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ON THE BEHAVIOR OF THE SOLUTIONS FOR
CERTAIN FIRST ORDER LINEAR AUTONOMOUS
FUNCTIONAL DIFFERENTIAL EQUATIONS

CH.G. PHILOS AND I.LK. PURNARAS

ABSTRACT. Some results are given concerning the behav-
ior of the solutions for scalar first order linear autonomous
delay as well as neutral delay differential equations. These
results are obtained by the use of two distinct real roots of
the corresponding characteristic equation.

1. Introduction. This paper deals with the behavior of the solu-
tions of scalar first order linear autonomous delay differential equations
as well as neutral delay differential equations. Our results are obtained
via two distinct real roots of the corresponding characteristic equations
and are motivated by a result due to Driver [3, see Theorem 2]. The
case of delay differential equations is treated in Section 2, while Sec-
tion 3 is devoted to the case of neutral delay differential equations. Our
results for delay differential equations can be derived as a special case
from the results for the more general case of neutral delay differential
equations, under some additional restrictions. This is the reason for
which the case of delay differential equations is considered separately.

Some closely related asymptotic results for delay differential equa-
tions or neutral delay differential equations have been given by Driver
[3], Driver, Sasser and Slater [6], Graef and Qian [8], Kordonis,
Niyianni and Philos [12], Philos [13], and Philos and Purnaras [14,
15], see also Arino and Pituk [1], Driver [4] and Gyoéri [9] for certain
related results. We must also refer here to the very recent interesting
article by Frasson and Verduyn Lunel [7] concerning the large time
behavior of linear functional differential equations.

It is an interesting problem to extend the results of this paper for the
more general case of periodic delay differential equations, such as in
[13], as well as of periodic neutral delay differential equations, cf. [14].
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It will be the subject of a future work to present an analogous
treatment for scalar first order linear autonomous delay or neutral delay
differential equations with distributed type delays.

For the general theory of delay differential equations as well as of
neutral delay differential equations, the reader is referred to the books
by Diekmann et al. [2], Driver [5], Hale [10] and Hale and Verduyn
Lunel [11].

2. Delay differential equations. Consider the delay differential
equation

(E) (t) = ax(t) + Y _ bzt — 7)),
jeJ
where J is an initial segment of natural numbers, a and b; # 0 for
j € J are real constants, and 1; for j € J positive real numbers such
that T, 75 Tjy fOTj1, Jo2 € J with 71 75]2
Define

T = maxTj.
JjeJ

(7 is a positive real number.)
By a solution of the delay differential equation (E), we mean a

continuous real-valued function x defined on the interval [—7, 00), which
is continuously differentiable on [0, 00) and satisfies (E) for all ¢ > 0.

Let C([—,0],R) be the space of all continuous real-valued functions
on the interval [—7,0]. It is well known, see, for example, Diekmann
et al. [2], Driver [5], Hale [10] or Hale and Verduyn Lunel [11], that,
for any given initial function ¢ € C([—7,0],R), there exists a unique
solution z of the differential equation (E) which satisfies the initial
condition

(©) x(t) = ¢(t) fort e [—7,0];
this solution z will be called the solution of the initial problem (E)—(C)
or, more briefly, the solution of (E)—(C).

The characteristic equation of (E) is

() A=at e,

jeJ
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Theorem 2.0 below is a special case of some more general results
obtained by Philos [13] for periodic delay differential equations, by
Kordonis, Niyianni and Philos [12] for autonomous neutral delay dif-
ferential equations, and by Philos and Purnaras [14] for periodic neutral
delay differential equations. This theorem constitutes a fundamental

asymptotic criterion for the solutions of the delay differential equation
(E).

Theorem 2.0. Let \g be a real Toot of the characteristic equation
(%) with the property

S Jby] mye o < 1.

jeJ

(Note that this property guarantees that 143, ; bjTje= 27 > (0.)
Then, for any ¢ € C([—1,0],R), the solution = of (E)-(C) satisfies

L
lim [e_’\otx(t)] = Xo(9) =
=00 142 e s bjmjeom

)

where

0
L3(9) = 6(0) + 3 bye ™7 [ e (s) ds,

jeJ —7i

Our main purpose in this section is to establish the following theorem.

