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ON THE ESSENTIAL SPECTRA
OF REGULARLY SOLVABLE OPERATORS
IN THE DIRECT SUM SPACES

SOBHY EL-SAYED IBRAHIM

ABSTRACT. The problem of investigation of the spectral
properties of the operators which are regularly solvable with
respect to minimal operators Tp(Mp) and To(M,") generated
by a general quasi-differential expression M), and its formal

adjoint M, on any finite number of intervals I, = (ap, bp),
p=1,...,N, are studied in the setting of the direct sums of
L%Up (ap, bp)-spaces of functions defined on each of the separate
intervals. These results extend those of formally symmetric
expression M studied in [1] and [15] in the single-interval
case, and also extend those proved in [10] and [13] in the
general case.

1. Introduction. Akhiezer and Glazman [1] and Naimark [15]
showed that the self-adjoint extensions of the minimal operator To(M )
generated by a formally symmetric differential expression M with
maximal deficiency indices have resolvents which are Hilbert-Schmidt
integral operators and consequently have a wholly discrete spectrum.
In [10], Ibrahim extended their results for general ordinary quasi-
differential expression M of nth order with complex coefficients in the
single-interval case with one singular endpoint.

The minimal operators To(M) and To(M™) generated by a general
ordinary quasi-differential expression M and its formal adjoint M™,
respectively, form an adjoint pair of closed, densely-defined operators in
the underlying L2 -space, that is, To(M) C [To(M*+)]*. The operators
which fulfill the role that the self-adjoint and maximal symmetric
operators play in the case of a formally symmetric expression M are
those which are regularly solvable with respect to Top(M) and To(M ™).
Such an operator S satisfies To(M) C S C [To(M™)]* and, for some
A € C, (S—AI) is a Fredholm operator of zero index, this means that S
has the desirable Fredholm property that the equation (S — Al)u = f
has a solution if and only if f is orthogonal to the solution space of
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(S — M)v = 0 and, furthermore, the solution spaces of (S — A)u =0
and (S* — A)v = 0 have the same finite dimension. This notion
was originally due to Visik in [18]. In [6] and [7], Everitt and Zettl
considered the problem of characterizing all self-adjoint operators which
can be generated by a formally symmetric Sturm-Liouville differential
(quasidifferential) expression M), defined on a finite or countable
number of intervals I,,, p=1,... ,N.

Our objective in this paper is to extend the results concerning the
spectral properties of the operators in [1, 10, 13 and 15] for the case
when the quasi-differential expressions M, are arbitrary and there is
any finite number of intervals I,,, p = 1,... , N when all solutions of the
equations M, [u] — Awyu = 0 and M, [v] — Aw,v = 0 are in L2, (a,,bp),
p=1,...,N, for some, and hence all, A € C.

The operators involved are no longer symmetric but direct sums
N
To(M) = P To(M,)
p=1
and
N
To(M*) = P To(M,)
p=1

where Ty(M,) and Ty(M,") form an adjoint pair of closed operators in

N

@Li}p(%abp)-

p=1

We deal throughout with a quasi-differential expression M, of arbi-
trary order n defined by a general Shin-Zettl matrix, and the minimal
operator To(M,) generated by wy'M,[] in L2 (I,), p = 1,...,N,
where w,, is a positive weight function on the underlying interval I,.
The endpoints of I, may be regular or singular.

2. Preliminaries. We begin with a brief summary of adjoint pairs
of operators and their associated regularly solvable operators; a full
treatment may be found in [2, Chapter 3], [3] and [13].
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The domain and range of a linear operator T acting in a Hilbert
space H will be denoted by D(T) and R(T'), respectively, and N(T) will
denote its null space. The nullity of T, written nul (T'), is the dimension
of N(T) and the deficiency of T, def (T), is the codimension of R(T) in
H if T is densely defined and R(T) is closed, then def (T") = nul (7).
The Fredholm domain of T is (in the notation of [2]) the open subset
A3(T) of C consisting of those values A € C which are such that
(T — M) is a Fredholm operator, where I is the identity operator in
H. Thus, A € A3(T) if and only if (T — AI) has closed range and
finite nullity and deficiency. The index of (T — AI) is the number
ind(T" — M) = nul(T — A) — def (T — AI), this being defined for
A€ Ag (T)

Two closed densely-defined operators, A, B in H, are said to form
an adjoint pair if A C B* and consequently B C A*, equivalently.
(Az,y) = (z, By) for all z € D(A) and y € D(B), where (.,.) denotes
the inner-product on H.

The joint field of regularity II(A, B) of A and B is the set of A € C
which is such that A € TI(A), the field of regularity of A, A € II(B) and
def (A — XI) and def (B — AI) are finite. An adjoint pair A, B is said
to be compatible if TI(A, B) # @. Recall that A € TI(A) if and only if
there exists a positive constant K () such that

(A= ADz|| > K(A)||z| for all z € D(A),

or equivalently, on using the Closed-Graph Theorem, nul (A — A\I) =0
and R(A — AI) is closed.

A closed operator S in H is said to be regularly solvable with
respect to the compatible adjoint pair A,B if A ¢ S C B* and
II(A, B) N A4(S) # @, where

A4(S) = {A: X € Ag(S),ind (A — A) = 0}.

If A C S C B* and the resolvent set p(S), see [2], of S is nonempty,
S is said to be well-posed with respect to A and B. Note that, if
A C S C B*and A € p(S), then A € TI(A) and X € p(S*) C II(B)
so that if def(A — AI) and def (B — M) are finite, then A and B
are compatible; in this case S is regularly solvable with respect to A
and B. The terminology “regularly solvable” comes from Visik’s paper
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[18], while the notion of “well-posed” was introduced by Zhikhar in his
work on J-self-adjoint operators in [22]. The complement of p(S) in
C is called the spectrum of S and written o(S). The point spectrum
op(S), continuous spectrum o, (S) and residual spectrum o,.(S) are the
following subsets of o (.5):

(i) A € 0,(9) if and only if R(S — M) =R(S —\I) C H,

(ii) A € 0.(S) if and only if R(S —AI) C R(S — A\I) = H,
(iii) A € 0,.(5) if and only if R(S — ) C R(S — AI) C H.
For a closed operator S we have

o(S) = 0,(S)Uo.(S) Ua,.(S).

