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LOCAL-GLOBAL RELATIONS FOR
ALMOST COMPLETELY DECOMPOSABLE GROUPS

A. MADER, O. MUTZBAUER AND C. VINSONHALER

1. Introduction. All groups in this paper are tacitly assumed to
be abelian. An almost completely decomposable group is a torsion-free
group of finite rank that contains a completely decomposable group as
a subgroup of finite index. Let X be such a group and A a completely
decomposable subgroup of finite index. The finite group X/A has a
direct decomposition into primary components, and it is natural to
consider the subgroups X z?; where

XA

tp

A

= -component of —.
V% p A

Obviously, X contains many other completely decomposable subgroups
of finite index besides A, for example, the groups nA, and there
is nothing canonical about the constructs X{;}. However, there are
special completely decomposable subgroups of finite index, namely
the regulating subgroups of Lady [9] which can be defined as the
completely decomposable subgroups of minimal index rgi (X) in X, and
more importantly their intersection, Burkhardt’s [2] regulator R(X)
of X. The regulator is a fully invariant completely decomposable
subgroup of finite index of X and clearly both R(X) and X/R(X) are
isomorphism invariants of the almost completely decomposable group
X. Thus, every almost completely decomposable group contains a
canonical completely decomposable subgroup of finite index and the p-
constituents X, = XII;(X) relative to this subgroup are also canonical
subgroups. The purpose of this paper is to study the relationships
between an almost completely decomposable group X and its primary
constituents X,, in a systematic and general manner. The primes
dividing the index [X : R(X)] were called relevant primes of X by
Schultz [15]. There is ample evidence [5, 12, 13] that the theory of
almost completely decomposable groups is much simpler when there is
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a single relevant prime; this is what we mean by the local case. One
of the basic results of this paper is that R(X,,) = R(X), Theorem 2.3,
so that considering primary constituents means passing to the local
case. Suppose certain questions could be settled for the local groups
Xyp- Then the question becomes what they mean for the global
(general) group X. This is what we mean by local-global relations.
We consider several established and important concepts of the theory
of almost completely decomposable groups and clarify their local-
global relationships. This program is remarkably successful, and the
connection between the global group and its local constituents is quite
close. See, for example, Proposition 2.5, Theorem 3.3, Corollary 3.5,
Proposition 4.1, Theorem 4.2 and Theorem 5.3.

Special local-global results have appeared in the literature, [4, Theo-
rem 0.1], so that a general treatment appears timely.

The symbol P denotes the set of all prime numbers. The expression
HE denotes the purification of H in G.

We will also use the following important alternate description of
regulating subgroups. The subgroups G(7) and G¥(7) = (X psr G(P)s
denote the usual type subgroups of the torsion-free group G. A type
is a critical type of G if G(1)/G*(1) # 0; Ter(G) denotes the set of all
critical types of G. If X is an almost completely decomposable group,
then X has Butler decompositions

X(r) = A, @ X¥(r)

where A, is 7-homogeneous completely decomposable, and the regulat-
ing subgroups of X are exactly the groups A = ®,¢r,, (x)A, obtained
by selecting arbitrary Butler complements A, the sum being automat-
ically direct. Burkhardt’s theorem on regulators says that, given any
regulating subgroup A = ®,¢r,,(x)4,, the regulator is

R(X) = @ 5;(14/)

PETer (X)

where
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are positive integers that we will call Burkhardt invartants. Burkhardt’s
Regulator Criterion says that a completely decomposable subgroup U
of finite index in the almost completely decomposable group X is the
regulator of X if U has a decomposition into homogeneous components

U= @ U, st. U-CBX(r)CU(r)

pETer (X)
for each critical type 7, where 3, = exp(X*¥(7)/U*(7)).
2. Primary constituents. We start with the basic definitions.

Definition 2.1. Let X be a torsion-free finite extension of a group
A, and let H be any subgroup of X. The subgroup

H{y ={z € H:p"x € A for some n} = HNZ[p~'A

is the p-primary constituent of H with respect to A. For a torsion group
G, let G}, denote its p-primary component. For a positive integer n, n,
denotes its highest p-power factor so that n = HpeP Ny is the prime
factorization of n.

Some easy technicalities are listed in the next lemma.

Lemma 2.2. Let X be a torsion-free finite extension of a group A
and H some subgroup of X. Then the following hold.

L. Hy=XANH, H=Y p Hjy and (H3+A)N(3,. ., Hg+A)=A.
2.
Hi+A (H+A
- (),
Hi+A| |H+A
A ‘_‘ A Zp’

exp——— = [ exp—

Hi+ A < H+A>
A tp
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3. If X > H > A, then

Hpy, (H H H Hp

e (2 Z Z) -p

A <A>p and <A> A
ep p

p peEP

4. If X > H > A, then Hy N Y . Hiy = A.
5. X{;(T) = X{g NX(r) = X(T){;) and (Xzﬁ)u(r) = X{g NnX4r) =
Xn(T)ﬁ).
Furthermore,
X(r)g+A N XA(r) nd XHr)d+ A N (X2)4(7)
A A(r) A At(T)

Proof. Easy exercise. a

This paper deals with almost completely decomposable groups X and
in this case there is the canonical choice A = R(X). For this choice we
will drop the reference to A and simply talk about the p-constituent
of the almost completely decomposable group considered. We can now
describe the local-global relationships of relevant data for the special
case.

