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ILLUSTRATION OF THE LOGARITHMIC
DERIVATIVES BY EXAMPLES SUITABLE
FOR CLASSROOM TEACHING

L. KOHAUPT

ABSTRACT. In this contribution, the logarithmic deriva-
tives of a matrix are illustrated by examples, which stem from
dynamical systems representing problems for one- and multi-
mass vibration models and which are suitable for classroom
teaching. Further, historical remarks are made and links to
the further development, namely the development of a differ-
ential calculus for norms of matrix and vector functions, are
established.

1. Introduction. If A is a complex square matrix and || - | any ma-
trix norm with || E| = 1, where E is the identity matrix, then the loga-
rithmic derivative p[A] is defined by p[A] = limp o (||E+ Ah|| —1)/h.
By means of p[A], one obtains, e.g., [leA?|| < elA4t ¢ > 0, which im-
proves the estimate ||e??|| < el4l* ¢ > 0, since always |u[A]] < ||A].
The cited estimates play an important role in initial value problems
of the form # = Az, x(0) = xp, because its solution is given by
z(t) = ®(t) mo with ®(t) = eA*. For the matrix sup-norms |- || = || - ||,
with p € {1,2,00}, in [2] and [3], formulae for u;(ol)[A] = pplA] =
lim, o4 (||E + Ah|p, — 1)/h are stated. Note that p[A] = D4 ||®(0)].
Now, in [13], the author has shown that the second right derivatives
uz(,z) [A] = D2||®(0)||p, p € {1,2, 00}, exist, and called them second log-
arithmic derivatives. Further, formulae for u]([,z)[A], p € {1,2,00} are
given in [13] and [14]. The motivation to investigate the logarithmic
derivatives was the following: the graph of y = ||®(t)]|oo for the consid-
ered examples seems to have a right curvature. This is proven strictly if
one can show that D% [|®(0)|| < 0. So, we had to prove the existence
of D3 ||®(0)]|oc and to derive a formula for it, which was done in [13].

In this paper, we want to illustrate the logarithmic derivatives by
examples suitable for classroom teaching.
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More precisely, the paper is structured as follows. Sections 2 and
3, respectively, review the definition of the logarithmic derivative and
the formulae for it in the norms || - ||, p € {1,2,00}. In Section 4,
examples are given using the system matrices A of a one-mass and
of a multi-mass vibration model. In Section 5, applications to upper
bounds on y = ||®(t)||eo for the initial behavior of ¢ > 0 are given. In
Section 6, some historical remarks are made. Sections 4-6 could be used
in classroom teaching. Section 7 describes the further development that
has originated from the logarithmic derivatives. Finally, Section 8 is
an Appendix containing another check of the formulae for ugl)[A] and
uéQ) [A] in the case of the one-mass model. This material can be used
as an exercise for classroom teaching. The references [4, 6, 8-10, 22,
23] and [25-28] are given even though they are not directly used in
this paper in order to provide the reader with some additional material
helpful in the present subject.

2. Definition of the logarithmic derivatives. Let A € C"*",
respectively A € R™" and let ®(t) = e4t, t > 0, be the associated
fundamental matriz, cf. [2, p. 43], or evolution, cf. [1, p. 91]. As a
preparation to the definition of the logarithmic derivatives, we need the
following lemma, which states, loosely speaking, that for every to > 0
and for p € {1,2, 00} the function ¢ — || ®(¢)||, is real analytic in some
neighborhood [tg, to + Atg].

Lemma 1. Let p € {1,2,00} and to € RJ. Then, there erists a

number Aty > 0 and a_function t — <i>(t), which 1s real analytic on
[to,to + Ato} such that (I)(t) = H‘b(t)H;D fOT‘ te [to, to + Ato]

Proof. See [13, Lemma 2.2] for p = oo and tg = 0, and also [14,
Lemma 1] for p = oo and p = 2. The case p = 1 follows from the

identity [®()]1 = |2(1)loc = lle* oo ©

We mention that we apply the case ty = 0, in this paper.

Due to Lemma 1, the following definition is meaningful.
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Definition 2. Let A € C™*" respectively A € R"*". Further,
let ®(t) = eA* t > 0, be the associated fundamental matrix. Then,

the kth logarithmic derivative u,(,k) [A], k=0,1,2,... of A in the norm
II-llp, p € {1,2, 00}, is defined as the kth right derivative of the function
t ||®(t)]|, at t = to = 0, that is,

pF[A] == DX ||®(0)|,, k=0,1,2,....

