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ON IMPULSIVE TIME-VARYING SYSTEMS WITH
UNBOUNDED TIME-VARYING POINT DELAYS:
STABILITY AND COMPACTNESS OF THE
RELEVANT OPERATORS MAPPING THE INPUT
SPACE INTO THE STATE AND OUTPUT SPACES

M. DE LA SEN

ABSTRACT. This paper is concerned with time-varying
systems with non-necessarily bounded everywhere continuous
time-differentiable time-varying point delays. The delay-free
and delayed dynamics are assumed to be time-varying and im-
pulsive, in general, and the external input may be impulsive
as well. For given initial conditions, the (unique) homoge-
neous state-trajectory and output trajectory are equivalently
constructed from three different auxiliary homogeneous sys-
tems, the first one being delay-free and time-invariant, the
second one possessing the delay-free dynamics of the current
delayed system and the third one being the homogeneous part
of the system under study. In this way, the constructed so-
lution trajectories of both the unforced and forced systems
are obtained from different (input-state space/output space
and state space to output space) operators. The stability of
the homogeneous auxiliary system and that of the object sys-
tem are investigated. Finally, the compactness of some of the
various relevant operators involved in the descriptions of the
solution trajectories is investigated.

1. Introduction. Time-delay systems have been widely investigated
in the last years both in a theoretical context and in that of related
applications, see for instance, [2, 4, 6-12, 14-15, 17, 19-27]. Those
systems become inherently attractive from a theoretical point of view
since they are described by (infinite-dimensional) functional equations
and because of their interest towards potential applications like, for
instance, population growth models, transportation, communications
as well as war-peace and agricultural models [6, 26]. A wide variety
of both dependent and independent (of delay) results exist, see for
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instance, [2, 9-11, 17, 20, 24, 25, 27] obtained via Liapunov
stability theory or frequency-domain analysis tools, the second one
being only useful in the time-invariant case. Most of the available
results are restricted to time-invariant systems with constant delays.
However, nowadays, the extensions to the nonlinear and time-varying
systems as well as to systems described by partial-derivative equations
are receiving increasing interest in the literature, see for instance, [4,
9, 14, 15, 17, 20]. In this paper, a very general class of time-
varying systems is considered whose delay is time-varying and not
necessarily everywhere bounded time-differentiable while the delay-free
and delayed dynamics are, in general, time-varying and impulsive, and
whose external input is impulsive as well what is of interest in some
applications. Furthermore, the time-delay is not necessarily bounded
and time-differentiable for all time.

The paper is organized as follows. Section 2 contains the basic no-
tation issues used in the paper. Section 3 introduces three different
unforced auxiliary systems related to the current unforced delay dy-
namic system. Those systems are then used to build explicitly in three
different ways the unique state and output solution trajectories for any
given admissible initial conditions. They are also used to obtain a set
of global stability results for the current system based on their stability
properties. The first of such unforced auxiliary systems is a delay free
time-invariant one whose evolution operator is a Cy-semigroup with an
infinitesimal generator. The second one is a delay-free (in general time-
varying) homogeneous dynamic system which contains the delay-free
dynamics of the whole current system which is, in general, impulsive
and its parametrization is subject to bounded discontinuities of first
and second class. Its evolution operator is bounded and almost every-
where time-differentiable. Finally, the third auxiliary system contains
all the dynamics of the unforced time-delay system under study. Its
bounded evolution operator involves explicitly the delay function and
it is almost everywhere time-differentiable. All the relevant associated
state-state/output and input-state/output operators defined to build
the trajectory solutions are characterized from the above evolution op-
erators and their associate evolution equations. Section 4 is devoted to
establish and prove a set of results on global exponential and asymp-
totic stability of the homogeneous and forced time-delay systems based
on some intermediate related previously derived results for the auxil-
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iary systems which are obtained via Gronwall’s lemma or Lacunae’s
stability theory, [6, 16], by taking into account that the parametriza-
tion has bounded discontinuities, [1, 18] and has, in general, impulsive
terms in general while the input is impulsive as well, [10], under the
assumption that the impulsive-free partly dynamics is stable and varies
at a sufficiently slow rate with time. Section 5 is devoted to investigate
the compactness, see for instance, [3, 5, 13] for definitions and rele-
vant properties, of the various operators linking the input, state and
output Banach’s spaces under the key assumption that the input is
square-integrable on [0,00). That investigation is performed, keeping
in mind the relevance of compact operators in the approximation theory
in Banach’s (and then in Hilbert) spaces since they map bounded sets
into totally bounded sets (since any operator is compact in a reflexive
space if and only if it is completely continuous). Another relevant prop-
erty which identifies compact operators in topological or metric spaces
(and that implies and it is implied by the above one) is that they
map weakly convergent sequences into strongly convergent ones. Thus,
the state/output trajectories are either finite-dimensional or arbitrar-
ily close to finite dimension functions if the input is square-integrable
on [0,00) and the input-state, respectively, input-output operator is
compact.