An important subset of the spectrum of a closed densely-defined
operator T in H is the so-called essential spectrum. The various
essential spectra of T are defined as in [2, Chapter 9] to be the sets,

(2.1) on(T) = C\AW(T), k=1,2,3,4,5,

A3(T) and A4(T) have been defined earlier.

The sets oci(T') are closed and o, (T') C o¢;(T) if k < j, the inclusion
being strict in general. We refer the reader to [2, Chapter 9] for further
information about the sets oo (7).

We now turn to the quasi-differential expressions defined in terms
of a Shin-Zettl matrix F}, on an open interval I,, where I, denotes
an open interval with left end-point a, and right end-point b,, —oco <
ap < b, <oo,p=1,...,N. The set Z,(I,) of Shin-Zettl matrices on
I,, consists of (n x n)-matrices F,, = {fP,;} whose entries are complex-
valued functions on I, which satisfy the following conditions:

fPoe L (D), 1<rs<n,n>2, p=1,...,N
(2.2) ff7r+17é0, ae.onl, 1<r<n-1

fPo=0, ae.onl, 2<r4+1<s<n.
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For F, € Z,(I,), the quasi-derivatives associated with F}, are defined

g V= U oy fosy[“}, I<r<n-1

yll = (yln =1y Zfﬁsys 2

where the prime ' denotes differentiation.

The quasi-differential expression M,, associated with F}, is given by
(24) Mp[y] =1 y[n] pzla aNa
this being defined on the set
(2.5) V(M) == {y:y" "V € ACic(lp), r=1,...,n; p=1,... N},
where AC\oc(I,) denotes the set of functions which are absolutely
continuous on every compact subinterval of I,.

The formal adjoint M of M, is defined by the matrix F.f € Z,(I,)
given by
(2.6) Fr = —J i nFr Jnsen,

p n><n p

where F} is the conjugate transpose of F}, and Jy,x, is the nonsingular
n X n-matrix.

(27) Jnxn - ((_1)T5r,n+lfs)a 1 < r,Ss < n,

§ being the Kronecker delta. If F;f = {fE}*, then it follows that

(28) { }+ = (_ )T+S+1ans+1,n7r+l'
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The quasi-derivatives associated with F;r are therefore

=y,

y[:] = (anr,nfr%»l)il

28) B 3
yKl] = (ykhl])l - Z(_l)nﬁﬂﬁnfsﬂ,wgfil]y
s:i <r<n-1,
and
(2.10)

M ly] = i”ygf], p=1,...,N forallye V(M;);

V(IM™):={y: y[ffl] € AC\yoe(Ip), r=1,...,n; p=1,... ,N}.
Note that (F,f)" = F, and so (M,\)* = M,. We refer to [2, 3, 5,

8 and 13] for a full account of the above and subsequent results on
quasi-differential expressions.

For u € V(M,), v € V(M;r) and «a, 8 € I,, we have Green’s formula,

B -
(2.12) / {oMy[u] — uby" [v]} do = [u, v],(8) — [u, v],(a),

where

wlyte) = (i (-0l @al ™)) |

r=0

(2.13) @Jr(:[;)

p=1,...,N, see [10, 12] and [20, Corollary 1].
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Let the interval I, have end-points ap, b,, —00 < ap, < b, < 00, and
let w, be a function which satisfies

(2.14) w, >0 ae. onl, w,€Ll. (I,).

The equation
(2.15) Mply] — Awpy =0, p=1,...,N, AeC

on I, is said to be regular at the left end-point a, if a, is finite, and
for all X € (ap,bp),

G‘P € Rv wpvffs € Ll[aPaX]a

2.16
( ) n;, p=1,...,N.

r=1,...,

Otherwise (2.15) is said to be singular at a,. Similarly, we define the
terms regular and singular at b,. If (2.15) is regular on (ap,b,), then
we have

ap, by € R, wy, f7s € Ll(ap,bp),

(2.17)
rs=1,...,n; p=1,...,N.

Note that, in view of (2.8), an endpoint of I}, is regular for (2.15) if and
only if it is regular for the equation

(2.18) Myl = wpy =0, p=1,...,N, XeC onl,

Let H, = L7, (ay,by) denote the usual-weighted L*-space with inner-
product,

(2.19) (f:9)p = . f@)g(@)wy(x)dz, p=1,...,N,

and ||f|l, := (f, f)'/2: this is a Hilbert space on identifying functions
which differ only on null sets. Set

D(M,) :={u:u € V(M,),uand w, ' Mylu] € L, (ap,by)},
p=1,...,N,

D(M) :=={v:veV(MS),vand w;lM;[U] € qup(ap,bp)},
p=1,...,N.

(2.20)
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Note that, at a regular endpoint, a, say, u[r_”(ap){kal](ap)} is
defined for all u € V(M,) (v € V(M}F)), r = 1,2,... ,n. The
manifolds, D(M,), D(M,) of L? (a,,bp) are the domains of the so-
called mazimal operators T(M,), T(MZ;L)7 respectively, defined by

T(Mp)u:=w, ' Mpu], ue D(M,)
and

T(MS)v = w;lM;[v], v e V(M)

For the regular problem, the minimal operators To(M,), To(M,}) are
the restrictions of wy, ' M,[.] and w, ' M;F[.] to the subspaces,
(2.21)

Do(M,) := {u:u € D(M,), ul"H(a,)=u""(b,)=0, r=1,... ,n,}

0
r—1 r—1
Do(M}) = {v:v e DM}, o H(a,) =0l " (b,)=0,
r=1,...,n, p=1,... ,N,}

respectively.  The subspaces Do(M,) and Dy(M,") are dense in
L2, (ap,by) and To(M,), To(M,}) are closed operators, see [20, Sec-
tion 3]. In the singular problem we first introduce operators Tp(Mp),
Tg(M,F), where Tj(M,) is the restriction of w, ' M,[.] to

(2.22) Dy(M,) :={u:u e D(M,), supp (u) C (ap,by)},

and with T{j(M™) defined similarly. These operators are densely-
defined and closable in L2 (a,, b,), and we define the minimal operators
To(M,), To(M,5) to be their respective closures, cf. [13] and [20,
Section 5]. We denote the domains of To(M,) and To(M,) by Do(M,)
and Do(M,}), respectively. It can be shown that, if (2.15) is regular at

Ap,

U ul"U(a,) =
(2.23) & Do) = [r—1] Eap;

v € Do(M)) = vl
Moreover, in both the regular and singular problems we have

0, r=1,...,n; p=1,... ,N
0, r=1,...,n; p=1,... ,N.