Remark. According to [21, p. 71, Lemma 3’,b) ], in every matrix
sup-norm, one has the representation

plA] = D1 [|2(0)| (log ™" ][)/h.

| = lim
h—0+

This seems to be the reason why p[A] is called logarithmic derivative
or logarithmic norm.

Remark. Whereas the first logarithmic derivative in every norm with
IE|| = 1 exists, nothing is known on higher logarithmic derivatives in
the general case.

3. Formulae for the first two logarithmic derivatives. In this
section we review the formulae for ,uz(jk) [A], k =1,2 with p € {1,2,00}.

3.1 Formulae for p = co. First, we state the formulae for complex
and then for real n X n-matrices A; in the latter case, a general formula
for the logarithmic derivative of any order can be given.

(i) A complex. First, let A € C™*™. Further, as a preparation,
define the following functionals on C™*™:

(2)
] { (Re Ajj Re (A?)i; + Im Aj; Im (A%);5) /| Aij| - Ay #0,
v (42, A =0
(3)
MY[A] = Re Ay + Y [A4y51,

J=1
J#i



1598 L. KOHAUPT

(4)
)\22) [A] := Re (A?);; + (Im Ay)? + Z vi;[Al.
j=1
i#]

Then, one has the following theorem.

Theorem 3 (p = oo, A complex). Let A € C" ", let Iy :=
{1,...,n} and I, be the set of all indices i; € Iy where )\gl)[A] attains
its mazximum, i.e.,

I = {il € Ip| \[A] = max >\§1)[A]}.

i€ly

Then
(5) p[A] = max AV [A),

i€ly *
(6) p1A] = max A (4],

ich
where AZ(-I)[A] and )\1(-2) [A] are given by equations (3) and (4), respec-
tively.

Proof. See [13, pp. 385-386]. o

(ii) A real. Now, let A € R™*". In this case, a unified formula for
all logarithmic derivatives can be given. For this, define the following
sign functionals:

(7) st (A) = sgn (Ay)

j

and

)

8)  s¥)(4):={ sen(



THE LOGARITHMIC DERIVATIVES 1599

for k =2,3,.... Relation (8) can also be written as
k—1 g(B=1
” sen ((4%),) sEf V) =0
for K = 2,3,.... With these sign functionals, define the further
functionals
(10) APA] = (AR, + Z st (4) (AR)y,
J#l
k =1,2,.... Then, the logarithmic derivatives for real matrices read
as follows

Theorem 4 (p = oo, A real). Let A € R, Iy ={1,... ,n} and

1), be the set of all indices iy, € I,_1 where )\gk)[A] from equation (10)
attains its maximum, t.e.,

Iy = {ik € I \)‘Ef)[ ] = max A{ [A]}7
g i€l _1
k=12, Then, the logarithmic derivatives are given by
(11) pBA4] = max AM[4],
i€, 1

Proof. See [13, p. 388]. mi

3.2 Formulae for p = 1. This case is reduced to the case p = c©
We have

Theorem 5 (p = 1, A complex or real). Let A € C"*™ or A € R"*".
Then,

(12) 4] = p®BAT), k=1,2,... .
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Proof. Formula (12) follows from the relation ||®(¢)[|; = [|®(t)7 e =

T
le? . B

3.3 Formulae for p = 2. For p = 2, we have unified formulae for
the complex and real cases.

Theorem 6. Let A € C™"*™ or A € R" ™. Then, the following
formulae hold:

(13) 1] = A 252
and
(1) A = (S5,

In particular, the second logarithmic derivative in the spectral norm is
always nonnegative.

Proof. See [14, Theorem 6, p. 10]. O

4. Examples. In this section, we illustrate the logarithmic deriva-
tives by examples, which can be used in classroom teaching. In ad-
dition, we cast more light on some details. That is, for the one-mass
model and p = 2, we carry out a check of M(Qk) [4], k = 1,2, and Lemma

1, and for the multi-mass model and p = co, we derive ué’? [A], k=1,2,

in a less formal way, which is quite helpful for the understanding.

4.1 One-mass vibration model. (0) The model. We consider the
one-mass vibration model without damping in Figure 1.

The associated initial value problem is given by
or, in the state space description,

z(t) = Ax(t), x(0) =z,
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—

m
b=0 >
y

FIGURE 1. One-mass vibration model.

with the displacement vector x = [y, 2]*, z = and the system matriz
0 1

with w? = k/m.
Here, ®(t) can be determined explicitly; it is given by

(16) ®(0) - |

cos wt  (1/w) sin wt
—w sin wt cos wt ’

cf. [17, pp. 76-77].
(i) p = co. We obtain

(17) AT — (1) WP A §=0,1,2,...
(18) A = (-1 w¥ E, §=0,1,2,...
and

(19) sPay=1, s$PU)y=-1, k=12...