2. Notation. R{(Z7) = Rt U {0} (Zt U {0}) and Ry (Z;) =
R~ U{0} (Z~ U{0}) are the (disjoint) sets of nonnegative and negative
real (integer) numbers in the real field R (integer ring Z).

The complement of a subset S C R in R is denoted as S.

The exponential function of “f” is denoted indistinctly as “exp(f)” or
“ef” with the main criterion of notation choice being reading quality.

Amax(P) and Apin(P) denote, respectively, the maximum and mini-
mum eigenvalue of the square real (symmetric) matrix P = PT. The
notation P > @ (P > @) means that (P — @) is positive definite de-
noted by P — @Q > 0 ((P — Q) being positive semi-definite is denoted
by P — @ > 0) provided that @ is symmetric of the same order as P.

I denotes the identity matrix of any order (depending on context or
specified as a subscript when necessary).

X CR", UCR™andY C R? are, respectively, the state, input
and output real spaces of the time-delay dynamic system of respective
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dimensions n, m and p so that the state, input and output real vectors
are, respectively, X, U and Y for all ¢t > 0.

The real n-vector function ¢ = ¢o + @ + Gimp of the time-delay
system is the set of admissible initial conditions IC ([-7, 0], R™) where
00 > 7 > r(0) > 0 and the time-varying delay function r : Rj — R
so that oo : [-7,0) — R™ is absolutely continuous, ¢(t) = 0, for
all t € (t;,ti41) with @(t;) # @(tF) being isolated bounded jump
discontinuities at ¢; € [~7,0] N Ry with Maxy,esupp ) (|0()]]) <
M < oo and f 7)dr = 0. A notation convention adopted is that

at any dlscontlnmty pomts ti, (t7) (@(t;)) denotes the value of p(t;)
to the right (to the left) of ;.

Pimp(t) = ZtieTNimp Gimp (t:)0(t —t;) is a real n-vector function from
[-7,0]NR* to R™ taking nonzero values at set T'Nip,, C [—7, 0] NRT,
i.e., Gimp(0) = 0, of finite cardinal and zero measure with 6(¢) being
the Dirac distribution function. That is,

Jim ( / tt 90— 7)3(r) dT> = lim ( /U jt 4o — )5(r) dT) = 4(0).

Thus, fi)r Gimp (7) dT = Zi\; Gimp(t:), where Niyp, := Card (T'Nimp)
of TNimp C [7,0] C R.

L™ is the set of essentially bounded m-vector functions from R to
R{.

L% (a,b) = La((a,b),R™) is the Hilbert space of the real m-vector
functions f : (a,b) — R™ which are square-integrable on (a,b) with
the inner product denoted by (.,.) and the (semi-) norm

1/2
[ £l ) = (f5 ) lL/jab </ () dT) dr < o0,
VfeLs(a,b).

LT is an abbreviated notation to denote L3*(0,00) = L5*((0,00), R™).
We use the notation M € L{*™ = Ly((0,00), R"*™) for any matrix
function M = (m;;) of real entries m;; in Ly with m rows and n columns.
Since impulsive functions are widely used thoroughly, closed and one-
side closed real intervals [a, b], respectively (a,b], [a,b), are used when
necessary, as well as related simplified notations for Lebesgue integrals:
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bt b~ b~ bt . . . b

fa+ (), fa_ (), fa+ (), fa_ (+), meaning respectively lim,_ o+ (faif()),
. b— . b— . b .
lim,_, o+ (fa_j()), lim,_, o+ (fa+§()) and lim,_, o+ (fai:()) For in-
stance, if f(t) = g(t) + kad(t — a) + kpd(t — b) is a real function of
domain (a,b) NR with 4(t) being the Dirac distribution and g being a
real Lebesgue integrable function on (a,b), then:

bt b

f(r)dr = / g(7) dT + kg + ky;

bt )

b
X f(T)dT:/ g(7) dT + kyp;

/ali f(r)ydr = /abg(T) dr + kq;

/i F(r)dr = /abg(T) dr.

The same delta symbol with integer subscripts, i.e., d;; is unity if and
only if 4 = j and zero otherwise, instead of a time argument, will be
used for the Kronecker delta through Section 5.

and

The set of real absolutely integrable m-vector functions of do-
main (a,b) N R is denoted by LT'(a,b) with LT = L7"(0,00) =
L1((0,00), R™).