(224)  T3(M,) = T(M;), T*(My)=To(M;), p=1,....N,
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see [20, Section 5] in the case when M, = M;, and compare with the
treatment in [2, Section 3] in the general case.

In the case of two singular endpoints, the problem on (a,,b,) is
effectively reduced to the problems with one singular endpoint on
the intervals (ap,c,] and [cp,b,), where ¢, € (ap,b,). We denote by
T(Mp;ap), T(Mp;by) the maximal operators with domains D(Mp; ap)
and D(M,;b,), and denote by To(M,; a,) and To(M,y; by,) the closures of
the operators T} (M; a) and T{(M,; by,) defined in (2.22) on the intervals
(ap, cp] and [cp, by), respectively, see [5, 11, 14, 15 and 19].

Let Tj(M,) be the orthogonal sum,
T5(M,) = To(My; ap) © T(My; by)
in
L, (ap, by) = L, (ap, cp) © L3, (cp, bp),

T4(M,) is densely-defined and closable in L?Up (ap,bp) and its closure is
given by

To(My) = To(Mp; ap) & To(My;b,), p=1,...,N.
Also ~
nul [To(M,) — A = nul [To(M,; ap) — A
+ nul [To(Mp; b,) — M,
def [To(Mo) — M| = def [Ty (M,; a,) — M|
+ def [Ty (M,; b,) — MJ,

and R[Ty(M,) — M| is closed if and only if R[Ty(M,;a,) — M| and
R[To(Mp; by) — M are both closed. These results imply in particular
that

[To(M,)] = T[Ty (My; ap)] N T[Ty (M3 by)], p=1,...,N.
We refer to [2, Section 3.10.4], [7] and [11] for more details.

Remark 2.1. If Sp” is a regularly solvable extension of Ty(M,; a,) and
Sg” is a regularly solvable extension of Tp(M,; b,), then S, = S,” ® Sz”
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is a regularly solvable extension of Ty(M,). We refer to [2, Section
3.10.4], [7] and [11] for more details.

Next we state the following results; the proof is similar to that in [2,
Section 3.10.4], [11] and [15].

Theorem 2.2. Ty(M,) C Ty(M,), T(M,) C T(M,;a,) ® T(M,;b,)
and
dim { D[Ty(M,)]/D[To(M,)]} =n, p=1,...,N.

If X € T[Tp(M,,)] N A3[To(M,,) — M|, then

ind [Ty (M) — M| =n — def [Ty (Mp; ap) — M|
—def [To(M,; by) — A,

and in particular, if A € II[To(M,,)],

def [To(M,) — AI] = def [Ty (M,; ap) — M|

(225) + def [To(Mp; by) — AT} = n.

Remark 2.3. It can be shown that
D[Ty(M,)] = {u : u € D[To(M,)] and ul"~Y(¢,) =0,

r=1,...,n},
(2.26) 7 + : + [r—1]
D[Ty(M,")] ={v:v € D[To(M,)] and vy~ “(cp) = 0,
r=1,...,n}

p=1,...,N, see [2, Section 3.10.4].
Lemma 2.4. For A € H[Ty(M,), To(M,)], p = 1,...,N,
def [Ty (M) — M 4 def [To(M,5) — ] is constant and
0 < def [Ty (M) — M| + def [To(M,}) — M) < 2n.
In the problem with one singular endpoint,

n < def [Ty (M,) — M| + def [To(M,}) — M| < 2n

for all A € II[Ty(M,), To(M,)].
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In the regular problem,
def [Ty (M) — M 4 def [To(M,[) — M| = 2n
for all X € II[Ty(M,), To(M,)].

Proof. See [4], [11, Lemma 3.1].

Let H be the direct sum,
N N
(2.27) H=@H, =L (a5,bp).
p=1 p=1
The elements of H will be denoted by f = {f1,...,fv} with f; €
Hy,...,fn € Hy.

When ;N I; = @, 1 # j, 4, = 1,2,...,N, the direct sum space
@p_1 Ly, (ap, bp) can be naturally identified with the space L7, (UpZ; 1),
where w = wp, on I,, p = 1,... ,N. This remark is of particular
significance when Ulj,vzlfp may be taken as a single interval; see [6] and
[7].

We now establish by [2, 6] and [11] some further notation.

N N
DO(M):@DO(MP)’ D(M):®D(Mp)a
(2.28) . r
Do(M*) =P Do(M,),  D(M*) =P D)),
To(M) f = {To(M1) f1,-.. ., To(Mn) fn},
(2.20) f1 € Do(My),..., fn € Do(Mpy)
To(M™)g = {To(M{)g1, ..., To(My)gn},
g1 € Do(M7), .. gy € Do(M3).
Also,
T(M)f ={T(M)f1,..., T(Mn)fn},
(2.30) f1 € D(My),...,fn € D(My)

g1 € D(M), ..., gn € D(MY)
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N

(2.31) [f:9] :;{[fp,gp] o (Bp) = s anln(ap)},
feD(M), geDMT);
(2.32) Z fpvgp

where f = (f1,...,f~n), 9= (91,... ,9n) and (.,.), the inner-product
defined in (2.19). Note that To(M) is a closed densely-defined operator
in H.

We summarize a few additional properties of To(M) in the form of a
lemma.

Lemma 2.5. We have (a)

N N
[To(M)]" = DITo(M,)]" = P T(M,)
N T
[To(M ™))" = PITo(M)]" = P T(M,)
p=1 p=1
In particular,
N
DITo(M)]* = D[T(M™)] = @ DIT(M,])],
NP*
DITo(M ™))" = D[T(M) = D DIT(M,)]
p=1

nul [To(M) — M| = inul [To(M,) — A,

nul [To(M 1) — Z nul [Ty (M;F) — M.
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(¢) The deficiency indices of To(M) are given by

N
def [Ty(M) — M| = def [Ty(M,) — A],

for all A € I[Ty(M)],

N
def [Ty(MT) = X = def [To(M,) — A,
p=1
for all X € TI[To(M™T)].
Proof. Part (a) follows immediately from the definition of To (M) and
from the general definition of an adjoint operator. The other parts are

either direct consequences of part (a) or follow immediately from the
definitions.