Case 1. w < 1. In this case,
1 .
(20) [@(t)[|oc = | cos wt| + = | sin wi|
w

and

(21) L ={1} aswellas I1=lh=1I3="--.
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So, because of (17)—(19) and (21), we have
(22)  p@IA] = pFTVA] = (-1 ¥, §=0,1,2,...
In particular,

pSDA] =1,

29) W[4 =

for w < 1.

)

Check of formulae (22) and Lemma 1. We want to check formulae
(22) and Lemma 1. Since ||®(t)|o is analytic in 0 < ¢ < ¢; with
sufficiently small ¢; > 0, we have the series expansion

(24)

[P (8)lloo,series = Zﬂ(ojo) [A] ?
=0
- t 9 2 2t3 4t4 4t5
—1+1F— E—W §+w Z‘FWﬁ
t6 t7 t8 19
6 6 8 8
—w 6'—w ﬂ—i-w g—i-w o
_ 10t__ 10£+

10! 11!

t? ¢t £ t ¢
1,27 4> 67 8 10~
ST T TR T T

t3 t5 t7 t9 tll

2 4 6 8 10

1 -
=coswt+ — sinwt =: P(t).
w
Let t1 = 7/(2w). Then,

R 1, .
o(t) = ||(I)(t)|‘oo,series = |coswt| + o |sinwt]| = [|P(¢)]| oo,
0<t<t.

(25)

Case 2. w > 1. In this case,

(26) |®(t)]|oc = w|sin wt| + | cos wt]
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and
(27) I1={2} aswellas 1= =I3="---.
Because of (17)—(19) and (27), we have
(28) pGTIA] = (1) P, j=0,1,2,...
pPIAl = (-1 w¥, j=1,2,...

In particular,

M14] = w2
(29) M(();)[ I=w ’2 for w > 1.
Moo [A] =—w,

Check of formulae (28) and Lemma 1. We want to check also formulae
(28) and Lemma 1. For sufficiently small ¢; >0, for 0<t<t;, we have

(30)

oo . tj
1D (%) | oo series = Z ,L‘ga) [A] ﬁ

7=0

t 2 3 4 1P 16
_ 2 b ol gy 4 v 6t el
=14w 1 w 5 3!—|—w 4!+w = w 6':|:

t2 tt 6
1 2t a4t sl
=1—w 2'—|—w 1 w 6':I:

3t3 5t5

—l—w(wt—w g—kw EZF >

=coswi +w sinwt =: (t).
Again let t; = 7/(2w). Then,

(31) B(t) = | B(1)l|oo,series = |coswi] +w [ sinwt]| = [[D(t)]] oo,
0<t<t.

Combining the two cases, i.e., (23) and (29), and adding the formula

for p&) [A] := ||®(0)]|0, We obtain

pi1A] =1
(32) ,ug) [A] = max{1,w?}

pR[A] = -,
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(ii) p =2. We have

* T 0 _w2

(33) AAL ‘
and thus
(34) Bi= A"+ A=(1-u? {(1) H
Consequently,
(35) Amax(Bl) = )\1(31) - >\(T) = )\1 = ‘1 — wz\
and therefore

1-— (.«)2 1-— w2 2
(36) = ol ey L)

2 4
Special case w = 1. Here,

(37) uPA =0, pPlA)=o.

Limit case w = 0. For w — 0 in A\; = |1 — w?|, we obtain

(38) WO =5 A= 1

Check of formulae (36). We want to check formulae (36) by expanding
[|®(t)]|2. From (16), we obtain

(39)
U(t) = &*(t) B(¢t)

_ cos?wt + w? sinwt ((1/w) —w) sinwt+ coswt
(1/w) —w) sinwt 4+ coswt  cos?wt + (1/w?) sin®wt

Now, according to [24, p. 107, (21) and (25)],

(40) ||q)(t)||2 = Amax(\p(t))'



THE LOGARITHMIC DERIVATIVES 1605

Equation (39) entails

A= A(w > 0) = Anax(T(2))
C(w?+ (1/w?) sin®wt +2 cos?wit

(41) 2
n \/[(aﬂ + (1/w?)) sin wt + 2 cos?uﬂf]2 L

2

We expand this up to the third order because we want to obtain also
the third logarithmic derivative. For sufficiently small ¢ > 0,

t2
Al(w>0):1+|1—w2|t+(1—w2)25

1—(4)2)2 LU2 t3

31— w? (A-w?)? ] 8 O(t*

+3] “'[ 4 3}31+()
t2 3

=Ko+ﬁ1t+52§+/@3§+0(t4).

