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GENERALIZATIONS AND REFINEMENTS OF
HERMITE-HADAMARD’S INEQUALITY

FENG QI, ZONG-LI WEI AND QIAO YANG

ABSTRACT. In this article, with the help of the concept
of the harmonic sequence of polynomials, the well known
Hermite-Hadamard’s inequality for convex functions is gen-
eralized to cases with bounded derivatives of nth order, in-
cluding the so-called n-convex functions, from which Hermite-
Hadamard’s inequality is extended and refined.

1. Imntroduction. Let f(z) be a convex function on the closed
interval [a,b], the well known Hermite-Hadamard’s inequality [6] can
be expressed as:

b b
wos [ f(t)dt—(b—a)f(o%%)ﬂb—a)w - [ s

It is well known that Hermite-Hadamard’s inequality is an important
cornerstone in mathematical analysis and optimization. There is a
growing literature considering its refinements and interpolations now.

A function f(x) is said to be r-convex on [a, b] with r > 2 if and only
if f")(x) exists and f)(x) > 0.

In terms of a trapezoidal formula and a midpoint formula for a real
function f(x) defined and integrable on [a, b], using the first and second
Euler-Maclaurin summation formulas, inequality (1) was generalized
for (2r)-convex functions on [a,b] with » > 1 in [2].

In this paper, for our own convenience, we adopt the following
notation
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for any n-times differentiable function f defined on the closed interval
[a, b].

In [3, 4], the following double integral inequalities were obtained.

Theorem A. Let f : [a,b] — R be a twice differentiable mapping
and suppose that v < f"(t) <T for allt € (a,b). Then we have

(3) (b2_4a < — /f £) dt — (”b)gr(b?;a)z,

Y(b—a)* _ f(a)+ f(b) (b—a)2
(4) 2 = 2 b—a/f bdt < =

In [11], the above inequalities were refined as follows.

Theorem B. Let f : [a,b] — R be a twice differentiable mapping
and suppose that v < " (t) <T for allt € (a,b). Then we have

352—2’)/
ST(b—G)27
352—
< —31 (b—a).

If f”(t) <0, or f’(¢t) > 0, then we can set I' = 0, or v = 0, in
Theorem A and Theorem B. Then Hermite-Hadamard’s inequality (1)
and those similar to the Hermite-Hadamard’s inequality (1) can be
obtained.

In this article, using the concept of the harmonic sequence of polyno-
mials, the well known Hermite-Hadamard’s inequality for convex func-
tions is generalized to the cases with bounded derivatives of nth or-
der, including the so-called n-convex functions, from which Hermite-
Hadamard’s inequality is extended and refined.



HERMITE-HADAMARD’S INEQUALITY 237

2. Some simple generalizations. In this section, we will gener-
alize results above to the cases that the nth derivative of integrand is
bounded for n € N.

Theorem 1. Let f(t) be n-times differentiable on the closed interval
[a,b] such that v < f(M(t) < T fort € [a,b] and n € N. Further, let
u € [a,b] be a parameter. Then

(7) (b—a)S, max { (u ;L!co"’ (b - !u)n}

{(u—a)”Jrl — (u—b)ntt
(n+1)!

(b ) max { oy G H -

b = @) — (u— byl . .
< (—l)n/ f)de+ Z (u ) ( b) (_1)1f(n7171)(u)
@ i=0

(n —)!
< (b— a)S, max { (u ;!a)”’ (b _n'u)n}
[ e {52 S

Proof. Define

a
8 n(t) =
®) Pal?) {(t—b)"/n!, te (u,bl.
By direct computation, we have

(u _ a)n+1 _ (u _ b)n+1

b
9) [ ottt = Y]

Integrating by parts and using mathematical induction yields

b —a)" — (u—Db)"™
[ patis 0y e = (W= = (w0 i1y

(10) n!

b
_/ pnfl(t)f(n_l) (t) dta
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Meanwhile,

b
(13) / Pa(®)[F) (1) — ] dt
b
< / pa(®)] | £ () — ~| dt

b
< max |pa ()| / (F (8) = ) dt

RER

< max{ (u—a)" (b—u)" } |:f(n—1)(b)_f(n—1)(a)

nl 7 nl b—a

—| (b—a).

The right inequality in (7) follows from combining (12) with (13).