Theorem 2.3. Let X be an almost completely decomposable group,
p a prime, and A = ® e, (x)Ap a regulating subgroup of X. Then the
following hold.

1. R(X) = R(Xy).
2. ﬁflp = (B}X)Ep-
3. rgi X, = (rgi X)yp.

4. (Ar)yp = (Hq:q#p(ﬂ‘l)'()lq)AT7 Ap = Bper., (x)(Ap)yp completely
decomposable, and A, is a regulating subgroup of Xp.

Proof 1. and 2. Set U = R(X) and recall that 3X = exp(X¥(7)/
U%(7)). By Burkhardt’s Regulator Criterion, there is a decomposition
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U = ®per., (x)Up such that

U, C BXX(r) cU(T).

Note that R xt

exp Kl (7) U"&T()T) = exp Uﬁ((TT);p = (85w
and

(Bf)Zlep(T) = (/Bf)le(T)lp C U(T)'
Now

- < 550 = 6w T 60X

q:q#p
C (B Xp(r) C U(7).
By Burkhardt’s Regulator Criterion, U = R(X);,) and Bf”” = (BX)p-
3. We have with r, = rk (X (7)/X*(7)), that

[X,:RX) = (giX,)- ] B
PETer (le)

and

[Xyp: R(X)] = [X: RX)]p = (i X)yp - [[ (B0
PETr (X)

It follows that rgi (X;,) = (rgi X),p.

4. By Burkhardt’s theorem R(X) = @ e, (X),B;(Ap < Ay Obvi-
ously (A;)yp D (Hq;q¢p(5§)1q)Ar- Conversely, suppose & € (A.),, so
that p"z = BXy for some y € A,. Then z € (A,)X = A, and p"z =
(ﬂf)zp(l—[q:q#p(ﬁf)zq)y. It follows that (Hq:q;ép(ﬁf)zq) divides z in A,

i‘e‘7 T e (Hq:q#p(ﬂf)lQ)AT' Hence AZP = EBpeTcr (X)(Hq:qyép(Bv{()ZQ)AP
is completely decomposable and [X,, : A;,] = rgi X, so A,, is regulat-
ing in X,,. ]

Corollary 2.4. The almost completely decomposable group X has
a regulating regulator if and only if each local constituent X,, has a
regulating regulator.
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It is easy to compare the endomorphism rings of the groups X, and
the group X. This has consequences for decomposability of X. If X is
an almost completely decomposable group with regulator R = R(X),
then, without loss of generality, R < X;;, < X < QR where QR is some
divisible hull of R. Hence, every endomorphism of R, X, X,, may, and
will, be considered a linear transformation of the Q-space QR. Let
L = L(QR) denote the ring of linear transformations of QR. Then our
point of view means that

EndR={¢ € L:R¢C R},
EndX ={¢€L:X$C X}, and
End X, = {6 € L: X;p6 C Xp}.

With these identifications we have the following result.

Proposition 2.5. Let X be an almost completely decomposable group
with regulator R = R(X). Then R and X, are fully invariant in X, R
is fully invariant in Xy, and we have the containments

End X C End X,, C End K.

Furthermore,
End X = () End X,
pEP

If any one of the primary constituents is directly indecomposable, then
sois X.

Proof. It is well known that regulators are fully invariant, and since
Xyp consists exactly of those elements in X that have p-power order
modulo R, the latter is also fully invariant in X. The inclusions now
follow from the descriptions of the endomorphism rings given above.
Recall that X =} p Xjp. If ¢ € NpepEnd Xy, then

X$C D XppC Y Xyp=X,

pEP peP

hence ¢ € End X. i
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Recall that HY denotes the purification of H in G.

Corollary 2.6. Let X be an almost completely decomposable group
with regulator R. A decomposition R = A® B induces a decomposition
X = AX @ BX if and only if, for each prime p, there is the induced
decomposition Xy, = AYr @ B,

3. Localization of the Regulator Criterion. The purpose of
this section is to show that the Regulator Criterion of Burkhardt can be
localized, i.e., if the subgroup R of the almost completely decomposable
group X is the regulator of all p-primary constituents X,,, then R is
the regulator of X.

Lemma 3.1. Let G be a torsion-free abelian group with subgroup U
that is a Butler group. Let T be a type and k,l relatively prime natural
numbers. If

U(r)=U*aU'r)=U'aUXr)

where U* C kG(1) and U' C IG(7), then there exists a subgroup U
of U such that

Ur)=U" @ U¥(r) with U™ C kIG().