Lemma 2.6. Let To(M) = &)L, To(M,) be a closed densely-defined
operator on H. Then

(2.33) T(Ty(M)] = () TTH(M,).

p=1

Proof. The proof follows from Lemma 2.4 and since R[Ty(M) — M|
is closed, if and only if R[Ty(M,) — M|, p=1,...,N) are closed.

Lemma 2.7. If S,, p=1,... ,N, are regularly solvable with respect
to To(My) and To(M,}), then

N
S=Ss,,

p=1

is regularly solvable with respect to To(M) and To(MT).

Proof. The proof follows from Lemmas 2.4 and 2.5.
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Remark 2.8. Let S = @Y ,S; be an arbitrary closed operator on H
and, since A € p(S), if and only if nul (S — A\I) = def (S — AI) = 0, see
[2, Theorem 1.3.2], we have p(S) = N, p(S;), and hence

N
a(S)=(o(S),  0p(S)=[)0op(S:) and
(2.34) o =
o (S) = ﬂ o (S;)
=1
Also,
N
(2.35) oer(S) = | oer(Sp), k=2,3.
p=1

We refer to [2, Chapter 9] for more details.

Lemma 2.9. Letting To(M) = @Y To(M;) and To(M™T) =
®N  To(M;), then the point spectra a,[To(M)] and o,[To(M™1)] of
To(M) and To(M™) are empty.

Proof. From [12, Theorem 4.1}, we have ¢,[To(M;)] = @ and
op[To(MY)] = @, i = 1,...,N. Hence, by (2.34), 0,[To(M) =
NL10p[To(M;)] = @, and oy [To (M) = N, 0, [To (M) = 2.

3. Some technical lemmas. Let ¢x(t,\) for k = 1,... ,n be the
solutions of the homogeneous equation M [u] — Awu = 0 satisfying

¢£’k71](t0;A): jk> .77k:15 ,
for fixed tg, a < tg<b.

Then ¢§k_1](t, A) is continuous in (¢, \) for a < t < b, |A| < oo, and for
fixed ¢t it is entire in \. Let qﬁ(t, A) for k =1,... ,n be the solutions
of the homogeneous equation (2.18) satisfying

(QSI)[T] (th )‘) = (_]—)kJrr(Sk,nfr;
for fixed tg € [a, b),
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k=1,... ,n,r=1,...,n—1.

Suppose a < ¢ < b. According to Gilbert in [9, Section 3] and
Ibrahim in [13, Section 4], a solution of M[u]—Awu = wf, f € L} (a,b)
satisfying ¢l"l(¢) =0, 7 =0,... ,n — 1, is given by

(3.1) (1) = (A= X0)/(I") > & as(t, /\)/ O (5, A).f (s)w(s) ds,

7,k=1

where gi)g (t, \) stands for the complex conjugate of ¢ (¢, A) and for each
j and k, ¢&7F is a constant which is independent of ¢+ and A (but does
depend in general on ty).

The variation of parameters formula for general ordinary quasi-
differential equations is given by the following lemma:

Lemma 3.1. For f locally integrable, the solution ¢(t,\) of the
quasi-differential equation M[u] — Mwu = wf satisfying

ol (to, \) = a1 (N)

forallr =0,1,... ,n—1, tg € [a,b) is given by

n

St A) =Y (N, (t, Ao) + (A = 10) /(i)

j=1

~ ( Z &7 5 (t, Mo) / t mf(s)w(s)ds>,

jk=1

(3.2)

for some constants a1 (X) - a,(A) € C.
Proof. See [4, 10, 13, 15] and [20].
Lemma 3.1 contains the following lemma as a special case.

Lemma 3.2. Suppose f is a locally L} (a,b) function and ¢(t, \) is
the solution of M[u] — Awu = wf satisfying

ol (to, \) = a1 ()
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forallr=0,1,... ,n—1, ty € [a,b). Then

$l(t,\) = Z% Tt 20) + (A= 20) /(™)

(;18%“%A /¢k (3, 20)f(s)w ()ds>,

forr=0,1,... ,n—1, see [21].

(3.3)

Lemma 3.3 [10, Proposition 3.24]. Suppose that, for some Ay € C,
all solutions of

M[g] — Aowop =0 and M7T[pT] — Nwop™ =0
are in L2 (a,b). Then, all solutions of
M) —  wp =0 and M*V[pH] - Iwgpt =0

are in L2 (a,b) for every complex number \ € C.

Lemma 3.4. Suppose that, for some complex number \g € C, all
solutions of the equations

(3.4) M[¢] — dowed =0 and MT[pT] — Nwo™ =0,

are in L2 (a,b). Suppose f € L2(a,b). Then all solutions of the
equation M[¢] — Mwp = wf are in L? (a,b) for all A € C.

Proof. Let {¢1(,A0), .- Pn(-, Ao)} and {¢7 (-, Xo), .-, &7 (-, Xo)} be
two sets of linearly independent solutions of the equations in (3.4).
Then, for any solution ¢(t,\) of M[¢] — Awe = wf which may be
written as follows M[¢p] — Adowd = (A — Ao)we + wf, it follows from
(3.2) that

Zaj ) (t, M)

(35) - 3 6961, 20)

J,k=1

[ FTGANO -~ Aa)65, ) + F(5)o(s) ds>.



ESSENTIAL SPECTRA 625

Hence,

n

< Dl 185(t ho)| + Z 167511 (£, Mo

J,k=1

(3.6) =1
: / 17 (5 20) (1A = Aol [6(5, M) + () o) ds.

Since f € L2 (a,b) and ¢} (t,\o) € L2 (a,b) for some \g € C, k =
1,...,n, then ¢;(t,)\0)f € L! (a,b) for some \g € Cand k =1,... ,n
Setting

(3.7) Cr(A) :/abmf(sd)w(s) ds,
then

%n: (lag (W] + CuW)E* 15 (t, X))
(3.8) A=Al Z (S

J,k=1

(mmo (0! 1605, A>|) (s) ds.

