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LIONS-PEETRE’S INTERPOLATION METHODS
ASSOCIATED WITH QUASI-POWER FUNCTIONS
AND SOME APPLICATIONS

MING FAN

ABSTRACT. This paper concerns some properties of Lions-
Peetre’s interpolation methods of constants and means as-
sociated with quasi-power functions, and their applications
in harmonic analysis, martingale inequalities, and geomet-
ric properties of Banach spaces. We describe Besov-Orlicz
spaces and Triebel-Lizorkin-Orlicz spaces in terms of interpo-
lation and wavelet bases. We study the commutators of quasi-
logarithmic operators and singular integral operators, Hankel
operators in Schatten-Orlicz classes, martingale inequalities
for the p-variation, and the stability of multi-dimensional uni-
form rotundity under interpolation.

Many problems in analysis can be formulated in terms of the action
of operators on function spaces. Interpolation theory is a very powerful
tool for obtaining new estimates from old ones. In [4], the author in-
vestigated Lions-Peetre’s interpolation methods of constants and means
associated with quasi-power functions, and established its connection
with the real interpolation methods in the sense of Brudnyi-Krugljak.
These kinds of interpolation methods are a natural generalization of the
classical real interpolation methods and may play an important role in
other fields of analysis [4, 5]. In the present paper, we will study some
properties of the above mentioned interpolation methods, and their ap-
plications in harmonic analysis, martingale inequalities and geometric
properties of Banach spaces. Some classical results can be carried over
in a more general context.

The plan of the paper is as follows. Section 1 includes preliminaries
about Brudnyi-Krugljak’s and Peetre-Gustavsson’s interpolation meth-
ods. In Section 2, we formulate some useful results for Lions-Peetre’s
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interpolation methods with quasi-power functions concerning equiva-
lence, duality, reiteration, interpolation type, compact interpolation
and local commutativity. In Section 3, we describe Besov-Orlicz spaces
and Triebel-Lizorkin-Orlicz spaces in terms of interpolation, and rep-
resent these spaces by using wavelet bases. In Section 4, we deal with
the commutators of quasi-logarithmic operators and singular integral
operators, as well as Hankel operators in Schatten-Orlicz classes. In
Section 5, we obtain some martingale inequalities for the @-variation.
In Section 6, we study the stability of multi-dimensional rotundity un-
der interpolation.

1. Preliminaries. Throughout this paper, we will use the termi-
nology and notation of interpolation theory from [1, 2]. The notations
C and = between Banach spaces stand for continuous inclusion and
isomorphic equivalence respectively. Let X = (Xo, X1) be a Banach
couple with AX = XqgNX; and XX = Xy + X1, and let X be an inter-
mediate space for Banach couple X = (X, X;), we denote by X° the
regularization for X, by X’ the Banach space dual of X°, and write the
dual couple X = (X}, X!). For Banach couples X and Y, we denote
B(X,Y) for the space of all bounded linear operators from X to Y. We
simply write B(X) = B(X, X).

Let us assume that X = (Xo, X1) is a Banach couple. For ¢ > 0, the
J- and K-functionals on AX and XX, respectively, are given by

J(t,2:%) = Jzllo v (tally) i € AT,
and
K(t,z; X) = inf{ ||zollo+t|lz1]1 |z =20+21, 2, € X; } if x€XX.

The K- and J-methods of interpolation due to Brudnyi and Krugljak
are given as follows. Let ® be a Banach function space over (R, dt/t)
such that 1At € ® and [~ 1A (1/t)|f ()] dt/t < oo for all f € ®. We
define

Ko(X) = {2 € XX |||z, = |K(t, 2;X)[le <00} [2,(3.3.1)],

and define Jg (Y) as the space of all 2 € ¥ X, which permits a canonical
representation r = fooo u(t) dt / t for a strongly measurable function
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w: Rt — AX, with the norm

]l = inf |7t u(t); X))y <00 [2, (34.3)].

The Banach function space @ is said to be a quasi-power parameter if
the Calderén operator .S, which is defined by

ds

SN0 = [ 1A

for f € LO(R+,dt/t)7 is bounded on ®. In this case, we have the
equivalence

Jo(X) = Ko (X).