A (truncated) function fi(7) of f(r) on [0,t] C R is defined as
fi(T) == f(r) [L(r) — L(7 — t)], which equates f(7) on [0,t] and is
zero for all 7 # [0,¢], where 1(¢) = 1 for all ¢ > 0 and 1(¢) = 0
for t < 0 is the unity step (Heaviside) function. The space of trun-
cated square-integrable real m-vector functions on (0,00) is denoted
by L3 = L3((0,00),R™), defined as LY. = {f; € L%, all fi-
nite t > 0} = Upct<ooLd(0,t) and endowed with an inner product
(., >1L/; i= SuPg<ycoo ([ To fE(T) fi(T) d7) and associate (semi-) norm:

Iflleg = (£, P = Sup (fillep) == Sup (i, f) )
€ 0<t<oo 0<t<oo 2

= sw ([~ oo df)m— sw ([ ) df>l/2,

0<t<oo 0<t<oo
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for all f € LT (or, equivalently, for all f; € L) for all finite ¢t > 0.
The usefulness of the Li-space in the formalism is that truncated
functions of nonsquare integrable functions are square-integrable, in
general. Thus, if f ¢ L but f, € Ly for all 0 < t < oo, then f € L}
and most of the properties of the Hilbert space L5* may be invoked for
f (via f;) for all finite real intervals [0,¢]. The notation f € L3* (or
f ¢ L3) may be further specified as f € Ly((0,00) "R, FF C R™) (or
f € L ((0,00) NR, F C R™) to indicate that f € F for a real f with
definition domain [0,00) (or f, € F for all finite ¢ > 0).

The space LY% of (truncated) absolutely integrable real m-vector
functions is defined in an analogous way related to the space L7* =
L1((0,00),R™) = {f : [0,00) "R — R™ : ["(f7(7) f(r) dr)"/? < 0.

x[y is a strip of the solution trajectory, i.e., xp = x : [t —r(t),t] — oo
for t > 0 of the dynamic time-delay system of point time-varying delay
r(t).

The set of linear operators I' from the linear space X to the linear
space Y is denoted by L(X,Y).

The same norm symbol || - || is used for vector and (induced) matrix
norms in Euclidean spaces as that used for the spaces LY, L5 and L{",
ie,if z€ R™ and Z € R™"™*™ then

Zz Zz Zz
121:=sup(LE0) = sup (BED) = sup (1) = sup(1z2)
=20\ 1]l o<lzl<1\ lI=ll l=i=1\ [l z=1

for any (vector) norm. FEach particular norm symbol is interpreted
without difficulty depending upon context. When necessary for clarity,
the norm symbol is appropriately subscripted or described. Linear
operators Z € L(L%, L) from the Banach space LY to the Banach
space L are usually defined pointwise as (Zf)(¢) : [0,t] x R? — R for
each f € L} in the definition domain of the M-operator. The norm of
the M-operator is

1]l == Sup (@ e Lg)
=1\ Il

={Infk e Ry : |Zf|| <k, VfeLbst ||f]| <1},

while its adjoint is Z* € L(L3, L) with norm defined accordingly.
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Indicator binary functions with domain R are used to evaluate time-
integral functions containing impulses. For instance,

/t_ (f(r)+ > g(T)a(T—ti)> dr

B t;€TN

—h+ Y gt)=h®+ [ () dr

t;€TN(0,t)

— [ (@) uingm)dr, b€ TN,

with h(t) = fg f(r)ydr if f : [0,t] — R is Lebesgue integrable
where TN(0,t) := {r € TN : 0 < 7 < t} is the support (of zero
Lebesgue measure) of the real function g : [0,¢) — R, provided that
2 terN(o,p 9(ti) < oo, while 2 (0,¢) — {0,1} is a (binary) indicator
function of TN(0,t) defined as u(t) =0 if t ¢ TN(0,¢) and p(t) =1 if
t € TN(0,t).

3. Time variant time-delay differential system. Consider the
dynamic system:

(1.2) S @ (t) = A()a(t) + Ag(t — r(t)) + B(t)u(t)
(1.b) y(t) = C()x(t) + D(t)u(t)

where u, x and y are the input, state and output real vector functions
satisfying v € Ly((0,00),U) C LT, © € Lg.((0,00),X) C L5, and
y € Lo ((0,00),Y) C LY, respectively; and U, X and Y are the m-
dimensional real input, n-dimensional real state and p-dimensional real
output linear spaces, respectively. That is, u(t) € U, z(t) € X and
y(t) € Y for all ¢ > 0. The system (1) is subject to any function
of initial conditions ¢ € IC([—7,0],R™), of the form defined in the
notation section, where r(t) is a (not necessarily bounded) time-delay
function r : [0,00) — Ry satisfying 0 < r(¢) < t+7 (0 < 7(0) < 7 < 0)
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for all t € Ry, and

(2.a) Aty :==A'(t)+ > AT(0)s(t—t;)

t;€TN
=Ao(t) + A () + D A(B)S(t—t;)
t;€TN
(2.b) Aat) = Ap(t) + > A)S(t —t;)
t;€T Ny

are, in general, impulsive delay-free and delayed real matrix functions
of dynamics from [0,00) to R"*", respectively, where: DD and DD
are, respectively, discrete real subsets of time instants where the time-
delay function is discontinuous and continuous non-differentiable, re-
spectively. Ag € R™ ™ is a constant real n-matrix, and A’(¢) and
A'(t) == A'(t) — Ap; and A/,(t) have piecewise bounded continuous en-
tries with isolated jump bounded discontinuities at time instants T'D
and T' Dy, respectively.

