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SPACE-LIKE EINSTEIN KAHLER SUBMANIFOLDS
IN AN INDEFINITE COMPLEX HYPERBOLIC SPACE

YONG-SOO PYO

ABSTRACT. The purpose of this paper is to study space-
like Einstein K&hler submanifolds with restricted full immer-
sions and parallel second fundamental forms in an indefinite
complex hyperbolic space.

1. Introduction. The theory of semi-definite complex submanifolds
of a semi-definite complex space form is one of the most interesting
research subjects in differential geometry and it is studied by many
geometers from the various points of view, see [1-3, 10-12] and [14],
for instance.

As one of such studies, in their paper [10], Nakagawa and Takagi clas-
sified completely locally symmetric Kéahler submanifolds of a complex
projective space. In particular, it is seen that complex submanifolds
whose second fundamental form are parallel of a complex projective
space are all Einstein. Conversely, Einstein Kahler submanifolds of
a complex space form do not satisfy necessarily the result that the
second fundamental form is parallel, and it is seen in [10] that there
exist many Einstein K&hler submanifolds of a complex projective space
whose second fundamental form are not necessarily parallel. Further-
more, Romero [13] and Umehara [15] independently proved the in-
definite version and they found that there exists a full holomorphic
isomorphic immersion of an indefinite complex space form M?(c) into
an indefinite complex space form M/ (c').

On the other hand, Einstein Ké&hler submanifolds of a complex
projective space whose second fundamental form are parallel were
investigated by Nakagawa [9]. He proved the following
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Theorem A. Let M be an n(= 2)-dimensional Einstein Kdhler sub-
manifold immersed in a complex projective space CP™P(c) of constant
holomorphic sectional curvature c. If the immersion is full and if the
second fundamental form of M is parallel, then the following hold:

(1) If p< 5, then p =1 and M is locally a complex quadric Q™.
(2) If p = 3n(n+1), then p = in(n+1) and M is locally CP"(%).

The purpose of this paper is to investigate the space-like version of
Theorem A, namely to prove the following

Theorem. Let M be an n(Z 2)-dimensional space-like Einstein
Kahler submanifold of an indefinite complex space form M;L‘”’(c) of
constant holomorphic sectional curvature ¢ < 0. If the immersion is full
and if the second fundamental form of M is parallel, then the following
hold:

(1) If p< %, then p=1 and M is locally a complex quadric Q™.
(2) If p = 4n(n+1), then p= in(n+1) and M is locally CH"(%).

2. Indefinite Kéahler manifolds. We begin by recalling basic
formulas on indefinite Kéahler manifolds. Let M be a complex n(2 2)-
dimensional connected semi-definite Kéahler manifold equipped with
the semi-definite Kéhler metric tensor g and almost complex structure
J. For the semi-definite Kéhler structure {g, J}, it follows that J is
integrable and the index of g is even, say 2s, 0 £ s < n. In the case
where s is contained in the range 0 < s < n, the structure {g, J} is said
to be indefinite Kahler structure and M is called an indefinite Kdhler
manifold. In particular, in the case where s = 0 or n, it is said to be
Kdhler structure.

Let M’ be a complex (n+ p)-dimensional connected indefinite Kéhler
manifold of index 2p, n = 2, p > 0. Then we can choose a local
field {Ea} = {E1,...,En,Eny1,..., Enyp} of unitary frames on a
neighborhood of M’. This is a complex frame field on the neighborhood
of M’ which is orthonormal with respect to the indefinite Kahler metric
¢, that is, ¢'(Ea, Eg) = €40ap, where

ga =1or —1, according to whether IS A<norn+1< A< n+p.

Its dual field wy = {wa} = {w1,...,Wn, Wnt1,. .., Wnip} with respect
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to the unitary frame {F 4} consists of complex-valued 1-forms of type
(1,0) on M’ such that wa(Ep) = €4dap, and w1, . .. ,Wnip, @1, - -« s @ntp
are linearly independent, where w4 denotes the complex conjugate of
wa. It is called the canonical form with respect to the unitary frame
{E4}. The indefinite Kahler metric ¢’ of M’ can be expressed as
g =2 Yo acAawa ® wa, where the Latin capital indices A and B run
over the range 1,... ,n + p. Associated with the frame field {E4},
there exist complex-valued forms o’ = {wap} and @ = {Qap} the
connection form and the curvature form on M’, respectively. They
satisfy the following structure equations of M’.

(2.1) de-i-ZEBwAB/\wB:O, wap +wpa =0,
B
(2.2) dWAB+ZECWAC/\wCB:QAB,
c
(2.3) Oup = ZechR/ABCDwC ANWp,
C,D
where R:& pop denotes the components of the Riemannian curvature

tensor R’ of M'. The equations (2.1) and (2.2) means that the skew-
symmetry of 24p, which is equivalent to the symmetric condition

(2.4) Ripep = R'pape.
By the exterior derivative of (2.1) and (2.3), the first Bianchi formula

ZEBQAB/\WB =0
B

is given, which implies the further symmetric relations
(2.5) RIABCD = R/ACBD = R/DCBA = R/DBCA.