Hence,
1D(6)]l2 = v/ Aumax (U (1)) = s [A] + ) [A] ¢

2 3
+ g 4] 5 + (4] 57 + O
with p§” [A] = 1, u{V[A] = (1/2) k1 = [1 = w?)/2, S [A] = (1/2) k2 —
(1/4) k3 = (1 — w?)2 /4, cf. (36), and
3

3 3 1
Mg)[A]Zgni’—ZHlﬁ2+§ﬁ3-

Limit case. w = 0 (cf. [13, p. 384]). Letting w — 0 in Aj(w > 0)
results in
2

1 t
AM(w=0)= sup (\Il(t)x,x):l+§t2+t 1—|—Z, t>0.
llzll2=1

Thus, for sufficiently small ¢t; > 0,

1, 1¢
@)l = | sup (¥(t)z,z) :1+§t+15—|—0(t4), 0<t<t.

[lz]l2=1
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Consequently,
(1) Al — 1 _ A*+ A
,u2 [ ] 2 Amax( 2 )
2
(2) . 1 . A*+ A
Ha [A] - 4 - |:/\max ( 9 ’
but

o | =

* 3
WA =0 2 5 = (S5

4.2 Multi-mass vibration model. We consider the multi-mass
vibration model in Figure 2.

The associated initial value problem is given by

Mj+By+Ky=0, y(0) =y, %(0)= 1o,

where y = [y1, ... ,yn]T and
mi
ma
M = s :
mp
b1 + b —by
—by  ba+bs b
—b3 b3 + by —by
B = . . . ’
—bp_1 bp_1+b, —by,
_bn bn + bn+1
ki1 + ko —ko
—ko ko + ks —ks
~ks  katks K
K = . . .
_kn—l kn_l + kn —k

_kn kn + kn-i—l
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ky k2 kn kn 41
m r my mpy
— ; SR S [
by I» by I» by, I» by +1
N »2 Yn

FIGURE 2. Multi-mass vibration model.

The displacement vector is x = [yT,2T|T, z = g, and the system
matriz A has the form
0 | E
A= -1 -1
-M'K| -M~'B

As of now, we specify the values as
m;=1, j=1,...,n
k=1, j=1,...n+1

and
b — { 1/2 if j even
/ 1/4 if j odd.
Then,
M=F,
3/4 —-1/2

~1/2  3/4 -1/4
—1/4  3/4 —1/2

B:
—1/4  3/4 —1/2
~1/2  3/4
(if n is even), and
2 -1
-1 2 -1
-1 2 -1
K: '- '. .
-1 2 -1

-1 2
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So, for n =5 and m = 2 n = 10, we obtain

A
r o 0 0 0 0 1 0 0 0 0 7
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
_ 0 0 0 0 0 0 0 0 0 1
) 1 0 0 0] —-3/4 1/2 0 0 0
1 -2 1 0 0 1/2 —3/4 1/4 0 0
0 1 -2 1 0 0 1/4 —3/4  1/2 0
o o0 1 -2 1 0 0 1/2 —3/4  1/4
L o o o0 1 -2 0 0 0 1/4 —3/4.
and
A2
r—2 1 0 0 0 —3/4 1/2 0 0 0
1 -2 1 0 0 /2 —3/4  1/4 0 0
0 1 -2 1 0 0 1/4 —3/4  1/2 0
0 0 1 -2 1 0 0 1/2  —3/4 1/4
B 0 0 0 1 -2 0 0 0 1/4 —3/4
a 2 —7/4 1/2 0 0 | —19/16  1/4 1/8 0 0
—7/4  9/4 —5/4  1/4 0 1/4 —9/8  5/8 1/8 0
1/4 —5/4  9/4 —7/4  1)2 1/8 5/8 —9/8  1/4 1/8
0 /2 —7/4  9/4 —5/4 0 1/8 1/4 —9/8 5/8
L o 0 1/4 —5/4  7/4 0 0 1/8 5/8 —11/8]
This leads to the results listed in Table 1. As can be seen,
(43) Il = {7,8,9} and IQ = {8}
as well as
1) / / / (2) I 36
Al =27 =25 =Zy =4 and pZ[A]l=2{ =—— =—4.5.