On application of the Cauchy-Schwartz inequality to the integral in
(3.8), we get

< > (W] + CrN)IE*]) b5t Xo)
j,k=1

+ A= ol Z €9 ]

Jik=1

. |¢j(t,xo>l( /mw (S)ds)l P
: </at |6(s, A)Pw(s) ds)l/Q'
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From the inequality,
(3.9) (u+v)? < 2(u? + v?),
it follows that

o8, AP <4 ) (lag (WP + CENIEH)

jk=1

(8 Ao)F + 4N = Aol? D [P

k=1

: ¢j(t7)\o)|2</:m2w(s) ds)

([ 16t WPuts) ds).
(/ )

By hypothesis there exist positive constants Ky and K; such that
(3.10) 165 (s Ao)ll 22 (ap) < Ko

and

65 (s M)l 2, (apy < K1,
j,k=1,...,n. Hence,

[o(8, MIP <4 Y (lag (NI + CENIE™ )05 (8, do)

jk=1
(3.11) + 4K\ — Mo|?
n t
Y1 (s [l VPl as ).
j,k=1 a

Integrating the inequality in (3.11) between a and ¢, we obtain

/ 16(5, V)[Pu(s) ds

<Kot <4K12|>\—)\02 3 Ifj’“l2>

j,k=1

|/ (s M)l [ totr Pt dr s s
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where

Ky = 4K§ Y {lag(WI° + CEVIEHP).
Jik=1

Now, on using Gronwall’s inequality, it follows that
t
[ 1ots. 0 Puis) ds
< Kaoxp (4KIA =X D16 [ jos(oha)Puls)ds ).
Jrk=1 a
Since ¢;(.,A\o) € L2 (a,b) for some A\g € C and for j = 1,...,n, then,
o(t, A) € L (a,b).

Remark. Lemma 3.4 also holds if the function f is bounded on [a, b].

Lemma 3.5. Let f € L? (a,b). Suppose, for some \g € C, that
(i) all solutions of MT[p] — Awep = 0 are in L2 (a,b),
(i) qbg-r](t, Xo), 5 = 1,...,n, are bounded on [a,b) for some r =

0,1,...,n—1. Then ¢I"l(t,\) € L2 (a,b) for any solution (t,\) of the
equation M[¢] — Awe = wf for all A € C.

Proof. On using Lemma 3.2, the proof is similar to that in Lemma
3.4 and therefore omitted.

Lemma 3.6 [10, Proposition 3.23]. Suppose that, for some complex
number X\ € C, all solutions of MT[v] — Awv = 0 are in L2 (a,c),
where a < ¢ < b. Suppose f € L2 (a,b). Then

t
[ SN )ds i=1.
is continuous in (t, \) for a <t <b, for all \.

4. The case of intervals with one singular end-point. We

see from (2.24) that To(M),) C T'(M,) = [TJF(M;)] and hence Ty (M)
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and TO(M; ) form an adjoint pair of closed, densely-defined operators
in L2 (ap,b,). By Lemma 2.4, def (Ty, M) — M| + def [TO(M;) — |
is constant on the joint field of regularity II[To(M,), To(M,)], p =
1,...,N, and we have that, for A € TI[To(M,), To(M,))]

(4.1) n < def [To(M,) — M| + def [Ty (M,F) — M| < 2n.

For A\ € [Ty (M), To(M™)], we define r, s and m as follows.

r=r(\) = def [To(M) — M|
N
= def [Ty(M,) — M|
p=1
N N
=Y il [T(M) =M ="y
(4.2) 5= SZA) = def [To(M™T) — /\I]_
N
=) def [Ty(M,}) — AI]
N .
=> ml[T(M,) = A] =) s,
and
N N
m::r—I—s:ZTp—l—sp Zmp

By Lemma 2.4, m is constant on II[To (M), To(M )] and

(4.3) nN <m < 2nN.

For TI[To(M), To(M™)] # @ the operators which are regularly solv-
able with respect to Tp(M) and T," (M) are characterized by the fol-
lowing theorem.
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Theorem 4.1. For \ € I[Ty(M), To(M™)], let r and m be defined
by (4.2) and let v;, j = 1,...,r, ¢, k =1 +1,...,m, be arbitrary
functions satisfying

@) {y; : 3 =1,...,7r} C D(M) is linearly independent modulo
Do(M) and {¢r, : k=7r+1,... ,m} C D(M™") is linearly independent
modulo Do(M™).

(i)

N
(W5, 06D = ([Wsps rpl (bp) — [Wsps drpl(ap)) = 0,
p=1

k=1,. k=r+1,.

Then the set

(4.4) {u cu € D(M), ([u, )8
N
Z“pv¢kp — [up, drpl(ap) =0, k=r+1,... am}
p=1

is the domain of an operator S which is reqularly solvable with respect

to To(M) and To(M™) and
(45) {v:ve DO, (@30,
N
ijpavp = [Wip,vplay) =0, j=1,... ’7“}

is the domain of S*, moreover, A € Ay(S).

Conversely, if S is regularly solvable with respect to To(M) and
To(M™) and A € U[To (M), To(MT)]NA4(S), then with r and m defined
by (4.2), there exist functions ¢;, j=1,...,r, ¢y, k=r+1,...,m,
which satisfy (1) and (i) and are such that (4.4) and (4.5) are the
domains of S and S*, respectively.

S is self-adjoint if and only if M = M™*, r = s and ¢, = VYp_,,
k=r+1,...,m; S is J-self-adjoint if and only if M = JMYJ, r=s
and ¢, =Yg, k=7r+1,... ,m
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Proof. The proof is entirely similar to that in [4, Theorem 3.2] and
[11, Theorem 3.2] and is therefore omitted.

We shall now investigate in the case of the intervals I,, p=1,... , N,
with one singular end-points that the resolvents which are direct sums
of resolvents of all well-posed extensions of the minimal operators
To(M,) and we show that, in the maximal case, i.e., when r, = s, = n,
p=1,...,N in (4.2), these resolvents are integral operators; in fact,
they are Hilbert-Schmidt integral operators by considering that the
function f to be in L2 (a,b), i.e., is quadratically integrable over the
interval [a, b).

The following theorem is an extension of that proved in Akhiezer
and Glazman [1, Vol. 2] and in Naimark [15, Vol. 2], namely, the
case of self-adjoint extensions of the minimal operator and the function
f has compact support interior to the interval [a,b) and also extends
that proved in [10, Theorem 3.27] for the general case with compact
support of the function f, to the case of finite number of intervals
[ap,bp), p=1,...,N.