Now, relative to the frame field chosen above, the Ricci tensor S’ of
M’ can be expressed as follows:

(2.6) S' =Y caep(S)pwa @ 0p + S poa Dwn),
A,B
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where 5 = Y ecRyo .5 = S54 = S'ap. The scalar curvature 7/
of M is also given by

(2.7) r'=2%"eaS 4
A

The indefinite Kahler manifold M’ is said to be FEinstein if the Ricci
tensor S’ is given by

/

r
2.8 S s =———csd
( ) AB 2(n—|—p) ACAB.

Next, the components R;chDE and RIABCDE relative to the frame

field {E4} of the covariant derivative of the Riemannian curvature
tensor R’ are obtained by

(2.9)

/ / - - /
E :5E(RABCDEWE + Ripopp@e) = dRp0p
E
/ —. / / / —
- § :EE(REBCDWEA + RipopweB + Ripppwec + Ripop@ED).
E

The second Bianchi formula is given by
(2.10) Ripepre = Rigrpe.

Let M be an n-dimensional semi-definite Kahler manifold of index 2s,
0 £ s £ n, with almost complex structure J. A plane section P of the
tangent space T, M of M at any point z is said to be nondegenerate,
provided that the restriction of g.|r,as to P is nondegenerate. It is
easily seen that P is nondegenerate if and only if it has a basis {X, Y}
such that g(X, X)g(Y,Y) — g(X,Y)? # 0. The plane P is said to be
holomorphic if it has a basis {X, JX} for the plane P. It is also trivial
that the plane P is nondegenerate if and only if it contains a vector X
with g(X, X) # 0. For the non-degenerate plane P spanned by X and
Y, the sectional curvature K (X,Y’) of P is usually defined by

g(R(X,Y)Y, X)
9(X, X)g(YV,Y) — g(X,Y)*

K(X,Y)=
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It is well known that the sectional curvature of the non-degenerate plane
P is independent of the choice of the basis { X, Y’} for the plane. So, it is
denoted by K (X,Y) = K(P). Moreover, the sectional curvature H(P)
of the non-degenerate holomorphic plane P is called the holomorphic
sectional curvature, which is denoted by H(P) = K(P) = K(X,JX) =
H(X) for any nonzero vector X in P.

The indefinite Kahler manifold M is said to be of constant holomor-
phic sectional curvature if its holomorphic sectional curvature H(P) is
constant for any nondegenerate holomorphic plane P and any point on
M. Then M is called an indefinite complex space form, which is de-
noted by M (c), provided that it is of constant holomorphic sectional
curvature ¢, of complex dimension n and of index 2s, 0 < s < n. It is
seen in Barros and Romero [4] that the standard models of indefinite
complex space forms are the following three kinds: the indefinite com-
plex projective space C'P(c), the indefinite complex Euclidean space
C? or the indefinite complex hyperbolic space CH(c), according to
whether ¢ > 0, ¢ = 0 or ¢ < 0. For any integer s, 0 < s < n, it is also
seen by [4] that they are complete simply connected indefinite complex
space forms of dimension n and of index 2s.

The components R’ 5 of the Riemannian curvature tensor R’ of

the n-dimensional indefinite complex space form M’ = M"(c) are given
by

C
(2.11) Ripep = 56360(%3500 +64c0BD).

3. Space-like complex submanifolds. This section is concerned
with space-like complex submanifolds of an indefinite K&hler manifold.
First of all, the basic formulas for the theory of space-like complex
submanifolds are prepared. Let (M’,¢’) be an (n + p)-dimensional
connected indefinite Kahler manifold of index 2p(> 0), and let M be
an n(2 2)-dimensional connected space-like complex submanifold of
M’'. Then M becomes the Kahler manifold endowed with the induced
metric tensor g. We can choose a local field {Es} = {E;, E,} =
{E1,...,Epyp} of unitary frames on a neighborhood of M’ in such a
way that, restricted to M, E1, ..., E, are tangent to M and the others
are normal to M. Here and in the sequel, the following convention
on the range of indices is used throughout this paper, unless otherwise
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stated.
AB,...=1,... ,n,n+1,... ,n+p,
4J,...=1,...,n,
z,Y,...=n+1, ..., n+p.

With respect to the frame field {E4}, let {wa} = {wi, wy} be its
dual frame field. Then the indefinite K&hler metric tensor ¢’ of M’
is given by ¢’ = 2>, cawa ®wa, where ¢; = 1 and ¢, = —1. The
canonical form {wa} and the connection form {wap} with respect
to the unitary frame field {E4} of the ambient space M’ satisfy the
structure equations

(3.1) de—l—ZEBwAB/\wB =0, wap+wap=0,
B
(3.2) deB-I—ZECwAC /\WCB:Q;;BU
C
(3.3) 143 = ZechR/ABCDwC NWwp,
C,D

where {2y 5}, respectively R'; ;- 5, denotes the curvature form, respec-

tively the components of the indefinite Riemannian curvature tensor R,
of M'.

