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PERIODIC SOLUTIONS OF AN INFINITE
DIMENSIONAL HAMILTONIAN SYSTEM

YANHENG DING AND CHENG LEE

ABSTRACT. We establish existence and multiplicity of
periodic solutions to the infinite dimensional Hamiltonian
system

{ Oru — Agu = Hy(t, z,u,v)

for (t Q
-0 — Agv = Hy(t,x,u,v) or (t,z) € R x ,

where QCRY is a bounded domain or @ = RY. When Q
is bounded, we treat the situations where H(¢,z,z) is, with
respect to z = (u,v), sub- or superquadratic, or concave and
convex, and discuss also the convergence to homoclinics of
sequences of subharmonic orbits. If @ = RY, we handle the
case of superquadratic nonlinearities.

1. Introduction. In this paper we are interested in existence
and multiplicity of periodic orbits of the following system of partial
differential equations

(HS)

{ Oru— Agu = Hy(t,z,u,v) for (t,xz) € R x Q.

—0w — Ayv = Hy(t,x,u,v)
Here Q C RY is a smoothly bounded domain or Q = RY, 2 = (u,v) :

RxQ—R™xR™ and H € C}(R x Q x R?™, R), where Q = Q if
Q =RV, Letting

0 -1 0 I
‘7_<I 0), jo_<1 0>

and A = Jy(—A;), (HS) can be rewritten as J(d/dt)z + Az =
H.(t,z,z). Certain linear and nonlinear problems connecting the
operator J0; — JoA, arise in optimal control of systems governed
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by partial differential equations. See, e.g., Lions [16], where the
combination of the model 9; — A, and its adjoint —0; — A, acts
as a system for studying the control. Systems like (HS) are called
unbounded Hamiltonian systems, cf. Barbu [2], or infinite-dimensional
Hamiltonian systems, cf. [3, 9, 10]. Indeed, (HS) can be represented
as

j% z =V, H(t,z2),

where J is obviously a symplectic structure on L?(Q,R?>™), H is a
Hamiltonian

H(t, z) = /Q (VuVo + H(t,z,2)) do

and V, is the gradient operator, defined in (the infinite-dimensional
Hilbert space) L?(Q2, R?>™).

Assume that € is a smoothly bounded domain. Brézis and Nirenberg
[7] considered the system

{ Ou — Agu=—v°+ f
0w — Agv =ud + g,

where f,g € L>(Q), subject to the boundary condition z(t,)|aq = 0
and the periodicity condition z(0,-) = 2(T,:) = 0 for a given T" > 0.
They obtained a solution z with u € L* and v € L% by using Schauder’s
fixed point theorem. Clément, Felmer and Mitidieri considered in [9]

and [10] the problem

— — |yla—2
(1.1) {@u Ayu = [v|7 %

-0 — Agv = [ulP~ 2y
with

N 1 1
<-+-<L1
p q

Using their variational setting of Mountain Pass type, they proved
that there is a Tp > 0 such that, for each T' > Tp, (1.1) has at least
one positive solution zp = (up,vr) satisfying the boundary condition
zr(t,)]oa = 0 for all t € (=T, T) and the periodicity condition
2r(T,") = zr(=T,-) for z € Q. Moreover, by passing to the limit
as T — oo they obtained a positive homoclinic solution of (1.1).
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For = RY, recently, Bartsch and Ding [3] dealt with the system

{ Ou+ (A, +V(z))u= H,(t,x,u,v)
-0+ (—Ar + V(z))v = Hy(t, x,u,v).

They established existence and multiplicity of solutions of the type
z(t,x) — 0 as |t| + || — oo. (They also considered solutions of the
type z(t,x) — 0 as [t| — oo and z(t, )]s = 0 if © is bounded.)

In the present paper we are interested in situations different from
these works above. Unlike [7] and [10], the system we consider is
not autonomous in the sense that the Hamiltonian depends also on
time variable ¢. The growth rate of H(t,x, z) as |z| — oo can be sub-
quadratic. We also deal with the case of H (¢, z, z) being superquadratic
and with the case of concave and convex nonlinearities. For these cases
we obtain infinitely many periodic solutions provided that H (¢, z, z) is
even with respect to z. As in [10], if H(¢,z, z) is superquadratic, we
obtain a family of subharmonic orbits which converges to a homoclinic
solution as the period tends to the infinity. When Q = R, we prove
existence and multiplicity of periodic solutions for the superquadratic
case. The method adopted for handling these cases is variational. An
analytic setting is developed based on which critical point theorems of
linking type and Calerkin approximation for strongly indefinite func-
tionals are applied conveniently to our problems.

We organize the paper as follows. In next section we state our main
results corresponding to the different situations. Then in Section 3
some preliminary results concerning the variational setting for our
problems are given. Sections 4 and 5 are devoted to the case of € being
bounded, proving the existence and multiplicity results corresponding
to subquadratic, superquadratic and concave and convex nonlinearities,
respectively. In Section 6 we obtain subharmonic orbits and discuss

their convergence. Finally, in Section 7 we handle the problem on
Q =RV,

2. Main results. We are interested in solutions of (HS) satisfying
condition

(2.1) {z(t,x) =0 for all (t,z) € R x 0Q

z(t,x) = z(t+T,z) forall (t,2) € R x Q
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if @ ¢ RY is smoothly bounded, and

(2.2) 2(t,z) — 0 uniformly in ¢ € [0, 7] as || — oo
' 2(0,2) = 2(T,z) =0 for all z € RV

if 0 = RN,
For stating our results, setting Qr = [0,T] x Q, for > 1, let By,
be the Banach space consisting of maps z = z(t,z) : Q- — R>™:

B = WH((0,T), L' (@.R*™)) 0 L7((0,7), W27 NI (2, R™))

equipped with the norm

Izl By, = (/QT (\ZV % ))m

(which is sometimes called anisotropic space). We are looking for
solutions z € Br, with energies

In(2) = / T <%(j8tz  JoAez) - H(t,x,z)) < o0,

First we assume € is bounded. Consider the situation where H (¢, z, z)
is subquadratic in z. Let H satisfy

(ho) H(t,z,z) is T-periodic in t and H(t,z,0) = 0;

(h1) there exist « > 1 such that H(¢,z,z) > a1|z|%;

(ha) there is p € (1,2) such that |H.(t,z,2)| < az(1+ [2|P71);
(

hs) H(t,z,z) is even in z and there is v > 0 such that H(¢,z,z) <
as|z|Y whenever |z] < 1.

Here, and below, the symbols a; stand for positive constants.

Theorem 2.1. Assume  is smoothly bounded and H satisfies
(ho)—(h2). Then (HS)—(2.1) has at least one nontrivial solution. If in
addition (hs) also holds, (HS)—(2.1) has a sequence (z,) of solutions
satisfying 0 > Ir(z,) — 0 as n — co. Moreover, these solutions are in
By, for allr > 1.
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We remark from the conclusion above that Ip(z,) — 0, it seems
reasonable to expect that the existence of such a sequence of solutions
should be involved only with the local behavior of H around z = 0.
Indeed, we have the following

Theorem 2.1'. Assume Q is smoothly bounded and that there are
ro >0 and 1 <y <a <2 such that H € C}(R x Q x B,,,R), even in
z, and satisfies

(2.3)
|H,(t,2,2)| < ap]z|7 ! for (t,z,z) € RxQx By,
0< H,(t,x,2)z <aH(t,z,z) for (t,x,2) € RxQx By, with z # 0,

where B, = {z € R*™ : |z| < ro}. Then (HS)—(2.1) has a sequence
(zn) of solutions satisfying 0 > Ir(z,) — 0 as n — co. Moreover, these
solutions are in Br, for all r > 1.

Next consider the superquadratic case. Assume that

(h4) there are pu > 2 and Ry > 0 such that 0 < pH(t,z,z) <
H,(t,z,z) - z whenever |z| > Ro;

(hs) there is p € (2,2(2 + N)/N) such that |H.(t,z,2)["" < as(1 +
H.(t,,7) - 2), whete pf = p/(p— 1);

(he) H.(t,z,z) = o(]z|) uniformly in (¢,2) as z — 0.

Theorem 2.2. Assume Q is smoothly bounded and H satisfies (hg),
(ha)—(hs). If (he) holds, then (HS)—(2.1) has at least one nontrivial
solution; if H(t,x, z) is even in z, then (HS)—(2.1) has a sequence (zy)
of solutions satisfying Ir(z,) — o0 as n — oo. In addition, these
solutions are in By, for all r > 1.

For the concave and convex case, we note that, since (2.3) describes
only the behaviors of H near z = 0 and (h4)—(hs) state the behaviors
around z = 00, it is possible that H satisfies simultaneously all these
hypotheses. Thus, as a consequence of Theorems 2.1’ and 2.2, we have

Theorem 2.3. Let Q) be smoothly bounded. Suppose that H satisfies
(ho), (ha)—(hs) and (2.3) for somerog > 0,1 <~y < a < 2. IfHis
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even in z, then (HS)—(2.1) has two sequences (z,) and (Z,) of solutions
in By, for all v > 1 such that 0 > Ip(z,) — 0 and Ir(Z,) — oo as
n — oo.

In particular, we have

Theorem 2.3’. Let Q be smoothly bounded and suppose that
(2.4)
H(t,z,z) = a(t) (&|z|* +n|z|P), where a(t) > 0 is T-periodic,
{§ and 7 are real numbers, and 1 < a <2 <p<2(2+ N)/N.

Then (HS)—(2.1) has a sequence (z,) of solutions satisfying 0 >
Elr(zn) — 0 if € # 0; and a sequence (2,) of solutions satisfying
nIp(Z,) — oo if n # 0. These solutions are in By, for allrT > 1. In
addition, if T is the minimal period of a(t), then all solutions also have
the minimal period T

Such a result extends previous study on elliptic problems, wave
equations and classical Hamiltonian systems, see, for instance, [1, 4,
5, 14] and the references therein.

Notice that, since H is T-periodic in t, it is kKT-periodic for any k € N.
So we may seek solutions of (HS) satisfying

(2.1)5 {Z(tvx) =0 for all (t,z) € R x 09

z2(t,x) = 2(t + kT,z) for all (t,z) e R x Q,

and discuss the convergence of such solutions as kK — oco. For this aim
we strengthen (hg)—(hs) by

(h}y) there are p > 2 such that 0 < pH(t,z,2) < H,(t,z,2) - =
whenever z # 0;

(h%) there is p € (2,2(2 + N)/N) such that |H.(t,z, 2)[P" <
asH,(t,z,z) - z where p’ = p/(p — 1).

Let By, respectively Iy, be obtained as Br,., respectively Ir, with
T replaced by kT
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Theorem 2.4. Assume Q is smoothly bounded and H satisfies (hg),
(h1) with a > 2, (h}) with p < «, and (h5). Then, for each k € N,
(HS)—(2.1)y, has a solution zj in By, for all v > 1 such that

(i) there are 0 < & < A, independent of k, satisfying 6 < I(zx) < A;
(ii) for any sequence k, — oo, there is a subsequence Zk,, — Zoo

in LS (R x Q,R?*™) with 25, solving (HS), zoc # 0 and zeo(t,z) — 0
uniformly in x as [t| — oo.

