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THE RATIONALITY OF THE MODULI SPACES
OF BIELLIPTIC CURVES OF GENUS FIVE
WITH MORE BIELLIPTIC STRUCTURES

GIANFRANCO CASNATI

0. Introduction and notations. Let C' be an irreducible, smooth,
projective curve of genus g > 2, defined over the complex field C. The
curve C' is called bielliptic if it admits a degree 2 morphism 7:C — E
onto an elliptic curve E: such a morphism is called a bielliptic structure.

If g > 6 then the bielliptic structure is unique. If g = 3,4,5 this
holds true generically, but there exist curves C' carrying more than one
bielliptic structure.

We denote by Dﬁge’” the locus of points representing curves with at
least n bielliptic structures inside the coarse moduli space 91, of smooth
curves of genus g. There are the following sharp bounds: n < 21,10,5
if g = 3,4, 5 respectively (see Corollary 5.8 of [3]).

We focus our interest on the case g = 5. It is already known that
zmlgf’l is rational (see [6]). The aim of this paper is to prove the
following

Main Theorem. The loci D%, M and IML* = MES are
irreducible and rational of respective dimensions 5, 4 and 2. ]

The loci zm’gev” play a helpful role in the description of the structure
of the Chow ring A(9M5) (see Section 4 of [8] where MY =: B,,).

For the proof of the main theorem above we proceed imitating the
method used in [6] for proving the rationality of M. Let [C] € M
be the isomorphism class of a curve C'. The canonical model C of Cis
the base locus of a net of quadric hypersurfaces N’ in Pg. Let N be
a projective plane parametrizing the quadrics in . The discriminant
curve D C N of N is a stable plane quintic.

2000 AMS Mathematics Subject Classification. 14H10, 14H45.
Key words and phrases. Curve, moduli, rationality.

Copyright ©2004 Rocky Mountain Mathematics Consortium

541



542 G. CASNATI

If [C] € M2™, then D is the union of a n distict lines L, ..., Ly_1
and an integral curve F of degree 5 — n. Moreover F' is endowed
(in a natural way) with a non-effective theta-characteristic n (i.e. an

invertible sheaf  on the normalization F of F such that n®2 = wz and

RO (ﬁ,n) = 0). One can associate to C the triple (F,n,U?;OlLZ-) and
the existence of a birational equivalence

ML & {(F, Ul L)}/ PGLs,

can be shown (see Section 1) so that the rationality of ™ follows
by proving the rationality of the quotient on the right (see Section 2).

Notations. As usual we denote by Ox and wx the structure sheaf
and the canonical sheaf of the irreducible, smooth, projective variety X.
For each invertible sheaf £ on X we denote by |£] the projectivization
of H'(X, L).

GL,, is the general linear group of order n, PGL, is the general
projective linear group of order n.

If g1,...,gn are in a certain group (respectively, vector space) G
then (g1,...,gn) denotes the subgroup (respectively, the subspace) of
G generated by g1,...,gn-

We denote by =2 isomorphisms and by & birational equivalences.

1. Bielliptic curves of genus 5. In this section, following [5],

. . . b . .
we will construct a birational model of 9;". Such a construction is

analogous to the one used in [6] for proving the rationality of smge*l.

If C is a bielliptic curve of genus g > 5, then it is neither hyperelliptic
nor trigonal by the Castelnuovo-Severi inequality (see [1]). Assume
now g = 5. Then the canonical model CC P¢ of C is the complete
intersection of three quadric hypersurfaces, say Qg, @1, Q2. Let N
denote the projective plane, with homogeneous coordinates vy, v1, s,
parametrizing the quadrics of the net N = {v9Qo + 11Q1 + 12Q2}: if
P € N we denote by @p the corresponding quadric.

In N there is defined the discriminant D of the net N, i.e. the locus
of points P such that Qp is singular.
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Lemma 1.1. DC N & P% is a curve of degree 5. It has at most
ordinary double points as singularities. More precisely

(i) P € N\ D if and only rk(Qp) = 5;
(ii) P is a regular point of D if and only if rk(Qp) = 4;
(iii) P is a singular point of D if and only if rk(Qp) = 3.