Now restricting these forms to the submanifold M, we have
(3.4) wy =0,

and the induced Kéhler metric tensor g of M is given by g =23 g,w;®
@;. Then {E;} is a local unitary frame field with respect to the
induced metric and {w;} is a canonical form with respect to {E;},
which consists of complex valued 1-forms of type (1.0) on M. Moreover,
Wiy oo yWny@1,... ,w0p, are linearly independent. It follows from (3.4)
and Cartan’s lemma that the exterior derivatives of (3.4) give rise to

(3.5) wei = Y _e;hfw; i =hY,.
J

The quadratic form o = E”z aiajamhfjwi ® w; ® B, with values in
the normal bundle on M in M’ is called the second fundamental form
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of the submanifold M. From the structure equations for M’, it follows
that the structure equations for M are similarly given by

(36) dw; + Zijij Nwj = 0, wij + Wi = 0,
J
(37) dwij + Z&kwik A WEj = Qij,
k
(3.8) Qij =Y exerRyjqwn A @r.
k,l

Moreover, the following relationships are obtained.

(39) dwwy + Zezwm N Wy = Qxy,
(3.10) Qyy = Z EkalRfyk[Wk N wy,
kol

where {Q,} is called the normal curvature form of M. For the
Riemannian curvature tensors R and R’ of M and M’, respectively,
it follows from (3.1), (3.5) and (3.8) that we have the Gauss equation

(3.11) Rijur = Riyr— > exhiphyy
and by means of (3.5) and (3.10), we have

(3.12) Ropii = Ryypg + D eihihY,
J

The components S;; of the Ricci tensor S and the scalar curvature r
of M are given by

k
(3.14) r= 2(ZsjskR;jkk - h2>,
7.k

where hijz = h;iz = ka EkEthkBij and hy = Zj ejh

,T2
ii -
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Next, the components hj;, and hfjl} of the covariant derivative of h{;
are given by

(3.15) Y ex(hfpwr + k)
k

— dhfj — Z Ek(hijwki + hfkwkj) + Z Eyhiyjany.
k Y

Then, substituting dhj; in this definition into the exterior derivative of
(3.5) and using (3.1), (3.4), (3.5), (3.6), (3.7) and (3.15), we have

ijk — Tijk

from the coeflicients of w; A wy, and w; A wy,.

Similarly, the components k7, and h. ., respectively h”” ,and b

FRD kD
of the covariant derivative of hfj o respectlvely hfj can be deﬁned by

(3.17) Z ei(hfjwi + hijper)
1

= dhg, — Z el(hijewni + hijgwiy + hijom) + Z eyhijWay,

l Y

and

(3]‘8) Z gl Uklwl + h’ij?l )
= dhi;; — Z ei(hypwii + hjgwi; + hijom) + Z 5yh?jl?:wﬂfy-
l Y

Differentiating (3.15) exteriorly and using the properties d* = 0, (3.6),
(3.7), (3.9), (3.13), (3.15) and (3.16), we have the following Ricci
formula for the second fundamental form on M.

(3.19) himjkl = hfjlk, hz]kl h:;_]lk

from the coefficients of wy A w; and Wy A @y, respectively, and

(320) h’fjkl zjlk 257" lewhm +le;r 7"1 Zglekyx 17
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from the coefficients of wy A @;.

In particular, let the ambient space M’ be an (n + p)-dimensional
indefinite complex space form M*7(c’) of constant holomorphic sec-
tional curvature ¢’ and of index 2p(> 0). Then we get

/

c T 1T
(3.21) R{jk[ = gej{:‘k((sijékl + 5ik5jl) — ;Ewhjkh’il,
¢
(3.23) r= cn(n+1)— 2hs,
(3.24) fjfc =0
and

Cl
ikt = 5 (Erhijom + eihgidi + €jhiidj0)
3.25 )
(3.25) - Z erey (Pl + hi;hi; + hoh?)hy).
Y

4. Examples of space-like Einstein Kéahler submanifolds.
We give in this section some examples of space-like Einstein Kéahler
submanifolds of an indefinite complex hyperbolic space C’H;L‘”’ (¢),
¢ < 0, whose second fundamental forms are parallel or not parallel.

Example 4.1. For an indefinite complex hyperbolic space CH{" ™ (c),
if {z1,..., zny2} is the usual homogeneous coordinate system of
CH?(c), then the equation 2, = 0 defines a totally geodesic space-
like complex hypersurface identifiable with CH"(¢). So, it is Einstein
and it is trivial that its second fundamental form is parallel.

A semi-definite complex hyperbolic space CHY(—c), ¢ > 0, is ob-
tained from a semi-definite complex projective space C'P?__(c) by re-
versing the sign of its semi-definite K&hler metric. By taking into ac-
count the fact, the previous discussion shows that CH?”(—c) is totally
geodesic complex hypersurface of both CH!(—c) and CH!"f' (—c).