Now we treat the case of 2 = R™. Assume in addition
(h7) H,(t,z,z2) is 1-period with respect to x; for : =1,...  N.

(hs) there are ¢ € [2,(2(N +2))/N| and 6§ > 0 such that |H.(t,z,
z+w) — H,(t,2,2)| < a(1+ [z[P7!)|w| whenever |w| < 4.

In what follows, two solutions z; and z; of (HS) are said to be
geometrically distinct if zq(t,x) # k * 22(t,z) for all (t,z) € Qr and
0#k=(ki,...,kn) € ZY, where

kxz(t,x) = z(t,x1 + k1,... ,on + kn)-

Theorem 2.5. Let Q = RY and suppose (hg), (h}), (h%) and
(h7) hold. Then (HS)—(2.2) has at least one nontrivial solution. If,
moreover, H is even in z and (hs) also holds, (HS)—(2.2) has infinitely
many geometrically distinct solutions. In addition, these solutions are
in By, for all > 2.

3. Preliminary results. We start by recalling the following
embedding [6]

Br, < L% := LY(Qr,R*™) forr > 1,
3.1
31 o<l 1.2
Troq 24N

In addition, setting

T2+ N)/2+N=2r) if0<r<(2+N)/2
7(r) _{oo if r > (2+ N)/2,
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we have

(3.2) Br, — L% compactly for 1 <r < ¢ < 7(r)
if  is smoothly bounded, and

(3.3) Br, — LqTJOC compactly for 1 <r < ¢ < 7(r)

if Q= RN, cf. [10].

Let Wy, denote the (closed) subspace of By, consisting of elements
satisfying (2.1) if Q is bounded, (2.2) if @ = RV.

Let Ap := J0; — JoA,. Ar is a self-adjoint operator acting on L2T
with domain D(Ar) = Wr 2. Note that

12 = [L2(Qr,R)]™™ = L*((0,T), R*™)@L*(2, R)

with equivalent norms, where ® is the tensor product.

Lemma 3.1. Suppose Q is smoothly bounded. Then At is an
isomorphism from Wr . into LT, for all r > 1, and, in addition, there
are di,dy > 0 independent of T such that

dgHZH%VT‘Q < /Q |Arz|> < dl||z||%,vr2 for all z € Wrps.
T

Proof. Let WT,T denote the Banach space defined as Wy, with R?™

replaced by R™. Then Wr, = (Wz,)?. With these notations, we
write

34) Ar=( 2 L) where L——0,— A, and L* =0, — A,
L 0

By [10, Lemma 3.1}, L and L* are isomorphisms from WT,T into
L™ (Qr,R™). Thus Ay is an isomorphism from Wy, into L.

It is clear that there exists d; > 0 independent of T such that
||ATz||i?F < dl||z||%,VT2 for all z € Wr .
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We remark that, for any r > 1 and any z = f(¢)g(z) € Wb (Sp, R*™)
®CP (2, R), where St = R/[0,T], we have

10217 + 18azll7e > 1815 0.2 91 ey + Co I
= 023, + Crll=llz;

E"'(O,T) gl 2"'(9)

where C. > 0 depends only on r and the measure of {2, by the Sobolev
theorem. So

T T T 1 T CT T
(35) 1001, +1852l > 1032l + (1 1 ) 1Aasly + 41

Since W1 (S, R*™) @ C5°(2, R) is dense in Wr,., (3.5) holds for all
z € Wr,. On the other hand, since J' = —J and JJp = —JoJ, we
have, if r = 2,

/ |ATZ\2=/ Tz — ToAuz]?

= [19:22; + 1802112,

(3.6)

for all z = f(t)g(x), then for all z as above. The last conclusion follows
from (3.5)—(3.6). o

Lemma 3.2. If Q = RYN, Ar is an isomorphism from Wr o into
L2, ie., d2||z\|%/VT‘2 < HATZH%QT < d1||z\|%/VT‘2 for all z € Wr o, where
di > 0 is independent of T and dy > 0 depends on T.

Proof. We need only to show the first inequality. In fact, for r > 1
and z = f(t)g(x) € Wy ((0,T),R*™) @ C§°(2, R), we have

10 2]

T ™
E; + | Azz] E; > FH][HET(O,T)HQHLT(Q) + ||fH£T(O,T)||AgHET(Q)

|0k 2|

T
-
L7

_T|
=7

SO

1 r—1
1962, + NAw2lliy, = el + = 10uelly + 1 An2ly
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This holds by density for all z € Wy ,. On the other hand, as before,
for r = 2,

[ 14raP =021, + 1802125

Qr

The proof is complete. i

In what follows let Er := D(]Ar|'/?), which is a Hilbert space
equipped with the inner product

(z,w)r = (|Ar|"?2, | Az w) 2.

and norm |z||% = (z,2)r = H|AT|1/22||2L2T'

Lemma 3.3. Er imbeds continuously in L. for anyr > 2 if N =1,
and r € [2, 2(N+2)/N] if N > 2. Moreover,

a) If Q is bounded, Ep imbeds compactly in L. for any r > 1 if
N =1, andr €[l, 2(N+2)/N) if N > 2. In addition, if r > 2, there
is dr > 0 independent of T' such that ||z|[1; < d;| z||T;

b) If Q = RN, Er imbeds compactly in L}, (Qr,R*™) for any r > 1

loc

if N=1, and r € [1, 2(N+2)/N) if N > 2.