In a given category, an object B is a retract of the object A, if there
are morphisms J: B — A and P: A — B in the category, such that
P o J is the identity on B. The Banach couple Y is a subcouple of a
Banach couple X if Y; is a subspace of X; (j = 0,1). A subcouple Y
of X is a K-subcouple of X if, for some constant C,

K(t,y;Y)<CK(t,y;X) for t>0 and ye&XY.

In the sequel, we need some properties of the K¢ methods.

Proposition 1.1. Let X and Y be Banach couples.
(i) If X is a retract of Y, then Jo(X) is a retract of Jo(Y) and

Ko(X) is a retract of Ko(Y).
(ii) If Y is a K-subcouple of X, then

K@(?) = K@(Y) NxY.

(iil) Assume that ® is a reflexive Banach function space and a quasi-
power parameter. If Xo or Xi is a reflexive space, then Jo(X) is a
reflexive space.

In fact, part (i) is a natural extension of [1, Theorem 6.4.2], part (ii)
follows from [9, Theorem 2.1] and part (iii) can be induced from [2,
Proposition 4.6.5 and Corollary 4.6.18].
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Let p: RT — R™ be a concave function. We denote

*(t) = and p(t) =su plst)

for ¢t>0.

A corresponding homogeneous function of two variables, again denoted
by p, is defined by

p(to,tl) = top(tl/to) for to, t1 > 0.

Let now p be quasi-power in the sense that there exist C > 0 and
0 < B < 1 for which p(t) < C (7 v t(1=8)) for all t > 0. Throughout
the paper, we always assume that

p(t) <tPvi=A forall t>0.

Recall the + method GY introduced by Peetre [15] as below: GY9(X)
is the space of all z € ¥X such that z = Esozioo
for an admissible sequence (z,), in AX, and there is a constant C
satisfying

x, converges in XX

Z X2V, /p(2Y)

V=—00

<Csupl|A,], 7=0,1
j v

for any (A,), € 1°°. This space is equipped with the norm [lz[lgo =
inf C.

2. Lions-Peetre’s interpolation methods associated with
quasi-power functions. Let p: R™ — R™ be a quasi-power function,
and let 1 < po,p1 < oo. We define K, ;) and J,,, p, as Lions-
Peetre’s interpolation methods of constants and means associated with
the function parameter p. More precisely, for a Banach couple X =
(X0, X1), the space K, (X) consists of all those z € X such
that there exist strongly measurable functions z;: Rt — X; (j =0,1)
satisfying © = zo + @1 and #/||x;(t)||;/p(t) € LPi(RT,dt/t) with the
norm

Il 00 = i { mma 169 ()15 /2O s

and the space J, ,, p, (X) consists of all those z € EY_ such that
there exists a strongly measurable function u: RT — AX satisfying
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T = fooo u(t) dt/t and thu(t)Hj/p(t) € LPi(R*Y,dt/t) (j = 0,1) with
the norm

1015, 5, = i0F { e [ )1/ (O] s}
Furthermore, we define p: Rt — R™ by
(2.1) P () =t Pop(t7 ),

where 1/g = 1/pp—1/p1. Then ¢ is a Young function satisfying both A
and Vs conditions. Let ® be the weighted Orlicz space of all measurable
functions f:R* — C such that [~ @(t=9/Po| f(t)|)t9 dt/t < oo, which
is equipped with the Luxemberg norm. Observe that ® is a reflexive
Banach function space and a quasi-power parameter.

We now summarize some properties of these interpolation methods
obtained by the author in [4, 5].

Proposition 2.1. Let X be a Banach couple.
(i) Equivalence [4, Theorem 1.1]. If pg # p1, then

K<I>(Y) = Kp po,p: (7) = Jopom (7) = J<I>(y)'
If po = p1=p, then
Kp,p,p(y) - me,p(y> = J,ﬁ’(y) = K§(7)7
where J§ = Jrp and K = Kppr, for which f € LY if and only if
f/p € LV(R*, dt/t).
(ii) Duality [4, Lemma 3.2].

/

JP7P07P1 (Y)/ =K, X )a

p*m(’],p’l(
where 1/pf =1—1/p;, j=0,1.
(iil) Reiteration [5, Lemma 4.6]. For 0 <0y <1 and 6, =1 — 0y, let

1 1-6, 6, 1 1 1
— =47 =01, and -=—— —.
Ty Po P1 r To T1
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Then
JPJDO D1 G?] (J;’Oo7 ngl)7

where n(t) = t="%/dp(7/9),

We invoke the following auxiliary result which could be of interest in
their own right.