The left inequality in (7) follows from similar arguments as above.
O
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Theorem 2. Let f(t) be n-times differentiable on the closed interval
[a,b] such that y < f™(t) <T fort € [a,b] and n € N. Then

£ o (5 )

' b
< (-1 / f(t)dt

14 . , .
( ) + z:l (b_a’)n_l (_1)n+1 + (_1)1 f(n—i—l) (a’+b>
—~ (n—1)! i 2
1 (b—a)™*! 1+ (-1)"
< 2-Y ST 1) 4.
=0 ql vt St 7
Proof. This follows from taking u = (a + b)/2 in inequality (7). O

Remark 1. If taking n = 2 in (14), the double inequality (5) follows.
O

Theorem 3. Let f(t) be n-times differentiable on the closed interval
[a,b] such that v < f0)(t) < T fort € [a,b] and n € N, and u € R.
Then

B ‘a_u‘n |b—u|” (b_u)n+1 _ (a_u)n-',-l
[(b @) max{ n! 7 nl + (n+1)! 7
—(b—a)S max{a_u|n |b—u|"}

n! n!

b
<1 [ sy
n—1 (b — )t (n—i—1) —(aq — y)"? (n—i—1) a
LRy 00~ a0
=0

(n —1)!
< {(b — a) max { |a ;!“Vl’ |b _n|u|n } + (b— “)n; —1—_ iﬁ)l!_ u)" r
—(b—a)S, max{ la ;L!u|"’ b ;L'UP} .
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Proof. Define

t—u)”
(16) w) =" uer
By direct computation, we have
b n+1 n+1
(b—uw)"* —(a—u)
1 t)dt = .
(1) | anttrd o

Integrating by parts and using mathematical induction yields

b b
/ an(t) f () dt + / Gn—1(t) f 1 (t) dt

(18)
_ (=) f D) — (a—w)"f" "V (a)
n! ’
and then
(19) L

; (b_u)n—lf(n—l—l (b)— (a_u)n—if(n—i—l) (a)
(n —1)! :

17) and (19) and direct calculation yields
b
JRCIENRIO
(b_u)nJrl _ (a_u)nJrl

L b
I e R ]
N S(_1)1+1 (b_u)nfif(nfifl)(b)_(a_u)n*if(n*ifl) (CL) '

pard (n—1)!

=Y -1

1=

\lo

Making use of

7y

It is easy to see that

b
/ 4 () [y — £ (0)] dt

b
@) < ma (0 / (F™ (1)

te(a,

< max{ o] o) [f(””(b)—f("”(a)

n! 7 nl b—a

=7 (b—a).
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The left inequality in (15) follows from combining (20) with (21).

The right inequality in (15) follows from similar arguments as above.
O

Theorem 4. Let f(t) be n-times differentiable on the closed interval
[a,b] such that y < f™(t) <T fort € [a,b] andn € N. Then

g [ ) s
b
< (-1 / £ty dt

(21O @) + (D)
* Z (n—1) i

(22)

Proof. This follows from taking v = (a + b)/2 in (15). O

Corollary 1. Let f : [a,b] — R be a twice differentiable mapping on
[a,b] and suppose that v < f"(t) <T fort € (a,b). Then we have

(23)

2 —36. b 2I'—3S

Proof. 1f setting n = 2 in (22), then inequality (23) follows. O

3. More general generalizations. In this section, we will
generalize Hermite-Hadamard’s inequality to more general cases with
the help of the concept of harmonic sequence of polynomials.
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Definition 1. A sequence of polynomials {P;(t,z)}°, is called
harmonic if it satisfies the following Appell condition

(21) Py 2 P a2 p

and Py(t,x) = 1 for all defined (¢,z) and i € N.

It is well-known that Bernoulli’s polynomials B;(t) can be defined by
the following expansion

(25) efei _ f:o Bz_ft) 2, |o| <27, tER,

and are uniquely determined by the following formulae

(26) Bi(t) =1iB;_1(t), Bo(t)=1;

(27) Bi(t+ 1) — B;(t) = it" .
Similarly, Euler’s polynomials can be defined by

(28) efefl = ; E;Et) @, |z|<m teR,

and are uniquely determined by the following properties

(29) Ei(t) =iEi—1(t), Eo(t) =1

(30) Ei(t+ 1)+ E;(t) = 2t".

For further details about Bernoulli’s polynomials and Euler’s polyno-
mials, please refer to [1, 23.1.5 and 23.1.6] or [12]. Moreover, some new
generalizations of Bernoulli’s numbers and polynomials can be found
in [7, 8, 9, 10].