Proof. We remark that the operator By := J0; + Jo(1 — A,) acting
on L2T is self-adjoint with domain Wr o, and there are bi,bp > 0
independent of T" such that
(3.7) ball Brzl2s < 2l < ballBrzl2s

Using Lemmas 3.1 and 3.2 and (3.7) we see that there are b3 > 0
independent of T" and by > 0 such that

bl Brz|l7; < [[Arzliz < bsl|Brz|Z, .

Here by can be chosen to be also independent of T if 2 is bounded.
Thus D(|Br|'/?) = D(|Ar|'/?) = Er and

balll Br /22125 < Il2l3 < bsll[Br[/22]12,
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Going to the complexification L2 x L% = L[2. + iL% and using the
(complex) interpolation [, -]y, see [19] or [20], one sees that

Ep = D(|Br['?) = [D(Br), Lt} 2
The embeddings
Er & [D(Br), L)1/ — (L, L)1 2 — LY
are continuous for r = co if N = 1,2, and r = 2(N+2)/(N-2) if N > 3,
and if ¢ satisfies 1/q = (1/2+1/r)/2, that is, if ¢ = 2(N + 2)/N. For
r € (2,q), the Holder inequality implies

q(r —2)
r(q—2)

Therefore the first conclusion of the lemma follows.

2], < |z\%_9|z|z with 6 =

Finally, the conclusions a) and b) follow from the above argument
and (3.1)—(3.3). O

By virtue of Lemmas 3.1 and 3.2, we have the decomposition
Li = (L2) ®(L23)", z=z +2F

with (LZ)* invariant subspaces of Ar such that Ar is negative (posi-
tive, respectively) on (L2.)~ (on (L2.)%, respectively). Accordingly,

Er = Ex®Ef  with Ef = Bpn (L%)*.

On E7r the energy functional I has the form

B8 e =50l - [ A2

Lemma 3.4. Assuming that H € C1(Q7,R>™) satisfying for some
v =2

c1 + ez if Q ds bounded,

3.9 H,(t,x, < .
( ) | ( X Z)| {|Z+C|Z|’Yl lfQ:RN.
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Then the functional It € CY(Er,R), and critical points of I are
solutions of (HS) in Wy, for any r > 2.

Proof. Using Lemma 3.3 and the assumption (3.9), a standard
argument shows that Iz € C'(Er), and critical points of I are weak
solutions of (HS). It remains to show that if z is a weak solution then
S ﬂ2§7"<00VVT,T-

If @ = RN, we may regard W, as a subspace of Z,. := WH2(R, L" x
(RN, R?>™)) N L" (R, W?"(RN,R?™)) equipped with the norm

9 r N ‘822’ 7‘))1/7‘
2|z, = 2"+ = + E — .
H HZ (~/R><RN <| | ot j=1 317?

Then the desired conclusion follows from [3, Lemma 4.7].

Assume Q is smoothly bounded. By (3.1),

l2llis < Corllzliw, for all = € Wi,

where C,, > 0 is a constant depending only on ¢ and r, for 1 < r <
g < 7(r) and also for ¢ = 7(r) if 7(r) < oco. Now using (HS) and (3.9),
a standard bootstrap argument, cf. [10] or [3, Lemma 4.7], gives the
desired result . o

4. Subquadrature case. From this section to Section 6, we always
assume that € is a smoothly bounded domain. By virtue of Lemma
3.3 a), the spectrum o(Ar) consists of eigenvalues of finite multiplicity
denoted by -+ < Ay < A] <0 <A <A <.+ with AT — doo as
j — oo. Let (e;t)jeN denote the corresponding set of eigenfunctions
with \e;t\g = 1L (Eji)jeN is an orthogonal basis for both (L2.)* and
E% Define

X = span{e,,...,e; }, Xg = span{el, ... el }, X' = X) © Xp
and
X=X X", X":=X oX]
We remark that [|z[|2, < A ![|z||3 for all z € (X"~1)+. Therefore, by
T
Holder inequality, for all ¢ € (1, 2), there is a ¢, > 0 such that

(4.1) Hz||quT < Cq)‘;q/QHZHqT for all z € (X”_l)L7
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and, for ¢ € (2, 2(2 4+ N)/N) there is ¢; > 0 such that, letting
0,:=1— N(q—2)/4,

(4.2) ||z||%qT < e\ |24 forall z € (X™TH)E

For a functional f € C'(Er) let f; denote the restriction of f on
Xy. A sequence zp € Xy, £ € N, z; € Ep, respectively, is said to
be a (PS)%, (PS)., respectively, sequence if f(z¢) — ¢ and fj(z¢) — 0
(and f'(z¢) — 0, respectively) as £ — oo. f is said to satisfy the
(PS)%, (PS)., respectively, condition if any (PS)Z, (PS)., respectively,
sequence has a convergent subsequence.

Proof of Theorem 2.1-1 Existence. Observe that, by (hs), H(t, z, z)
< ¢(1 + |2|P) for all (¢,z,z), which implies that in (hq) the constant
a < 2.

First we check that the functional J(z) = —Ip(z) satisfies (PS)}
condition. Let z; € X, be such that J(z¢) — ¢ and Jj(z¢) — 0. Then
it follows from (hs) that

lzell7 = = Jp(z0) (2 — 27) + ; H.(t, @, 20) (2 — %)
T

< collzellr + ClHZZHILEl”ZZ - Z;HLT;
< ea(1+ [lzell5Y)llzell s

which implies that (z;) is bounded, since 1 < p < 2. Now, using
Lemma 3.3, a standard argument shows that (z¢) has a convergent
subsequence.