8
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TABLE 1. Quantities for the calculation of ,u((,? [A] and ,u((,i) [A].

i A+ Y s (4) Ay = 7
i
1|1 ’
2 |1
3|1
4 |1
5 |1
6 | —3/4+2+1+1/2=275
7 3/4+1+2+1+41/2+1/4=4
8| 3/a+1+2+1+1/a+1/2=4
9 | —3/4+1+2+1+1/2+1/4=4
10]—3/4+1+2+1/4=25
i | (A%)is+ D=1 Sg)(A) (A%)ij = 2]
1| -2+1-3/4+1/2=-1.25
2 | 24 14141/2-3/441/4=0
3| 24141+1/4-3/4+1/2=0
4] —241+4141/2-3/4+1/4=0
5| -2+1+41/4-3/4=-15
6 | —19/16 -2 —7/4+1/2+1/4+1/8 = —65/16
7 | —9/8—7/4-9/4—5/4+1/4+1/4+5/811/8 = —41/8
8 | —9/841/4—5/4—9/4—7/4+1/2+1/8+5/8+1/4+1/8 = —36/8
9 | —9/841/2-7/4—9/4—5/4+1/8+1/4+5/8 = —39/8
10 | —11/8+1/4—5/4—7/4+1/815/8 = —27/8

Further, we remark that

PP[A] = (A0, + D 21 (A) (425,
j=1

J#i2
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By (44), we have

t2
@)oo = D [A] + LAl + pP[A] £y

t2
=1+4t—-45—
+ 2

=1+44t-225¢2, 0<t<t

for sufficiently small ¢; > 0.

Less formal derivation of ug) [A] and ,ug) [A]. The formulae (5) and
(6) for u&) [A] and ug) [A] are based on [13, Lemma 2.1]. We give
here a less formal and more intuitive argument for the derivation of
these quantities, which was the first step in the development of the
differential calculus for norms of vector and matrix functions.

We start with the representation
(45) [8(0)loe = max_i(t)

where
(46) pi(t) = Z @i (t)]-

(Here, the index n = 10 instead of m =2n =2-5 =10 is used.)

For sufficiently small ¢; > 0, the function ¢;(¢) can be expanded in a
series. Namely, using

(47)
Tma?
la| = V/(Rea)? +(Ima)? = [Real /1 + Roq ) @ Rea#0, acC
a
and
1 1, 1 4
(48) Vitr=1+-z—-a*+=2*F.-, |z[<]1,

2 8 16
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we obtain

1

pr(t) = Ld + 1.t -1.25-t%/2  +
1

pa(t) = Ld + 1t 0-t2/2 +
1

p3(t) = LJd + 1t 0-t2/2 +
1

pat) = LJ + 1.t 0-t2/2 +
1 2

(49) ps(t) = L + 1t -1.5-t%/2 +

1

po(t) = L + 275.t —4.0625-1°/2 +
1 4

pr(t) = Ld + L.t -5125-¢?/2 +
1 4 —4.5

ps(t) = L + Lt 122+
1 4

po(t) = LJ + L1t —4875-2/2 +
1

v10(t) = L + 25-¢t -3375-t3/2 +

for 0 < ¢ < t;. Let t; > 0 be so small that, in ¢;(¢), the constant
term is larger than the linear term and the linear term itself is larger
than the quadratic term; for this, e.g., take t; = 1073. By comparing
the constant terms only, all (), ¢ = 1,...,n are candidates for
the maximum. Comparing the linear terms, only ¢7(t), ¢s(t) and
©g(t) remain as candidates for the maximum. Finally, comparing the
quadratic terms of @7(t), ¢s(t) and pg(t), we find that ps(t) must be
the maximum, i.e.,

(50) @)oo = ps(t) =144-t—45-83/24 -+, 0<t<ty,

for sufficiently small ¢; > 0, say, t; = 1073, From this, it follows that
,u((;)) [A] =4 and Mg,) [A] = —4.5. For comparison reasons, we state that
Al = 5.5 so that indeed |pSH[A]| < || Al
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FIGURE 3. Graph of ||®(¢)||cc for one-mass vibration model with w = 1,
plotted with At = 7/100.

5. Applications to upper bounds. For the sake of brevity, we
restrict ourselves to the case p = oco. Applications for p = 2 can be
found in [14]. Particularly, for a numerical example, see [14, p. 14].