Proof. By hypothesis,

U(r) C [U¥(7) + kG(T)] N [U*(7) +1G(7)]
C U(r) + kG(r) N [U(r) + IG(r)] (modular law)
C Ub(r) + kG(r) N [kU* (r) + U (r) +1G(r)] (ak + bl = 1)
C U¥(7) + kU*(1) + kG(7) N1G(7)
(modular law and U¥(7) c G(7))
C Uﬁ(T) + klG(7) (k,I relatively prime).

Intersecting with U(7), we obtain

U(r) C Ut (1) + [KIG(r)NU(7)].
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Using Butler decomposition, it follows that U(7) = U*(r) @ U* with
Uk C kIG(7). Indeed, the induced epimorphism kIG(r) N U(T) —
U(r)/U*(7) is splitting by Baer’s lemma. o

An immediate consequence of Lemma 3.1 is the following corollary.

Corollary 3.2. Let G be a torsion-free abelian group with subgroup
U that is a Butler group. Let T be a type and h a natural number with
primary decomposition h =[], hp. Let U(r) = U? @ UH(1) where the
UP are mazimal T-homogeneous summands with UP C hy,G(T) for all
primes p dividing h. Then there is a mazximal T-homogeneous summand

Uh of U, i.e., U(t) = UM @ U(1) such that U C hG(T).

Theorem 3.3. Let X be an almost completely decomposable group
with completely decomposable subgroup R of finite index. If R is the
regulator of Xy, = Z[p~'|R N X for every prime p, then R is the
requlator of X.

Proof. Let T be a fixed type. By the Regulator Criterion of
Burkhardt, for each prime p we have a decomposition R = ®,¢1,, (r)Rp,o
such that

R, C B X,y(7) C Ry (7),

where
BT = exp(X},(r)/R¥ (7))

is the Burkhardt invariant and a power of p. Moreover, the R,, are
maximal 7-homogeneous summands of R for each prime p. Since, by
Theorem 2.3, 57 = [ cp B = exp(X¥(r)/R!(r)), we obtain by
Corollary 3.2 the existence of a maximal 7-homogeneous summand
R, of R such that R, C BXX(r) C R(r). But the type 7 was
arbitrary, hence the Regulator Criterion holds for the decomposition
R = ®per., (r)Rp, and R is the regulator of X. ]

We apply the local-global principle to a fundamental question for
almost completely decomposable groups.
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Question 3.4. Let R be a completely decomposable group of finite
rank and G a finite abelian group. Describe the class C(R,G) of almost
completely decomposable groups X such that R = R(X) and X/R = G.
In particular, determine when C(R, Q) is nonvoid.

Note that C'(R, G) may well be void. For example, there is no proper
torsion-free extension of a p-divisible group R by a p-group G. The
following corollary of Theorem 3.3 reduces the question to the local
case.

Corollary 3.5. Let R be a completely decomposable group of finite
rank, S a finite set of prime numbers and Gp, p € s, a set of finite
p-groups. If, for each p € S, there exists a group Y, such that
R<Y,<QR,Y,/R=G,,Y, is almost completely decomposable, and
R = R(Y),), then X = Zpesyp is an almost completely decomposable
group such that R(X) = R, X/R = @,csGp and Xy =Y.

Proof. Let X =3 sY,. Then
X Y,
D%
pES

by consideration of orders. Hence, X;, = Y, and R(X) = R by
Theorem 3.3. O

We consider the local case and first derive a necessary condition for
C(R,G) to be nonempty. We will write pr = 7 to say that the type
is p-divisible, i.e., infinite at p.

Proposition 3.6. Let X be an almost completely decomposable
group. Suppose that X has a regulating regulator R such that X/R

is p-primary. Set
R(r)
- =1k .
' r@m»
Then

dim (%M) SthR— max { D Aroip=mp #pp}} -

p:p=pp
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Proof. Let R = ®,¢cr,,(x)R, be a decomposition of R into homoge-
neous components, and let D, be the maximal p-divisible subgroup of
X. It is easy to see that D, = ®,—p,R, is pure in X and

X
X =D,®Y where Y:(@ Rp> .
p:p#Pp *

Since R is regulating in X, we have X(7) C R for all critical types 7.
Note that D, + X (7) = D, + D,(7)+ Y (7) = D, @Y (7) is pure in X.
Thus

X _ X/(D,®Y(7))

R  R/(D,®Y(r))

is a homomorphic image of the torsion-free abelian group X/(D, &
Y (7)) of rank vk (X) — 3> _ tk(R,) = > . ., tk(R,) =1k X —
Zp:p:pp T, — ZP>T opp To- The claimed inequality follows by consid-

ering p-independent sets in X/R and X/(D, ® Y (7)) [6, p. 144].