Example 4.2. For the homogeneous coordinate system {z1, ... ,zn42}
of CP™! (¢), an indefinite complex quadric Q7 0 < s < n, is an indef-
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inite complex hypersurface of C P"1(¢) defined by the equation

s n+2
2 2
—E z;° + g zr- =0.
j=1 k=s+1

Then @7 is a complete complex hypersurface of index 2s, and moreover,
in the similar way to Kobayashi and Nomizu [7, Chapter 11, Example
10.6], it is Einstein and then the Ricci tensor S satisfies

& &
S = 5”9, h7,32 = _551'51’]’-

Note that Q™ can be also considered as a complete space-like Einstein
complex hypersurface of CH}""(¢), ¢ < 0. In this case, in particular,
the second fundamental form of Q™ is parallel because it is of codimen-

sion one.

Remark 4.1. In his paper [14], Smyth showed that a complete
Einstein complex hypersurface M of a complex space form M"1(c)
is totally geodesic or ¢ > 0 and M is the complex quadric Q™.

Remark 4.2. An indefinite Einstein complex hypersurface of an
indefinite complex space form is investigated in detail by Montiel and
Romero [8].

The following example was also given by them.

Example 4.3. Let us consider an indefinite complex hypersurface

M = M2" of CP2}1"(c) defined by the equation

n+1
E Zjin4145 = 0
Jj=1

in the usual homogeneous coordinate system of CPfi‘fl(c). It is a
complete complex hypersurface of index 2n, which is denoted by Q.

It is easily seen that the Ricci tensor S satisfies

C

S=c(n+1)g, hig® = —§5i5ij
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and hence it is Einstein, so the second fundamental form is parallel.

A same discussion as that in Example 4.3 shows that it is also
an indefinite complete Einstein complex hypersurface of CH2" 1 (—c),
whose second fundamental form is parallel.

Example 4.4. For the homogeneous coordinate systems {z1, - - , zs,
Zs41 s Zny1) O OP?(c) and {wy, -+ ,we, Wet1 + -+ Wipp1 } of CPM™(e),
a mapping f of CP"(¢) x CP*(c) into C’Pgéf:?l t)(c) with

N(n,m)=n+m+nm, R(n,m,s,t)=s(m—1t)+t(n—3s)+s+t

is defined by
F(z,0) = (ZqWy, 2rWg, 2pWy, Z5Wy ),
where
a,b,...=1,...,8 rs...=s+1,... ,n+1,
z,Y,...=1,....t w,v,...=t+1,... m+1

Then f is a well-defined holomorphic mapping and it is seen that f
is also an isomorphic imbedding, which is called an indefinite Segre
imbedding. In the case of n = m, it is Einstein and the Ricci tensor S
satisfies

S = g(n +1)g.

The second fundamental form is not necessarily parallel. In particular,
if s =t =0, then f is a classical Segre imbedding, see Nakagawa and
Takagi [10]. This example is due to Ikawa, Nakagawa and Romero [6].
If n # m, then it is not Einstein, but its Ricci tensor is parallel. So,
the second fundamental form is not parallel.

As the simple case in the definite product ones, C P (c)xCP1(c) is the
complex quadric Q? in CP3(c). In the indefinite case, however, we can
consider two product manifolds C P} (c) x CPl(c) and CP}(c) x CPl(c)
which are mutually different complex quadric in CPg(c). In fact, it is
seen in Montail and Romero [8] that they are denoted by Q3 and Q3,
respectively.

By using the fact that an indefinite complex hyperbolic space
CH?"(—c) is obtained from CP?__(¢) by changing the K&hler metric
to its negative. Another indefinite Segre imbedding

f:CHI (—¢) x CH"(—¢) — CHY™™ (—c)

S(n,m,s,t)
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is given, where
S(n,m,s,t)=(n—s)(m—1t)+st+s+t.

In the case where n = m, it is Einstein and the Ricci tensor S satisfies
S = —5(n+1)g. In particular, for s = ¢t = 0, we have a holomorphic

isometric imbedding f of CH"(—c) x CH™(—c) into CH,IIV,,(L"’m)(—c).

It is easily seen that the Ricci tensor on the complex submanifold
with parallel second fundamental form is also parallel. We give here
some examples complex submanifolds of a complex projective space
whose second fundamental forms are parallel. These submanifolds are
completely classified by Nakagawa and Takagi [10] and their geometric
properties are also completely determined.