Proposition 2.2. Let Y_and Y be Banach couples, and let X =
JP7P07P1 (X) and Y = JP;PD7P1 (Y)

(i) Assume that z1,..., xx € X with the canonical representations
o0
0

If we set vl (t) = thu;(t)/p(t) and

o ll; = || vl (2) 1<i<k, j=0,1,

||j ||ij (dt/t)’

then
_ 1/k 1/k\ %
Joall -l < 5 (el Ioflo) "™, (et -+ ok ) ")

(ii) If T is a bounded linear operator from X to Y, then

ITlx.y < 2 (1T 1o, 1111,

which means that J, p, p, 15 an exact interpolation method of type p.

Proof. Let

j FoN1E
M= (lvilly - llvilly) ™ 7 =0,1,

and let @ = My /M. Then z; = fo w;(at) dt/t for which

() o () )

pla)

< TR llv] 1l;-
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It turns out

_ 1/k 1/k\ %
Jorll -l < o ((efllo- - oflo) "™, (et -+ llok i) ")

which gives part (i). Part (ii) is an easy consequence of this inequality
when k£ = 1. O

Combing Proposition 2.1 (iii) with [3, Theorem 1.1] and [13, Theorem
3.6], we obtain

Proposition 2.3. If T is a bounded linear operator from X to Y,
and if
T: XQ — YO

is compact, then T:J, po p1 (X) — Jppo.pi (Y) is compact.

If ¢ is a Banach function space over some complete o-finite measure
space (2, u), and if X is a Banach space, we denote by ®[X] the space
of all X-valued strongly measurable functions f such that ||f||x € ®
almost everywhere and define the norm | f|e[x] = H ||fHXH<1> For a

Young function p: Rt — RT, let LY = L¥(Q, u), and in particular, let
LP = LP(Q, pu) for 1 < p < 0.

Example. If the function ¢ is given by (2.1), then we have
(2'2) meoapl (Lp07 Lpl) =L¥

by Proposition 2.1 (iii) and [14, Example 5.3]. Furthermore, we have
the following results.

(i) If X is a Banach sequence space possessing the Fatou property,
then

(2.3) Jp.po.p1 (X[L”O],X[Lpl]) = X[L"’}
and

(2.4) Tp.po.pn (L7 [X], L7 [X]) = L¥[X].
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(ii) Let ¢: Rt — Rt defined by ¢~'(t) = t'/Pop(t=1/9), and let X
be a Banach couple. Then L?[J, 1, (Y)]O is an exact interpolation
space for the couple (LP°[X,], LP*[X1]), and the inclusion

(2-5) JPJJO,PI (Lpo [XO]v L [Xl]) - L? [Jp P0,P1 (Y)]O

holds.

In fact, these results can be obtained by (2.2), together with [5, Propo-
sition 3.2] for (2.3), the simple calculation for (2.4), and Proposition
2.2 (i) for (2.5).

We conclude this section by a result on the local commutativity for
Lions-Peetre’s methods.

Proposition 2.4. If 1 <p < oo, then

JPvPOvPl (lp[XO]v » [Xl]) =1 [JPJJOJM (7)]

Proof. Observe first that
(2.6) P[GH(X)] € G (IP[Xo], I"[X1))

by a simple calculation. If we choose 6;, r;, 7 = 0,1, and 7 as in
Proposition 2.1 (iii), then the inclusion

[ Tppo (X)] € G ([T (X)), 7[5! (X)])

1

= G (50 (IP[Xo), IP[X1]), T3 (IP[Xo), IP[X1]))
= Jopo.m (lp[XO]a lp[Xl])

holds by (2.6) and reiteration. Similarly, we have
/ — / /
(2.7) P o, ()] € e g, (17 [ X, 17 [XT]).
Let X be a Banach space, and let z = (z,), € IP[X]. Observe that

l@liopx) = sup{ (2’ @) [ 2 € ' [X) with |2/l =1}
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This, together with (2.7) and Proposition 2.1, gives the converse
inclusion

JP,PO’pl ( » [X0]7 » [Xl] ) cw [JP,Po,pl (7)] )

which completes the proof. ]

3. Besov-Orlicz and Triebel-Lizorkin-Orlicz spaces, and
wavelet base. Let 7(R™) be the Schwartz class of test functions
on R", and let 7/(R™) be the space of tempered distributions, which
is the dual space of 7(R™). According to [1, Lemma 6.1.7], we can
choose ¢ € T(R™) for which

(3.1) suppop={&|27' <[¢]<2}, (&) >0 for 27! <[¢] <2
and
(3.2) Z p(27VE) =1 for £#0.