Theorem 2.1. Suppose that
b; <0 forjeJ,

and let A\g and A1, Ao # A1, be two real roots of the characteristic
equation (x).

Then, for any ¢ € C([—7,0],R), the solution = of (E)—(C) satisfies

_ Ly, (¢)
Mi (Ao, Ai; ) < e Mt | a(t) — - Aot
1( 05 la(b) € JI( ) 1 +ZjEJ bj’Tje_)\(]Tj €

< My(Ao, A1;0)  forall t >0,
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where Ly, (@) is defined as in Theorem 2.0 and:

. el Ly, (9) ]
My (o, Ais 6) = ME N g(t) — 0 Aot
100, 413 9) tel-mo) {e _¢( ) L4305 bjmje o™ ‘ |
and
| Ly, (9) ]
May(No, M\i; _ At 1) — 0 Aot ]
230, A1 ) el20) {e _¢( ) L+ 3 ey bjmje 0T ‘ |

Note. By Lemma 2.1 below, we always have

1+ Z bjTje_)‘OTf #0.

JjeJ

We immediately observe that the double inequality in the conclusion
of Theorem 2.1 can equivalently be written as follows

_ L)\o(¢)
1+ ZjeJ bjTje= o
< Ms(Ao, At; qb)e()‘l_)“))t for all t > 0,

Mi(Xo, Ar; @)ePM =200t < emRolg (1)

and consequently

L
lim [e_’\otx(t)] = X(9) —
t—00 L4 e bjmje 20T

)

provided that A\; < Ag.

Moreover, we see that an equivalent form of the double inequality in
the conclusion of Theorem 2.1 is the following one

L>\o ((b)
1+ EjEJ bjTje_kDTj

L/\o (¢) eHot
143 ey bymje=om

M;i(Xo, Ais @)eMt + et < x(t)

< Ma(Xo, Ai; p)e + for all t > 0.
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Before we proceed to prove Theorem 2.1, we will give a lemma about
the real roots of the characteristic equation (x).

Lemma 2.1. Suppose that
bj <0 forjedJ

(I) Let Ao be a real root of the characteristic equation (x). Then

1+ Z bjTje_)\OTj >0
jeJ

if (x) has another real root less than Ao, and

1+ Z bjTje_)\OTj <0
=
if (%) has another real root greater than Xg.

(IT) In the interval [a,00), the characteristic equation (x) has no
T00tS.

(II1) Assume that

(H) 7Y (=by)e /T <1,
jeJ
Then
(i) A=a— (1/7) is not a root of the characteristic equation (x).
(ii) In the interval (a — (1/7),a), (%) has a unique root.

(iil) In the interval (—oo,a — (1/7)), (%) has a unique root.

Proof. We first observe that, if y is a real root of the characteristic
equation (x), then

n—a= ije_‘”f <0
jeJ

and so p < a. This shows Part (II).
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In order to prove Parts (I) and (III), we set

F(A)=XA—a—)» bje ™ for AeR.
jeJ
We have
F'(A)=1+) bjrje ™ for A€ R.
jeJ

Furthermore, we obtain

F'(A) =) (=bj)rie ™™ for \e R
jeJ

and consequently

(2.1) F"(A\) >0 forall A €R.

Now, we will show Part (I). To this end, let us consider a real root
Ao of the characteristic equation (). We see that

1+ Z bj’Tje_/\OTJ = F/()\())
jeJ

Assume that (*) has another real root A; with A\; < Ag (respectively,
A1 > Xg). Since F(Ag) = F(A1) = 0, from Rolle’s theorem it follows
that there exists a point £ with Ay < & < Ag, respectively Ag < £ < Ay,
such that F’(£) = 0. On the other hand, (2.1) implies that F’ is strictly
increasing on R and hence, as F’(£) = 0, it follows that F’ is positive
on (&,00), respectively F” is negative on (—o0,£). Thus, we always
have F'(Ag) > 0, respectively F’(Xg) < 0.