Example 4.5. Let M be an n-dimensional compact irreducible Her-
mitian symmetric space with Kahler metric under the canonical imbed-
ding into a complex projective space CP"?(c). Then the degree of the
imbedding coincides with the rank of M as a symmetric space. This
shows that the following six kinds of compact irreducible Hermitian
symmetric spaces:

CP"(=SU(n+1)/5(U(n) x U(1)),
Q" (=S0(n+2)/SO(n) x SO(2)), n =3,
SU(s+2)/SU(s) xU(2)), s=z=3,
S0(10)/U(5),
Eg/Spin(10) x T,
Er/Eex T

admit Kéahler imbeddings with parallel second fundamental form into
CP"?(c), where U(n), SU(n) and SO(n) denote the unitary group,
the special unitary group and the special orthogonal group, respec-
tively, and Fg, Spin (10) and T denote the exceptional group, the spin
group and the torus group, respectively. The above six spaces are Ein-
stein, their dimensions are n, n, 2s, 10, 16 and 27, respectively, and their
scalar curvatures are given by cn(n + 1), cn?, 2cs(s + 2),80c, 192¢ and
486¢, respectively. If the imbedding is full, then the codimension p is

0,1, %(52 —5),5,10 and 28, respectively.
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Example 4.6. We give another example of complex submanifold
of an N-dimensional complex projective space C'PY(c) of constant
holomorphic sectional curvature c¢. Define a mapping f of CP™ (¢1) %
-+» x CP™(c,) into CPN(c) by

(zcl),...,z,lll,...,zg,...,z:”)
—>(Zé-~-z6,...,zill~-~zfr,...,szl-~'z£T),
1o=0,1, ... ,no, a=1,...,7,
where N = (ny +1) --- (n, +1) — 1 and (z§,...,2; ) are complex

homogeneous coordinates of CP™(c,). Then it is easy to see that f
induces a Kéahler imbedding of a Kéhler manifold CP™(¢1) x -+ %

CP" (c,) into CPN(c) if and only if ¢; = --- = ¢, = .
In particular, the Kdhler manifold C'P™(¢) X - - -x C'P™ (¢) is Einstein
if and only if ny = -+ = n, = n. The scalar curvature r of

CP™ (c) x CP™(c) is given by
r=c{ni(n1+1)+na(ns+ 1)}
And moreover, we see ho = cning and N = (ny + 1)(ng + 1) — 1.

In their paper [10], Nakagawa and Takagi proved the following clas-
sification theorem.

Theorem 4.1. Let M be an n-dimensional complete complex sub-
manifold imbedded into an N-dimensional complex projective space
CPN(c) with parallel second fundamental form. If M is irreducible,
then M is congruent to one of siz kinds of complexr submanifolds
imbedded into CPN(c) with parallel second fundamental form given
in the above Example 4.5. If M is reducible, then M is congruent
to (CP™ x CP™  f) given in Example 4.6 for some ny and ng with
n =mny + no. The corresponding local version is true.

Example 4.7. Calabi [5] classified completely a Kéhler imbedding
of simply connected complex space forms into complete simply con-
nected space forms. He gave a full Kéhler imbedding of C'P™(c) into
CPN®) (pe) by

p!
(ZQ,...,Zn) - (20p7"'7 ﬁzopo'”znpnv"'72np ’
pol !
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where N(p) = n4,Cp — 1, ,Cp, denotes the number of possible combi-
nations of n objects taken m at a time, (2q,... ,z,) are homogeneous
coordinates of CP™(c) and po, ... ,p, range over all nonnegative inte-
gers with pg + - -+ + p, = p, which is called a p-canonical imbedding.

On the other hand, Romero [13] and Umehara [15] independently
proved the indefinite version and they found that there exists a full
holomorphic isometric immersion of an indefinite complex space form
M?™(c) into an indefinite complex space form M]'/F(c').

Aiyama, Nakagawa and Suh [3] obtained the following local property
of the above immersion.

T 7T
§ :h’lllk h‘jr”jl
z

0 for all k # 1,
1 _
=9 o1 Hlel(c’ — T, - €4y,
ZT 5T(i1)j1 o '5T(ik)jk for k=1,
where )~ denotes the summation on all permutations 7 with respect
to the indices i1, ... 7. By this formula, it is easily seen that the 2-

canonical imbedding of CP"(c) into CPN(?)(2¢) has the parallel second
fundamental form but the second fundamental form of C'P™(c) is not
parallel for the p(2 3)-canonical imbedding.

5. Parallel second fundamental forms. Let M be an n(= 2)-
dimensional space-like complex Einstein submanifold of an indefinite
complex space form M’ = M;“’(c) of constant holomorphic sectional
curvature c. Assume that the second fundamental form is parallel. We
denote by A the p x p-matrix defined by (Aj) and H the p x %n(n +1)-

matrix defined by (h?jk))j§k7 where Ay =37, - hi; ij. Under the above

assumption, making use of (3.23), we can simplify the equation (3.25)
as follows:

1
(5.1) AH = %(an —2r)H
because ¢; = 1 and ¢, = —1. By the definition of the matrices A and

H, we see that A = HH*, where the symbol * denotes the complex
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conjugate and transpose operator, namely, H* = ‘H. From (5.1), we
have

1
5.2 A? = —(en? —2r)A.
(52) - (en” — 2r)
Since the matrix A is a positive semi-definite Hermitian one, it implies
that ¢cn? — 2r = 0. This means that the matrix A has at most two

different eigenvalues 0 and 3-(cn® — 2r).