A"(t) and A’(t) are bounded matrix functions from [0, c0) to R"*"
of support of zero Lebesgue measure consisting of the set of impulses
located at the time instants TN and T'Ng4, respectively. By convenience
for evaluation of time integrals, continuous binary indicator real func-
tions p : [0,00) — {0,1} and pg : [0,00) — {0,1} will be used when
necessary defined as p(t) = 1 (uq(t) = 1) if t € TN (¢t € TNp); and
p(t) = 0 (ug(t) = 0)if t ¢ TN (t ¢ TNy). B : [0,00) — R™*";
C :[0,00) = R"P and D : [0,00) — RP*P are, respectively, the con-
trol, output and interconnection real matrix functions of continuous
bounded entries.

The input w in L2 ([0, 00), U € R™) may also be impulsive and possess
discontinuities of second class (so-called jump discontinuities) at the set
TU; ie., u(t) = u'(t) + >, cpp v’ (#)0(t — t;) with u € L3, v’ € L3
with €541 —t; > Tou > 0. py : [0,00) — {0,1} is defined as p,, (t) = 1 if
t € TU and p,(t) = 0 (¢t ¢ TU) is a binary indicator of TU. Note
that DD, DD, TN, TD, TDy, TNy and TU are strictly ordered
sets in Ra' and, respectively, in Za' with respect to the “less than”
binary relation ‘<.’ i.e., satisfying the anti-reflexive, anti-symmetric
and transitive properties. The notation D(a,b) :={t; € D :a <t; < b}
for given a,b € RJ applies to fixed elements of any set D (being, in
particular, DD, DD, TN, TD, TD4, TNy or TU) in [a,b) N R{.
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3.1 The use and usefulness of the indicator sets and functions. When
considering the state-trajectory solution of (1.a) for ¢ > 0 subject to
initial conditions ¢ € IC ([—7, 0], R™), note that

2tT) =A@ ))x(t)+ ALt )zt —r(t) + Bt)u'(t7)

¢+t

z(tt) =2(t7) —|—/t (1) dr

= (I + p(t)A" ()2 (t™) + pa(t) Agt)z(t™ —r(t))
+ pu(t) B(t)u" (t)
() = ANzt + ALzt — () + B(t)u' (t1)
= A" () (I + u(t) A" (1)) (t7)
+ pa(t)Ag()z(t™ — (1) + pu(t)B()u" (1))
+ At )2t —r(t) + B(t)u'(t7)

so that z(¢tT) = z(¢t7) if u(t) = pa(t) = pu(t) =0, e, if t ¢ (TN U
TNy UTU). Another useful notation with indicators is z(¢;") = z(t;)
if t; ¢ (TN UTN;UTU); and

o(tf) = (I+ A" (t:))x(t;) + Ag(to)=(t; —r(t) + Bt )u" (t:)

ift, € (’NNTNy;NTU). The sets TN, TNy, TU, etc., are useful
to include the contribution of the impulses to the dynamics through
time. For instance, assume zero initial conditions, i.e., ¢ = 0, then the
(forced) solution trajectory of (1.a) at ¢~ may be expressed as

z(t”) = / D Ag()a(t — 7(1) + B(r)' (7)) dr
+ > eUTIBE ) (t).

tE€TU(0,t)

The last right-hand side may also be denoted by using the sum over
the indicator I(T'U(0,t)) as 3=, crp(o.1) et B(t;)u’ (t;) or, alterna-
tively, it may be included in the integrand as e*=7) y, (7)B(7) 6(1) x
u”"(7) dr by using the binary indicator function y,, : R§ — {0,1}. The
choice of each notation is made according to convenience criteria.
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3.2 Auxiliary homogeneous dynamic systems. It is now discussed how
the unique state and output trajectories € L}, and y € LY, may
be equivalently built from three different homogeneous, i.e., unforced,
dynamic systems for each ¢ € IC([-7,0],R"™), two being delay-free,
with one of them being in addition time-invariant, while the third
one is unforced (l.a). This allows to highlight the decomposition of
the trajectory solutions into parts and then to discuss stability results
based on different conditions and assumptions from (1) as well as the
compactness of the relevant operators associated with the trajectories.
The three auxiliary homogeneous systems are:

S1: 240(t) = A()ZAo(t); ZA()(O) =z X CR"

for any arbitrary constant matrix Ag € R™*™ such that A'(t) =
Ao + A'(t); A(t) = Ao + A(t) with A'(t) = A'(t) — Ao (prescribed
after fixing Ag) and A(t) = A'(t) + A" (1).