There are many examples of harmonic sequences of polynomials. For
instance, for i being a nonnegative integer, ¢,7,6 € R and 7 # 0,

[t— (N0 + (1= N)7)]

il

(31) Pi(t) £ Pa(t;7;60) =

3

@ Re0 Rt - T 5 (20),




HERMITE-HADAMARD’S INEQUALITY 243

As usual, let B; = B;(0), ¢ € N, denote Bernoulli’s numbers. From
properties (26) and (27), (29) and (30) of Bernoulli’s and Euler’s
polynomials respectively, we can obtain easily that, for i > 1,

1
(34)  Bi41(0) = Bip1(1) = Biy1, Bi(0) = —Bi(1) = 5
and, for j € N,
2 ,
———— (27t —1)B; ;.
j+ 1 ( ) Jj+1
It is also a well-known fact that Bg; 11 = 0 for all i € N.

(35) E;(0) = —E;(1) =

Theorem 5. Let {P;(t)}2, be a harmonic sequence of polynomials,
let f(t) be n-times differentiable on the closed interval [a,b] such that
v < fM(#) <T fort € [a,b] and n € N. Let a be a real constant.
Then
36 P,(t S,

(36) [+ max [Pa(t) + o

)

P, - P,
—(max Pa0) o]+ 2O =Rl o) p
te(a,b] b—a

) 1 ,P, b) D ()= P;(a) O (a
et [k [ 3y sl

< [a — max |P,(¢) + oz|}5

\ N

tela,b]
+ | max |P,(t) + a| — Pry1(b) = Poya(a) —a|T
t€[a,b] b—a
and
37 — P,(t Sh
(37) [oc— max [Pa(t) + o]
P, 1(b)— P,
+ (max |Pn(t) + o — +1(0) +1(0) —a) 0l
t€la,b b—a
< n+1l / f dt—l—z 2P7 fl- 1>(b) P(a)fﬁ 1)(a)]

< [a—l—trél[ax | Py, (¢ )+a|}Sn

P, - P
—(max |Po(t) + o] + n+1(b) "H(a)—i—a)v.
tela,b] b—a
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Proof. By successive integration by parts and mathematical induction
we obtain

b b
(-1)" / Py (1) £ (1) dt — / £(t)dt
(38) a . a

=Y (D' [POFDO) - Pi(a) V()]
i=1
Using the definition of the harmonic sequence of polynomials yields

b
(39) / Po(t) dt = Posr(b) — Posa ().

Using (38) and (39) gives us

b
[ [Pa(t) + 0] [T - £ )]t
n+1 b _ a
ay =5 [raa (B =Bl
e Pi(b)f(i_l)(bi - fi(a)f”‘”(a) oS,

Direct calculation shows

i [ PO+ el - )

(41) <

b
max |P,(t) + af / [T — ™ ()] at

b — a tefa,b]
[SUE IO
b—a

= max |P,(t) + o
te(a,b]



HERMITE-HADAMARD’S INEQUALITY 245

From combining (40) with (41), it follows that

[a—l—tren[afc [P (t) + ]S,

— ( max | P, (t) + af + Pra(b) = Poia(a) —i—a)l"
tela,b] b—a

n+1/f

) ) G=1)(p) — Pi(a) F—D(q
+Z(_1)n+z+l Pl(b)f (bz_?( )f ( )

< [a— max |P,(t) + al] S,

t€la,b]
Poi1(b) — P,
—|—<max |P,(t) + of — #1(0) H(a)—a)F.
t€la,b] b—a

The inequality (36) follows.

Similarly, we can obtain the inequality (37). i

Remark 2. If taking Py(t) = (t — (a +b)/2)?/2, a = —(b—a)?/8, and
n =2 in (36) and (37), then the inequality (6) follows easily.

Remark 3. If setting P, (t) = gn(¢) and o = 0 in (36) and (37), then
we can deduce Theorem 3 from Theorem 5.

Theorem 6. Let {E;(t)}2, be the Euler’s polynomials and {B;}2,
the Bernoulli’s numbers. Let f(t) be n-times differentiable on the closed
interval [a,b] such that v < f((t) <T fort € [a,b] and n € N. Then
(43)

(a—b)" Kmax VB, (1)) + &2_1))3"@ P~ max |E, ()|sn}

n! t€[0,1] (n+1)(n+2 te[0,1]
t)dt
< / £
[(n+1)/2] b ‘ A
+2 Z 2[00 @) 4 R (1 - 49 B

(a—b)” 4(2n+2 — 1)
< {m[ 0150~ e 1520 = gy s ) 1]
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and
(44)
(a—b)n 4(2n+2 _ 1)
n! Lgl[gﬁi [En(t)|Sn — (J&S"ﬁ Ol o s v Bn+2) 7]
- b a/ 1)
[(n+1)/2] (b a) |
+2 Z (1—47‘)T |:f(2 i—1)) ( )+f(2(171))(b)1| Bo;
(a—b)” 4(2n+2 _ 1)
< 7 | PO+ G gy o) 1~ i 101

where [z] denotes the Gauss function, whose value is the largest integer
not more than x.