Similarly, it is easy to verify that J and J; satisfy (PS). condition.
Next, there are 7 > 0, § > 0 and 0 # zy € E;. such that

(4.3) J(z) <0 forall z € Ef with ||z]|r >,
(4.4) J(z+2)>¢ forall ze€ Er.
In fact, by (hs), for z € Ef,
1
J(z) = H(t,z,2) — 3 llz||%
Qr

1
< et +ll=lzy) = 5 2117,
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hence, (4.3) holds. By virtue of (h;), for z € E7 and 2 € E.,

1 1
T(:+ 20) 2 anlls + z0llg + 5 1218 — 5 ol
a 1
> es(1 = 20l lzoll§ + 5 1213

and we get (4.4).
Now a standard deformation argument [8, 18] yields a sequence

z¢ € Xy satisfying

Ji(z) =0 and J(z) —c with§ <e< M :=supJ(B,E}).

Finally, the (PS)! condition implies that J has a critical point z with
0 < J(z) < M. This proves that (HS)—(2.1) has at least one nontrivial
solution which is in Wy, for all » > 1 by Lemma 3.4. u]

Proof of Theorem 2.1-11 Multiplicity. By assumptions, J is even and
J(0) = 0. We claim that for each n € N:

(i) There are r, > 0 and a,, > 0 such that J(z) > a, for all z € X"
with [|z]|7 = 7p;

(ii) There is B, > 0 such that J(z) < 3, for all z € (X" 1)L
Moreover, 3, — 0 as n — co.

As above, noting that dim (X§) < oo, for z € X™,
IE) 2 anllligg + 5 171 - 5 1713
= @mllFllLg T 5 T35 T
1 12—« + || - 2
> (en =5 12707 )12 0TF + 5 M= M7
2 2
so claim (i) follows. The combination of (h;) and (hs) implies v < 2,

so H(t,z,z) < a(|z|" + |z|P) for all (¢,x,z). Thus it follows from (4.1)
that, for z € (X"~ 1)4,

1
I@) <er [ (el +1a) - 5 el
Qr

_ 1 _ 1
< (X 21all = 1 1a1B) + (cara?1all - a1 ).
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Set

c2(2 — _ 2— co(2 — -~ 20—
5, = : ) (2yen; )/ 4 a( : p) (2pear; 1))

which verifies claim (ii).

Now, by virtue of [12, Proposition 2.2], see also [13], J has a sequence
(zn) of critical points satisfying «,, < J(z,) < B,. The proof is finished.
O

Proof of Theorem 2.1'. Let (2.3) be satisfied. Let X = X(s) €
C>*(R, 0, 1]) be such that X(s) = 0 for s < ro/2,Xx(s) = 1 for s > ro,
and X'(s) > 0 for all s € (ro/2, ro). Set M = inf {H(t,z,2)/r§: t € R

and |z| =ro}. Consider H : R x Q x R?™ — R defined by

H(t,z,z) = (1 —x(|z])H(t, x, 2) + X(|z|) M |z|*.

Then, by definition and (2.3), H is even in z, and

(4.5) H(t,xz,z) > M|z|%;
) 0< ﬁz(t,x, z)z < aﬁ(t,x, z) whenever z # 0;
(4.7) [H.(t,2,2)] < as(|2]7" + [21*71).

Therefore, H satisfies the assumptions (ho)—(hs). It follows from
Theorem 2.1 that the functional

~ 1, _ 1
= [ e+ 211 - 218
Qr

on Er has a sequence (z,) of critical points satisfying

(4.8) 0<an <cp:=J(zn) <Pn with 5, — 0.
Zy, Solves
(4.9) Apz, = H,(t,z,2).

By (4.6) and (4.8),

22—« ~ 2—«

Bn > J(Zn) >
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hence, it follows from (4.5) that

2M 3,
2—a’

”ZnH%; < by =

Since b, — 0, without loss of generality, assume b, < 1. Using (4.7)
and (4.9),

lonlld = [ Ha(toza) (55 —20) < di (lzallly + 1zl ) < 2000/,
Qr

Using Lemma 3.2,
|2nll g < dobd/>*  where g1 = 2(2 4+ N)/N.

By (4.9) and (4.7) again,

. 1/7"1
vzl = ([ 1rzr) <o
QT

where r1 = ¢1/(a — 1),
consequently, by Lemma 3.1,
lznllwez,,, — 0.

Repeating the above process, the bootstrap argument implies that
|l zn|lwy.,. — 0 for each r > 1. Now applying Sobolev embedding we
arrive at

lznllLge — .

Thus, for all n large, z, is a solution of (HS)—(2.1). The proof is
complete. ]

5. Superquadrature case. In this section we consider super-
quadratic nonlinearities and prove Theorems 2.2 and 2.3’.

Proof of Theorem 2.2-1 Existence. In the following we write simply
I(z) = Ip(z), etc. Firstly, we check that I satisfies (PS)Z condition.
Let z; € Xy be such that I(z;) — c and I)(z¢) — 0. By (ha)

1 1 1
I(ZZ)_if’(ZZ)ZE > / <§—;)Hz(t,a:,2'g)z@—cl
T
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or

(5.1) H.(t,x,20)z0 < c2(1 + [|2e]l7).-
Qr

It follows from the form of I'(z¢)(z — z;7) and (hs), (5.1) that

1/p
||z@||%<o<|z||T>+c3( / Hz<t,x,zn|p) el

Qr

<ey (1 + ||zl|3P ) llzel|7-

Hence, (z¢) is bounded in E7. Using Lemma 3.3, a standard argument
shows that (z¢) has convergent subsequence.