Now we define functions ¢, in 7 (R™) by
Fou () =o(277¢), v=0,+1,%2,....

Here F denotes the Fourier transform.

For s € R and 1 < r < oo, the space lg consists of all sequences
A = (A\))vez for which

Let ¢ be a Young function satisfying both Ay and Vi conditions,
and let LY = L¥(R") in this section. We define the homogeneous,
respectively inhomogeneous, Orlicz-Besove space and Orlicz-Triebel-
Lipzorkin space B and F;T,, respectively FZ . and Bg,, in the
following way:

o0

—(Z

V=—0o0

1/r
2"\, | )T) < .

,r ©,r

By, =B, (R") ={f € T'R")|(d,* f), € I][L7]},
P =F,RY) = {feT’ (R™) [ (¢ * f)v € L[I7]},
BS - B:,(R") = BS,(R")N L?,
— F3,(R") = F(R") N L?
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with the norms

||fHBs = 1@ Dllig ey
= 166w * Pl oy

=1#l5,, + ||f||w,

P )

We make calculus modulo polynomials when dealing with homogeneous
spaces. The definition of those spaces does not depend on the choice
of the test function ¢. Some of those spaces are studied in [1, 7, 8]. If
p(t) =P (1 < p < 0), we write B = B;T, B, . =B, F; —FS’
and F; . = F .. In fact, those spaces can even be deﬁned for O <p<l1
or p = 00. Now we can extend [1, Theorem 6.4.5] as below.

Proposition 3.1. Let p:RT™ — R* be a quasi-power function, let
s €R, let 1 < pg,p1,7 < 00, and let p be the function given by (2.1).
Then we have

S
Jpapoapl ( po T p1 r

gam
JP7P07101( Po,T? pl, 4,07“7
%07“’

)
)
JP,PO;Pl( Po,T? Pl, )
)=

JP’pO ,Pl( Po,T? pl r

Proof. Following (2.2)—(2.4), we have

JP,PO,ZM (lg [Lp0]7 lg [Lpl]) = lz [L¢}7
Jp,poml (Lpo [l;“}, e [l:]) = L“’[l:}.

Observe that BS is a retract of i [L¢], and F";,r is a retract of L% [l’;]
by [7, Theorem 5 5]. This, together with Proposition 1.1 (i) gives that

5s s s
Jpapoapl (Bpo r’Bpl r) Bga [

JP7P07101 (Flfo ) 108 ) = F«fz,r'

p1,7
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It is easy to adapt the proof so that the interpolation result is also valid
for the homogeneous spaces. u]

Now we define the Orlicz sequence space [# to consist of all sequences,
and the weighted Orlicz sequence space I as follows:

3 gl < oo},

%= {)\ = (An)n>1

i = {A — Ow)nez

Both spaces are equipped with the Luxemberg norms. For the test
function ¢ € T (R™) satisfying (3.1) and (3.2), we define the spaces BY
and BY by

Bf = BY(R") = {f € T'(R™) | (¢ + f)y €17 }
and B = B? N L¥ with the norms

11 = l(@s = Flullye and |||

Bf = ||(¢V*f)u

ie T /12

Proposition 3.2. Let p:RT — R™ be a quasi-power function, let
1 < po,p1 < o0 and let p be the function given by (2.1). Then we have

Jp,po,m (Bl/po Bl/pl ) = va

PosPo’ T P1,P1

b (Bl/po Bl/pl) = B?.

PosPo’ T P1,P1

Proof. As in Proposition 3.1, it is enough to show the first identity.
If we choose 6}, r; (j =0,1) and n as in Proposition 2.1 (iii), then

Jp7po,p1 (lfo [Lpo]’ipl [LplD

/Po 1/p1
= G (oo (B, L7y, 1LP) Ty (O, [P ) 1))
= G% (l;‘(}m [L70], l’{}rl [LMD_
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Let w;(t) = 1/t'/75, j = 0,1, and 1/r = 1/rg — 1/r;. Then
T 1/7~ T
QJO(t) _ 1 and w1 (t) 0 _
wi (t) t wo(t)1/m

(L], i), [L7]) = I£[L]

' 1/

and hence .