S2: 24(t) = A(t)za(t); z4(0) = 20 € X CR"
S3: 2(t) = A(t)z(t) + Aa(t)z(t — r(t)); 2(0) = 20 € X C R™

Note that S3 is the unforced system (1.a) and also a forced system
with the forcing term Aq(t)za(t — r(t)). Also, (A(t) — Ao)zao(t) +
Aq(t)zao(t —r(t)) is a forcing term to calculate the solution of S3 from
that of the homogeneous S1. Note that S1, S2 may be established
from a physical insight. In that way, S1 is an unforced delay-free
time invariant system which may be taken as a reference value for the
delay-free dynamics. For instance, the stability of the system (1.a)
may be formulated in terms of sufficiency conditions with respect to
a stability reference matrix Ag or Ay may be the delay-free average
delay-free dynamics in the case when A’(t) is slowly time-variant. S2
is an unforced delay-free, in general, time variant system which becomes
identical to the unforced (1.a) when the delayed dynamics is identically
zero for all time.
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3.3 Main result of Section 3. The following result holds concerning
the unique state/output trajectory of (1) from the auxiliary systems
S1, S2 on R{ with initial conditions

2(07) = 240(07) = 24(07) = 0 (0) + $(07)

and S3 subject to 2(t) = ¢(t) for all ¢t € [-7,0] N Ry with any
¢ € IC([-7,0],R") satisfying the above constraints at ¢ = 0. The
following result holds:

Theorem 1. The unique state/output trajectories of S, equation (1),
on R such that z(t) = ¢(t) for t € [-7,00N R and r(t) € [0,t + 7]
are uniquely defined for all t > 0, by any of the three sets of evolution
equations below:

(i) Evolution equation 1 (EE1) from S1.

(3:a) @(t7) = (Saop)(t) + (Saoz() (™) + (Sheu) ()

(3.b) = (S 40%0)(£) + (S o) (¢7) + (ko) (t7)
(

(3.c) z(t*) = (Saop)(t) + (o) (tF) + (S4ou)(tT)
= (Sa0Z0)(t) + (Saoz) (tF) + (S4ou)(tT)

(3.d (S 07

(3.¢) = (I +p)A"()2(t™) + pa(t) AgO)z(t™ —r(t))
+ pu () B(t)u" (t)

(B.) y(t™) = (MAop)(t) + (Maow)(t™) + (Miou)(t™)

(3.8) = (M a0Z0) () + (M () (t7) + (Mou)(t)

(3h) y(tT) = (Maop)(t) + (Maoz)(tT) + (Miou)(tT)

(3.1) = (M aoTo)(t) + (M gzpy) (tF) + (M aqu) ()

(3.3) = C(O) (I + p) A" ())z(t™) + pa(t) AG (2t~ —r(t))
+ p (£) B(£)u" (t)) + s (8) D ()" (£)5(0)

where Sao € L(IC, L3,), Sy € L(LL,, LL.), Sao € L(LY, L), 549 €
L(L5., L5,), S%o € L(L3, Ly.), Mao € L(IC, LE,), M), € L(L3,, L5,)
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and MY, € L(L5:, L) are defined point-wise at t~ via:

(48) (Saoe)(t) = ert(xm [ e audnete = r()dr ) a0

=25 = po(0) + 4(07)

(4.b) (S;,Ox[t])(t_) = Aot {/j e AT Ay(T)a(r — r(7)) dr

2t

" —AoT A(P)a(r) dr
-l-/o_e A(r)z(T)d

—|—/_ e~ AT Ay(m)a (T — r(1))
X [L(r —r(7))(1(r) — L(7 — t))] dT
(4C) (gA(),fo)(t) = ert.’i'o;

To := wg+/i€_A°TAd(T)<P(t—T(T))[1(7)—1(7_7’(7))] dr

(4.d) (g;‘ojto)(t_) = Aot {/ e_AOT;l(T):C(T) dr

eiAOTAd(T)z(T —r(r))dr
%

1t

+ [ eiAOTAd(T)z(T — (7))

X [L(r —r(7))(1(7) — L(7 — t))] dT

where Iy := (I U Is;) N R = (0,Min (7,t) N R) is a real interval of
measure Min (7, t) for each t > 0,

(4.e) I, = 0,7]NR\ Iy = {T € R§ : 7> 7 >7r(7)}
(=L if 0<t<7)
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Iy :={r € [0,Min (7, )| "R : 7 < r(7)}
I :={7 € [0,Min (7, )| "R : 7 > r(7)}
= [0,Min (7,¢)] "R\ I

(4.1) (Saou)(t™) := / e B(r)u(r) dr

t,€TU(0,t)

(4.g) (Maowp)(t) == C(t)(Saop)(t);
]

(4.h) (M 40Z0)(t) := C(t)(Sa0To)(t);
(M agz)(t7) := C()(Saozp) ()
(49)  (Mu)(t™) == C(t)(S4ou)(t7) + D)/ (t7)
and (Syox) (tF), (Saoz) (7). (Mhga)(t), (M agz)(tF), (Shou)

(t*) and (MY4yxp)(tT) are defined similarly as their counterparts at t~
by replacing t~ with t™ in the corresponding definitions.

(ii) Evolution equations 2 (EE2) from S2.