Similarly, I and I, satisfy (PS). condition.

By Lemma 3.3 and (hg) it is easy to verify that there are 6 > 0 and
p > 0 satisfying

(5.2) I(z) > 6§ forall z € OB,E].

It follows from (h4) and (hg) that for any e > 0 there is C. > 0 such
that

(5.3) H(t,z,2) > Ce|z|t —¢|z|* for all (t,z, 2).

Let e = ef. Using (5.3) and Lemma 3.3, we see that there are s,
R >0 and M > 0 such that

(5.4) supI/(N) <M and Ign <0

where N :={z+se: z€ BrE;, 0 <s < sp}.

Define the following minimax value

cp = Alglfe max I(\(2)),

where Ny = NN Xy and Ty = {\ € C(Ny, Xy) : Aon, = id}. The
linking theorem, see [18, 21], implies that

5SC@SM,
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and ¢, is a critical value of Iy. Let z, € X, be such that I)(z) = 0 and
I(z¢) = c¢o. Then, up to a subsequence, (z¢) is a (PS)# sequence with
0 < ¢ < M. Therefore, by (PS)# condition, I has a nontrivial critical
point, and the first conclusion of Theorem 2.2 follows. a

Proof of Theorem 2.2-11 Multiplicity. In this case, I is even and
1(0) =0.

Firstly, there is R, > 0 such that I(z) < 0 for all z € X" with
lzll7 > R,. Indeed, by (hy), H(t,z,2) > c1|z|* — ¢o for all (¢,z, 2),
hence, for z € X",

1(z)

IA

1 1, _
SN = 51l = [ el e

Qr

IN

1 9 1, _
(5 - el 1572 )1 = 1l + o

which implies clearly the desired conclusion.

Next, for all n large, there are r, > 0 and a, — o0, n — 00,
such that I(z) > a, for all z € (X" YL with ||z||lr = rn. By (hs),
H(t,z,2) < es5(1 4 |2P) for all (t,z,z). Using (4.2), for z € (X"~ 1)+,
one has

1(z2)

Y

1
plelp—cs [ lap-c
Qr

1 -0
3 Il = XS 21 — o

Y

It is easy to check that the numbers

—/P 1 1
Tn = (pC7/\T:9p) 1/(p—2) and ap = (5 — _)T',Ql —cg
p

satisfy the requirement.

Now, an application of symmetric mountain pass theorem, cf. [12,
13] or [21], completes the proof. O
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Proof of Theorem 2.3'. If £ > 0, then (2.3) holds for some ry > 0 and
the existence of (z,) follows from Theorem 2.1’. Assume & < 0. Then
—H satisfies (2.3) and we have the modification H of —H as that in
proof of Theorem 2.1’. Applying the argument for Theorem 2.1’ to the
functional

I(z)= | H(t,z,2)+
Qr

N =

(14117 = 1=717)

with exchanging the positions of E;C and E, eg., setting X' =
span{e, ,..., ef}@E}' etc., we see that it has a critical point sequence
(2n) satistying, for n large, It (2,) = I(2,) > 0 and 0 > &l7(z,) — 0
as n — 00.

Similarly, applying the argument for Theorem 2.2 we obtain the
sequence Z, of critical points of It such that nlIr(Z,) — oo as n — oco.

Finally, letting z stand for one of the solutions, according to standard
existence and uniqueness theory for linear differential systems, z(t, z) #
any equilibrium everywhere. Let T denote the minimal period of z.
Using (HS) and (2.4) one obtains a(t+1p) = a(t) for all ¢, which implies
clearly that Ty =T o

6. Convergence of subharmonic orbits. Throughout this
section, let the assumptions of Theorem 2.4 be satisfied. For each
keN,let Qp = (0,kT) x Q, L}, = L"(Qx, R*™) and Ay, the operator
T — JoA, acting in L?. Replacing Q7 by Q, define as before Ej,
and I, € C*(Ey,R), etc. Critical points of I}, are solutions of

Tz — JoAyz = H,(t,x,2) (t,z) e R xQ
(HS)g z(t,x) =0 (t,x) € R x 99
z(t+ kT, x) = z(t, x) (t,x) e R x Q.

The existence of a nontrivial solution z; of (HS); follows easily from
the proof of Theorem 2.2. However, in order to treat the convergence of
(z1) as k — oo we need some estimates with boundedness independent
of k. This requires more details on the existence proof.

Lemma 6.1. There are § > 0 and p > 0, both independent of k,
such that Ij(z) > & for all z € E;" with ||z[|x = p.
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Proof. By (h%), H(t,z,z) < c1|z|P for all (¢, z, z). This, together with
Lemma 3.3 a), induces that there is ¢, > 0 independent of k such that,
for z € Elj,

1 1
B 2 gl = [ a2 5 a1 - ol
Qk

The conclusion follows. o

Below, for each z € C§° := C§°(Q1, R*™), we extend 2z to Qp — R?™
by setting z = 0 on [T, kT') and regard it as a kT-periodic map on Rx Q.
Clearly, Cg° is invariant under the Ag-action, i.e., AxC°CCs°. Let Ej
denote the completion of C§° under the norm || - ||z. Then Ey = E for

all k> 1. Take ey, € Ej, N (L3)T with lexllz = 1. Clearly er = ey for
all k € N. Set My (R,7)={z+se; : z€ E,” with ||z||[y <R, 0 < s <7}

Lemma 6.2. There are positive constants R,r and A, all indepen-
dent of k, such that I, <0 on OMy(R,r) and sup I;(My(R,r)) < A.

