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SUMMABILITY OF SPLICED SEQUENCES
JEFFREY A. OSIKIEWICZ

ABSTRACT. A spliced sequence is formed by combining
all of the terms of two or more convergent sequences, in their
original order, into a new “spliced” sequence. We investigate
which nonnegative regular matrices will sum spliced sequences
and to what value, and provide examples illustrating these
results.

1. Preliminaries. Let ¢ denote the set of convergent sequences and
¢o the set of null sequences. We write e := {1, 1,1, ...} for the sequence
all of whose terms are 1. If z := {x,,}°2 ; is a complex number sequence
and A := (an) is a summability matrix, then Ax is the sequence
whose nth term is given by (Az), := > -, an,zk. The matrix A
preserves zero limits if z € ¢g implies Az € ¢y, is regular if lim,, z, = L
implies lim,,(Az), = L, and is t-multiplicative, t € R, if lim, 2 = L
implies lim, (Az), = tL. The well-known Silverman-Téeplitz theorem
characterizes regular matrices, see [1].

Theorem 1.1 (Silverman, Téeplitz). The matriz A = (ank) is
reqular if and only if it satisfies the following three conditions:

(Spo) lim, an k=0 for each k =1,2,3,...;
(Zsy) limy, > 5oy ank = 1;

(Zn) sup,, > 72 lan k| < .

It can be shown, see [1], that A preserves zero limits if and only if it
satisfies conditions (Spg) and (Zn), and is t-multiplicative if and only
if it preserves zero limits and satisfies

(Zs) lim,, Y ooy ang = t.

Let A be a nonnegative regular matrix and F a subset of N. Following
Freedman and Sember [3], we define the A-density of F, denoted § 4 (F),
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by

keE k=1

provided this limit exists. (Here, X g denotes the characteristic sequence
of the set E.) If A is the Cesaro matrix Cy, then the C;-density of E is
called the natural density of E and is denoted §(FE). If E is considered
as the range of a strictly increasing sequence of natural numbers, say
E = {v(j)}32,, then an elementary result concerning natural density
is that

. J
1.1 S(E) = lim ——,
provided this limit exists, see [6].

Let A := (anx) be an infinite matrix and E := {v(j)} an infinite
subset of N. Define the column submatrix A := (d, ), where
dnk = Gy (k). Then if x is any complex number sequence,

%) (oo}
(a12) = kzﬂ dp kT = ;; U (k) -

Theorem 1.2. Let A be a nonnegative reqular matriz and FE =
{v(§)} an infinite subset of N. If 4(E) exists, then AP is §,(F)-
multiplicative. Conversely, if AP is t-multiplicative, then §4(E) exists
and equals t.

Proof. Since APl is a column submatrix of A, AP satisfies conditions
(Spo) and (Zn) of Theorem 1.1. Also note that, for any n,

(A[E]e) = Zan,y(k) = Z k-
" k=1 kEE
Thus, if 64 (F) exists, then AF] is § 4 (F)-multiplicative. Conversely, if

AlF] is t-multiplicative, then

t = lim (A[E]e) = lim Zan,kZ(SA(E)- O
" n—wokEE

n— o0
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2. Finite splices.

Definition 2.1. Let N be a fixed natural number. An N-
partition of N consists of N infinite sets By = {v1(j)}52,, B2 =
{2(j)}52. ... . Ex = {vn(j)}52, such that N = J| E; and E; N
Ey =@ for i # k.

Definition 2.2. Let {E4,...,En} be a fixed N-partition of N. For
i=1,...,N, let (0 := (%('2))]0,.;1 be a convergent complex sequence
with lim; 'yj(.i) =T, Then the N-splice of the sequences v(1), ... ~N)
over the N-partition {F1, ..., Ex} is the sequence x defined as follows:

if n € By, then n = v;(j) for some j. So let x, = x,,(;) = ”y](i).

Example 2.3. Consider the 3-partition

By :=1{1,3,5,7,9,11,13,...},
By :={2,6,10,14,18,22,26,...},
E5:={4,8,12,16,20,24,28, ...},

and the convergent sequences a := {a;},b:= {b;},c:= {¢;}. Then the
3-splice of the sequences a, b, ¢, over the 3-partition {E, Eo, E3} is the
sequence

T = {ala b17 ag, Cc1,as, b27 a4, C2, 05, bg,(l@,Cg, ar, b4>a8>c4>a9> e } .

