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ON SOME PROPERTIES OF DEDDENS ALGEBRAS
M.T. KARAEV AND H.S. MUSTAFAYEV

ABSTRACT. Deddens algebras and Shulman subspaces are
introduced and their properties are studied. The descriptions
of Deddens algebras associated with nilpotent and idempotent
elements are given.

1. Introduction. Let H be a Hilbert space, B(H) be an algebra of
all bounded linear operators in H. In [1], Deddens determined for any
invertible operator A from B(H) the following algebra:

By {X € B(H) : sup HA"XA‘”
n>0

def Cx < +oo}.

It was proved in [1] that, for A > 0, B4 coincides with the nest algebra
generated by the nest {E4([0,A]) : A > 0} (where E4 is the spectral
measure of A) that gives a suitable characterization of nest algebras in
all respects. Recently Todorov [7] has extended this result to weakly
or strongly closed bimodules of a nest algebra. In [2] Deddens and
Wong have proved that if A = A + N, where A € C\ {0} is a complex
number, and N is a nilpotent operator, then the algebra B, coincides
with the commutant {A}’ of A. In their proof of the last statement the
Hilbert property of the space H is essentially used.

The main aim of this paper is to show that the result of Deddens and
Wong is valid in any unital Banach algebra.

2. Deddens algebras. Let B be a Banach algebra with the unit e.
For any invertible element a € B put

def

B, = {x € B :sup |[a"za™"|| Lo, < +oo}.
n>0

We call the algebra B, the Deddens algebra.
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Our main result is the following.

Theorem 1. Let B be a Banach algebra with a unit e. If a = e+ b,
where b is a nilpotent element of the algebra B, then the Deddens algebra
B, coincides with the commutant {a}’, i.e., B, = {a}’.

Before passing to the proof of the theorem, we prove the following
general lemma.

Lemma 2. Let B,a,b be the same as in Theorem 1. Let a, € B,
n=20,1,2,..., be such that

1) |lan|l = O(n%), n — +o0, for some o, 0 < a < 1;

2) for some c € B
ana=aa,_1+c, n=12....

Thenag=a1 =as =... .

Proof. Tt is sufficient to prove the lemma in the case ¢ = 0. Indeed,
it follows from the equality

@ = atp_1+c¢, n=>1,

that
(1) dna =ad,—1, n>1,
where d, % a, — a,_1. It is clear that ldn]| = O(n®) for n — +oo.

Assume that the lemma is valid for ¢ = 0. Taking into account (1) and
applying our hypothesis to the sequence (d,,), we obtain the equality

do=dy=do=...,

that is,
a1 —ap =ag —ay1 = -+ = 2.

Hence
a, =ap+nx, n>1,
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whence it follows from condition 1) that

lan — aoll

lz]| < — 0 for n — +o0,

i.e., x = 0. Therefore, ag = a1 =as =---.
So it is sufficient to prove the statement of the lemma for ¢ = 0.

Let £ > 2 be the nilpotency degree of the element b € B, that is,
bk =0, but b*~1 #£ 0. Then for any n > k,

(e+b0)" =e+arb+ ash® 4+ -+ ag_1 bF 7,

|
where o, Lfom _ L, m = 1,2,... /k — 1. The inverse
" mln—m)!

element of (e + b)™ has the form
(e+D) " =€+ Bib+ fob® + -+ + B_1b"!
for some numbers 31, o, ..., Bx—1. Taking the equality
(e+Bib+ -+ Beorb" e+ arb+ -+ a1t 1) =e,

then removing the parentheses and identifying the coefficients, we

obtain the system that connects the numbers «q,...,ar_1 with the
numbers S, ..., Bk_1:

fr+ar=0

aif+ P2 +az =0
(2) azf + 12+ G5 +az =0

ap_of +ag_3B2+ -+ Br—1 + ap_1 = 0.

From the equality
Gp@ = Glp_1

we have
an(e+b)" = (e + b)"ao,

that is,
an = (e+b)"agle +b)™"
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or
an = (e+arb+ -+ ap_1b" Nagle + fib+ -+ Bp_1b" 1),
for all n > k. Hence we have

an — ag = (Braob + Boagh® + - - + Br_1a0b" 1)
+ (arbag + a1 Brbagh 4 oy Bobagh?® + - - -
+ o1 Br—2bagh” 2 + a1 Bp—1bagh" 1)
+ (agb?ag + azBibagh + s Bob®agh 4 - - -
+ aofB_1b%agh" ) + - -
(3) + (ok—2b""%ag + 216" 2agb
+ Q2B 2agh® + - - -
+ o2 B—2b" 2 agh" " + g2 Bk—1b" " 2agh* 1)
+ (ap_10""tag + ar_1 610" tagh
+ ap—1826" T agh® + - + a1 Br_2b™ Lagh" 2
+ a1 Bp—1b"taght ).
Since
o = (1) = %[n(n—l)(n—2)~-~(n—m+1)]
= np1(m) +n’pa(m) + -+ + 0" (m)
(m=1,2,...,k—1) where ¢;, i = 1,2,...,m, do not depend on n,
then as we see from system (2), G, is also calculated by the formula