We will show that the above necessary condition is also sufficient if
the critical typeset is assumed to be an antichain. We first assume that
R is rigid, meaning that T, (R) is an antichain and rk (R(7)/R¥(7)) = 1
for each critical type 7.

Lemma 3.7. Let p be a prime. Let R = ®}_ R, be a rigid
p-reduced completely decomposable group with critical typeset T =
{tp (R1),-- -, tp (Rn)}-

If X is an almost completely decomposable group with regulator R,
then the p-rank of the regulator quotient X/R is less than or equal to
n—1.

Conversely, given a finite p-group G of rank less than or equal to
n—1, there is an almost completely decomposable group X such that R
is the regulator of X and X/R = G.

Proof. The necessity of the inequality was shown in Proposition 3.6.
For the sufficiency we construct an almost completely decomposable
group X with R C X C QR such that X/R = ©7_,Z(l;), where the
lj, 7 =2,...,n are powers of p, possibly 1, and R is the regulator of
X. Write R = @}, S;a;, where 1 € S; C Zj,. In particular, ht,(a;) =0
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for all ¢. The desired group X will be

n
X=R+ ZZgj, where g; = (I;) '(aj_1+a;), 5=2,...,n.
j=2
It is routine to check that S;a; is pure in X.

First we determine that the quotient X/ R is isomorphic to ®7_,Z(1;).
It is plain that ©}_,Z(l;) maps onto X/R since the generators g; =
g; + R of X/R have orders ;.

Suppose that 37, h;g; = 0 with h; € Z. It is enough to show that
l; | hj, in Z, for each j. Since

2 h he h h;  h;
Zhjgj=—2a1+ _2_|__3 as + -+ _J_|_ J+1 aj+--
o Iy ly ' g l;

li1

ha T
+-"an € RC @ Zpai,

l
n i=1

we see that (ha/l2), (hn/ln) € Zy; whence (hg/l3) € Zy,, and inductively
(hj/l;) € Zp, therefore Z, for all j.

Secondly we show that R is the regulator of X. For this it is enough
to prove that X (7) C R(7) for all critical types 7. Let a € X (7). There
are h; € Z and s; € Q such that a = 37, hjg; + >0, sja; € R.
Then

n h n
a=)_ (T;) (aj—1+a;) + ) sja

=2 j=1

ho ha  hsg hn
=|—+s1)Jar+|—+—+S2)ax+---+ |-+ 5, )an.
lo Iy l3 ln

Since @ € X(7r) and T is an antichain, at most one a; can have a
nonzero coefficient. A modification of the inductive argument above
shows that h;/l; € Z for all j, so that a € X(7) "R = R(r) as desired.
O

The following block-rigid case generalizes a result of Kozhukhov [7,
Corollary 1].
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Proposition 3.8. Let p be a prime and R a completely decomposable
group of finite rank. Suppose that T..(R) is an antichain. Let r, =
rk (R(r)/RH(7)).

If X is an almost completely decomposable group with regulator R,
then the regulator quotient X/R is restricted by the inequality

s (X17)) < kR - (e TR £} - X

p:p=pp
Conversely, let G be a finite p-group G satisfying
dim (G[p]) <tk R — max{r, : 7 € T (R), T # pT} — Z T,

p:p=pp
then there exists an almost completely decomposable group X such that

R(X)=R and X/R~G.

Proof. The necessity of the inequality was shown in Proposition 3.6.
For the sufficiency we assume without loss of generality that R is p-
reduced, since any p-divisible summand of R may be set aside and
added on after the construction is complete.

The basic idea of the proof is to decompose R into rigid summands of
largest possible ranks, to decompose G correspondingly, and to apply
Lemma 3.7.

Let 71, 72,...,7 be a listing of the critical typeset T¢,(R) such that
r1 <rg <---<ry wherer; =7,,. Let R = EBfZlRi be a homogeneous
decomposition of R such that R; is homogeneous of type 7;, and let
R; = @;;1S,-j be a decomposition of each R; into rank-one summands.
Groups of the form @;S;; are rigid summands of R that appear in the
diagram below as horizontal slabs, the widest ones being obtained for
1 = 1, and 7; such slabs can be formed. The process continues in this
fashion and is formally described below.

Setting rg = 0, for r4,_1 < j < 7, let W; = ®!_, S;;. Note that
t=rtkW;=---=1tkW,, >tkW, ;1 =--=1tkW,, >.--.