Note that an N-splice is necessarily a bounded sequence with at most
N limit points (the values of I'™ need not be unique). Conversely, if =
is a bounded sequence with N distinct limit points TV, ... TN) then
it is clear that there exists an N-partition {E1,..., En} such that z
is an N-splice over {E1,...,En}. Of course, this N-partition is not
unique.

The formal definition of a spliced sequence is new to the literature,
but the idea has appeared in earlier work. In [7] and [8], Rhoades
examined matrix summability of splices over N-partitions of the form

E; == {Nj— (N -4}, i=1,...,N. Also in [2] and [4], Cooke,
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Barnett and Henstock investigated to what value a regular matrix will
sum a bounded divergent sequence. Their results have a natural tie-in
to matrix summability of spliced sequences.

Definition 2.4. Let A be a regular matrix and consider a fixed N-
partition {Ey,...,Ex}. Then A is said to have the splicing property
over {E1,...,En} provided that A sums every N-splice over the N-
partition {F1,...,En}.

Theorem 2.5. Let A be a nonnegative reqular matriz and {E1, ... ,
En} a fized N-partition of N. If §4(E;) exists for eachi=1,... ,N,
then A has the splicing property over {E,... ,Ex} with

N
lim (Az), = > da(E;)"
=1

for every N-splice x over {E1,... ,En}.

Proof. Assume that §4(E;) exists for each i = 1,... , N, and let = be
an N-splice over the N-partition {E1, ..., Ex}. Then, for a given n,

0o N
(Ax)p = anpar =Y ( > anﬁxk)
i=1 “keE;
(Zanmn%u))
1
< Z anlll(j)’}/j )
1

(z))

>
Il
—
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By Theorem 1.2, AP is § 4 (E;)-multiplicative. Hence,

N N
, _ i El,0) — N [Ei] ()
Jm (A= Jim 3 (450 0) =3 i (4510)

i=1 "

N
= 0a(E)T.
=1

Thus, z is A-summable to Eiil 54(E;)T® and therefore A has the
splicing property over {E1,... ,Enx}. mi

We note that the hypotheses in Theorem 2.5 can be weakened to
require only that A be regular and AP multiplicative for each i =
1,...,N. However, the requirement that A be nonnegative enables us
to utilize the concept of A-density, which can be advantageous. The
examples in Section 5 will illustrate this advantage. To see that the
nonnegativity in Theorem 2.5 can be removed, we note that in [2],
Cooke and Barnett proved that if x is a bounded sequence with N
limit points I1,ls,...,lx, then a sufficient condition that z should
be summable by a regular matrix A is that A should sum each of N
particular sequences of 0’s and 1’s suitably constructed from the given
sequence z. While not using the idea of a spliced sequence per se, their
proof of this result amounts to finding an N-partition {E1,...,En}
such that x can be written as an N-splice over this partition. The
requirement that A sums N particular sequences of 0’s and 1’s will
then imply that AP is multiplicative for ¢ = 1,...,N, and their
result follows.

Recall that a matrix A is strongly regular if it sums every almost
convergent sequence. That is, A is strongly regular if

1 m—+n
lim — g z; = L, uniformly in m,
n—oo n
i=m-+1

implies lim,, (Az), = L, see [1]. In [8, Theorem 1], Rhoades proved
the following theorem concerning summability of N-splices by matrices
that are strongly regular.

Theorem 2.6 (Rhoades). For a given N, consider the N -partition

E; == {Nj— (N —-i)}32,,i=1,...,N. Then any strongly reqular
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matriz A has the splicing property over {E1,... ,En} with

n—oo

| X
i - ()
lim (Az), = N E Y,
i=1
for every N-splice x over {E1,... ,En}.

The next theorem shows that a regular matrix A cannot have the
splicing property over every N-partition, where N > 2.

Theorem 2.7. Let A be a reqular matriz. Then for any N > 2,
there exists an N-partition {E1,...,EN} such that A does not have
the splicing property over {E,... ,En}.