Proof. The conclusion follows easily from the facts that, for z € E,
and s > 0,

s(er,en)rz = (e1, 27 +se1)r2 < leallparllz™ + sealle,

hence,
s <allz” + sel||%g.

Consequently, using (hq),
1
(2~ +se1) < cps® — ) 2|17 — c38%,
where ¢; > 0 are independent of k. a

Now, as proving Theorem 2.2, we obtain, for each k, a solution zj of
(HS)j, satisfying

(6.1) § < Ck:=Iy(z) <A and I;(zx) =0.
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It follows from (6.1) and (hf) that there is o > 0 independent of k
such that

lzxllp= > o for all k € N.

By periodicity, we find a sequence ¢, € A such that (recalling that
Q1 =Qr)

t+ 0T = t,x)|.
Hg}XIZk( + 4T, )| = max |2, (2, z)]
So, up to rescalings of t-variable, we may assume

(6.2) |26l = max |2k (t, )| > 0.
1

By assumptions on H and (6.1), standard arguments show that there
is A1 > 0 independent of k such that

(6.3)

H(t,x, z) < Ay, H,(t,z,zi) 2z <A1 and  |zi|lx < As.
Qk Qk

A bootstrap argument implies that for each r € [2,00), there is A,
independent of k such that

(6.4) 2kl < Arand - [2x][7, < A,

cf. [3, 10] or the proof of Theorem 2.1’. As a consequence, zj €
Co*(Qr, R?*™) for 0 < k < 1, by the Sobolev embedding theorem.

It is clear from (6.4) that, for any r > 2 and —oo < a < b < 00, there
is C(r;a,b) > 0 depending on r and b — a such that

(65) ||Azk||LT(Qa,b7R2m) S C('f‘,a,b),

where Qqp = (a,b) x Q and Az = J0z — JoAzz. Recall that A is
an isomorphism from By .- into L™(Qa.p, R*™) where By .. denotes
the Banach space defined as Br, with Qr replaced by Qg 5, see [10].
Consequently,

2kl By sy < C(rya,b),

a,bjr —
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independent of k. Therefore, by the Sobolev embedding theorem,
(6.6) lzkllcor (@, r2m) < Cla,b)

with C(a,b) depending on b — a.

Proof of Theorem 2.4. Taking into account (6.6) we extract a
subsequence k,, — oo such that

2k, — Zoo 11 Cioe(R X £, R>™).

It is easy to see that z, solves (HS). By (6.2), zoo € L®(R x , R*™)
and 2o, # 0.

Let r € [2,00). By (6.4), for any a > 0,

/ |z0o|” = lim |z, |
Q nTeeJQ

T
L;; S 2AT

< lim sup 2|| 2|
— 00

Letting @ — oo we see that z,, € L"(R x Q,R*™) for r € [2,00).

Similarly,
/ |Azoo|” < 2A,
RxQ

for all r > 2. From this, we find

lim |Azso|" =0,
@00 Qa,a+1

so by the Sobolev embedding theorem, zo(t,-) — 0 as t — oo.
Similarly, z.(t,-) — 0 as t — —oo. This completes the proof. O

7. The case on R". We now turn to the case = RY. Throughout
the section, suppose H satisfies (hg), (h}), (h%) and (h7). Setting

U(z) = H(t,z,2),
Qr
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we write

1(z) = Ir(2) = 5 (Il7*1l7 = 127 [F) — ¥(2).

N | —

We are looking for critical points of I on Fr.

Lemma 7.1. VU is bounded below and weakly sequentially lower semi-
continuous with V' : X — X weakly sequentially continuous.

Proof. Since H(t,z,z) > 0, we have ¥(z) > 0 for 2 € Ep. Let
2zp — 2. Then, by Lemma 3.3, 2z, — z in LZQOC, thus almost everywhere
in (¢,x). By a Fatou lemma,

liminf/ H(t, z,z,) 2/ lim H(t,x, z,) :/ H(t,z,2)
RN RI+N

n— o0 R1+N n—00

proving the lower semi-continuity of ¥. For any w € C3°,
U (zp)w = / H.(t,z, z,)w — V' (2)w,
R1+N

which, together with the boundedness of ¥'(z,), by (hf), implies that
U’ is weakly sequentially continuous. O

As before, we have

Lemma 7.2. There are constants 6,p > 0 such that ®(z) > § for
z € Ef, |lzllr = p.

Lemma 7.3. Let e € Ef, |le|r = 1. There are R > p such
that ®(z) < 0 for z € OM, and A := supI(M) < oo, where
M={z=z2z"+se:27 € X~ ,|z|| < R,s > 0}.

The existence part of one solution of Theorem 2.5 will be proved by
virtue of the following critical point theorem due to Kryszewski and
Szulkin [15].
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Theorem 7.1. Let X be a separable Hilbert space with the orthogonal
decomposition X = X~ ®XT and suppose ® € C1(X,R) satisfies the
hypotheses:

(i) ®(z) = (Iz7112 = Iz711?) /2 — ¥(2) where ¥ is bounded below,
weakly sequentially lower semi-continuous with U : X — X weakly
sequentially continuous;

(ii) There are constants §,p > 0 such that ®(z) > § for z € XT,
121l = p;

(iii) There existe € X T, |le]| = 1, and R > p such that ®(z) <0 for
z2 € OM where M ={z=2"+se:2- € X~ ,|z|| < R,s > 0}.