Furthermore, if W = @;t:rt_1+15tj

e ()o@ w)oo & w)em

j=ri+1 Jj=ri—2+1
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Note that some of these sums may be empty, namely if r; = r;;1. Each
W; is a rigid completely decomposable group. Let us recall that there
are r; groups Wy = ... =2 W,, of rank ¢. There are ro — r; groups
W; of rank ¢t — 1, etc., and there are r,_; — r;_2 groups of rank 2.
Observe that the ranks rk (W;) — 1 add precisely to tk R — r;. Let G
be a finite p-group of rank less than or equal to rk R — ;. Hence there
is a decomposition G = ®;G; of G such that rkG; < rkW; —1 for
all 5. By Lemma 3.7, there is an almost completely decomposable
group X; with regulator W; and regulator quotient X;/W; = Gj
for each j. Let X = W @ p,X;. Then X/R = G and, since
X(r) =W(r)® (B,;X;(r)) = W(r) & (B,;W;(7)) = R(r), we proved
that R is the regulating regulator of X. o

We will not formulate the obvious extension to the global case.

Tt
St,rt
Tt—1 St,j

T3
53,j - - St,j

r2
S2 | S || | Sy

1
Slyj S27j 537j e St*lyj Stvj

T1 T2 T3 T Tt—1 Tt

4. Regulating subgroups of primary constituents. By
Theorem 2.3 every regulating subgroup A of X produces a family
{4, : p € P} of regulating subgroups of the p-constituents X,,, and
A= ZpeP Ap. Theorem 4.2 below asserts that the correspondence
A~ {A) : p € P} is bijective. For the proof we will use a formula
counting the number of different regulating subgroups in an almost
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completely decomposable group. This result is due to Mutzbauer [14,
Theorem 5.2]. We first apply it to an almost completely decomposable
group and its primary constituents. The symbol Regg X denotes the
set of all regulating subgroups of X.

Proposition 4.1. Let X be an almost completely decomposable
group. Then

. r,,X
Regg Xpp| = [ (reix¥(p))ps™
pETer (X)

where 1, = ,(X) =1k (X (p)/X*(p)). Furthermore,

[Regg X| = [] [Regg X|.
pEP

Proof. The Mutzbauer formula applied to X, is

Regg Xpp| = [  (rgi (X} ().
PETer (X1p)

Now use that Ter(X,) = Ter(X), 7,(X,p) = 7,(X), and rgi (X} (p)) =
rgi (X*(p)),p by Theorem 2.3. The second formula follows from the first
since every integer equals the product of its primary constituents. a

We are now ready for the main result of this section.

Theorem 4.2. Let X be an almost completely decomposable group.
If A € Regg X, then Ay, is a regulating subgroup of the constituent
Xp- Conversely, if for each prime p the group A(p) is a regulating
subgroup of Xy, then A = 3 p A(p) is a regulating subgroup of X
and Ay, = A(p).

Proof. As mentioned above, we have the assignment

Regg X — [ Regg(Xy) : Ar— [, Ay Jpep
peP
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which is injective since A = ZpeP Ay by Lemma 2.2. By Proposi-
tion 4.1 the sets Regg X and [[,.p Regg(X),) have the same finite
cardinalities, and hence the assignment is bijective. ]

These results enable us to generalize local results on regulating quo-
tients to the global case. A regulating quotient of an almost completely
decomposable group X is any group isomorphic to a quotient X/A
where A is some regulating subgroup of X. All regulating quotients
must have the same order rgi X, but Lady [9] showed that noniso-
morphic regulating quotients are possible. Burkhardt [2, Corollary 2],
proved the striking result that a p-local almost completely decomposable
group X that possesses a cyclic requlating quotient and a p-elementary
requlating quotient has every group of order rgi X as a regulating quo-
tient.

We will extend this result to the global case.

Proposition 4.3. Let X be an almost completely decomposable group
that contains regulating subgroups Ay and Az such that X/A; is cyclic
and X /A, is elementary. Then, given any group G of order rgi X, there
is a regulating subgroup A of X such that X/A = G.

Proof. Since

le — le o~ X1p + Ai

(Ai)yp AinXy A;
for ¢ = 1,2, it follows that each primary constituent X,, has a cyclic
regulating quotient, modulo (A;),, and a p-elementary regulating
quotient, modulo (A3)lp. Let G be any group of order rgi X, and let
G = @,cpGp be its primary decomposition. Then |G| = rgi (X)-
By Burkhardt’s theorem there exist regulating subgroups B, of X,
such that X,,/B, = Gp. By Theorem 4.2, A = )" B, is a regulating

peP —pP
subgroup of X such that B, = A,,. We now have

PO xm D% A=Y
pEP pEP

X
<=
=7

Hence,

X _X/R _ o\ Xu/R o o Xip -
12 ar=Da r=D, =DG=0 o
p peP p

peP peP
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In [12] the possible regulating quotients of a p-local group with
a cyclic regulating quotient were completely determined, extending
Burkhardt’s results. It is clear that the description of the possible
regulating quotients can now also be extended to the global case. We
will not do so here, since the local results are already fairly lengthy to
formulate, and the global results would be more so without giving new
insights.

5. Localizations in anti-representations. The results in this
section have appeared in similar form in [11]. We rephrase and reprove
them in a form that is closer to standard approaches and to our
preceding discussions.