Theorem 4.2. Suppose, for an operator To(M) with one singular
endpoint that def[To(M) — M| = def [To(M*) — M| = nN for all
A € [To(M), To(M™)], and let S be an arbitrary closed operator which
is a well-posed extension of the minimal operator To(M) and X € p(S).
Then the resolvents Ry and R} of S and S*, respectively, are Hilbert-
Schmidt integral operators, i.e., for A € p(S),

b
(4.6) (S —A)"Lf(x) :/a K(x,t, \w(t)f(t) dt,

a.e. x € [a,b),

— b —
(5= A0 Yg(a) = [ K (o Nwle)g(a) do.

(4.7)

a.e. t € la,b),
where the kernels K (z,t,\) = {K1(z,t,\),... , Kn(z,t,\)} and K™ (t,
z,\) = {K{(t,z,\),...,Ki(t,z,\)} are continuous functions on

[a,b) x [a,b) and satisfy
K(z,t,\) = K+(t,z,)), for all z,t € [a,b),
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and

b b
/ / |K (z,t, \)|?w(z)w(t) de dt < oo.

Remark. An example of a closed operator which is well-posed with
respect to a compatible adjoint pair is given by the Visik extension,
see [2, Theorem 3.3.3] and [18, Theorem 1]. Note that if S is well-
posed then Tp(M) and To(M ™) are a compatible adjoint pair and S is
regularly solvable with respect to To(M) and To(M ™).

Proof. Let

def [Ty (M,,) — M| = def [Ty(M,") — M| = n
for all A € H[TO(MP),TO(M;)],

then we choose a fundamental system of solutions {¢i,(t,A),...,
Gnp (&N}, {1p(EA), - Unp(t, N}, p=1,... , N, of the equations

Mplgjp] — Adjpw = 0, M;— [Vijp] — 5‘wjpw =0,

4.8
( ) j:1;~'7n on [O’P?bp)’

so that {@1,(t,A), ..., dnp(t, A)} and {1,(¢, N), ..., Yup(t, A)} belong
to Li(ap,bp), i.e., they are quadratically integrable in the intervals

[ap,by), p=1,...,N.

Let Ry, = (S, — AI)™! be the resolvent of any well-posed extensions
S, of the minimal operator To(M,), p =1,... ,N. For f, € L2 (a,,by),
we put ¢,(t,\) = Rypfp. Then Mp[p,] — Aweg, = wfp, p=1,... ,N,
and consequently has a solution ¢,(t,\), p=1,... , N, in the form

(4.9) ¢,(t,\) = Zam )bin(t, Ao)

(A= )i (ZG%MO)

7,k=1

| / 0L (5 20) fy () (s) d5>,
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for some constants aip(A),...,anp(A) € C, see Lemma 3.1. Since
fp € L% (ap,b,) and ¢Zp(-,>\o) € L2 (ap,b,), k = 1,...,n, for some
Ao € C, then (bzp(., Xo)fp € LY (ap,by), k=1,... ,n, for some \g € C,
and hence the integral in the righthand side of (4.9) will be finite.

To determine the constants aj,(A), 7 = 1,...,n, let w,jp(t A),
k=1,...,n, be a basis for {D(S’;)/DO(M+)} then because ¢,(t,\) €
D(Sp) C p(Sp) C A4(Sp), p=1,.. we have from Theorem 4.1
that

N
(4.10) ([, Ds =D ([bps it (bp) = [&F  vkpl(ap)) = 0, on (a,b),
p=1

k =1,...,n, and hence, from (4.9), (4.10) and using Lemma 3.2, we
have

(6 0] (Z% (A= 20)fi") S &

J,k=1

- / o7 (5 20) fy(s)u(s) ds) (Bipn 07 (5p),

[¢p’1/}]—:p](ap) = Z?:l OL]P(A)[ jp’/l?[}kp}(ap) k = 17 e, N, p= 1 . aN'
By substituting these expressions into the conditions (4.10), we get

p=1 “j=1
n by
S @t [ o () <>ds)[¢gp,wkp]< )
7,k=1 @p

p=1 *j=1
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p=1,...,N. This implies the system
N

4 11 Z (Zajp (bjpawkp]ap)

(A= 20)/™) z(zsjk[@p,wzpkb)

p=1 *jk=1

. A syuts) ds).

in the variables a;p(A), j = 1,...,n. The determinant of this system
does not vanish, see [10, Theorem 3.27] and [15]. If we solve the system
(4.11), we obtain

@) = (=20 [ it N 5yu(s) ds).

j=1...,n, p=1,...,N,

where hj,(s,\), p=1,..., N, is a solution of the system

A
(4.12) i(ihg—pw)([@p,wgp]g;)
- Z(Zf ¢ypa7»/1kp )m)

7,k=1

by

Since the determinant of the above system (4.12) does not vanish, and
the functions ¢;p(s, Xo), k =1,...,n, are continuous in the intervals
[ap,bp), p=1,...,N, then the functions h;,(s, \) are also continuous
in these intervals. By substituting in formula (4.9) for the expressions
ojp, J=1,...,n;p=1,... N, we get

Ryf = ¢(t7 /\)

((/\ /\0/Z Z(Z%pt)\o

p=1 “j k=1
(4.13) / [{gkm-i-hjp(sv)‘)]fp(s)w(s)ds

ap

£3 0l 0) [ " gl M)y () ds).

j=1
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Now we put
(4.14)

(A=20)/i") 0y (5= it M) (5. N))
for t < s,

KOESN=Y (=20 S (s bt 00

(fjk¢ (8, A0) + hyp(s, )\))) for t > s,

formula (4.13) then takes the form

(4.15) Ryf(t) / K(t,s,\) f(s)w(s)ds forall t € [a,b),

e., Ry is an integral operator with the kernel K(¢,s, \) operating
on the function f € L2 (a,b). Similarly, the solution ¢ (s, ) of the
equation M} [¢h,] — Awip, = wgy, p=1,..., N, has the form

¢+ (s,A) Zﬁjp (5, 20) + (A = Ao) /i)

(Zf”%* (5. 20) / ol AV (1) (t)dt),

J,k=1

(4.17)

where ¢, (t, o) and ¢+(s Xo), G,k =1,...,n, p =1,... ,N, are
solutions of the equatlons in (4.8). The argument, as before, leads
to

b
(4.19) Ryg = / KT (s,t,\)g(t)w(t)dt for g € L?(a,b),

i.e., R} is an integral operator with the kernel K (s, ¢, \) operating on
the function g € L2 (a,b), where
(4.20)