Proof. By a theorem of Steinhaus [10], there exists a sequence x
consisting of 0’s and 1’s that is not A-summable. So, for a fixed N > 2,
consider the N-partition {E1,...,En} where By := {n : z, = 1}
and Fs,...,EN, are constructed so that they are disjoint, infinite,
and UN,E; = N\ E;. Then z can be treated as an N-splice of the
constant sequences ¥(1) := 1 and 4(¥) := 0 fori = 2,... , N, over the N-
partition {F1,..., Ex}. Hence, A does not have the splicing property
over {E1,...,En}. O

It is now natural to ask the following question: if A is a regular
matrix that sums an N-splice over an N-partition {E1,..., Enx}, with
I'® all distinct, will A sum all N-splices over {Ej,...,Ex}? That
is, will A necessarily have the splicing property over {Ei,..., En}?
The following results address this question. We begin, however, with a
theorem regarding matrices that preserve zero limits.

Theorem 2.8. Let A be a matriz that preserves zero limits. If
there exists a sequence vy € ¢\ ¢g that is A-summable to L, then A is
L/T-multiplicative, where lim,, v, =T # 0.

Proof. Since A preserves zero limits, it satisfies conditions (Spg) and
(Zn) of Theorem 1.1. Hence we need only show that lim, >, anr =
L/T. Since lim, vy, = T' # 0, we may write v, := Ie, + ¢,, where
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e:={1,1,1,...} and lim, &, = 0. Then, for a given n,

(oo} (oo} (oo} oo
(A7), = ansy =Y ank Tex +ex) =T > anker+ Y _ an i
k=1 k=1 k=1 k=1

Since v is A-summable to L and A preserves zero limits, we have

L = lim (Ay), =T lim Za”vk + lim Zamksk

e k=1 k=1
o0
=T lim Y ank+0.
That is, lim,, ), ankx = L/T" and hence A is L/T-multiplicative. O

Theorem 2.9. Let x be a 2-splice of the sequences vV and v over
the 2-partition { Ey, By}, with T £ T If A is a nonnegative regular
matrixz that sums x to the value L, then both d4(FE1) and d4(Es) exist
with

ré_r L—-1TWm

5A(El) = @ _10 and 5A(E2) = '@ _rm

Proof. Let x be a 2-splice of the sequences (') and v(?) over the
2-partition {Ey, Fy}, with ") # T and assume z is A-summable
to L. Since AF1 and AlP2] are column submatrices of A, they satisfy
conditions (Spo) and (Zn) of Theorem 1.1. Hence, AP\l and AlF2]
preserve zero limits. We write Ey := {v1(j)} and E2 := {1v2(j)}. Then,
for a given n,

(4 (r-10)), =S an (0 -10)
n =1
) (17 =T) + 3 gy (o7 - 1)
j=1

— (A[El] (v“) _ 1"(1)>) + (A[Ez] (7(2) _ 1"(1))) _

PH18 I

<.
Il
—
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Since v() — T € ¢4, we have

(A[Ez] (7@) _ I‘(l))) — (A (m _ I‘(l))) _ (A[El] (7(1) _ 1"(1)))
' =L-1® +o(1).n '
Hence, v?) — TM is AlP2l_.summable to L — I'D. Since 42 — T ¢

¢\ ¢o, Theorem 2.8 implies that AlP2] is t-multiplicative, where ¢t =
(L —TW)/(I® —TW). By Theorem 1.2, §4(E>) exists with

L-T®M
5A(E2) = '@ _1rm"
Lastly, it is clear that

L-T® r®_rp
TTO_T0 T @ _1Mm"

SA(E1) =1—8a(Bs) =1

We note that, as in Theorem 2.5, the requirement that A be nonneg-
ative in Theorem 2.9 enables us to make use of A-density. Accordingly,
with the appropriate modifications, this requirement may be dropped
yielding the following corollary.

Corollary 2.10. Let x be a 2-splice of the sequences vV and ~3
over the 2-partition {E1, By}, with TM £ T3 If A is a reqular matriz
that sums x, then A has the splicing property over {Eq, Es}.