We investigate here a property concerning the rank of matrices A and
H. We denote by rank A the rank of the matrix A. At any point x in
M we put g(x) = rank A(x). Then the following result is verified.

Lemma 5.1. Let M be an n(= 2)-dimensional space-like complex
Einstein submanifold of Mz’,““’(c). If the second fundamental form on
M is parallel and if M is not totally geodesic, then for any point x in
M, we have
(5.3) q(z) = rank H(z) =

n

Proof. Suppose that there exists a geodesic point x in M, namely,
there is a point = at which all eigenvalues are zero. The assumption
that the second fundamental form is parallel implies that the scalar
curvature r is constant, and hence we have r = cn(n + 1) on M,
from which together with (3.23) again it follows that M is totally
geodesic. Accordingly, by the assumption of this lemma, there do not
exist geodesic points. In other words, the matrix A has at least one
positive eigenvalue A = 5-(cn? — 2r). Since any point # in M is not a
geodesic one, we see that rank (AH) = rank H by (5.1), which yields
that rank H < rank A. On the other hand, because of A = HH*, we
have rank A < rank H. Thus we obtain rank H = rank A. The first
equality of the formula in Lemma 5.1 follows from this property. In
fact, since a positive eigenvalue A(z) of the matrix A at point z is
given by .

2
AMz) = o (en® —2r)
and the scalar curvature r is constant on M, the eigenvalue A is constant

on M, so that the multiplicity ¢ of X is constant on M. Thus we have
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the rank ¢ of A is also constant on M and it is easily seen that the
rank of the matrix A is equal to that of the matrix H at any point in
M and it satisfies

gA=TrA=—hy = —%{cn(n—i— 1) —r}

by (3.23).
This completes the proof. O

Now we give an information for the range of the scalar curvature r on
M. Since the second fundamental form of M is parallel, putting & = {
in (3.25) and then summing up with respect to k, we have

(5.4) c(n+2)h; — 2{ > (hirhZ; + hjs” b)) + Z ayAgjhfj}

T

Transvecting e, hx to this equation and then summing up with respect
to 4,5 and x, we get

5.5 c(n+ 2)hy —4hy — 2Tr A2 =0,
(5.5) (n+2)

where hy = 3, h; 7%h;i%. The matrix (h;z?) is a negative semi-
definite Herrmtlan one Whose eigenvalues A;s are nonpositive real
valued functions on M. This yields that

(5.6) hy = Z)\ 2> ZA TrH) = %hf,

where the equality holds if and only if A = A; for any index j, namely,
we have

(5.7) hi? = Ao

This means that the equality (5.6) holds on M if and ounly if M is
Einstein. On the other hand, the matrix A is a positive semi-definite
Hermitian one of order p. Thus its eigenvalues u,s are all nonnegative
real-valued functions on M and hence we have

(5.8) Tr A? = Z“2> (Zuz) = TrA) :%}w?,
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where the equality holds if and only if ;4 = p, for any index z, that is,
the matrix A satisfies A = pl,,, where I, denotes the identity matrix
of order p.

Making use of these properties, we can prove

Lemma 5.2. Let M be a space-like complex submanifold ofM;,”‘p(c).
If the second fundamental form on M is parallel and if M is not totally
geodesic, then the scalar curvature r satisfies

(5.9) r< —©

2
1
S ot p ),

where the equality holds if and only if M is Einstein.

Proof. By (5.5), (5.6) and (5.8), we have

4 2
c(n—l— 2)]12 - —h22 - —h22 >0,
n p

where the equality holds if and only if M is Einstein because if the
equality holds at a point, then the fact that the squared norm hsy is
constant implies that it holds on M and the matrix A satisfies A = pulp,.
Hence we obtain

{enp(n + 2) — 2(n + 2p)ha}hs 2 0.

The squared norm ho of the second fundamental form « on M is
negative constant because the second fundamental form « on M is
parallel and M is not totally geodesic. So, we have

(5.10) hy >

2 — np(n + 2),
2_2(n+2p) p( )

where the equality holds if and only if M is Einstein. Hence the
assertion (5.9) is derived by (3.23) and (5.10). O

Next, we give another information about the restriction of the scalar
curvature on M.
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Lemma 5.3. Let M be a space-like complex submanifold ofM;}“’(c),
¢ < 0. If the second fundamental form on M is parallel, then the scalar
curvature r satisfies

(5.11) r < —n(n+1),

N o

where the equality holds if and only if M is a complex space form

Proof. First, we introduce a tensor field F of type (0,4) with
components F;.; defined by

- c
IZIVES Zgzh;”khfl - Z(5ij5kl + 0ikdji)-

Then we get

2
(5.12) N BB =TrA ¢ Tr A+ %n(n +1) 20,
©,7,k,1

where the equality holds on M if and only if we have
- c
Z%hfkhfz = 1(5@‘5/@1 + dir051)

on M. By (2.11) and (3.21), if the above equality holds on M, then it
is seen that M is a complex space form M™(§) of constant holomorphic
sectional curvature §. From (5.6) and (5.12), we can eliminate the term
Tr A? in (5.5) and then we obtain the following inequality