(i) Oscillation behavior of ||®(t)]|ec- The fundamental matrix (evo-
lution) ®(¢) = eA? is the unique solution to the initial value problem

(1) = AD(t), B(0) = E,
cf. [2, p. 43]. Setting
(I)(t) = [‘pl(t)v e 7<pn(t)]7
this is equivalent to
(,bj(t):AQOj(f,), <pj(0):ej, j=1,... ,n,
where e; is the jth unit vector. Hence, if A describes a vibration

problem, the oscillation character of the solutions ¢;(¢), j =1,...,n
is somehow inherited by ||®(t)]]co-

(ii) Plots of ||®(t)|lec for the wibration models. We illustrate the
oscillation character by the examples of subsections 4.1 and 4.2.
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25

y=lleM)ll,

FIGURE 4. Graph of ||®(¢)||cc for one-mass vibration model with w = 2,
plotted with At = 7/100.

One-mass model. ||® ()]s is shown for some cases in Figures 3 and 4.

Multi-mass vibration model. Here, ®(t) = e is computed by the

MATLAB routine ‘expml.” ||®(¢)|| is shown for some cases in Figures
5 and 6.

(iii) Tangent at to = 0 as upper bound on || P(¢)||so-

One-mass vibration model. In this case, for sufficiently small ¢£; > 0,
we obtain

t2
I90) e = 1+ 5 DA+ D[] 5

t2
:1+max{1,w2}t—w2§, 0<t<t.

Since ug) [A] < 0, for sufficiently small ¢; > 0,

[e(t)lloe < 1+ pulD[AJt, 0<t <t
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FIGURE 5. Graph of ||®(t)||co for multi-mass vibration model with n =5,
resp. m=10, plotted with At = 0.2.

From the plots above, it is clear that this bound also holds globally,
that is, for all values 0 <t < o0.

In this special case, a strict proof for this can be given. Namely, from
(16) we infer
[coswt| + (1/w) |sinwt], w <1,
wlsinwt|+ |coswt|, w > 1.

20l = {

Case 1. w < 1. Here,

i t
1B (1) oo = | cOSw t] + |

‘t§1+t_1+u§)[A]t, t>0,

since ,u(ol,) [A] = max{1,w?}.

Case 2. w > 1. In this case,

sinwt

d(t =w?t
[@()lloe = w2t |7

+|coswt| <1+w?t =1+ pD[At, t>0,
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FIGURE 6. Graph of || ®(t)||cc for multi-mass vibration model with n =50,
resp. m=100, plotted with At = 0.2.

since &) [A] = max{1,w?}. For t = 0, these estimates remain valid.

]

In Figures 3-6, we have not shown the plots of the tangents. Such
plots can be found in [14].

Multi-mass vibration model. Here, for sufficiently small ¢; > 0, we
obtain
t2
120 loo =1+l (ATt + p@[A] T =1+ 41 -225¢%, 0<t<th.

Since uf,%) [A] < 0, for sufficiently small ¢; > 0,

[@(t)loo <14 puDAt, 0<t<ty.

From the plots in Figures 5 and 6, it is clear that this bound also holds
globally, that is, for all values 0 < ¢t < oco. A strict proof of this is
not yet available, however. Particularly, in Figure 6, it is clear that
the tangent at to = 0 is extremely better than y = ete[Alt = ¢4t We
mention that, for Figures 3-6, MATLAB was used.



1616 L. KOHAUPT

6. Historical remarks. In this section, we make some historical
remarks on the logarithmic derivative or logarithmic norm. Eltermann
[5], Lozinskii [16], and Dahlquist [3] seem to be the first to have used
the logarithmic derivative.

(i) As indicated in [7, p. 61], in 1955, Eltermann [5, p. 499] has
applied the formula for the logarithmic norm p[A] (without calling it
such) for real matrices A having real eigenvalues A(A) in the estimate

(51) )\(A) < _max (A“ + Z |AZJ|> .
=1,....n —
7

(ii) In 1958, for A € C™*™ and matrix norms || - || with |E| = 1,
Lozinskii [16, pp. 57-58] shows that the limit

. IE+AR| -1
@ A = iy S

exists and calls it logarithmic norm. Due to

2
<I>(h):E+Ah+A2%+---, h >0,
it is clear that
. [[@(r)] -1
Al =1 —_— .
) plAl = g,

The following norm-like properties of the logarithmic norm are proven
in [16, p. 58]:

u[A+ B] < p[A] + ulB]
(54) plaAl = apd], a>0
ulB] - ulA] < B — A

and in [16, p. 59], for eigenvalues A\(A) of A,

(55) Re \(A) < u[A].
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Further, in [16, pp. 59-60], the following formulae for A € C™*™ are
given:

i=1,..

pA = max {Re Aii+) |A”'|}’

=1
J#i
(56) ,ugl) [A] = j:rrllaxn {Re Ajj+ Z |Aij|},
=
A*+ A
,uél) [A] = Amax (T) .