Next, we shall prove Part (III). For this purpose, let us assume that
(H) holds. Assumption (H) means that

(2.2) F(a— l) <0,

This, in particular, implies that A = a — (1/7) is not a root of the
characteristic equation (x). We immediately observe that

(2.3) F(a) > 0.
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Furthermore, it is not difficult to verify that
(2.4) F(—00) = 0.

From (2.1), (2.2) and (2.3) it follows that, in the interval (a — (1/71),a),
(%) has a unique root. Moreover, (2.1), (2.2) and (2.4) guarantee that,
in the interval (—oo,a — (1/7)), (*) has also a unique root.

The proof of the lemma is complete.

Proof of Theorem 2.1. Let ¢ be an arbitrary initial function in
C(]-7,0],R) and consider the solution z of (E)—(C). Set

y(t) = e Mota(t) fort > —7.
Furthermore, let us define

LAo (¢)

t) =y(t) —
Z( ) y( ) 1+ Zjej bjTjef)\[)Tj

for t > —.

Following the procedure applied by Philos [13] for periodic delay differ-
ential equations, by Kordonis, Niyianni and Philos [12] for autonomous
neutral delay differential equations as well as by Philos and Purnaras
[14] for the more general case of periodic neutral delay differential
equations, we can verify that the fact that = satisfies (E) for ¢t > 0 is
equivalent to the fact that z satisfies

t
(2.5) z(t) = — Z bje AT / z(s)ds fort > 0.
jeJ t=T;
Next, consider the function w defined by

w(t) = ePo=Ato (1) for t > —7.

Then it is easy to see that (2.5) can equivalently be written in the form

t
(2.6) w(t)=- Z bje AoTi / ePo= A E=5)y,(5) ds  for ¢ > 0.
t

jeJ )
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From the definitions of y, z and w it follows immediately that

L
w(t) =e M |z(t) — 20(9) ——— Ml fort> -7
1+ ZjeJ bjTe= o7

Hence, by taking into account the initial condition (C) as well as the
way of definition of M (Ag, A\1;¢) and Ma(Ag, A\1;¢), we can conclude
that all we have to prove is that w satisfies

min w(s) <w(t) < max w(s) forallt>0.

s€[—7,0] se[—7,0]
We restrict ourselves to show that

(2.7) w(t) > I[nino] w(s) forall t > 0.
se|—T,

By an analogous procedure, one can establish that

w(t) < max w(s) for everyt > 0.

s€[—7,0]

It remains to prove (2.7). To this end, let us consider an arbitrary
real number M with M < mingei_, g w(s). Then

(2.8) w(t) > M forte[—7,0].

We claim that

(2.9) w(t) > M forallt>0.

Otherwise, in view of (2.8), there exists a point top > 0 so that

w(t) > M forte[-71,t), and w(ty) =M.
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Then, by using the assumption that b; < 0 for j € J, from (2.6) we

obtain
t

0
M =w(ty) = — ije#“m / ePo=A)to=9)y () ds

jeJ o=y

t
> —Mzbjeﬂo”/o ePo= A=) gg

jeJ to—T;

— L ije—/\on [1 _ e(Ao—/\l)ﬂ}
Oy

M e
= o b et

JjeJ
M 7)\07']‘ 7)\17']‘
_)\0—/\1<ij€ —ije )
JjeJ jeJ
M
= [(Mdo—a)— (M —a)] = M.
i (o=@ = —a)

We have thus arrived at a contradiction. This contradiction establishes
our claim, i.e., (2.9) holds true. Finally, since (2.9) is satisfied for all
real numbers M with M < minge|_, g w(s), it follows that (2.7) is
always fulfilled. So, the proof of our theorem is complete. O

3. Neutral delay differential equations. Let us consider the
neutral delay differential equation
!/

(E) 2(t)+ > cn(t—oi)| =ax(t)+ Y bzt —7),

icl jeJ
where I and J are initial segments of natural numbers, ¢; fori € 1, a
and b; # 0 for j € J are real constants, and o; for ¢ € I and 7; for
j € J are positive real numbers such that o;, # o0s, for iy, ia € I with

11 75 19 and T 757']'2 fOle, j2 eJ wz’thjl 7'5]2

Define

o =maxo;, T=max7;, and r=max{o,T}.
el jeJ

(Clearly, o, 7 and r are positive real numbers.)