Let X be an almost completely decomposable group and A a com-
pletely decomposable subgroup of finite index in X. Let e be a positive
integer such that eX C A. Let

—:tA— AleA

denote the natural epimorphism. So, in particular, A = A/eA and
a = a + eA. By the anti-representation of X with respect to A, we
mean

Rep (Xa Aa 6) = {A7 m’ TE TCT(A)) K}

This object may be viewed as a finite abelian group A with distin-
guished subgroups A(7), 7 € Te (A) and eX. It may also be viewed
as an anti-representation of the finite poset T¢,(A) U {oo} over the ring
Z/eZ with T +— A(7) for 7 € Ter(A) and co +— eX. This is an anti-
representation since A(7) C A(co) if ¢ < 7. The element oo is assumed
to be incomparable with any of the types 7, so that nothing is stipulated
about the position of eX relative to the “type subgroups” A(r).

The anti-representation is particularly interesting when A = R(X).
Given Rep (X, 4, e), it can be seen within the anti-representation itself
whether A = R(X). In fact, the following translation of Burkhardt’s
Regulator Criterion appears in [11] and in [8].

Lemma 5.1. Let X be an almost completely decomposable group,
A a completely decomposable subgroup of finite index and e an integer
such that eX C A. Then A = R(X) if and only if, for each critical

type T,
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(i) B, = exp(A(r) N'eX) = exp(AF(r) NeX), and

(ii) there exist decompositions A(t) = U, ®At(7) such that (e/B,)U, C

eX.

Suppose that two almost completely decomposable groups X and
Y are given having the common regulator A = R(X) = R(Y).
Assume further that e is an integer such that eX,eY C A. There
is a natural equivalence relation between such groups X,Y, called
type-isomorphism, namely, representation isomorphism of the anti-
representations Rep (X, A, e) and Rep (Y, A, e). More precisely, let

TypAut (A) = {¢ € Aut A : V7 € T, (A), A(T)¢ C A(T)}.

The groups X and Y are type-isomorphic if there exists £ € TypAut A
such that eX¢ = €Y. It was shown in [11] that the groups X and
Y are type-isomorphic if and only if they are near-isomorphic. Near-
isomorphism is the weakening of isomorphism due to Lady [9, 10]. Our
goal is to show, again, that the Regulator Criterion holds globally if and
only if it holds locally for each prime, and that two almost completely
decomposable groups are globally nearly isomorphic if and only if they
are locally nearly isomorphic for each prime.

We begin by examining the anti-representation of the primary con-
stituents and their relationship to the anti-representation of the original
group.

Lemma 5.2. Let X be an almost completely decomposable group
and suppose that Rep (X, A, e) = {A; A(7), 7 € Toe(X),eX} is an anti-
representation of X. Let X,, be the p-constituent of X with respect to
A. Then

Rep (Xyp, A,e) = {A; A(7), 7 € T (X), (eX)p )

Proof. Tt is routine to verify that eX,, = (€X),. O

We are now prepared for the reduction theorem. It says that the
local-global relations work perfectly with respect to near-isomorphism.
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Theorem 5.3 (Primary Reduction Theorem). (i) Let X be an almost
completely decomposable group, A a completely decomposable subgroup
and e a positive integer such that eX C A. Then A = R(X) if and
only if A= R(X,,) for all primes p.

(ii) If X and Y are almost completely decomposable groups, then X
is nearly isomorphic to Y if and only if X, is nearly isomorphic to Yy,
for all primes p.

Proof. (i) For the first part of the Regulator Criterion (Lemma 5.1),
observe that

exp(A(T) NeX) = exp(Af(1) NeX) <=

Vp € P, exp(A(T) N (eX),) = exp(At(7) N (eX),)-

This says that the first condition of the Regulator Criterion is satisfied
globally if and only if it is satisfied locally.

Now suppose that A = R(X). We then have the first condition of
the Regulator Criterion both globally and locally, and in addition

(54) Br = H B‘r,p

peP

where

Br = exp(A(T) NeX) = exp(Af(T) NeX)

and

Brp = exp(A(T) NeX,,) = exp(Af(T) N (eX),).

By the second part of the Regulator Criterion, there exist decompo-
sitions A(7) = K, ® A¥(r) such that (e/B,)K, C eX. Then also
(¢/Brp) K+ C eX, so that the complements K, work for all primes p
simultaneously.