Gy
by [14, Example 5.3]. Observe that B;J/% is a retract of l'fj/'pj [LP5],
j=0,1, and BY is a retract of [{[L?]. Thus, the identity

31/p0 Rl/p1\ — R
meoml (Bpo,Po’ Bpl,pl) - B*

holds by Proposition 1.1 (i). O

For a Young function ¢, let

to'(t
= in and q, = sup QO()
>0 o(t) >0 ¢(t)

Recall that ¢ satisfies both As- and Va-conditions if and only if
1 <p, <q, <oo. We can choose pg, p1 such that 1 < pg <p, < ¢, <
p1 < oo and define p: RT — R by

(3.3) p(t) = 9P o= (7).
Observe that

te'(t)

1<py <py, <
7 ()

S‘Lp<p1<007

and

W _ (; ) twl)'(w)) _, ( L pls) )

p(t) Po pL(t) po s¢/(s)

where s = = 1(¢79). This implies that

11Nt 11
0<q<———)§ p()§q<———)<1.
Po Py p(t) Po 4

Thus, p is quasi-power and ¢ satisfies (2.1).
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According to [8, Theorem (7.20)], there is a wavelet characterization
for the spaces F; . = I}y .(R) and By . = B; .(R). Let w € T(R) be a
wavelet function satisfying

suppw C [—8n/3, — 27 /3] U [87/3, 27/3],

and hence ffooo 2Fw(t)dt = 0, k = 0,1,2,..., cf. [8, Theorem (7.11)],
let
w, k(1) =272 w(2"t — k), v, k€N,

be the reduced orthonormal wavelet basis of L?(R) in terms of di-
lation and translation, and let X, ; be the characteristic function of
[277k,277(k 4+ 1)]. For 1 < p,r < oo, there are positive constants A
and B such that

0o 1/r
F<H( 2. (\<f,wwk>\2”(s+l/2)Xv-,k)r>

v,k=—o00

< B/

Allf]

Lp

(3.4)

s
FPJ‘

for all f e F; and

7’,‘7

0 s r/p\ 1/7
AHf‘ B < ( Z 2ru(s+l/2—1/p)( Z |<f’wy)k>|p> >

( . ) v=—00 k=—o00

< B||/|

Bs .
for all f € B;T. We extend now (3.4) to spaces F;)T.

Proposition 3.3. Let s € R, 1 < r < o0, and let ¢ be a Young
function satisfying both Ay and Vo conditions. Then there are positive
constants A and B such that

00 1/r
Fc;;r' < H < Z (‘ <fa wu,k>|2y(s+l/2) Xv,k)r>

v,k=—o00

Al

< B|/]
L

s )
Fc;w'

for all f e F;,r'
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Proof. Assume that 1 < py < p, < ¢, < p1 < 00 and p as in (3.3).
Let f7 . be the space of all sequences A = (Av.k)v.kez, for which

o] 1/r

o= H( Z (’/\V7k’2y(s+1/2) Xl,,k)r)

v,k=—o0

1Al

)

Le

and let U,, and V,, be the operators defined by
(3.6) Unf = ((frwnr), 4

for f € F;pm and

(3.7) Vid= Y Akt

v,k=—o00
for A= (Ao )k € f;fj,r- Observe that

fs ¢S (S
JP’;D07ZD1( Po,T Plﬂ“) - ST

and U, is a bounded isomorphism from F;J o f;,’m with the bounded
inverse V,,. The results can be obtained by Proposition 3.1 (i) and (3.4).
O

Remark. If we denote by b¢ the space of all sequences A = (A, x)v ez,
for which 775 ©(2Y/2|\,.1]) < o0, equipped with the Luxemberg
norm, then

(3'8) JP’:Doﬁvl (bﬁo’ bﬁl) = bf

By choosing » = p = pj, s = 1/pj, j = 0,1, in (3.5), and by using
Proposition 3.2, we can obtain that

Al < N w) e < Bl

for some constants A, B, and for all f € BY.