2008 CH.G. PHILOS AND I.LK. PURNARAS

As usual, a continuous real-valued function x defined on the inter-
val [—r,00) will be called a solution of the neutral delay differential
equation (E) if the function z(t) + > icr Cix(t — 0;) is continuously
differentiable for ¢ > 0 and x satisfies (E) for all t > 0.

In the sequel, by C([—r, 0], R) we will denote the set of all continuous
real-valued functions on the interval [—r,0]. It is well known, see, for
example, Diekmann et al. [2], Hale [10] or Hale and Verduyn Lunel [11],
that, for any nitial function ¢ in C([—r,0], R), the differential equation
(E) has a unique solution z which satisfies the initial condition

(C) w(t) = ¢(t) for t € [-r,0];

we shall call this function z the solution of the initial problem (E)—(C)
or, more briefly, the solution of (E)—(C).

~

With the neutral delay differential equation (E) we associate its
characteristic equation

®) A (1 + Ci@M"’) =a+» bie .

iel jeJ

We will now present a known asymptotic result for the solutions of
(E), i.e., Theorem 3.0 below. This theorem has been established by
Kordonis, Niyianni and Philos [12]. Note that Theorem 3.0 can also
be obtained as a special case from a more general asymptotic criterion
(for periodic neutral delay differential equations) due to Philos and
Purnaras [14].

Theorem 3.0. Let \g be a real root of the characteristic equation
(%) with the property

Z ‘Cz| (1 + |/\0‘ Ui) e_)\OO'i + Z |b]‘ Tje—)\m-j <1
el =y

and set

Vg = Zci (1 — /\00’1') 67)\00"’ =+ ijTjeikoTj.

iel jeJ

(Note that the property of Ao guarantees that 14 5, > 0.)
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Then, for any ¢ € C([—r,0],R), the solution = of (E)f(é) satisfies

L
lim [ef)‘otm(t)} = Do\¥ ((b),
t—o0 L+

where

Ly (¢) = ¢(0)+ Y i [¢(—Uz‘) — Age Mo /O e %9 (s) ds]

i€l —Ii

0
+ Z bje 0T / e 0% (s) ds.

jed g

The main result in this section is the following theorem.

Theorem 3.1. Suppose that
¢ <0 foriel, and b; <0 forjeld
Let Mg be a nonpositive real root of the characteristic equation (¥) with
L+, #0,

where 7y, s defined as in Theorem 3.0. Let also A1 be a real root of
(*¥) with Ay # Xo-

Then, for any ¢ € C([—r,0],R), the solution x of (E)~(C) satisfies

T, M) < e [x(t) - el A] < T (ha, M)
+ Mo

for all t >0,

where EAO (¢) is defined as in Theorem 3.0 and:

Ml()‘()’)‘l§¢) = min | {e_)\lt |fﬁ(ﬂ — M e’\ot‘| }

te[—r,0 147y,
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and

Ma(Xo, \ij 9) = max. {A [sb(t) _ In(9) A] } .

te[—r,0 14+

Note. By Lemma 3.1 below, we always have 1+ v,, # 0 if \; is also
nonpositive.

We see that the double inequality in the conclusion of the above
theorem is equivalent to

— I -
]\41(/\07 /\1; (b)eo\l_)\o)t S e_AOtJ)(t) — 71 j—o'(y¢) S ]\42(/\07 )\1; (b)@Ql_AO)t
Ao

forallt >0

and so

L
lim [e_’\otm(t)} = o (9) ,
t—oo T4+

provided that A\; < Ag. Moreover, we immediately observe that this
double inequality can equivalently be written in the form

Lag(@) ot

Mi (Mo, A p)eM!
1( 05 1a¢)6 + 1+7)\O

— L
< a(t) < Ma(Xo, Ai; @)eMt + L (@) et for all t > 0.
T+

Proof of Theorem 3.1. Let ¢ € C(|—r,0],R) and z be the solution of

~

( E)=(C). Furthermore, let y and z be defined by

_ E)\0 ((b)
1+ o

y(t) = e Mtz(t) fort > —r, and z(t) = y(t)
for t > —r.