(5.c) y(t™) = (Map)(t™) + (M) (t™) + (Miu)(t")
((Sa@)(t7)+(Shzp) () +(Sau) (7)) +D(B)u' ()

(5.d) y(t") = (Map)(t") + (Mz)(t") + (Miu)(t")
= C(t)((Sap)(tT) + (Shzp) () + (S4u)(tT))



92 M. DE LA SEN

+D()u/(t7) + pu () D(t)u" (£)5(0)
= OO+ p)A"(0)x(t") + pa(t) Ag )z (" — (1))
+p () B (1) + D)’ (t7) + (8 D ()" (£)5(0)

where the linear operators Ss € L(L%,,L%,), S4W € L(L%,,L%,),
St e L(LY,LL), Ma € L(IC,L5.), M/, € L(LL,I5) and M4 €
L(L5, L8,) are defined point-wise at t~ wvia:

T

6a)  (Sa9)(7) = Wal0) (a5 + [ Walem, Aol —r(0)

x <1<T)—1<T—t>>d7>),

2(0%) = o (0)+5(07)
(6.b)  (Syay)(t™) = {/ Ut~ 7)Ag(T)z(T —r(7))1(t — 7) dT
-|-/ Ut~ 7)Ag(T)x(T — r(1))dr

_/1 U (4, 1) Ag()a(r — r(r)) dr

U

(60) (Fhu)(t) = /O WA, T)B(u(r) dr

Z WA(t™,t)B(ti)u" ()

t;,€TU(0,t)

/0 UA(t,7)B(r)d (1) dr
+

(6.d)  (Syu)(th) := [the above definition (6.c) with the
replacement t~ — t7]

(I + p(H)A” () (Sur) () + pu(t) B(H)u" (1)

Ct)(Sap)(t™);
C)(Sazm)(t)

C)(Siu) (™) + D(t)u' (™)

(6.e) (Map)(t7):
(Myap)(t™) :

6.0)  (Mau)(t™):
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(6.8)  (Mau)(t") = C()(Sau)(t") + D(E)u'(t7) + pu(t) D(t)u" (2)

and (Sap)(t"), (Shzp)(tT), (Myzy)(tT) and (SY4u)(th) are defined
similarly as their counterparts at t— by replacing t= with tT in the
corresponding definitions and the evolution operator U 4(t~,0) satisfies
the first-order differential system:

(7)
WA(t™,0) = At )T a(t™,0) = A'(t7)WA(t,0) with U4(0,0) = I;
Uu(t=,7)=0 forall 7>t>0

and it is defined explicitly as follows:

-

(8.a) W4(t™,0) = Uu0(t,0) [I —1—/ \IIAO(O,T)A(T)\IIAO(T, 0) dT:|

(8.b) ~ w01+ | W00, 1))V o7, 0) ar|

+ ) Wag(0,:) A" (t;)Wao(t;,0) for >0
£ ETN(0,t)

with A(t) = A(t) — Ag = A'(t) + A”(t) and W xo(t, ) := 207 for

all t and 7, is a Co-semigroup of infinitesimal generator Ay, which is
the evolution operator of S1, and

9) A (t,0) = (I + p(t) A" (1) WAt~ 0),
(iil) Evolution equations 2 (EE3) from S3.

(10.2) z(t™) = (Se)(t) + (S“u)(t7)

(10.b) a(th) = (Sp)(tT) + (S"u)(t")
= (I +p()A"(0)2(t™) + pa(t) Ag(t)z(t™ —r(t))
+ o (t)B(#)u" (t)
(10.c) y(t7) = (M) (t™) + (M u)(t™)
(10.d) y(t") = (M) (") + (M"u)(t")
= C()a(t") + D) (' (t) + pu(t)u” (t)3(0))
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where the linear operators S € L(IC,L%,), S* € L(Ly,LL,), M €
L(IC,L%,) and M" € L(LY*, L) are defined point-wise via:

ot

(11.a) (Se)(t7) =T ,0)zo + / Tt ,—7)Aq(T + r(7))e(T) d,

20 = 2(0%) = @imp(07) = ¢0(0) + H(07)
0+
(11.b)  (Sp)(tT) :=T",0)zo + / T, —7)Ag(t +7(7))o(T) dr

= (I 4+ p®)A" () (S)(t7) + pa(t) Ag(t)z(t™ —r(t))
(11.c) (S“w)(t™) = /7 Tt ,7)B(r)u(r)dr
= /7 Tt ,7)B(m)u'(t)dr+ Z Tt t;)B(t;)u" ()
t;€TU

(11.d) (S™u)(t™) ::/ T+, 7)B(r)u(r)dr

:/07 T, 7)B(r)u' (1) dr

+ > T ) Bt (t:) + pu(t)B(t)u" (t)
t,€TU

= (I + p(t) A" (1)) (Sutn) (+7) + pu (8) B(t)" (1)
(1Le) (Me)(t™):=Ct)(Se)(t7); (Mp)(t") = C()S(p)(t")
(11.f)  (Mu)(t™) := C@t)(S"u)(t™) + D(t)u'(t7)

S*u)(t") + D(t)(u' (1) + pu ()0 (£)5(0))
I+ p() A" () (Suu) (t7) + pu () B(t)u" (1)
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+ S0 T ) Bt (t:) + (6B (1)
t;,€TU