4. Commutators, Hankel operators and Schatten-Orlicz
classes. In this section, we begin with commutator estimates of quasi-
logarithmic operators on spaces BY. Let X be a Banach couple, and let
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¢ > 1 be a constant. For x € £X, the decomposition = = zo(t) + z1(t),
t > 0, is (c-)almost optimal for the K-methods if

Kt x) < [lzo(®)llo + tlza (D)1 < ¢ K(2 ).

A (c¢-)almost optimal projection for the K-methods is a, usually non-
linear, operator Dx (t): XX — X, defined by

DK(t)LL' = DK(t,Y)JJ = LL'()(t)

for some almost optimal decomposition. We can define the correspond-
ing quasi-logarithmic operator {)= by

g = /OOO (7 X(1,00)(t) = Dic (1)) = —

for + € ¥X. We refer to [11] for further details. Let X and Y be
Banach couples. If Y is a retract of X with the morphisms J:Y — X
and P: X — Y, then it is clear that

(4.1) Oy = T P.

Let X = (b2°,0") and Y = (B;C{%)O,B;I/%l). Then Y is a retract of
X with the morphisms U,:Y — X and V,,: X — Y, where U,, and V,,
are given in (3.6) and (3.7). Observe that b’ (j = 0,1) is a weighted
IPi space consisting of all sequences A = (A, i)y kez for which

© 1/p;
M= (3 ) <o

v,k=—o00

By [11, Section 4.3], we have (QgA),x = A rloglra(v, k)|Y/e for
A € XX, where ry (v, k) = [{(V/, k") |[Avx| > |\ s |}]. Consequently,

oo

Qf =Qpf= > vifiw) (logra(v, k)Y 9)w,

v,k=—o00

for all f € XY by (4.1). Combining Proposition 3.2, (3.8) and [6,
Theorem 4.3], we obtain
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Proposition 4.1. Assume 1 < py, p1 < 0o. For f € B%ﬁ?o —l—B,}l/,ppll,

let X =Uy(f), and let

o0

Of = > vifwer) (log ra(v, k)Y 9)w, k.

v,k=—o0

If T is a bounded linear operator on B;jf;;‘j, j=0,1, then QT — T is
a bounded nonlinear operator on BY.

Next we deal with commutators of singular integral operators in
Schatten-Orlicz classes. Consider a Hilbert space H and a Young
function p: Rt — R*. For a compact operator T on H, let (s,,(T))n>1
be the sequence of eigenvalues of |T'|, counted according to multiplicity.
We say that T € S¥, the Schatten-Orlicz ¢-class if (s,(T"))n € [¥. The
norm on S¥ is given by ||T|s¢ = ||($n(T))nlli» < oo. In particular, we
denote SP (1 < p < oo) the Schatten p-class, S*° = B(H) and S° the
space of all finite rank operators on H with norm ||T|| g0 = rank (T).

Let T be a Calderén-Zygmund transform, a singular integral operator
with kernel K (¢t — s), where K is a nonzero C* function on R™ except
at the origin, and is homogeneous of degree —n with mean value zero on
spheres centered at the origin. For f € L%(R"™), let M be the pointwise
multiplication by f, and let Cy = MT — T My be the commutator for
the operator T on L?(R"™). In fact,

Cyz(t) = /:’O K(t— s)(f(t) — f(s)):z:(s) ds.

According to [17] and [10], if f € B;(R), or f € B;(R") for n > 2
and p, > n, then Cy € SP. In terms of Proposition 3.2, we can obtain
the following result:

Proposition 4.2. Let o: Rt — R be a Young function satisfying
both As and Vo conditions.

(i) If f € BL(R), then Cy € S®.
(ii) If f € B(R") for n > 2 and p, > n, then Cy € S¥.
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Let us now turn our attention to Hankel operators in Schatten-Orlicz
classes. Consider the operator U: K, p, p, (570, SP') — ¥, defined by

U(T) = (su(T))n-
Thus we have K, p, p, (SP°,SP') C S¥ by (2.2) and interpolation. By
using the duality argument, we obtain
(42) Ky po,pi (57, 871) = S%.