As it has been shown by Kordonis, Niyianni and Philos [12], see, also,
Philos and Purnaras [14] for the more general case of periodic delay
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differential equations, the fact that x satisfies (E) for t > 0 is equivalent
to

z(t) + Z cie % 2(t — o;)

iel
3.1 '
(3.1) = Ao Z cie Mo / z(s)ds — Z bje 0T / z(s) ds
ieI t—(Ti ]EJ t—Tj
for t > 0.

t

Next, let us define
w(t) = ePo= Mty (1) for t > —r.

By the use of the function w, (3.1) becomes

w(t)+ Y cie M w(t - 0y)

iel
¢
(32) =0 e [ o)
icl t=0i
¢
- ije_/\“f / ePo= A=)y (5) ds  for t > 0.
jed t=7;

By way of the definition of y, z and w, we have

L
w(t) = e M | z(t) — L (9) Mt fort > —r.
1+ o

~

Thus, from the initial condition (C) and the definitions of the constants
My (Ao, A1;¢) and Ma(No, A1;¢), it follows that the double inequality

in the conclusion of our theorem can equivalently be written as follows

min w(s) <w(t) < max w(s) forallt>0.

s€[—r,0] s€[—7,0]

The proof of the theorem will be accomplished by proving this double
inequality.
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We will confine our attention to establish that

(3.3) w(t) > min w(s) for every ¢ > 0.

s€[—r,0]
In a similar way, it can be shown that

w(t) < max w(s) for every ¢ > 0.

s€[—r,0]

To prove (3.3), we consider an arbitrary real number M such that
M < minge[_, g w(s). Clearly,

(3.4) w(t) > M fort e [-r0].
We will show that
(3.5) w(t) > M forall ¢t > 0.

To this end, let us assume that (3.5) fails to hold. Then, because of
(3.4), there exists a point ¢y > 0 so that

w(t) > M forte[-rty), and w(ty) =M.

Thus, by using the hypothesis that ¢; < 0for¢ € I and b; <0forj € J
and taking into account the fact that \g < 0, from (3.2) we derive

M = ’w(to)
= — Z cie M%w(ty — o3) 4+ Ao Z cie 0T
el el
to
></ e(’\o_)‘l)(to_s)w(s) ds
to—o’i
to
_ Z bje_)\OTj / e(/\o—/\l)(to—s)w(s) ds
jeJ to—7;
t
> M [— Zcief)\lai +Xo Zcief)\oai / 0 e(>\07>\1)(tofs) ds
icl icl to—0oi

t

—ijef)‘wj/o

jeJ to=T;

e(ro—A1)(to—s) dS]
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= M{ —Z cie” M7 4 Ao Zcief)‘oai (— X ! 3 ) [l—e()‘f’*)‘l)”i]
0—A1

i€l i€l
1
=D bje <— > [1— eo=20)m) }
jeJ Ao — A
D) M)\ [_ (Mo = M) D e M7= ng Y i€ 0% — e M)
v = el
+ Z bj (67)\07]‘ _ eklrj)]
JjeJ
= M pT AT =00
- )\O_)\l (Al ;Cze ! AO ;CZG 0
+ Z bjei)‘o‘r]‘ — Z bje)\rrj)
jeJ jeJ
- % [(‘ Ao Z cie 0% 4 Z bjeAOT.7'>
0 el jeJ
_ (— A1 Z Cie_)\la'i + Z bje—)\lTj>:|
el jeJ
M

:W (Ao —a) = (A —a)] = M.

This is a contradiction and hence (3.5) is always satisfied. We have

thus proved that (3.5) holds true for all real numbers M with M <

minge|_, o] w(s). This guarantees that (3.3) is fulfilled and so the proof
of our theorem is complete. ]

Now, we will give a lemma which is concerned with the real roots of
the characteristic equation (¥).

Lemma 3.1. Suppose that
¢ <0 foriel, and b; <0 forjeld

(I) Let Ao be a nonpositive real root of the characteristic equation
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(%) and let vx, be defined as in Theorem 3.0. Then
14795 >0

if (¥) has another real root less than X\g, and
14795, <0

if (¥) has another nonpositive real root greater than Ag.