+ pu(t) B(t)u" (1)
+ D(t)(u/(t7) + pu(t)u” (£)8(0))

and T(t,0) is an almost everywhere time-differentiable evolution oper-
ator that satisfies the differential system:

T(t=,0) = A'(t7)T(t~,0) + Ag(t")T(t~ — r(t),0)
T(t+,0) = AtT)T(tT,0) + Ag(tHT (T — r(t),0)
(12.a) = (A'(t1) + p() A" ()T (T, 0)
+ (AG(t) + pa()AGO))T (" —7(t),0)
with T(0,0)=1; T(t",7)=0 forall 7>t>0

and it is defined explicitly as follows for t > 0:

(12.b) T(t7,0) = W 40(¢,0) [I + /t W 40(0, 7)A(T)T(7,0) dr

# [ Can0. AT = ) 0010t - )

= W 40(¢,0) [I +/ \I/Ao(O,T)A/(T)T(T, 0) dr

+ [ Wanl0. AT = (), 0012 = 7) dT}

+ Y Waolt t) A" ()Tt ,0)

t;€TN(0,t)

(12.¢) + D Wag(t ) AG(E)T(t; —r(t:),0)
tiETNd(O,t)

(12.d) WAt O)—i—/t\I/A(t‘, PV Aa()T(r—r(r), 0)1(t—7)dr

(12.) w0+ [ A AT 1,0
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and
(13)  T(",0) = (I +ut)A" ()T (t,0) + pa(t) Ag)T (™ —r(t),0).

Proof [Part (i)]. Note that W 40(t,7) = e40(=7) for all ¢, 7 is a (Cop-
semigroup) evolution operator for S1 with infinitesimal generator Ag
possessing the well-known properties U o (¢,t) = I and W4o(t,7) =
Vot — 1) = VU o(r,t) = e and f(t) = (A(t) — Ag)x(t) +
Aa(t)z(t—r(t)) + B(t)u(t) is a forcing term in (1.a) with respect to the
homogeneous system S1 for any ¢ € IC([—7, 0], R™); i.e., 2(t) = za0(t)
for any real bounded x(0+) = 240(0) = 2o = ¢o(01) + $(0) if f =0
and ¢(t) = 0, t € [F,0). Thus, the unique state and output solution
trajectories of (1) satisfy the integral identities for ¢ > 0:

(a)  ate) = o+ [ " et gy ]

y(t™) = C)=(t™) + D(t)u'(t)

(14.b) a(tt) = Aot [xg + / M) dT}

= (I +p®A"(0)2(t) + pa(t) Ag(t)z(t™ —r(t))
+ (1) B(£)u" (2)

(14.c) y(t") = CO)z(t") + D)/ () + pu(H)u” (£)5(0))

since u(t™) = o/ (t7) and u(t™) = o' (t1) + pu(H)u”(¢)6(0). Equations
(14.a) are directly obtained by constructing the solution of (1.a) via the
homogeneous auxiliary system S1 and the use of (1.c) from the integral

et 7 T _ =
equalities [ (.)= [o-()+ [, ()ift>7and [ ()= [, ()+ [, ()
for all ¢ > 0 with I;; and I3; being connected real intervals if r :
S . . = .
[0,Min (7,t)] — Ry is continuous, and [j (.) = Jr, () + ff{t if
0 < ¢t < 7 by equating z(t) = ¢(¢) for all t € [r(t) — 7,0] since
f;() is annihilated for all 0 < 7 < r(7) for any given function ¢ €
IC ([-7,0],R™) since the function 1(7)(1(7) — 1(7 — t)) becomes zero.
The proofs concerning (14.b), (14.c) follow directly from calculating
+
z(tt) =z(t7) + ftt, #(7) dr via (14.a) and (1.b), the given function of
initial conditions.
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_[Part (ii)]. By comparing the auxiliary systems S2 and S1 with
A(t) = A(t)—Ag = A'(t)+A”(t). Since S2 has a forcing term A(t)z 4 (t)
with respect to S1, the unique state-trajectory solution of S2 for ¢ > 0

for any zd = z4(0%) = o (0F) + 3(0) is given by

za(t™) = \I/A(t_,O)zJ
-

(15) :\I/Ao(t*,O)z6r+/ W a0(t, 7)A(T)2(7) dr

=W a0(t,0) (1 + /t W 40(0, 7)A(T)¥(T,0) dT)zg

since Wao(t,7) = Wag(t,0)¥ 40(7,0) = €207 for any t,7 provided
that z4(7) = Wa(7,0)z] is the unique solution of S2 on [0,¢) for any
24 € R™ if and only if (8) holds for ¢+ > 0 with W4(¢,7) = 0 and
U (t,t) =TI for all 7 > ¢ > 0. Direct calculation with (8) yields

WA(t,0) = Ao{\I/Ao(t,o) [I +/t_‘I/AO(O,7')/~1(T) dT] }+A(t)\11(t,o)

= (Ao + A(1))2(t) = A()¥(t™,0)z)

since \ile(t,T) = AW ao(t,7) = Ageo*=7) for all t,7, provided that
(8) holds, which satisfies the differential system describing S2. On the
other hand,