Proof. To N we can associate naturally a quadric bundle (see [5],
Lemma 6.1) and D is its discriminat curve (see [5], 6.2). Then we can
apply Proposition 1.2 of [5]. o

Each morphism 7: C' — E of degree 2 onto an elliptic curve induces
7 Wa(E) = E — W}(C)

where, for each smooth curve I', the symbol W} (I") denotes the subva-
riety of Picd(I‘) parametrizing the complete linear series on I' of degree
d and dimension at least r.

It follows that W} (C) must contain the elliptic curve 7*E. Since the
gi’s on C are cut out by the rulings of the quadrics of rank at most
4 through 6’, there exists a two-to-one morphism ¢ from the variety
Wi(C) onto D. Such a morphism ¢ is ramified exactly at the points
of W}(C) corresponding to the quadrics of rank 3 in A/. Moreover the
images of the points of ramification of € are the singularities of D. It
follows from the Hurwitz formula, that D contains a line L (namely
g(m*E)) and then it is the union of L and a quartic F.

Proposition 1.2. Let C be a bielliptic curve of genus g = 5. Then
there is a bijective correspondence between lines L C D and bielliptic
structure on C.

Proof. We have shown above that each bielliptic structure on C'
induces a line L C D. For the proof see exercises F-11 and F-12 of
Chapter VI of [2]. u]

Now assume that C' carries n bielliptic structures. Then the discrim-
inant curve D splits as the union of n lines, say Lg,...,L,_1, and a
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plane curve F of degree 5 —n. In particular we then have n = 1,2, 3, 5.
Since the case n = 1 has been described in [6] from now on we will
always assume that n = 2,3, 5.

Let D% D be the normalization of D. Notice that D is the disjoint
union of the normalization F' of F' and of the lines Lo, ..., L,_1.

We can define a map s:D — P¢ associating to P € D the vertex
s(P) of the corresponding quadric Qp € A'. We have

" Opa (1) 2wy @0

where 6 is an invertible sheaf on D such that §%2 = wz and ho (ﬁ, 9) =

0, i.c. a non-effective theta characteristic on D (see [5], 6.12 and
Lemma 6.12). Since each theta characteristic on P is Opy (—1) then
the datum of 6 is equivalent to the datum of a non-effective theta
characteristic  on F. In this way we can associate to C a unique triple
(F,n, U= Ly).

Let C’ be another bielliptic curve of genus 5 and (F’, 7/, U;ialL;) its
associated triple. The class [C] determines the canonical model of C up
to projective isomorphisms: it follows that if C’ = C, then there exists
¢ € PGL3 such that (F) = F’, (U2, L;) = U?;BIL; and g*(n) =17
(p is the extension of ¢ to the normalizations).

Let S"|On (1) be the nt"-symmetric product of |Ox (1)] (i.e. S*|On(1)]
= |0n(1)]*"/6&,,). Following [7] we denote by |On(5—n)| the variety
of pairs (F,n) where F' and 7 are as above and set X ,, := |On (5 — n)| x
S™Opn(1)]. The above construction shows, when n = 2,3,5, that
C — (F,n, U?z_olLi) induces a rational map

m: M2"™ --» X,/ PGL3 .

Proposition 1.3. For each n = 2,3,5 the map m is birational.
Moreover Sﬁge’n 18 irreducible.

Proof. The open set

U:={(FnUL)eX, | FULyU---UL,_; is stable }
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is non-empty. Then it turns out that the map m is onto U by
Proposition 6.23 of [5]. It is also injective on U by proposition 6.19
of [5].

be,n

Finally its inverse induces a surjection 4 — 9M:"", whence the
irreducibility of ™ follows. 0

2. The proof of the main theorem.

2.1. The rationality of M!“%. If n = 2, then F is a cubic.
In particular the general F' carries exactly three non-effective theta-
characteristics.

Lemma 2.1.1. There exists a PGL3-equivariant birational map

h:|ONn(3)| --> [On(3)].