(I1) If a =0, then X\ = 0 is not a root of the characteristic equation
()

(III) Assume that a =0 and that

(H,) D (=) <1

i€l
Then the characteristic equation (¥) has no positive real roots.
(IV) Assume that

(H) S(-b) > a

and

(HS) Z(—Ci) + Z(—bj)Tj < 1.

iel jeJ

Then the characteristic equation (%) has no positive real roots.
(V) Assume that (Hz) holds, and that

(Hy) ar <1

and

(Hs) (1—ar)) (—e)e @ Wmoe4p N (—py)e (= <,
i€l jeJ

Then

(i) A =a — (1/r) is not a root of the characteristic equation (¥).
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(ii) In the interval (a — (1/7),0], (¥) has a unique root.

(iil) In the interval (—oo,a — (1/7)), (¥) has a unique Toot.

Proof. We first consider the particular case where a = 0. In this case,
the characteristic equation (¥) becomes

®o A <1 +> Cie_wi> = bje .

el jeJ

It follows immediately that A = 0 is not a real root of (¥)g, which
establishes Part (II). Furthermore, let us assume that (Hy) is satisfied
and suppose, for the sake of contradiction, that ()¢ has a positive real
root . We obtain

L+ e 2143 e=1-) (-c)>0
icl icl icl
and consequently
W (1 + Z cie‘“’") > 0.
icl

But, we obviously have

Z bje_“Tj < 0.

=
We have thus arrived at a contradiction, which proves Part (III).

Now, for the rest of the proof, we define

F(\) = A(l + Zciew") —a— Z bje ™ for A € R.

el JjE€J
We have
F/()\) =1- Z(—Ci)ei)\ai + )\Z(—Ci)()'iei)\ai
i€l iel

- Z(—bj)TjeiATj for A € R.
jeJ
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Assume that (Hs) and (H3) hold. Assumption (Hy) means that
(3.6) F(0) > 0.

Furthermore, by assumption (Hs), we obtain for A > 0
F'A)>1=) (=) =Y (=bj)7; >0,
i€l jeJ

and consequently F' is strictly increasing on the interval (0,00). This
fact together with (3.6) guarantee that (%) has no roots in the interval
(0,00). We have thus shown Part (IV).

In order to establish Parts (I) and (V), we obtain

F'(\) = 22(_01,)01,67,\071 _ /\Z(_Ci)aizef,\a,;

il iel
+ Z(—bj)rjzef)‘” for A € R,
jed
and so we have
(3.7) F"(A\) >0 forall A € (—o0,0].

To show Part (I), we consider a nonpositive real root Ao of the
characteristic equation (). By the definition of v,,, we have

1+ Yrg = 1+ ZCZ(]_ — )\001')6_/\0(” + Z bjTje_)\OTj

i€l jeJ

=1- Z(—ci)e_’\‘m + /\OZ(—ci)aie_’\U‘” —Z(—bj)rje_’\‘”f
iel icl jeJ

= F'(\o).

Let us assume that there exists another real root A1 of (¥) with \; < Ao,
respectively 0 > Ay > Ag. Since F(Ag) = F(\1) = 0, we can apply
Rolle’s theorem to conclude that F’(£) = 0 for some point £ such that
A1 < & < Ao, respectively A\g < & < A;. Furthermore, we observe
that, in view of (3.7), F’ is strictly increasing on (—o0,0]. Thus,
since F'(§) = 0, it follows that F’ is positive on (&, 0], respectively
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F’ is negative on (—o0,&). So, we must have F’(\g) > 0, respectively
F'(X\) < 0.

Finally, we will prove Part (V). Assume that (Hz), (Hy) and (Hs) are
satisfied. Assumption (Hz) means that (3.6) holds, while assumptions
(Hy4) and (Hs) mean respectively

1

(3.8) a-=<0
and
(3.9) F(a _ %) <.

The last inequality guarantees, in particular, that A = a — (1/7) is not
a root of the characteristic equation (). Furthermore, it is not difficult
to verify that

(3.10) F(—o00) = 0.

By taking into account (3.8), from (3.6), (3.7) and (3.9) we can conclude
that, in the interval (a — (1/r),0], (¥) has a unique root. Moreover, in
view of (3.8), from (3.7), (3.9) and (3.10) it follows that, in the interval
(—oo,a — (1/7)), (*) has a unique root.