Proof. Let
B N (b—a) t—a
Then, we have
_(b—a)"

(46) Jnax [Pa(t)] = — e |En (1)1,
and

P,i1(b) — P,i1(a 4(2"2 — 1) (b—a)”
(47) +1(b) +1(a) 4 ) (b—a) Byin.

b—a n+ 2 (n+1)!

Using formulae (35) and straightforward calculation yields

(48)

Sy BOSTDE = P/ )

=3 O ()0 - B
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=3 O ) [0 )+ 10

=23 -1y O [0 @) + D)) (2 - 1By

i=1 (Z + 1)'
(n+1)/2] 2(i—1) )
-9 Z (1_41) (b é)z) [f(2z 1)) ( )+f(2(171))(b):| B2i~
i=1

Substituting (45), (46), (47) and (48) into (36) and (37) and taking
a = 0 leads to (43) and (44). The proof is complete. o

Theorem 7. Let {P;(t)}2, and {Q;(t)}2, be two harmonic se-
quences of polynomials, a and (3 two real constants, u € [a,b]. Let
f(t) be n-times differentiable on the closed interval [a,b] such that
v < fM(t) <T fort € [a,b] and n € N. Then

b—a + b—a

(a = Bu+ (b — aa)
b—

< [ wa

+Z 1y QS B) = Pia) 147D a)

b—a

|:Qn+1(b) — Poyi(a) | Poyi(u) = Quii(u)

_|_

+C(u)|v—C(uw)S,

(49)
+Z n+zw‘f@ 1)( )
N gf(n 1) (bl)):zf(nfl)(a) N (a— @i(:fl)(u)
[Qnﬂ( ) = Pati(a) n Pry1(u) = Qny(u)
b—a b—a
+(a—6)’tzw:g)ﬂ—aa)

—Cu)| v+ Cu)S,
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and
{Qn+1(b) — Puii(a) . Pri1(u) = Qnya(u)
b—a b—a
G m“;_(bﬂ =99 _ )| T+ cw)s,
2
Z 1yt Qi( )f(ifl)(bl)) — Pi(a) f"V(a)
(50) - -
Z n+z l)) - fi(u) f(ifl)(u)
n prin— (bl); - Zéf("fl)(a) + (o — 51)){(:1)@)
[QnJrl( ) = Pati(a) n Pry1(u) = Qny(u)
b—a b—a
Lle- 5)";: S’ﬂ —aa) | C(u)} T — C(u)Sh,
where

61 Clu) = max s [P0) + . g [Qu(0) +1}

tela,u]

Proof. Define

(52) Yn(t)

Il

—
v
=

+

Q

~

m
=)
R

It is easy to see that

/awn t)dt = /’(/)n dt—i—/wn t)dt

= [Qn+1(b) — Pot1(a)] + [Pt (u) — Qi (u)]
+ (a = Blu+ (bf — aa).
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Direct computation produces

b u b
/ () ) (1) dt = / Bt O (1) it + / Bt (1)

-1" / F0dt + (o - 97D )

+i 74 [Qu(b)/D (1) - Pila) /S a)

+§nj Y [Byu) — Qu(u)] £ ()
[ﬂf(” OB af("-”(a)} ,

and

b
< max [0a(0)] [ (£ =) de

Combining (53), (54), (55) and rearranging leads to (49).

The inequality (50) follows from the same arguments. The proof is
complete. a

Remark 4. If taking v = b in Theorem 7, then Theorem 5 is derived.

Remark 5. If taking o = 8 = 0, P;(t) = ((t —a)i/i!) and Q,(t) =
(t — b)t/i! in Theorem 7, then Theorem 1 follows.

Remark 6. Tf f(™(t) >0, or f(™(t) <0, for t € [a,b], then we can set
v =0, or I' = 0, and so some inequalities for the so-called n-convex, or
n-concave, functions are obtained as consequences of theorems in this
paper, which generalize or refine the well-known Hermite-Hadamard’s
inequality.
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