Proof. The map h is defined in 5.7 of [7]. It assigns to a plane cubic
the Hessian invariant of the net of polar cubics. For the proof of the
lemma see Theorem 5.7.1 and Remark 5.7.3 of [7]. O

The above lemma yields the existence of a PGL3z-equivariant bira-
tional map

H: X5 - Xy := |On(3)| x S?|ON(1)]

whence X5/ PGL3 ~ X5/ PGL3. We conclude that we have to prove
Lemma 2.1.2. The quotient Xo/ PGL3 is rational of dimension 5.

Proof. Let V := H°(N,On(3)), U := {q € H*(N,On(2)) | rk(q) =
2}, G := GLyxC*, H := {(wl,w)|w® =1} CG. G := G/H is
a group acting on E := V x U as follows: GLj3 acts in the natural
way both on V and U, C* acts on U via homotheties. It is clear that
X,/PGL3 = E/G = E/G. Consider the G-equivariant morphism of
vector bundles p: HO(N,On(1)) x U — E sending (¢,q) — ({q,q). In

this way we obtain a new G-invariant vector bundle over U, namely
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E’ := E/im(p). The fibre of E' over ¢ € U is V/qH®(N,On(1)) = C7,
hence dim(E’) = 12.

The natural quotient projection m: E — E’ is G-equivariant too and
it induces on E a structure of vector bundle on E’ with fibre C3.

Moreover notice that dim(G) = dim(G) = 10.
Claim 2.1.2.1. The action of G over E' is almost free.

Assuming the claim we obtain that E/G is a vector bundle over E'/G.
Since the last quotient is unirational of dimension 2 it follows from a
theorem of Castelnuovo that it is actually rational. It follows that
X,/PGL3 ~ E/G is rational too.

Proof of Claim 2.1.2.1. Choose a general element e := ([f],q) € E'.
With a proper choice of the homogeneous coordinates vy, vy, in
N = PZ we can assume that ¢ = vor1. By the very definition of
E’ we can assume that

f(Wo,vi,v2) = fovy + [1vd + fargva + favive + favos + fsvivi + fevs.

Since each element of the stabilizer G, of e inside G must fix vgv; then
Ge C (1) - Geo C G where

apgo O 0 01 0
G670:—< 0 o1 0 |,ap000; > o= 10 01,1
Qg0 Q21 022 0 0 1

Assume a € Gep. Then a direct substitution yields the system

foag,o + fzaaoa&o + f4040,00l§,0 + fﬁa?j’,o = fo
fiady + fzaf oo + fsanaas + fead ) = fi
fzaaoOéQ,z + 2facp,002,0002,2 + 3f601370042,2 = fa
f303 jan 0 + 2fsa1 1001000 + 3603 1020 = f3
f100,003 5 + 3f602,003 5 = fa

f501,103 5 + 3feqa103 5 = f5

fﬁa%a = fe-
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Let f be general. The last equation yields 052”72 = 1. Then from
the fifth one asg = fa(ag2 — @,0)/3f6 hence, from the third one,
(3f2f6—ff)(a070—a2’2)(040’0+042’2) = 0, whence we get Qp,0 = :|:Oz2’2. If
0,0 = —0ip.2, substituting the expression for as o in the first equation,
we finally obtain 27 fo f2—9f2 fafe+2f3 = 0, i.e. f would not be general:
thus ago = a2 hence a9 = 0.

Working now with the even equations we also get aj;; = gy,
a1 = 0. Since o , = 1, we conclude o € H, whence G C (u) - H and
an easy computation shows that - H NG, = &, then G, = H, i.e. the
action of G is almost free. o

The proof of the above claim concludes the proof of the lemma. i

Remark 2.1.3. Let X be the locus of points [C] € M5 for which
D splits as the union of a cubic and a conic. Then it is clear that
zmlgf’” C X for each n > 2. Notice that X contains all the points [C]
representing non-trigonal curves C' carrying an involution i € Aut(C)
such that C/i is a smooth curve of genus 3 (see [2], Exercise F-23 of
Chapter VI).

Then the map h defined in Lemma 2.1.1 induces a birational equiv-
alence X ~ |On(3)| x |On(2)|/ PGL3. The quotient on the right is
rational, since it is birationally equivalent to 90t5¢ (see [4]).