The proof of our lemma is now complete.

Before closing this section and ending the paper, let us concentrate
our interest on the special case of the (non-neutral) delay differential
equation (E) considered in Section 2. Equation (E) can be obtained, as
a special case, from (E) by taking ¢; = 0 for ¢ € I and considering the
initial segment of natural numbers I and the delays o; for i € I to be
chosen arbitrarily so that: o; for ¢ € I are positive real numbers such
that o;, # oy, for i1, i € I with i1 # ia; and o < 7. (For example, it
can be considered that I = J, and o; = 7; for ¢ € I.) As it concerns
the (non-neutral) delay differential equation (E), we have the number

7 in place of r and the initial condition (C) instead of (C). Also, the
characteristic equation (¥) reduces to (x).

By applying Theorem 3.1 to the (non-neutral) delay differential
equation (E), we are led to Theorem 2.1, under the additional hypothesis
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that the root \o of the characteristic equation (x) is nonpositive and
such that 1+ > . ; bjrje 27 #£ 0. (Note that we always have
1+ s bjTje~ 20T £ 0 if the other root A1 of (*) is also nonpositive.)
But, this (additional) hypothesis is not needed for Theorem 2.1 to hold.
This is the reason for which we have examined separately the special
case of delay differential equations.

REFERENCES

1. O. Arino and M. Pituk, More on linear differential systems with small delays,
J. Differential Equations 170 (2001), 381-407.

2. O. Diekmann, S.A. van Gils, S.M. Verduyn Lunel and H.-O. Walther, Delay
equations: Functional-, complex-, and monlinear analysis, Springer-Verlag, New
York, 1995.

3. R.D. Driver, Some harmless delays, in Delay and functional differential
equations and their applications, Academic Press, New York, 1972, pp. 103-119.

4. , Linear differential systems with small delays, J. Differential Equations
21 (1976), 148-166.

5.
1977.

6. R.D. Driver, D.W. Sasser and M.L. Slater, The equation z’(t) = ax(t)+bx(t—T)
with “small” delay, Amer. Math. Monthly 80 (1973), 990-995.

7. M.V.S. Frasson and S.M. Verduyn Lunel, Large time behaviour of linear
functional differential equations, Integral Equations Operator Theory 47 (2003),
91-121.

8. J.R. Graef and C. Qian, Asymptotic behavior of forced delay equations with
periodic coefficients, Comm. Appl. Anal. 2 (1998), 551-564.

9. 1. Gyori, Invariant cones of positive initial functions for delay differential
equations, Appl. Anal. 35 (1990), 21-41.

10. J.K. Hale, Theory of functional differential equations, Springer-Verlag, New
York, 1977.

11. J.K. Hale and S.M. Verduyn Lunel, Introduction to functional differential
equations, Springer-Verlag, New York, 1993.

12. I.-G.E. Kordonis, N.T. Niyianni and Ch.G. Philos, On the behavior of the
solutions of scalar first order linear autonomous neutral delay differential equations,
Arch. Math. (Basel) 71 (1998), 454-464.

13. Ch.G. Philos, Asymptotic behaviour, nonoscillation and stability in periodic
first-order linear delay differential equations, Proc. Roy. Soc. Edinburgh Sect. A
128 (1998), 1371-1387.

14. Ch.G. Philos and I.K. Purnaras, Periodic first order linear neutral delay
differential equations, Appl. Math. Comput. 117 (2001), 203-222.

, Ordinary and delay differential equations, Springer-Verlag, New York,



THE BEHAVIOR OF SOLUTIONS FOR CERTAIN FDES 2019

15. , Asymptotic properties, nonoscillation, and stability for scalar first
order linear autonomous neutral delay differential equations, Electron. J. Differen-
tial Equations 2004 (2004), 1-17.

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF IOANNINA, P.O. Box 1186, 451
10 TOANNINA, GREECE
E-mail address: cphilos@cc.uoi.gr

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF IOANNINA, P.O. Box 1186, 451
10 IOANNINA, GREECE
E-mail address: ipurnara@cc.uoi.gr