(A=20)/i") Sy (325 0%, (5, M) (8 0)

for s < t,

K*(s,t,0)= (A=20)/i") Sy (szzlqup(&/\o)

'(%kM—i— h;_p(t, /\))) for s > t,
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and th ot A), p=1,... N, is a solution of the system

(4.21) ZN: (Zn:h* (t, A)([y sb*})bp)
=\ gp\" kp> Pjpl)ay
= Z(Zcﬂ“ Uips 07, (0p) Brp (L, Ao))

J,k=1

From definitions of Ry and R}, it follows that

(B, /. 9) 7/ {/ K(t, 5, A) f(s)w(s) ds } Dw(t) dt
422 / { / K(t, 5, \g(0) <>}f< Ju(s) ds

(f7 R)\g

for any continuous functions f,g € H, and by construction, see
(4.14) and (4.20), K(t,s,\) and Kt (s,t,\) are continuous functions
on [a,b) X [a,b), and (4.22) gives us
K(t,s,\) = K+(s,t,\)
for all ¢, s € [a,b) X [a,b).
Since ¢;(t, ) = {pj1(t,A),...,¢in(t,A)} and ¢} (s,A) = {&},(s,A),
L oin (s, N} are in L2 (a,b) for j,k = 1,...,n, and for fixed s,

K(t,s,]) is a linear combination of ¢; (¢, A) while, for fixed t, K+ (s,, \)
is a linear combination of ¢; (s, ). Then we have

(4.23)

b
/ K (£, 5, \)Pw(t) dt < oo,
a

and (4.23) implies that

b
/ |K(t,5, \)]?w( )ds:/ |KT(s,t, \)|?w(s) ds < oo,

/ |KT(s,t, \)|?w(t) dt = /b |K(t,5,\)|2w(t) dt < oc.
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Now it is clear from (4.12) that the functions h;(s, A\) = {h;1(s, A),

S hin(s, A}, = 1,...,n, belong to L2 (a,b), since hj,(s,\) is a
linear combination of the functions ¢;rp(s, A) which lie in L2 (a,,b,)
and hence h;(s,\) belong to L2 (a,b). Similarly, h;r(t,)\) belong to
L2 (a,b). By the upper half of formulas (4.14) and (4.20), we have

b b
/ w(t) dt/ |K(t, 8, \)[Pw(s) ds < oo,

for the inner integral exists and is a linear combination of products
dip(t, )\)qﬁgp(s, A, ,k=1,...,n, p=1,...,N, and these products
are integrable because each of the factors belongs to L2 (a,,b,). Then,
by (4.23), and by the upper half of (4.14),

/abw(t) dt /at |K (¢, 5, \)[Pw(s) ds
= /abw(t) dt/t K (s, [2w(s) ds < oo.

a

Hence, we also have

b b
//|K(t,s,/\)|2w(t)w(s)dtds<oo,

and the theorem is completely proved for any well-posed extension.

Remark 4.3. It follows immediately from Theorem 4.2 that, if
for an operator Ty(M,), p = 1,...,N, with one singular end-
point, def[To(M,) — M| = def[To(M,7) — M| = n for all X €
[To(Mp), To(M,f)], and S, is well-posed with respect to To(M,) and
To(M,) with A € p(S,), then Ry, = (S, — AI)~! is a Hilbert-Schmidt
integral operator. Thus, it is a completely continuous operator, and,
consequently, its spectrum is discrete and consists of isolated eigenval-
ues having finite algebraic (so geometric) multiplicity with zero as the
only possible point of accumulation. Hence, the spectra of all well-
posed operators S, are discrete, i.e.,

O'Bk(Sp):Q, p:].,...,N

(4.24)
for k =1,2,3,4,5,
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and hence, by (2.35) and (4.24),
N

(4.25) oer(S) = | oer(Sp) = @, for k=2,3,
p=1

for any well-posed extension S of the minimal operator To(M). We
refer to [2, Theorem 9.3.1] for more details.

5. The case of intervals with two singular endpoints. For the
case of two singular endpoints, we consider our interval to be I = (a, b)
and denote by Tp(M) and T'(M) the minimal and maximal operators.
We see from (2.24) and (2.28) that To(M) C T(M) C [To(M™)]*,
and hence, Ty(M) and To(M ™) form an adjoint pair of closed densely-
defined operators in L2 (a,b).

From (2.25) and (4.2) we have that, for A € II[Ty(M), To(M™)],

ﬁ
I
<
—~
>
SN—
I
o,
]
e
53
=
I
>
M~

p=1 p=1
and
N
m ::r—l—s:Z{(T;—l—s;)—&—(rz—l—sf,) —2n}

p=1

N

= Z(m; + mi —2n).
p=1

Sincengm;SQn,izl,Z, then 0 <m < 2nN.

For an operator Ty(M,), p=1,..., N, with two singular endpoints,
Theorem 4.2 remains true in its entirety, that is, all well-posed ex-
tensions of the minimal operator Ty(M,) in the maximal case, i.e.,
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2 2

when 7} =72 = n and s, = s; = n in (5.1) have resolvents which are
Hilbert-Schmidt integral operators and consequently have a wholly dis-
crete spectrum and hence Remark 4.3 also remains valid. This implies
as in Corollary 5.1 below that all the regularly solvable operators have
standard essential spectra to be empty. We refer to [1, 2, 15] and [18]
for more details. Now we prove Theorem 4.2 in the case of the intervals
(ap,bp), p=1,..., N with singular endpoints.

Proof. Let

def [Ty(M,) — M) = def [To(M,[) — M| =n
for all X € II[Ty(M,), To(M,)],

p=1,...,N, then we choose a fundamental system of solutions

d)?; (ta A) on (a‘pv Cp]

bt A) =
Pirlt:) {¢§;<t,A> on [¢, by)

and

Wiy (. A) on (ap, ¢

ip t,A) =
Yirlt: ) {w;;(t,/\) on [cp, by)

p=1,...,N, of the equations

My[¢jp] — /\_w¢jp =0,
(5.2) M; ij] — Awypyp =0,
j=1,...,n on (apby),

so that {¢1,(t,A), ..., dnp(t, A)} and {1p(¢, N), ..., ¥Ynp(t, A)} belong
to Lﬁj(ap,bp), i.e., they are quadratically integrable in the intervals

(ap,bp), p=1,...,N.