2.2. The rationality of E)ﬁge’B. If n = 3, then F is a, necessarily
non-singular, conic. In particular F = P hence wp = n®? yields
n = Opy(—1), thus [On(2)] = |On(2)], hence X352 X3 := |On(2)] x
S*ON(1)].

We conclude that the proof of the main theorem in this case is then
equivalent to prove

Lemma 2.2.1. The quotient X3/ PGLg is rational of dimension 3.

Proof. Let Y = {(F,{vorire = 0})} C X35. If @ € PGL3 is such
that «(Y) C Y then a must fix {vyr1vs = 0}, hence « is represented
by a 3 x 3 matrix which is the product of a diagonal matrix and a
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permutation matrix. In particular
a€ H:=63-PD{o,7)- PD C PGL3

where PD is the image via GL3 — PGL3 of the torus D C GL3 of
diagonal matrices and o, 7 are the classes of

1 00 0
0 0 0
0 1 1

S O =
o = O

1
0
respectively. Since Y is obviously PGL3 dense inside X3 it follows that

Y is a (PGL3, H)-section of X3 (see Section 2.8 of [9] for the definition
and properties of relative sections).

Since PD < H it suffices to show that
C(YV)" = (C(Y)FP)H/PP = (C(H"(N,On(2)))")®

is rational.

First we describe C(H°(N,On(2)))". If q(vo,v1,12) =

Eijpi’jug_i_ju{ug and ¢ := (to, t1,t2) € D, then

o i i
t(q)(vo,v1,v2) = Z(to Tt )vy v
4,J

Since D leaves the space generated by each monic monomial invariant,
then the field above is generated by D-invariant fractional monomials.
It is easy to see that M := [[, p;;’ is D-invariant if and only if
(Otoﬁ, «ap,1,00,2,7%1,1, 1,2, Otgvg) is a solution of the system

20,0 + 1 + g2 =0

ap1 +2011 +ay2=0

Ck072 + aq 2 + 20[272 =0.

Let A be the matrix of the above system and set

1 00 1 1 1
010 -2 -1 0

1 -1 -1
001 0 -1 -2
Uig (1) (1) VﬁOOO 1 0 0
0 0 0 O 1 0
00 0 O 0 1
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Since

UAV =

O O N
o = O
= o O
o O O
(=R e i)
o oo

it follows that C(H°(N,On(2)))” = C(Xi, X, X3) where X; =
p0,0p1,1/]9(2),1= X = 100,0101,2/100,1100,27 X3 = P0,0P2,2/p(2),2-

Let }/1 = )(1/)(27 Yé = Xg/Xl, Y3 = X2 so that C(Xl,XQ,Xg) =
C(Y1,Ya,Y3). We have C(Y)H = C(Y1,Ya, Y3)S* and o(V7, Ya, V3) =
(YZa Ylv Y3); T(Yla }6; }/3) = (Y23 Yvﬁ'oa Yl)

It follows that (Y7,Ys,Y3) C C(Y1,Ys,Ys) is the usual linear repre-
sentation of &3 via permutation: then the action on (Y7, Y3, Y3) is gen-
erated by pseudoreflections, whence C[Y1, Ys, Y3]%3 = C[Zy, Z5, Z3] for
suitable Gz-invariant elements Z; € C[Y1,Ys,Y3] C C(Y1,Ya, Ys) (see
[9], Theorem 8.1).

On the other hand the group of characters of &3 is finite, hence
C(Y1,Ys,Y3)%s is exactly C(Zy, Zo, Z3), thus it is rational. o

2.3. The rationality of M2“* = ML, Again n = Op1 (—1), thus

|ONn(1)] = |On(1)], hence Xy = X5 = X5 := S?|On(1)].

Again the proof of the main theorem for n = 4,5 in this case is
equivalent to

Lemma 2.3.1. The quotient X5/ PGLj3 is rational of dimension 2.

Proof. X5/PGLs is a unirational of dimension 2, hence it is rational
from a well known theorem of Castelnuovo. u]

We are now ready to give the

Proof of the Main Theorem. The main theorem now follows from
Proposition 1.3 and Lemmas 2.1.2, 2.2.1, 2.3.1. O
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