{4hy — en(n +1)}(4dhe +cn) £ 0,

where the equality holds if and only if M is a complex space form M™ ()
because ho is constant. Since the holomorphic sectional curvature of
the ambient space is assumed to be negative, we see 4hs 4+ cn < 0, so
we have

he 2 =n(n+1),

=10

where the equality holds if and only if M is a complex space form
M"(5). Hence the assertion (5.11) is proved by (3.23) and the above
equation. ]
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6. Proof of Theorem. Let M be an n(= 2)-dimensional space-
like Einstein Kéhler submanifold of an indefinite complex space form
M’ = M}*P(c), ¢ < 0. Assume that the second fundamental form a
on M is parallel. Under this assumption, we give an information for
the range of the scalar curvature » on M.

Lemma 6.1. Let M be an n(2 2)-dimensional space-like Einstein
Kidhler submanifold of M}*?(c), ¢ < 0. If M is not totally geodesic
and if the second fundamental form on M is parallel, then we have

(6.1) r

A

en®  or r=-n(3n+2).

=0

Proof. Since M is Einstein, the Ricci tensor S satisfies

r

where 7 is the scalar curvature, it follows from ¢; = 1, (3.22) and (6.2)
that

T 3T 1
lx

On the other hand, we have by (3.25)

C(Ekhfj&kl + aihfkéil + Ejh%i(sjl)
-2 Z Ey(hfih]y'k + h:jhzi + hfkh?ilj)ﬁgl =0
Y

because the second fundamental form of M is parallel. Transvecting

6wl_1fmﬁ§k to this equation and then summing up with respect to x, 1, j

and k, we obtain

c<2 S hinhi Y EmﬁfnlAﬁ) —2 e hym 2 ALRY,
J @ Jy

1T Y 1.z 1x .Y
—4 § : Ex€y mrhri ij jkhkl =0.

4,5,k,mm,y
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We denote by H* a symmetric matrix defined as (k%) of order n. Then
we can reform the above equation as follows:

(6.4) > epe, H"HYH*H"HY
x,Y

1 _
= 8—2{2r2 —cn(3n 4 2)r 4+ *n?(n® 4+ 2n + 2)}H?,
n

where we have used (5.1) and (6.3).
Now we define a tensor field G with components G*Y* by
G** = H"HYH* + H*HYH"
2
{en(n +1) —r}(AyH* + A H").

3 —(n—2)r

By the direct and complicated calculation, it follows from (5.2), (6.3)
and (6.4) that we obtain

(6.5) Z €28y, GV G™Y*
ZT,Y,z

1
- 8n3{cn3 — (n—2)r}
x (en? —r){en(n+1) —r}Hen(n 4+ 2) — 7}

(n+2){cen(3n+2) — 4r}

Since M is not totally geodesic, we have by (3.23)
en(n+1) —r <0.
And taking account of this inequality, we get

enn+2)—r<cen(n+2)—cn(n+1)=cn <0,
en® —(n—2)r <en® —c(n—2)n(n+1)c=cn(n+2) <0.

Using the above three equations, we have by (6.5)
{en(3n+2) —4r¥(en® —r) 20

because the lefthand side of the equation (6.5) is nonpositive.

This completes the proof. a
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Moreover, we obtain by (5.3)

C 2
6. = n 1).

If » < cn?, then the above equation implies that ¢ < 1, namely, we
have ¢ = 1. And if r 2 ¢/4n(3n + 2), then we have ¢ = 4. Thus we
obtain

(6.7) g=1 or g2

|3

Lemma 6.2. Let M be an n(2 2)-dimensional space-like Einstein
complex submanifold of Mg“’(c), ¢ < 0. If it is not totally geodesic,
then there exists an (n + q)-dimensional totally geodesic submanifold
M’ in MJFP(c) in which the given submanifold M is immersed, where
q = rank A > 0.

Proof. For the unitary frame {E,} = {E;, E,} at any point z, we
define the normal space to M at z, which is denoted by N,

N, = {ZgyEyzgy ec},

Y

where C is the complex field. We define a mapping f of N, x N, into
C by

Y, Z) =) ALy, Y=Y ¢'E, Z=) 7°E..
Y z

Y,z

Let H), be a set of all Hermitian matrices of order p, which is considered
as a complex vector space. Then the unitary group U(p) operates H,
as follows:

For any Hermitian matrix H in H, and any unitary matrix U in U(p),
UH)=U*HU,

where * denotes the complex conjugate and transpose operator. Since
the matrix A is invariant under U(p), the mapping f is well-defined and
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it is a positive semi-definite Hermitian form of order ¢, so that it can be
normalized. This means that we can new unitary frame {E;, E, E\}
such that

(6.8) Wai # 0, wxi =0,

where the range of indices is as follows:

ig,...=1,....n,
a,B,...=n+1,... ,n+gq,
Mphyoo.=n+q+1,... , n+p.