Conversely, suppose that A = R(X,,) for each prime p. Then the
first condition of the Regulator Criterion is again satisfied locally and
globally and, in addition, (5.4) holds. Since the second condition of
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the Regulator Criterion is satisfied locally, we have groups K (7, p) such

that A(7) = K(r,p) ® A¥(7) and (e/B,,)K(7,p) C eX. We now write
the groups K (7,p) as direct sums of their primary components

K(r,p) = @ K(7,p)q-

Let K. = @,cp K(7,p)p. Then A(7) = K. & A¥(7) since this is true
for each primary component of the finite abelian groups. In order to
show that (e/B;)K, C eX, it suffices to show this for each primary
component K (7,p),. The latter is the case since

iK(Ta p)P = i <ql;[pﬁ‘r,q)K(T7p)P

= iK(T,p)p C iK(T,p) CeX.
B‘r,p 5771’

(ii) Suppose that X and Y are nearly isomorphic. Then R(X) =
R(Y) and X/R(X) 2 Y/R(Y) [11]. We therefore assume without
loss of generality that X and Y have a common regulator A and
consider the anti-representations Rep (X, A4, e¢) and Rep (Y, A, €) where
e = exp(X/A) = exp(Y/A). Since X and Y are nearly isomorphic,
there is a £ € TypAut A such that eX¢ = eY. Then (eX), = (eY),
also, and this shows that the localizations are type-isomorphic and thus
nearly isomorphic.

Conversely assume that the p-localizations of X and Y are nearly
isomorphic for each p. Then again we may assume that X and Y have
a common regulator A and isomorphic regulator quotients X/A, Y/A,
and hence they may be studied in their related anti-representations.
By assumption there exist £, € TypAut A such that (eX),&, = (€Y),.
We must construct a type-isomorphism that works globally. To do this,
factor e as e = [[ cp ep and set €&, = [, ., €. The integers &, are
relatively prime and there exist integers u, such that

1= g Ug€q-

qeP

£= Z Ugrq-

qeP

Let
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Then ¢ € End A and, A being finite, £ is an automorphism if it is injec-
tive. To show the latter, let £ € Ker{ and decompose z into primary
components, T = ). cp Tq, Tq € (A),. Then > qep Ugbrg(z€g) = 0 and
by order considerations it follows that u,é,z{, = 0 individually for
each prime p. Since {, is injective, we have uyé,z = 0, and finally
T = qup ugégr = 0. To show that eX¢ C €Y, it suffices to consider
primary components. We find that

(eX)p€ C Z Ui (€X)p€q = uperp(eX)Ep C (€Y), C €Y. o
qeP

6. ACD groups with a cyclic regulating quotient. Almost
completely decomposable groups X that contain a regulating subgroup
A such that X/A is cyclic are said to have a cyclic regulating quotient
and are called crg-groups for short. They were studied in the local case
in [12] and in the global case in [3].

Suppose that X = A+Zn " lais a crq-group with regulating subgroup
A and regulating index n. We will show first that each primary
constituent X,, of X is again a crg-group and find the representation
of X;, naturally associated with the representation X = A + Zn~!a.
Recall that exp(X/A) = exp(X/R(X)) since X/A is cyclic, and hence
a=n(n"1)a € R(X). Further, if a = 2 peT.(X)» Gp 1 @ Tepresentation
of a with respect to some decomposition A = GapeTcr(X)AP’ then even
ar € R(X).

Proposition 6.1. Let X = A+Zn"'a be a crg-group with completely
decomposable subgroup A = e, (a)Ap- Write a = 3 cr (a)p
with a, € A,. Then Xy, is a crg-group with the representation X, =
Azp—i-ZnZ;la, Ap = GIBpeTcr(X)(Ap)zp where (Ap)yp = (Hq;ép(IBg()ZQ)AP’
and a = 3 . (x)@p 8 the representation of a € R(X) C Ay, with
respect to the decomposition Ay, = ®p€Tcr(X)(AP)ZP'

Proof. Note that




LOCAL-GLOBAL RELATIONS 1449

hence, X;,/A,p is cyclic. Since [X : (A+ Xyp)] = rgi X/rgi X3p = n/nyp,
it follows that A+ X;, = A + an;la. Thus, every z € X, can be
written as z = y + kn;)la for some y € A and k € Z. Moreover,
y=z-— knfla € AN X, = Ap. Hence, X), = Ay, + an;la. By
Theorem 2.3 4,, = GapeTcr(X)(AP)lP is a homogeneous decomposition
of Ay, and a, € BXA, C (H#p(ﬂf)zq)AT =(A)p. o

This result reduces questions on general crg-groups to questions on
local crg-groups and the results of [12] might be applied. However,
there is a problem. Recall that a group is clipped if it has no completely
decomposable direct summand. The results in Mader-Vinsonhaler [12]
mostly assume that X, is clipped. To make this assumption for each
p is rather restrictive while the assumption that X is clipped does not
imply that the primary constituents X,, are clipped. We give a simple
example.