Let Ry, = (S, — AI)™! be the resolvent of any well-posed extension
S, = Sp? & Sz” of the minimal operator Ty(M,). For f € L2 (a,,b,),
we put ¢,(t,\) = Rxpf(t), then Mp[op] — Mwe, = wf, p=1,...,N,



ESSENTIAL SPECTRA 639

and hence as in (4.9), we have
(5.3) Rapf(t) = ¢p(t, N) Zajp )@ip(to, A)

(A= 20/ <Z€;’“¢m 0. )

J,k=1

| / 6L, (5. 20) F(s)uw(s) ds),

for some constants a1,(A) - - anp(A) € C, p=1,..., N, where

57 (t,\) on (ay, cp)
byt \) =
() {gﬁff(t,m on [ep, by),

and

) agr (t,A) on (ap, cp)
(6" =
" a?;(t, A) on [cp, by),

j=1...,n,p=1,... ,N. By proceedlng as in Theorem 4.2, we find

that a;p(A) = ((A —/\o )/i") f hjp(s, A f(s)w(s)ds), j = 1,...,n,
p=1,...,N, where hj,(t,\) are continuous functions on the mtervals
(ap, bp),
h;; (t, A) on (ap, cp) ]
hjp(t,A) = ) j=1,...,n, p=1,...,N.
hjp(t,)\) on [cp, by),
By substituting in (5.3) for the constants a;,(A), 7 =1,... ,n, we get
b
Raf = [ K(ts N f(su(s) ds
where

B K(t,s,\) on (a,c]|
K(t,s,\) = {Kb(t’s’)\) on [c,b),
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and K()(t,s,\) can be obtained as in (4.14). Similarly,

b
Rig = / K+ (5,8, N)g(s, Nw(s) ds,

K+ (s,t,\) on (a,d,

KT (s,t,)\) = ) _
K*®)(s,t,)\) on [c,b),

and K*()(s,t,)) can be obtained as in (4.20).
From (4.14) and (4.20), we have that

b
/ |K(t, 8, \)[2w(t) dt < oo,
a

b
/ |[KT(s,t, \)|?w(s) ds < oo,
a<s, t<b

and (4.23) implies that

b b
/\K(t,s,)\)\zw(s)ds:/ K (s, £, 3)[Pw(s) ds < oo,

b b
/|K+(s,t,5\)|2w(t)dt:/ K (2, 5, \)Pw(t) dt < oo,

The rest of the proof is entirely similar to the corresponding part of
the proof of Theorem 4.2. We refer to [1, 13] and [15] for more details.

Corollary 5.1. Let A € H[To (M), To(M™)] with
def [Ty (M) — M| = def [To(M ™) — \] = nN.,
Then
(5.4) oex(S) =2, k=23,

of all regularly solvable extensions S with respect to the compatible
adjoint pair To(M) and To(M™).
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Proof. Since def [To(M,) — M| = def [To(M,}) — M| = n, for all
A e HTo(M), To(M*)], p = 1,... ,N. Then we have, from [2,
Theorem 3.3.5] that

dim {D(S},)/Do(M,)} = def [To(My) — Al] = n,
dim {D(S*)/Do(M,[)} = def [Ty (M,]) — ] = n,
p=1,...,N.

Thus, S, is an n-dimensional extension of Ty(M,) and so, by [2,
Corollary 9.4.2],

Uek(Sp) = O-ek[TO(M;D)]v p=1,...,N,

5.5
(5:5) for k=1,2,3.

In particular, if S,, p = 1,... , N, is well-posed (say the Visik exten-
sion), we get from (4.24) and (5.5) that

O—ek[TO(MP)]:gv p:177N
for k =1,2,3.

On applying (5.5) again to any of the regularity solvable operators S,
p=1,...,N, under consideration, we have that

O'ek(Sp)ZQ, p=1,...,N
for k=1,2,3.

Hence, by (2.35)

N
oer(S) = | oer(S) =@, for k=2,3.
p=1

Corollary 5.2. If, for some Ao € C, there are n linearly inde-
pendent solutions of My[u] — Nowu = 0 and M [v] — Mowv = 0 in
L2 (ap,by), p = 1,... N, then Ao € I[To(M,),To(M,)], and hence
H[To(M),To(M+)] = C and Uek[To(M),TQ(M+)] = g, k = 2,3,
where e [To(M), To(M™)] is the joint essential spectra of To(M) and
To(M™) defined as II[To(M), To(M™T)].
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Proof. Since all solutions of Mj[u] —Aowu = 0 and M, [v] — Aowv =0
are in Lfv(ap,bp) for some \g € C,p=1,...,N, then

def[To(Mp) — )\()I] + def [T()(M;) - 5\0_[] =2n
for some Ao € H[Ty(M,), To(M™T)].

From Lemma 2.9, we have that Ty(M,) has no eigenvalues and so
[To(M,) — XoI]™! exists and its domain R[Ty(M,) — Aol] is a closed
subspace of L2 (a,,b,). Hence, since Ty(M,,) is a closed operator, then
[To(M,) — AoI]™! is bounded and hence I1[Ty(M,)] = C. Similarly
M[To(M, )] =C,p=1,...,N. From (2.33) we get

HITy(M)] = () HTo(M,)] = C

p=1

and
[To(M*)] = ﬁ [Ty (M;)] = C.

Hence, II[Ty(M), To(M*)] = C and, from Lemma 2.5,

def [To(M) — M + def [To(M ) — M| = 2nN
for all A € T[Ty (M), To(M ).

From Corollary 5.1 we have for any regularly solvable extension S of
To(M) that oer(S) = @ for k = 2,3 and by [2, Corollary 9.4.2], we get
oek[To(M)] = @, for k = 2,3. Similarly, o, [To(M1)] = &, for k = 2, 3.
Hence, oo [To (M), To(M 1)) = & for k = 2, 3.

Remark 5.3. If there are n linearly independent solutions of the
equations M[u] — Awu = 0 and M [v] — Awv = 0 in L2 (a,b) for some
Ao € C, then the complex plane can be divided into two disjoint sets:

C =TM[To(M), To(M )] U ger[To(M), To(M )],
for k = 2,3.
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We refer to [16] and [17] for more details.
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