By definition of hg\jk, we have )~ hi;wxa = 0. It implies that
(6.9) Wra =0

for any indices o and A. From (6.8) and (6.9), we can define a
distribution DM defined by

wy = 07 WHri = 07 Wra — 0.

Then it follows from the structure equations on M *?(c) that we obtain

de:—g wxrj Nwj — g Wra N\ Wo — g Wiy N\ wy
j o n
= 0 (mod wy, wxi, Wra),

dwy; = —Zw)\j Nwj; — Zw,\a N Wqi — Zw)‘“ Nwyi + 9y
J a e

0 (mod wy, wxi, Wra),
dwra = —Zwm‘ A Wja — wa A Waa — Z‘”” N+ Dra
j B "
= 0 (mod wx, Wxi; Wra)-

Therefore, the distribution DM is of dimensional (n+¢) and it becomes
completely integrable. For any point z, we consider the maximal
integral submanifold M’(z) of M through . Then M'(x) is of (n+ q)-
dimensional and it is totally geodesic in M} *P(c) by the construction.
Moreover, M is immersed in M'(z).



SPACE-LIKE EINSTEIN SUBMANIFOLDS 1099

This completes the proof. a

Now we are in a position to prove the main theorem stated in the
Introduction.

The immersion of M into M*?(c) is said to be full if M cannot
be immersed in (n + p’)-dimensional totally geodesic submanifold in
M}*P(c), where p > p’ > 0. The first assertion of the theorem follows
immediately from (6.7) and Lemma 6.2 and the rigidity theorem due
to Montiel and Romero [8] for an Einstein semi-Kéhler hypersurface in
an indefinite hyperbolic space.

Next, we shall prove another case. In this case, we may suppose p = ¢
because of the full immersion. By the assumption of the theorem, we
have p = ¢ = 1n(n+1). We denote by r(g) the right hand side of (6.6),
namely, we see = r(g). We can regard r(g) as the function with one
variable ¢ and then it is easily seen that it is monotonic increasing with
respect to g because c is negative, and hence

r=r(q) 2 sn(n+1),
from which together with (5.11), it follows that

r= gn(n +1).
By taking account of Lemma 5.3 and (6.6), p = 3n(n + 1) and M is a

complex space form M™(§) of constant holomorphic sectional curvature
(&)

5
This completes the proof. a

Problem 6.1. Does there exist an n(= 2)-dimensional space-
like Einstein Kéhler submanifold of an indefinite complex space form
M P(c), ¢ <0, 2 <p<gn(n+1)?

Remark 6.1. TIs the estimate of the codimension in the assertion (1) of
the theorem best possible? As seen in Example 4.6, the product man-
ifold CH? (¢) x CH?(c) is a space-like Einstein complex submanifold
CH;H"’(C), where p = 1/4n?. So, if n = 2, then p = 1. However, it
means essentially that it is complex quadric.
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Remark 6.2. Let M = MZ(c) be a complex n-dimensional semi-
definite Kéhler manifold of constant holomorphic sectional curvature
c and of index 2s, and let MZ (c’) be a complex N-dimensional semi-
definite complete simply connected complex space form of constant
holomorphic sectional curvature ¢’ and of index 2S. Then a holomor-
phic isometric immersion f : M?(c) — ME () is said to be full if
f(M?(c)) is not contained in a totally geodesic submanifold of MZ ().
It is seen in [13] that M (c), ¢ > 0, admits a full holomorphic isometric
immersion into M2 (c'), ¢’ > 0, if and only if ¢/ = ke for some positive
integer k,

N = n+ka —1= N(n, k)

and
[(5]-1
S = Z s+2i02j 11 n—stk-2j-1Ck—2j-1 =: S(n,s,k) if s >0,
7=0
where [#41] denotes the greatest integer less than or equal to 1 (k+1),

and S = 0 and if s = 0. The local version is true.

Changing the K&hler metric of M (¢), ¢ > 0, by its opposite, we have
that there exists a full holomorphic isometric immersion of M™(—c),

¢ > 0, into Mggzg(—kc), ¢ > 0, where S’(n, k) = N(n, k) — S(n,n, k).

It is seen that
1
N(n,2) —n=5"(n,2) = §n(n +1)

and
N(n,k)—n> S'(nk) ifk>2.

This means that there exists only one full holomorphic isometric immer-
sion of M™(c), ¢ < 0, into M;‘”’ ('), ¢ <0, as space-like submanifolds
except for the trivial immersion as a totally geodesic one. In this case,
we see k=2 and p = in(n+1).

Remark 6.3. In their paper [3], Aiyama, Nakagawa and Suh proved
the following fact. Let M be a space-like complex submanifold with
constant scalar curvature r of M}*P(c), ¢ < 0. If r > §n(n + 1), then
M is a complex space form M™($) and p = 3n(n + 1).
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