If H = [?, then each bounded operator on [? can be presented by
a matrix (a;;)$5_;. Let I'? denote the subspace of S¥ consisting of
Hankel matrices, i.e., matrices of the form (a;4;)75-;-

Proposition 4.3. Let ¢;:RT — R (j = 0,1) be Young functions
satisfying both Ao and Vo conditions. Then (I'yy, Ty, ) is a K-subcouple
of (80> S )-

Proof. Let us choose pg, p1 satisfying

1 <po <poo APp; < Gpy V qp, < p1 < 00,

and define p;: RT — R* as p;(t) = t*q/pogoj_l(t’q), j =0,1. Let ®;
be the weighted Orlicz space corresponding to the indices pg, p; and
the function ¢;. Observe that

S¥Yi = K (S0, SPL) = K(I)].(SPO7SP1)

— 7 PjsPo,P1L
by (4.2), and (I'P°,T'P1) is a K-couple of (SP0, SP1) by [9, Theorem 8.2].
Thus,
I¥ = Kg, (I, T7)
by [9, Theorem 2.1] and hence (I'?°,T'%1) is a K-couple of (S¥°,S¥1)
by [9, Theorem 2.2 (i)]. o

Remark. As a consequence of Proposition 4.3, each bounded operator
on {? has a simultaneous good Hankel approximation with respect to
all Schatten-Orlicz classes S¥. That is, if T € B(I?), then there is a
Hankel operator K on {2 such that

IT — K||ls¢ < C, inf {|T — R|ss | R € 57},

where the constant C,, depends only on .
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5. Martingale inequalities for the strong ¢-variation. Let
©:R*T — R™ be a Young function. The strong ¢-variation of a sequence
A = (An)n>0, denoted by Wy (), is defined as follows

We(A) = sup { [(An, = A illie | 0<mg <mq <0
The corresponding Banach space V,, is defined by
Vo={XeRY||Alv, = Wy(N) < 0 }.

We refer to [12, Section 2.3] for more information about this space.

Let (Q,F,P) be a complete probability space with the filtration
{Fn}n>o0 for which F = V,>0F,. The conditional expectation op-
erators relative to JF,, are denoted by E = Ey and F, for n > 1. For
each random variable f € LY(Q, F, P) with Ef = 0, we consider the
corresponding martingale f = (f,)n>0, where f,, = E, f. Moreover,
we define f* = sup,,~¢ |fn|, and define the martingale differences of f
by

do=do(f)=0 and d,=dn(f)=fn— fu-1, n>1

By using the classical real interpolation method, Pisier and Xu [16]
proved the following inequalities concerning the strong p-variation of
martingales: There exists a constant C},, depending on p such that

(5.1) (Wp(Dllir < Cpll(dn)nllr, 1<p<2,
and
(5.2) Wl < Cp [l f* w2 <p < o0,

for all martingales f. In this section, we extend (5.1)—(5.2) to the strong
p-variation.

In terms of the reiteration in Proposition 2.1 (iii) and the similar
arguments as in the proof of [16, (1.9) and Theorem 2.1], we have

Lemma 5.1. Let p:RT — R7T be quasi-power, and let ¢ given in
(2.1).

(i) JP’:DOJH (V;?ov ‘/;71) g V<ﬁ'
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(ii) If D, is the subset of L¥(Q x N) formed of all sequences u =
(Un)n>0 such that u, is Fp-measurable for alln >0 and E,_1(u,) =0
for allm > 1, then

D#’ = JP7P07P1 (Dpova)'

Proposition 5.1. Assume that o: R™ — R™ is a super-multiplicative
Young function for which 1 <p, < g, <2 or2 <p, < q, <oo. Then
there is a constant C, depending only on ¢ such that the inequalities

HWgo(f)HlV’ < CLP H(dn)nHl“’7 1< Py < qp < 2,

and
HW<p(f)HW SCAP ”f*HlWa 2<p<p SQAp<OOa

hold for all martingales f.

Proof. Assume that 1 < pg < p, < ¢, < p1 < 2 and p as in (3.3).
Then p is quasi-power with p = p, and ¢ satisfies (2.1). As in the proof
of [16, Theorem 2.1], let T be the operator which maps any u in Dy
to the martingale f = (f,)n>0 defined by f, = >7_,ux. It is known

that T is bounded from D, to IP[V,] for 1 < p < 2. This, combined
with Lemma 5.1, (2.2) and (2.5), implies that

T DLP = Jp7po,p1 (me DP1) - Jp,po D1 (lpo [‘/;Do]’ » [Vpl])7
and
‘]1771?07:01 (lpo [VPO]’ lpl [Vpl]) g ltp [‘]Papoapl (me Vpl )] g ZLP [Vsa]
Thus, || T(u)lis(v,) < Cy [lullp,. This gives the inequality
IWe (Hllee < Cop [[(dn)nllie-
For 2 < py < p, < gy < 00, the inequality [|[W,(f)|lire < Cy || f*|lis can

be obtained by a similar argument as above and in the proof of [16,
Theorem 2.4]. O