One may now conjecture that, for N > 3, if a regular matrix A sums
an N-splice over an N-partition {F,...,Ey}, with T all distinct,
then A will sum all N-splices over {Fy,...,En} (and hence have the
splicing property over {E1, ..., Ex}). Unfortunately this conjecture is
shown to be false in the following example.

Example 2.11. We construct a 3-splice z over a 3-partition {Ey, Ea,
Es}, with I, 7@ 16 all distinct, such that z is Cj-summable to 0,
but §(F1),0(Es), and §(Es) do not exist.

Let Ey := {v1(n)} be an infinite subset of N such that v4(n) +1 <
vi(n+ 1) and §(E;) does not exist. (We note that it is not difficult
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to construct a set E; having these properties.) Define Fy := {1v2(n)}
by va(n) := v1(n) + 1. Then E, is infinite, §(F>) does not exist, and
EiNEy; =@. Lastly, let E5 := {v3(n)} = N\ (E; U E3) and note that
F5 is infinite and does not have natural density.

Define a 3-splice = over {E, Ea, E3} by 'yj(-l) =1, 'yj(-Q) := —1, and
75—3) := 0. We claim that x is Ci-summable to 0. Observe that, for a
given n,

(€l =]z 3wt 3wt 3w

kEE, k€EE, k€ E3
1<k<n 1<k<n 1<k<n
1 DO S T DI I VL
= n v+ v+ 7
{i:v1(G)<n} {iva(i)<n} {ivg(i)<n}
1
{jv1(G)<n} {jva(f)<n} {jvz(G)<n}
1
= — E 1-— E 1
n
{iv1(G)<n} {jv1()+1<n}
1
= — E 1— E 1
n
{jiv1(G)<n} {jiv1(G)<n—1}
1
< —.
n

Thus z is C1-summable to 0, but §(E), §(E2), and §(E3) do not exist.
3. Infinite splices.

Definition 3.1. An oco-partition of N consists of an infinite number
of infinite sets E; := {v;(j)}52,, i € N, such that N = [JZ, E; and
E;NE, =9 for i # k.
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Definition 3.2. Let {E;} be a fixed oco-partition of N. For ¢ € N, let
YD = (532
Then the oo-splice of the sequences v(¥), i € N, over the oo-partition
{E;} is the sequence z defined as follows: if n € E;, then n = v;(j) for

some j. So let z,, = 1,,(;) = 7§i).

2, be a convergent complex sequence with lim; 'y( R O}

Note that an co-splice is not necessarily bounded.

Definition 3.3. Let A be a regular matrix and consider a fixed oco-
partition {E;}. Then A is said to have the splicing property over {E;}
provided that A sums every bounded oo-splice over the oo-partition

{E:}

Theorem 3.4. Let A be a nonnegative reqular matriz and {E;} an
oo-partition of N. If §o(E;) exists for every i and )y, 04(F;) =1, then
A has the splicing property over {E;} with

lim ( Azn—z5,4 re,

n—oo
i=1
for every bounded co-splice x over {E;}.

Proof. Assume that 64 (FE;) exists for every i, Y. 04(E;) = 1, and let
x be a bounded oo-splice over {E;}. Then, for a given n,

(Ax)p = anpar =Y ( > amxk)
=1 “keE;

Za”l’v(wx%m)
1

(
(A “)) :

>
Il
—

tqu

7

tqu

7

tqu

IX
—

7
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For a fixed n, define f,, : N — C and ¢, : N — C by
fn(3) == (A[Ei]’y(i)) and gn(i) =M (A[Ei]e) ,

where M := ||z|/c. Since d4(F;) exists for every i, by Theorem 1.2,
AlE] is § 4 (E;)-multiplicative. Thus,

JG) 1= lim fui) = Tim (AFO) 5, (BT,
and
g(i) := lim g,(i) = lim M (A[E"’]e) = Mos(E;).

n

If i represents counting measure, we have

lim | gu(i)dp= lim Y M (A[Ei]e>
n—oo Jig n—oo ] n

- Mnlinéo f: (Z an,k)

i=1 \k€E;

oo
=M lim E ;-
n—oo
k=1

Since A is regular and >, d4(E;) =1,

o0 (o]
lim [ g,(i)dp= M lim Zamk =M-1= MZ&A(Ei)
n—oo N n—oo k:l
= / 9(1) dp.
N

(3.1) lim gn (1) dpt :/ lim g, () du.
N N

n—oo n—oo

i=1

That is,

Also, for every n,

(@) = | (4P4)

- 0)
= Z vy
(3.2) =t
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Thus, (3.1) and (3.2) enable us to invoke the Lebesgue Dominated
Convergence theorem to yield

1= 1=

= 6a(E;)r®.
i=1

Hence z is A-summable to >, 64 (E;)I'D and consequently A has the
splicing property over {E;}.