Then there exists a sequence (zx) such that ®'(z) — 0 and ®(zx) — ¢

for some ¢ € [§, sup ®(M)].

Proof of Theorem 2.5-1 Existence. By Lemmas 7.1-7.3, the func-
tional ® = I on Er satisfies (i)—(iii). Now by Theorem 7.1, let (zy)
be such that I'(z;) — 0 and I(z;) — ¢ with 6 < ¢ < A. As before,
it is easy to verify that (z;) is bounded. Using the Lions’ concentra-
tion compactness lemma [17], it is not difficult to see that, along a
subsequence, there exist a > 0 and (y)CRY such that

(7.1) lim |zk|* > a,
h=o0 J10,11x B(yx.1)
cf., e.g., [3, 21]. By (7.1), we may assume that there exist (k1,...,kn) €
ZN satisfying
(7.2) / |2k | > a/2
[0,T]x B(y;,,1+V'N)

where y;, == (k1,... ,kn). Set Zx(t,x) := zi(t,x1 + k1,... ,zN + kn).
Then ||Zx|lr = ||2k]|7 and we may suppose that z; — z weakly in Ep

and locally in L%. By (7.2) and the periodic dependence of H on z,
z# 0 and I'(z) = 0. The proof is hereby completed. O

We now turn to the multiplicity. Let us recall an abstract theorem
on multiplicity of critical point of even functional from [3].

Let X be a reflexive Banach space with the direct sum decomposition
X = X" ®Xt,z =2 + 2z for z € X, and suppose that X~ has
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a countable Schauder basis. Write X, for the space X with the
weak topology and similarly X, . For a functional ® on X we set
Pt = {2 € X: a< ®(2) <b}. Given an interval J C R, we call
a set A C X a (PS)s-attractor if, for any (PS).-sequence (z,) with
¢ € J, and any £,6 > 0 one has 2, € N.(AN @) provided n is
large enough, where NV (F') denotes the e-neighborhood of F' in X. We
consider a functional ® satisfying the hypotheses:

(®1) ® € C}(X,R) is even and ®(0) = 0;

(®2) there exist d, p > 0 such that ®(z) > ¢ for every z € 0B, X ;

(®3) there exists a strictly increasing sequence of finite dimensional
subspaces Y,,CX™* such that sup ®(X,) < co where X, := X~ @Y,
and an increasing sequence of real numbers R,, > 0 with sup ®(X,, \
Bg,) < inf ®(B,X);

(®4) ®(2) — —o0 as ||z~ || — oo and ||z bounded;

(®5) ': X7 x XT — X} is sequentially continuous, and ®: X x
X1t — R is sequentially upper semi-continuous;

(®g) for any compact interval J C (0,00) there exists a (PS) -
attractor A such that inf{||z* —w™| : z,w € A, 2+ #w™} > 0.

Theorem 7.2. If ® satisfies (P1)—(Pg), then it has an unbounded
sequence (cp,) of positive critical values.

Proof of Theorem 2.5.~11 Multiplicity. We will apply Theorem 7.2 to
d=7JonX=FEr.

Clearly (®,) is satisfied since H is even in z and H(¢,x,0) = 0. (P2)
follows from Lemma 7.2 and (®5) from Lemma 7.1. (®4) follows from
the form of I and the fact that ¥U(z) > 0.

Let (e,) be an orthonormal basis for Ef and set Y;, := span {es, ...,
en} and X, = E;®Y,,. (hj}) and (hy) imply that for any € > 0 there is
ce > 0 such that H(t,z,2) > c.|z|* —¢|z|? for all (t,z,2). For z € X",

1 -
I(z) < 5 (127017 = 1=7117) +ell=l7s — el

1 1 _
< (g0 )1t = (5 =20 I B~ caccl =I5

Now (®3) follows easily.

A

A
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The proof will be complete by showing that if
(t)  (HS) has only finitely many geometrically distinct solutions,

then the condition (®g) is satisfied. So we assume (}). We remark that
there is o > 0 satisfying

inf I (K\{0}) > «.

where K := {z € Ep : I'(z) = 0}. Let F C K consist of arbitrarily
chosen representatives of the orbits of K under the action of Z"V. Since
I is even, we may assume that F = —F. Let [r] denote the integer
part of r for any € R. Using the assumptions on H it is not difficult
to check the following claim, cf., [11, 15]:

(1) Let (zn)CET be a (PS)c-sequence. Then ¢ > 0, (z,) is bounded,
and either z, — 0, corresponding to ¢ = 0; or ¢ > « and there are
I < [e/al], w; € F\{0}, i = 1,...,l, a subsequence denoted again by
(2n), and | sequences (a;n)y in ZN,i=1,... 1 such that

— 0 asn— oo,

l
Zn — § Qjn, * W;
=1

|@in, — ajn| — 00 asn — oo, ifi#j,

and l

Z I(w;) =c¢

i=1
Given a compact interval J C (0, 00) with d := max J we set | := [d/q]
and

J
[.7:,1] —{Zkl*wl, 1<]<l,k2€ZN,w1€f}

=1

As a consequence of () we see that [F,I] is a (PS) j-attractor. It is
easy to check that

inf {|Ju®t — vt : wv e [F 1, ut #vt} >0,

see, e.g., [11]. Therefore (®g¢) is satisfied and Theorem 2.5 is proved.
O
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