6. On multi-dimensional uniform rotundity. Like the clas-
sical real methods, many important geometric properties of Banach
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spaces are stable under Lions-Peetre’s methods associated with quasi-
power functions. For instance, if Xy or X; is a reflexive space, then
Jp.po.pr (X) is also a reflexive space. This is an immediate consequence
of Proposition 1.1 (iii) and Proposition 2.1 (i). Another example is the
uniform convexity [5, Proposition 4.5]. In this final section, we consider

the multi-dimensional uniform rotundity.

Let X be a Banach space, and let x; € X for 0 < i < k. The
k-dimensional volume enclosed by xg, x1, ... ,xx is defined by

1 1

(@1, 20) -+ (@], 2k)

Ax({zi}i) = sup . .

zreX/ |lzf |l x <1 . :

e B € )
The modulus of k-rotundity of X is defined by

kE+1
for 0 < e < (k4 1)*+1/2, The space X is k-uniformly rotund (k-UR
in short)), or equivalently k-uniformly convex, if 6%6)(5) > 0 for € > 0.
If X is a k-UR Banach space and if 1 < p < oo, then LP[X] is also
k-UR [18]. Let us begin with an extension of [18, Proposition §].

X

Proposition 6.1. Suppose that 1 < po,p1 < oo, and p:RT — R*
18 quasi-power. For a Banach couple X, let

X = Jopom (7)
If z; € X, 0<1i <k, for which x; = fooo u;(t) dt/t, then

= <A”° ({56 1) "
k

Arei[x,] <{ IZ((tt)) }z) Uk) .

Proof. For 0 < i <k —1, let d; be the distance between x; and the
affine [x;41,... ,xk] span of x;11,... , 2. Then

do-dy-dp1 < Ax({zi}s) < k¥%do - dy - dy_y.
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Without loss of generality, we may assume that k£ = 2. For a strongly
measurable function u: RT — AX, we denote

t)/p(t) and ||V ]l; = [/ O]l s g0y 5 =051
Now we have
Ax (xo, 1, z2)
<2 e[iﬂf (llzr = 22l x [z — 2ol x)
2
<2 nf  p(y/leg = ofllollo® = ollo, 10} — w11 llo? — i1 )
wEuy,uz]

by Proposition 2.2 (i). This implies that

Ax (zo, 21, 22)

<2 it ot p(y/ld=ofllolo0=eglo. /I3 ol lllot =gl )

U, U1 ,U2 uE u17u2

Since
g (6 v3) 2 Iod — ol nf 9 — gy, 5 =0,1,
it follows that
Ax (zg,x1,22) < Qﬁ(ALpo[XO](Ug,U?,Ug) , Arp Xl](vo,v%,vz)l/z) :

which completes the proof. u]

The following result is a generalization of [18, Theorem 10] and [5,
Proposition 4.5].

Proposition 6.2. If X, or X is k-UR, then X = J, 5, p, (X) is
also k-UR. Moreover, if we denote 6 = oy (k) , Op. i = 6Lpg x,) (1=0,1),
then

J)]

5() > 1—p(1 = 6py0(Ce P NEP), 1 =6, 1(Ce' P AEP))

for a positive constant C' and for € > 0 small enough.
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Proof. Let z; € X with ||z;||x <1 (0<4i<k)and A{z;};) >¢e > 0.
For n > 0, by Proposition 6.1, we have

e <4 ({4))

_ k
< K2 p(Apo (xo) {003 %, Apor (x1) ({07 3:) 1)
< Cjﬂzlg?g { Az x) ({013 P AL x,y ({o; 7737}

This, together with the inequality A;ye; (Xj)({vzj}i) < (k+ 1)B+D/2,
implies that

and hence

Y v - -
|Z=] i, (e A ),
T lloes x;)
Consequently,
k k k
H Dic1 Ti ﬁ<H D1 VP Y1V )
A4+n)| k+1 | E+1 x| E+1 (o xy

coimsele ) ) )
nalelini) (i) )

Therefore, X is also k-UR, and the estimate for § is obtained by letting
n — 0. O
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