We note that Henstock [2, Theorem I] has proved the following
theorem concerning matrix summability of bounded sequences.

Theorem 3.5 (Henstock). Let A := (an ) be a real regular matriz,
and let {z.} be a real sequence such that |zi| < B for every k. Suppose
that {x(k)}, k = 1,2,..., is the subsequence of the positive integers
such that zyy < @, and let g (x) == Y 1" 1 Gy u)- If gn(x) tends to a
limit g(x) as n — oo for all x in (—B, B), then

o0 B
nlirr;oZan7kzk :/_Bxdg(x).
k=1

Cooke and Barnett’s result concerning matrix summability of se-
quences with a finite number of limit points is a corollary of this theo-
rem.

While Henstock’s result does yield the limiting value of the A-
transform of a bounded sequence, it requires the evaluation of a possibly
difficult Riemann-Stieltjes integral. In contrast, Theorem 3.4 gives the
limiting value of the A-transform of a bounded oco-splice in terms of the
sum of the A-density of the sets {F;}, which can be beneficial.

Thus, a nonnegative regular matrix A will have the splicing property
over {E;} provided d4(E;) exists for every i and > ,04(E;) = 1.
We next investigate the existence of those matrices that have these
properties. Let s := {s,} be a given sequence. Then for each
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point y in the interval (0, 1], associate the sequence {span(y)}52,
where a,(y) is the nth digit in the nonterminating binary expansion
0.a1ga3 -y, -+ of y. In [5, Theorem 5.7], Hill proved the following
result.

Theorem 3.6 (Hill). Let A := (a, k) be any matriz method, and let
{sn} be A-summable to s # 0. If

= 1

2 2
E an,ksk =0 (10 ’I’L) ;
k=1 &

then almost all of the sequences {span(y)} are A-summable to s/2.

The next theorem gives a sufficient condition guaranteeing the exis-
tence of an oco-partition {F;} such that §4(F;) exists for every ¢ and

Ei da (El) =1.
Theorem 3.7. Let A be a nonnegative reqular matriz such that

> 1
3.3 2 = }
(33 >t =o(igm)

Then there exists an co-partition {E;} such that §4(E;) exists for every
iand ), 04(E;) = 1.

Proof. Let A be a nonnegative regular matrix satisfying (3.3). Since
e :={1,1,1,...} is A-summable to 1 and Y, a2 ,e; = o(1/logn),
by Theorem 3.6, almost all sequences of 0’s and 1’s are A-summable
to 1/2; choose one, say X;. Then the sequence X; determines a set
E, C N where Ey := {m : X1(m) = 1}. Since A is regular and X; is
A-summable to 1/2, F; and its complement E; must be infinite. We
write Ey := {v1(j)} and E; := {71(j)}. Then

: o 1
6a(Br) = lim D an = lim > anixa(k) = 3.
keEy k=1

Now consider the matrix AE1). Tt is clear that e is AE1-summable
to 1/2 and Y, a? W(k)e% = 0(1/logn). Hence Theorem 3.6 implies
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the existence of a sequence Xs of 0’s and 1’s such that Xo is AlE]
summable to (1/2)/2 = 1/4. Then X determines a set Ex C E; where
Ey = {71(j) : X2(j) = 1}. Since AP is 1/2-multiplicative and X,
is AE1l_summable to 1 /4, By and its complement E5 must be infinite.
Also note that £1 N Ey = & and

oo

, : L1

6a(Ez) = lm ) ank = nlgngoz%mﬁxz(ﬁ =1
keE, j=1

By induction, for a given ¢, we have the existence of a set E; C N such
that E; is infinite, E; N E, = @ for all k < 4, and 64 (F;) exists with
5a(E;) = 1/2% Thus,

oo o 1
;5,4(&) =) 5=1

= =1

Now consider the set Ey := N\ ;2; E;. We claim that d4(Ep) = 0.
Note that

0 < limsup Z (n, = limsup (ianﬁk — Z an,k)