In addition, Lozinskii uses the logarithmic norm in the error estimate
of the numerical integration of ordinary differential equations.

(iii) In 1959, Dahlquist publishes his dissertation of 1958 in [3]. The

above formulae for &) [A], ,ugl)[A], and ,uél)[A] are stated in [3, p. 11]
without proof. Dahlquist also uses the directional derivative of vector
norms. For y, v € C™ and h > 0, it is shown that

o Ny Akl =yl
(57) Nyio) = lim )
exists.

In the existence proof of (52) and (57), the convexity property of
norms is used.

(iv) In [2, p. 58], for continuous matrix functions A(t) and the
differential system & = A x, the inequality

(58) Dyllz@®)] < plADO 2@, =0,

is proven, where (57) is applied to y = x(¢t). Also, for constant A, the
estimate

(59) el < ettt >0,
is derived in [2, p. 58].

(v) In [21, pp. 69-71], an important application of the logarithmic
norm is given. For this, consider the linear system of ordinary differ-
ential equations

(60) T=A(t)x+g(t), t>0,
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with continuous A(t) € R™*", g(t) € R™, t > 0. Classical estimates of
the solution of (60) can be obtained from the differential inequality

(61) Dyflz@)) < [AD [l + 9@, ¢ =0.
Better estimates can be inferred from
(62) Diflz@)|| < plA@®] lz@O + [lg(®)]l, t=>0.

More precisely, from [21, Lemma 1, p. 71], we state the following
lemma.

Lemma 7. Let z(t) be a solution of & = A(t)x + g(t), t > 0.
Then, ||z(t)|| < &(t), where the scalar function & satisfies the differential
equation € = plA()]€ + |lgt)|, t > 0, with the initial condition
£(0) = [lz(0)]-

The above historical remarks are by no means exhaustive. So, for the
interested reader, the references [4, 7, 8-10, 19, 20] and [22, 23] are
added, in which more information on the logarithmic derivatives can
be found.

7. Further development. By inspection of Figures 3-6, it is
evident that the tangent of y = ||®(t)|loo at to = 0 is only a good upper
bound for sufficiently small values of ¢, i.e., for the initial behavior.

For large values of ¢, i.e., for the asymptotic behavior of y = ||®(t)|| 0o,
and more generally for any matrix norm || - ||, ||®(¢)|| can be estimated
from above by
(63) @) < M. At ¢ >0,

where € > 0 is given, M, is some constant and

(64) v[A] := max Rel;(4),

is the spectral abscissa of A, with A\;(A4), j = 1,...,n being the
eigenvalues of A, see [2, p. 56].
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To obtain the minimal M, in (63), in [14], the author has developed
a differential calculus for the functions ¢ — || ®(t)]|,, p € {1,2,00}. The
optimal constants M. , in (63) for the norms p € {1,2,00} are then
determined by the conditions

Hq)(tc)Hp = ME,;D e(V[AHE) tc’
Do | ®(t)]lp = M. p (v][A] 4 &) e AIFe) te

where t. is the point of contact between y = ||®(t)||, and the upper
bound y = M, , elAl+e)t,

We want to point out that the differential calculus developed in
[13-15] extends the notion of the logarithmic derivative in two di-
rections:

e not only the first derivative D2 |®(0)||, is considered, but all
derivatives D ||®(0)||,, k = 1,2,... for p € {1,2,00} and

e not only ¢ = 0 is considered, but any ¢, > 0, that is, D% ||®(to) ||,
k=1,2,... are defined.

For more details on this and the plots of the upper bounds for the
asymptotic behavior as well as the differential calculus for norms of
vector functions, the reader is referred to [14] and [15].

APPENDIX

In subsection 4.1, for the one-mass model, we have checked formulae
(13) and (14) for 8" [A] and pS?[A] by expanding || ®(t)]2 in a series
using the explicit representation of ®(¢) in (16) and formula (40).

