.6) lim Zanj(zj — Z]'+1) = 0,
j=1

3, p. 119].

Let A = [an;], n,j € N, be a stochastic matrix. We say that a
sequence (u,, n € N) C P(S) is weakly A-convergent to py € P(S),



648 C. JARDAS, J. PECARIC AND N. SARAPA

and we write pg = (w)A — lim,_,~ pr if the sequence of real numbers
([ f dpn,n € N) is A-convergent to [ f dug for every f € C(S), i.e.,

00 im > [ = [ S e

Let (pn,n € N) C P(S) be such that (w)lim, o g, exists. Then it
is obvious that, for any stochastic Toeplitz matrix A, we have

() = i pon = () J53 pin

We say that a sequence (un,n € N) C Q(S) is vaguely A-convergent
to po € Q(S) and we write pg = (v)A — lim, o py, if we have

. I i | Fdus = | fdpuo, .
(18) nggo;a;/sf pi= [ L, £ x(S)

2. Results. First we have the following definition.

Definition. A family M C P(S) is said to be tight if for each € > 0
there exists a compact set K. such that

w(K.) >1—¢ forevery pe M.

Theorem 2.1. Let S be a locally compact, Hausdorff, second
countable semigroup. Let p € P(S) be such that the sequence, (u",
n € N), is tight, and let A = [anj], n,j € N, be a stochastic
strongly regular matriz. Then the sequence, (1™, n € N), is weakly
A-convergent. If we put (w)A — lim, oo p"™ = po € P(S), then po
doesn’t depend on matriz A, and we have

(2.1) [k g = po % 1= o = g

Proof. Put s,(p) = > 357, anjp?, n € N. Then (s,(u),n € N) C

P(S) and tightness of (4", n € N), implies the tightness of (s,(u),
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n € N). It follows by Prokhorov’s theorem that the set (s,(u), n € N),
is relatively compact in P(S) in the weak topology. Hence, there exists
po € P(S) and a subsequence

<5ni (lu’) = Zanijp‘j’ i € N)a
j=1
such that

(2.2) o = (w) lm sy, (u).

i—00

Since the sequence (fsfd,uj, j € N) C R is bounded for every
f € C(S) and since A is a strongly regular matrix, we conclude from
(1.6) that

2.3 lim ani-</ fdu’ —/fdujH) =0,

for every f € C(95).

It follows from (2.2) and (2.3) that po = (w) lim; 0o Z;’;l an i L
Now, by separate continuity of the convolution in the weak topology,
we get

o0
[ po = fu* <(w) igrgozlamm’)
J:
oo
. i+1
= (w) Zl_l)né.lozla,n”’u/]+ = Ug-.
J:

Analogously, we prove po*u = p1o and therefore pf g = po*p? = pg,
j € N. Further, we have

o0
po * po = (w) lim <uo £ api )

j=1

oo
= (3o Joo 1o
J:
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S0 o is an idempotent in P(S). Considering now another subsequence
(32521 amsjp?,j € N) converging weakly to p; € P(S), we conclude
that p; is again an idempotent such that p * pu; = p1 * p = p; and
therefore p? % 1 = py * p? = py for each j, so we have

00
Snl(,u) * H1 = <Zanij>,ufl = M1,
j=1

for each 1.
Analogously we get pg * Sm, (1) = po, 3 € N.
It follows that

pr = (w) Nm (sp, (1) * 1) = pro * pa

Thus, every weakly convergent subsequence of the sequence (s, (1), n €
N) converges to the same element in P(S), denote it by pg. Since
(sn(p),n € N) is relatively compact in the weak topology, it follows
easily that po = (w)lim, . s,(p). We have also proved that (2.1)
holds true.

Let B = [bn;], n,j € N, be another stochastic strongly regular
matrix, let 5,(u) = Y52, bpjp/, n € N, and let py = (w)B —
lim,, 00 p™ = (w)lim, o 8, (). For arbitrary j € N, we have again
W ok pp = pp = py * p, and therefore s,(u) * uy = py * sp(p) =
(5% anj)i = 1, m € N. Analogously, we get pio * 5 (1) = fo,
n € N.

Now we have
pr = (w) Tm (s (p) * p) = po  pa = (w) Hm (o * 3 (1)) = pro-

n— oo oo

Remark 2.1. Theorem 3.1 in [6, p. 131] follows from Theorem 1 if we
take for A the Césaro (c,1) summability matrix.

Remark 2.2. Let us make some changes on the topological assump-
tions on S, i.e., suppose that S is a Polish space. Prokhorov’s theorem
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holds on all Polish spaces, and joint continuity of (u,v) — p*v holds in
that case by [7, Theorem 1]. Therefore, Theorem 1 holds on all Polish
spaces in the same proof.

Note also that on Polish spaces all finite (even signed) measures are
automatically regular.

In the case of the vague topology we have the following theorem.

Theorem 2.2. Let S be a locally compact, Hausdorff, second
countable semigroup with the multiplication satisfying (1.3), and let
A = [an;], n,j € N, be a stochastic strongly regular matriz. Then
the sequence (u™,n € N) is vaguely A-convergent for each p € P(S).
If we put pg = (v)A — lim,—, 00 ", then pg € Q(S) is an idempotent
not depending on the matriz A and po is either the null-measure or
Mo € P(S)

Proof. We follow the ideas in [2]. We have (s, (1) = >277, anjp?,n €
N) C Q(S) and, since Q(S) is compact in the vague topology, the set
(sn(p),n € N) is relatively compact in the vague topology. Condition
(1.3) implies that the convolution is vaguely separately continuous on
Q(S). Thus, in the same way as in Theorem 1, we prove that the
sequence (u",n € N) is vaguely A-convergent to uy € Q(5) satisfying
(2.1) and not dependent on A.

By the Riesz representation theorem there is a one-to-one correspon-
dence between the set M'(S) of all regular, real-valued, signed mea-
sures on Bg and the dual of K(S). Elements from P(S) correspond to
positive functionals with norm one. By [1, p. 142], M*(S) is a Banach
algebra with convolution as multiplication and norm defined by

(2.4) lull = 11l(S), e MN(S),

where || is the total variation of p. Now it follows from (2.1) that
o]l = i3]l < llmoll?, and therefore [|pso]| =0 < po = 0 or [|o]| > 1.
But po € Q(S) so we have ||uol| = po(S) < 1. Thus we have o =0 or
Mo € P(S) O
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