0 keR, e N =1 kg Eo

=1 — liminf Z G

n—oo

k¢ Eq

=1 —117{£1£f§: ( > an,k)

i=1 “keE;
=1-Ilim infz <A(Ei)e> .
i=1 n

By Fatou’s lemma,

oo
0 <limsup > an <1- liminf (4Fe)

n—oo n—oo

ke Ey =1

=1-> da(BE)=1-1=0.
i=1
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Thus,
04(Ep) = lim Z an k= 0.

n—oo

keEy
If Fy is infinite, consider the oo-partition {E;}$°,. If Ey is finite (or

empty), take Ef := EqgU Ey, and EY U{E;}52, is the partition we seek.
]

Hence, if a nonnegative regular matrix satisfies (3.3), then it will
determine an oo-partition {E;} such that it has the splicing property
over {F;}. Conversely, the following corollary shows that for a given
oo-partition {F;}, there exists a nonnegative regular matrix that has
the splicing property over {E;}. However, we first prove the following
theorem.

Theorem 3.8. Let {E;} be an oco-partition of N and {t;} a sequence
of nonnegative numbers such that ) ,t; = 1. Then there exists a
nonnegative reqular matriz A such that, for every i, 65(E;) exists and
equals t;.

Proof. Let {E;} be an oo-partition of N, E; := {v;(j)}, and {¢;} a
sequence of nonnegative numbers such that ), ¢; = 1. Define a matrix

A= (an) by
an | —
' 0 otherwise.

Observe that, for every k, lim,, a, = 0, and, for every n,
o0
PRI SrAS —th =1L
k=1 =1

Hence A is regular and, for a given i and n,

A XE Z ank—zanu,(J _anm(n): i

keE;

Thus,
5A(Ez) = lim (AXEl)n = lim t; = ¢;. ]

n—oo n—oo
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Corollary 3.9. Let {E;} be an co-partition of N and {t;} a sequence
of nonnegative numbers such that ) ,t; = 1. Then there exists a
nonnegative reqular matriz A such that A has the splicing property over

n—oo

lim (Az), = Ztif(i),
i=1
for every bounded oo-splice x over {E;}.

The proof of this corollary is a direct application of Theorems 3.4
and 3.8.

4. Examples. In this final section, we present examples illustrating
the ideas presented in the previous sections. We limit our examples
to the Cesaro matrix C and its associated natural density. We begin
with three examples of oco-partitions.

Example 4.1. For every i € N, let E; := {2°"1(2j — 1)}32,. Then
clearly each Fj; is infinite, N = Ufil E;, and E; N B, = @ for i # k.
By (1.1), for every 4,

: J 1
0(F;) = lim ———— = —.
(Bi) = Jim 2i-1(2j —1) 2

Hence, {E;} is an oo-partition of N such that for every 4, 6(E;) = 1/2¢,
and ) . 0(E;) = 1.

Example 4.2. Construct an oco-partition of N as follows: let F;
be the set of squares, E5 the set of squares plus one, and E3 the set
of squares plus two. The set E, is the set of squares plus three, less
any previously used terms. In general, the set F; will be the set of
squares plus ¢ — 1, less any previously used terms. That is, for ¢ > 1,
E,={2+({—-1) 721i/2)» Where [i/2] denotes the greatest integer less
than or equal to i/2. Then for every 4, E; is infinite, N = | J;2, E;, and
E;NE, =@ for i # k. Also, by (1.1),

§(Ey) = lim 2% =0,

j—oo j2
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and for i > 1,

5(E;) = lim J

=0
j—oo 2 4 (i—1)

Hence, {E;} is an co-partition of N such that for every i, §(E;) = 0.