Example 6.2. There exist clipped crg-groups all of whose nonzero
primary constituents have rational direct summands.
Proof. Let
A=17Z[2"Ya1 ® Z[3 7 )as ® Z[5 Yas,
and

1
X :A—i—Z%(al + ao +a3).

It is routine to check that A is the regulating regulator of X either ad
hoc or by the general method provided in [3, Theorem 3.4]. Then

Xy = A+ Z(ay +az +a3)/2 = Z[27ay
+ [(Z[Z’)l]ag ® Z[5 Yaz) + Z(az + a3)/2]
and similarly
X3 =Z[3 Yaz + [(Z[Ql]al ® Z5 Yas) + Z(a1 + a3)/3:|,

X5 = Z[5 Yas + [(2[2—1]a1 ® Z[37Yaz) + Z(as + a2)/5]. o



1450 A. MADER, O. MUTZBAUER AND C. VINSONHALER

We would like to extract from a standard representation X = A +
Zn"ta, A = ZpeTcr(A) A, regulating in X, a = ZpeTcr(A) a, with
a, € A,, the near-isomorphism class to which X belongs. This was
achieved in the local case in [12, Theorem 3.2, Theorem 3.9, Corollary
3.13] as follows.

Lemma 6.3. Let X = A+ Zp *a, A regulating in X, a € A,
be a p-local crq-group that is clipped and whose regulating indexr s
pF. Let A = ®p€Tcr(A)AP be a homogeneous decomposition of A and

write a = pETur(A) Bps Qp € A,. Then the greatest common divisors

(computed in A) gcd?(p¥, a,) form a complete set of near-isomorphism
invariants for X.

Even if a global crg-group X is clipped, its p-constituents X, need
not be clipped as we have seen. This means that the greatest common
divisors gcd”?(n, a,) of Proposition 6.1 need not be near-isomorphism
invariants of X. In the global case the greatest common divisors
depend on the particular homogeneous decomposition of the regulating
subgroup A. In [3] it was shown that a given decomposition of A
can be changed in such a way that the values of the greatest common
divisors are maximized, and when this is done we have arrived at a
top decomposition of A and the values gcd?(n,a,) are the same for
every top decomposition [3, Proposition 2.9]. We remark that the local
equivalent of a top decomposition is the assumption that the group is
decomposed into a direct sum of a completely decomposable group and
a clipped group, and the regulating subgroup used is a direct sum of
regulating subgroups of the two summands. The key is to work with a
top decomposition.

Lemma 6.4. Let X = A + Zn 'a such that A is regulating in X
and n is the requlating index. Suppose that A = @peTcr(A)AP s a top
decomposition and a = EpeTcr(A) ap, a, € A,. Then the associated
representation of the primary constituent X,, is obtained in the form

Xyp = @{(Ap)lp s ged? (nyp, ap) = nip}

S (@{(Ap)lp : ngA(nlp’ap) < nlp}>

where the first summand is completely decomposable and the second

Xip

*
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summand is clipped. The greatest common divisors gch(nzp,aT) =
gedAw (np, ar) are near-isomorphism invariants of X,, and the integers

ged?(n,a,) = H ged? (n,,, a,)
pEP

are near-isomorphism invariants of X.

Proof. By Proposition 6.1 we have X,, = Azp—i-Z(nzp)’l(ZpeTcr(A) ap)
and the claimed representation of X, is an immediate consequence.
The fact that A is regulating in X and the fact that A is in top decom-
position imply that (B{(4,), : ged?(nyp,a,) < nzp})f”’ satisfies the
conditions of [12, Theorem 3.2] and hence is clipped. mi

We now have the following classification theorem for global crg-
groups.

Corollary 6.5. Let X and Y be crg-groups given in the form
X=A4+Zn"'a,a € A,Y = A+Zn"'b, b € A, such that A is requlating
in both groups X and Y and n = rgi(X) = rgi(Y). Suppose that
A= eapETcr(A)AP is a top decomposition of A for X, a = ZpeTcr(A) ap
with a, € A,, and that A = @peTcr(A)Bp is a top decomposition of A
forY, b= ZpeTc,(A) b, with b, € B,. Then X is nearly isomorphic
with Y if and only if gcd? (n, a,) = ged4(n, b,) for each 7 € T (X).

7. Direct decompositions. It was shown in [5] and indepen-
dently in [13] that direct decompositions of local almost completely
decomposable groups are unique up to near-isomorphism. This means
that the well-known pathology of direct decompositions of almost com-
pletely decomposable groups enters in the process of globalization, and
the following question shapes up as one of the most prominent in the
theory of almost completely decomposable groups.

Question 7.1. Find compatibility criteria assuring that local decom-
positions of an almost completely decomposable group can be lifted to a
global decomposition.
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An answer to this question would explain the pathologies of direct
decompositions of almost completely decomposable groups. In [1], the
relatively simple case of block-rigid crg-groups was studied and the
problem of finding the decompositions of such groups was reduced to
a factorization problem of the regulating index satisfying certain con-
straints. The (near-)classification of block-rigid crg-groups by integral
invariants was used prominently in the proof.

A more special question is the following.

Question 7.2. Find indecomposability criteria for global almost
completely decomposable groups.

We do not have an answer in the crq case.

Question 7.3. Find indecomposability criteria for global crq-groups.
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