B = nap1(m) + n1ha(m) + - + nPepp(m),

where p < k — 1, and coefficients v¢;, ¢ = 1,2,... ,p, do not depend on
n. Therefore, after some simple calculations we can write the equality
(3) as follows:

ap —ag = nfl(k,ao,b) + n2f2(kaa0ab) + e
+ 02D fy 1y (k, a0, b)

where f;(k,a0,0) € B, j=1,2,...,2(k — 1), do not depend on n. For
convenience we determine

def _
Jae—1) = (an —ag) — n?k l)fz(k—n(k, ao, b).

(4)
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We have from equality (4) by virtue of condition 1)

lan —aoll | | J2-1)ll
| far—1) (K, ag, b)|| < e n2Ek71; 0

for n — +o00. Hence we conclude that

f2(k71) (k7 ap, b) =0.

The sequential repetition of this argument shows us that all summands
in equality (4) equal zero, and thus we obtain

anp —ag =20
for any n > k, that is, a,, = ag, n > k. It remains to show that
ag—1 = Qg—2 = *+* = a1 = 4g.
Since
an = (e+0) " Maple+b)" "™ m=1,2... k-1,
then, by using similar arguments, we see that
Ay — G = 0,

and so a, = a,, foreachn >kand m, 1 <m <k - 1.

Thus
ap = a1 = a2 = ... .

The lemma is proved. a
Now we prove the theorem.

Proof of Theorem 1. Let x € B, be any element. Put
ch, def a"za”", n>0.

Then

n

cna=a"za "a = a(a"ilx(f("fl)) =acp_1,
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that is,
(5) Cn@ = aCp_1, 1 > 1.

Since x € B, there exists a constant ¢; > 0 such that ||c,| < ¢,
n > 0. Taking into account these inequalities and equality (5), we
state by means of Lemma 2 that ¢, = ¢,_1, n > 1, and in particular,
c1 = ¢g, and thus
ara™' =x.

Hence, ax = za, x € {a}’. Consequently, B, C {a}’. The inclusion
{a} C B, is obvious, and therefore B, = {a}’. The theorem is proved.
O

Let B be a Banach algebra with the idempotent p (i.e., p?> = p) and
with the unit e. We introduce the following notation

Sp of {z € B:pz(e —p) =0}

Our next theorem describes the Deddens algebra associated with the
idempotent.

Theorem 3. Let B be a Banach algebra with an idempotent p and
with the unit e. Then
Beip = 5p.

Proof. Think of the algebra B as having a (2 X 2)-matrix decomposi-
tion relative to the decomposition of the identity e = p + (e — p); thus

bi1 bi2

elements of B have the form <b21 b ) Relative to this decomposition,

10

p takes the form (0 0

), and e +p = (g ?) An easy calculation then

b11 bi2
shows that (6 + p)n <b21 bao

only if b5 = 0, which is equivalent to the desired result. u]

) (e + p)~™ is a bounded sequence if and

Corollary 4. Let a € B be regular by a von Neumann element (that
is, there exists an element b € B satisfying the condition a = aba). Let

B® def {z € B:xa=ay for somey & Ya }-
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Then B® is an algebra and B* C Beyp,, where p, L ab is an idem-
potent element of B.

Proof. Tt is clear that B is an algebra and p, is an idempotent. Now
we show that B C Beip,. We will let z € B. Then it is clear from
the equality za = ay that

bra = bay.
We have
abxra = abay = ay = xa,

whence

(e —ab)za =0,
ie.,

(e — ab)xab = 0;
consequently,

(e — pa)xpe = 0.

This equality means by virtue of Theorem 3 that x € S,, = Betp,-
The proof is completed. i

In the remainder of this section we are concerned with Deddens
operator algebras.

For two arbitrarily chosen operators L, M € B(H), we introduce for
consideration the following subspace of the algebra B(H):

UL, M)~

{L}Y +{L} M.

Such subspaces have been studied in detail by Shulman (see [5], [6])
for the integration operator V, (V f)(z) = [ f(t) dt and multiplication
operator T, (T'f)(x) = xf(x) in the space L?[0,1] in relation with
nontransitivity of root algebras. We call the subspace U(L, M) the
Shulman subspace.