In this Appendix, we want to make a second check. Since this second
check, which can be used as an Exercise for classroom teaching, is not
elementary, we have postponed it to the Appendix.

One has

Thus,

t2
Amax(\p(t)) = /\max (E + Bl t+ B2 5 + - )
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with
By =A"+ A,
By = A*? 4 2 A*A + A2,
so that
t
)\max(lp(t)) =1+ /\max (Bl + B2 5 + - > t.
Set
t
=T4+T7W¢ ...
with
T:= B17
w._ 1L
T = —B2
2
Then,

Amax (P (1)) = 1+ Anax (T(2)).
According to [14, pp. 8-10], for sufficiently small ¢ > 0,

Amax(T(t)) = M (B1) + ,max Vi(l) (p % B, P> t+ o(t),
where A\ = M (B1) = M(T) = Amax(T) is the largest eigenvalue of
Bi, P = P(A\1) = P(Amax) the eigenprojection associated with A1, m
the dimension of algebraic eigenspace M = P X with X = C™, and
ui(l) are the repeated eigenvalues of P (1/2) By P in the subspace M.
Consequently, for sufficiently small ¢; > 0,

t2
Amax (W (1)) = Ko + k1t + k2 5 + o(t*), 0<t<t,

with

Ko = 1,
R1 = )\1(31) = )\1(A* + A),

1
Ko = max I/i(l) (P 3 B P>.

i=1,...,m
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Next, we show that
Ro = K%.

Determination of the eigenprojection P.

(i) First way. Here, we use the eigenvector v of the eigenvalue \;

From B; v = X\ v(Y), we obtain

1 [1

W =_— if 0<w<l1 d

v 1 w , an
\/im

1 1
M= — if 1
v 1 <w < o0.
V2 {—1]
From [18, p. 234 and pp. 236-238], we infer

P =m0

and therefore

1
P:§[1 ﬂ if 0<w<1, and

111 -1 .
[1 1} if 1<w<oo.

Remark. The special case w = 1 and the limit case w = 0 will be

discussed later.

(ii) Second way. According to [11, p. 66],

P=-— [ RQadc

2m1 T

where
R()=(T-¢"' =B~
is a sufficiently small positively

is the resolvent of T = B; and I'
1—-—w?if0 < w < 1 and

oriented circle about zy where zg
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20 = —(1-w?) if 1 < w < 0o. We derive P only for the case zg = 1 —w?.
The case 29 = —(1 — w?) is left to the reader. We have
1 - —(1 — w?
R(C) = $a U

E--wp [-1-w) <
Using the partial-fraction decomposition

1 — w? 1 1 1 1
BOwe=—a i p = acra o 2¢ (-2

we obtain (cf. [12, p. 43])

1 1 1 d 1
P12:_ﬁ/FR(C)12d<:§ (ﬁ/rC—CZO) =3

Further,

¢ B 1 1—w?
R(¢)n _Cg_(l_wg)g__<+(1_w2)_<'2_(1_w2)2-
Hence,
1 1 1
P11:—ﬁ/FR(C)11dC:—ﬁ FR(C)12dC:§-

Therefore, for 0 < w < 1 again

pzpug:%[}}}

Determination of PT" P = P ((1/2) By) P. Since

2 2
k2 N 2 —w* (1 —w?) 0
By=A*2 124 A+A_2{ 0 Lz

it follows in both cases that

1 1
PlZB|P==(1-uw??P.
(17)r-j0-
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For the eigenvalues of PT™ P = P ((1/2) By) P, we have

and for the algebraic eigenspace,

MY = P(\) X = [oM].

FEigenvalue expansion of A\;(E+ By t+ By (t2/2)+- - ). For sufficiently
small t; > 0,

B 1
A1 <Bl +t72) = )\1(31)4—1/51) <P§BQ P) t+0(t)
t
:|1—w2|+(1—w2)2§—|—0(t), 0<t<ty,
and therefore

t2
/\1(E+Blt+B25+---) =141 —?t+ (1 —w?)? = +o(t?),
0<t <y,

so that

Finally, this implies

1 1—w? A* 4+ A
/Jél)[A]: E’il = | | :)\max( )7
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Special case. w=1. Here, B; =0, j =1,2,... so that

Thus,
pA] =0, k=12, ...

Limit case. w = 0. Here,

and therefore

0

1 0 0
Bl_{l O] as well as B2—|: ]

0 2

and
0 0

From the above formulae for w > 0, we obtain for w — O:

W 1
:u'2 [A} - 2’
2
@ t_ (1
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