Example 4.3. Construct an oo-partition of N as follows: let
By = {2j — 1}, and Ey = {12(j)}32,, where 15(1) := 2 and
va(j) == [2(j — 1))? for j = 2,3,.... The sets F3, Ey, E5, Eg, and Ey
are the set of even squares plus 2,4, 6,8, and 10, respectively. The set
FEj is the set of even squares plus 12, less any previously used terms. In
general, the set F; will be the set of even squares plus 2(i — 2), less any
previously used terms. That is, for i > 3, E; := {(2j)2+2(i—2)}]°.‘;[i/4],
where [i/4] denotes the greatest integer less than or equal to i/4. Then
for every i, E; is infinite, N = Ufil FE;, and E; N Ey, = @ for i # k.
Also, by (1.1),

_ g _1
OB = lim oo = 5
J
0(E3) = lim - =0,
(E2) = I G-
and for i > 3,
§(E) = lim —— 9 .

oo (2)2 4 2(i — 2)

Hence, {E;} is an oco-partition of N such that §(E;) = 1/2 and

We next present examples illustrating Ci-summability of spliced
sequences.

Example 4.4. Find the C;-limit of the sequence = defined by

(2m+1)/m ifn=3m—2for somem=1,2,...,
Tyn = § arctanm if n=3m —1 for some m=1,2,...,

1/m, if n =3m for some m =1,2,....
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That is, find the Cy-limit of

1 1
T = {\/?, arctan(1), 1, \/g, arctan(2), 3 \/g, arctan(3), 3 } .

Observe that z is a 3-splice of the sequences v, ~(2) 43) over the
3-partition {Ey, Fy, E3}, where

[2j 41 5 1
7 = —j;r .y =arctanj, yfY = 7

E, :={3j— 2};-”;1, Ey :={3j — 1};-”;1, and Fs3:= {3j};’°;1

and

By (1.1), 6(E1) = 6(E2) = 6(k3) = 1/3. Since lim;~; M = /2,
lim;; %(_2) = 7/2, and lim; 7j(.3) = 0, Theorem 2.5 yields

3

lim (Cyz), =Y 6(E;)I' =

n—oo ‘
=1

V24

(v2+3).

OJ|’—‘
Wl

24
2

ool»—‘
Wl =

Alternatively, since C1 is strongly regular, see [1], this limit also follows
from Theorem 2.6.

Example 4.5. Let x be the sequence defined as follows: for
every n € N, there exists a unique pair of integers ¢, such that
n = 27425 —1). So let =, := 1/i. Show that z is C;-summable
to log 2.

Observe that z is a bounded co-splice of the sequences (¥ over the
oo-partition { E;} where, for each i, (*) is the constant sequence 1/i and
E; = {2""7(2j — 1)}32,. From Example 4.1, for every i, 6(E;) = 1/2°
and ) . 6(FE;) = 1. Hence, Theorem 3.4 yields

oo

1
] (Z — J— p—
nhm Clx E 5 I‘ = 1 21 ; = log 2.
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That is, x is Cj-summable to log 2.

The last example illustrates the use of statistical convergence to
determine the C1-limit of a bounded oco-splice. Recall that a sequence x
is statistically convergent to L provided that for every € > 0, §(K.) = 0,
where K, := {k € N : |x, — L| > ¢}. We first note the following lemma
proved by Schoenberg [9].

Lemma 4.6 (Schoenberg). If z is a bounded sequence that is
statistically convergent to L, then x is Cq-summable to L.

Example 4.7. Consider the oco-partition given in Example 4.2.
Construct a bounded oco-splice  over {E;} by setting, for a given i,
*yj(i) := 1/i. That is, if n € F;, then z, := 1/i. Show that z is Cy-
summable to 0.

From Example 4.2, §(E;) = 0 for every . Thus Theorem 3.4 is not
applicable in this case. However, we shall show that z is statistically
convergent to 0, and hence, by Lemma 4.6, x is C';-summable to 0.

Let € > 0. Then there exists an M € N such that 1/M < e. If
K. :={keN:|xi| > e}, then

6(K5)§5({keN:|a:k2%}) :(s(LA_jE) :ﬁja(@):o.

Hence, x is statistically convergent to 0 and therefore by Lemma 4.6,
x is Cq-summable to 0.
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