The relation between Deddens algebras and Shulman subspaces is

established in the next theorem. Below, the number A € C' is assumed

to be such that Ly 1 + L is an invertible operator.
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Theorem 5. Let the operators L, M € B(H) satisfy the Kleinecke-

Shirokov condition, i.e., X % [M,L] € {L}. Then the intersection

of Deddens algebra Byryr and the weak closure of Shulman subspace
U(L, M) coincide with a commutant of the operator L, that is,

— Y w

Brern NU(L, M) ={L}.

— W

Proof. Let A € B, NU(L,M) be any operator. Then there exist
the sequences of operators X,, and Y, from {L}’' such that

lim (X, + Y, M)z,y) = (Az,y)

n—oo

for all x,y € H. Then it is clear that

lim (X, +Y,M)Lz,y) = (ALx,y)

n—00

and
lim (L(X, + Y, M)z,y) = (LAz,y).

n—oo
Since, by the condition of the theorem,
ML—LM =X € {LY,

it follows that

((AL — LA)x,y) = nan;Q(YnXx, Y)
for all x,y € H. Therefore

AL—-LAe{LYX" c{L},

or,
(6) AL - LA =Y,
where Y € {L}'. Therefore,

ALy —L\A=Y.
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Hence

A—LyALY' =YL,
that is,
(7) LyALY' = A-YL.

By multiplying both sides of equality (7) from the left by Ly, and from
the right by L;l, and again considering (7), we get that

L3ALY? = LyALY' — L\Y Ly ?
-1 -1 -1
=A-YL, -YL, " =A-2YL,",
or simply,
2 472 -1
L3AL " =A-2Y L, ".
Thus we prove by induction that
LYAL," = A—nYLy', n>0.
Since A € By, , we have

n

— 0, n— 400,
i.e.
YL' =0,

and therefore Y = 0. This means by virtue of (6) that A € {L}'.
Consequently,

W

B, NU(L,M)" c {L}.

The inverse inclusion is obvious and so

— W

By, NU(L, M) = {L}".

The theorem is proved. a

Example. Let V be the Volterra integration operator f — fox flt)dt
and T be the multiplication operator f — zf(x) in L?[0,1]. It is easy

to verify that
TV —VT = V2
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Hence, the operators V and T satisfy the condition of Theorem 5 and
therefore

Biyv NUV, T ={VY}.
Before passing to the next result, we note the following:

The radical R of any complex normed algebra D with identity is
defined as

R(D) def {z € D : zy is quasinilpotent for all y € D}.

For an invertible operator A, let

Ry (X € B(H): lim [|A"XA™"| =0},

It is known [1] that R4 is a bilateral ideal in algebra B, contained in
the radical R(Bjy).

Proposition 6. Let L, M € B(H), and let [M,L] € {L}'. Then

(7111

Ry, nUL, M)" = {0}.

Proof. As we already proved in Theorem 5, for each A € U(L, M)w,
there exists Y € {L}’ such that

(8) AL —-LA=Y.
Then for each n > 0, we have

IV = IZ§Y Lyl = 1LY (AL — LAY
= |LJALL;" — LRLALY"|
= |LRALY"L — LIRAL,"|| < 2||LI|[|LY ALy "

Consequently,

LY

(9) ILXALY" | = 5 7
S 2 |1
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n > 0. The statement of the proposition directly follows from (9). The
proof is completed. i

Corollary 7. Let A = Ay be the inner derivation X — [V, X] of
B(L?[0,1]) and p, be the polynomial of the form p,(z) = (1 + 2)™.
Then -

Sl (V)] 2 T8y ker A

where V is the Volterra integration operator in L2[0,1].

Proof. As Sarason [4] proved, {V'} = alg (V'), the weak closed algebra
generated by the operators V' and I. Therefore, it follows from the
results of Shulman (see [6, Theorem 1.1]) that

(10) ker A2, =UV,T) ,

where T is an operator of multiplication by independent variable in
L?[0,1]. Now by setting in Proposition 6 L = V, M = T and taking
into account the equality ||V|| = 2 (see [3, Problem 188]), (8) and (10),

U

we get from (9) that for any A € ker AZ,,
TIAV = VAl < (I + V)" AT+ V)", n 0.

Hence, taking into account the known equality |[(I + V) 71| = 1 (see
[3, Problem 190]), we have

™ n
1AV = VAl < I+ V)" [[[lAl,

that is,
™ n
AV < I+ V)™l All

We have from this

. T
inf [ (V)] = T4y ker A .
The proof is completed. ]
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