ZA(t+) = \IJA(t+,O)z(J+ = \IJA(t_,O)Zar

tt

(16) + (/t A"(T)8(T — t) T A(T,0) d7-):<:5r

= (I +p()A" ()T a(t™,0)2
= (I +p()A"(1))za(t7)

which holds for any z; if and only if (9) holds. It has been proved
that the evolution operator of S2 satisfies (8), (9). Now, since S3 has
a forcing term Ag4(t)z(t — r(t)) with respect to S2, the unique state
trajectory solution of S3 for any given ¢ € IC € ([—7,0], R"), which is
also the unique solution of the homogeneous equation (1.a) for such an
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initial condition for all ¢ > 0, is by construction:

\IIA(tf, T)Aq(T)z(T — (7)) dT

(17.a) 2(t7) = \IJA(t*,O)zO*Jr/_
= \IIA(tf,O)z(J{—i—/_ Ut 7)AY(T)2(T — (7)) dT
+ ) WA, YA ()2t — r(ts)
t, €T N,

(17.b) 2(tT) = W4(t1,0)2F +/ Ut 1) Aa(T)2(r —r(7)) dr

— WA, 055 + [ WA AT () dr
Y WAl ) A ()
t;€TNgq
(17.c) = (I—i—u(t)A”(t))z(t_)—l-/ti Ua(tt, 7)AY(T)z(T—r(T)) dT

= (I +p)A"(1)2(t7) + pa(t) Ag(t)2(r — (7)) dr.

Now, from the integral identity (fy()—) + [, () = [, () + [5,, (),
it follows that the homogeneous solution of S3, i.e., that of (1.a) for
u =0, for t > 0 for any given ¢ € IC € ([-7,0],R"™) is:

2(t7) = (Sa@)(t7) + (Saz)(t7);  2(t7) = (Sap)(t") + (Syze)(t7),

while that of S2 is z4(t7) = (Sazd )(t7); za(t™) = (Sazg)(th) with
za = 24(0%) = ¢o(0) + ¢(07). Then, the unique state-trajectory
solution of S from (1.a) is then uniquely given by construction by (5.a),

(5.b) subject to (6.a)—(6.d) since

S WAt t)BE) (E) = > WAt t)Bt)u” (t;)

t;€TU(0,t) L, €TU

since W4 (t,7) = 0 for 7 > ¢. Combining (1.b) with (5.a), (5.b) yields
directly the output-trajectory solution (5.c), (5.d) on [0,00) with the
operator definitions (6.e)—(6.¢) and the replacements ¢t~ — ¢ referred
to previously.
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[Part (iii)]. If the state-trajectory solution satisfies (10.a) with z(t) =
©(t) for any given ¢ € IC([—7,0],R™) satisfying the corresponding
equations (11). Then, for any 2(0%) = 2z = o + @(01) and all ¢ > 0,

(18)

. 0~ .
2t7)=T(t,0)z +/ T(t,—7)Aq(T + (7)) p(T) dr

-7

o

=A(t7) [T(t_, 0)28' + /77 T, —71)Aa(T +7(7))e(T) dr}
o

+ Ag(tT) {T(t— —r(t)zd +/ Tt —r(t)—T,0)

—F

X Ag(T 4+ r(7))p(7) dT:|
=A@t )z(t7) + Aq(t)z(t7)

by using the definition of T'(¢~,0) in (12) and T'(¢t,7) = 0 for 7 > t.
Similarly, the definition of T'(¢*,0) and a similar derivation as that of
(18) yield:

(19) FT) = A(t)z(tT) + Ag(t )zt —r(t))

and direct calculation yields

2(tT) = (Sp)(tT) = 2(t7) + /t_ (1) dr

= (I+ p(t)A" () (Se)(t7) + pa(t) Ag(t)(Sp)(t™ — r(t)).

Then, the state trajectory solution of S3, and thus that of S, equation
(1.a), is satisfied on (0,00) for u = 0 by (10.a), (10.b) via the corre-
sponding definitions of the operators (Sy)(t7), (S¢)(t1), T(t~,0) and
T(t+,0) via (11), (12) provided that z(t) = ¢(¢), t € [-7,0], for all
p € IC([-7,0],R™).

The forced state-trajectory solution (10.a), (10.b) follows by direct
construction from the homogeneous solution of S3. The output trajec-
tory solution (10.c), (10.d) follows directly from (1.b) via (10.a), (10.b)
by replacing the operators S € L(IC,L%,) and S* € L(L3, L%3,) by
M e L(IC,L%,) and S* € L(LY', L5,) defined in (11), respectively.
O
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4. Stability. The following result is concerned with sufficient
conditions for global exponential stability (GES) of the System S (via
obtaining related properties for the auxiliary systems S1, S2), which
implies global asymptotic stability (GAS) in the sense that the state
trajectory of the unforced system vanishes exponentially, respectively,
asymptotically with time for any ¢ € IC ([—7, 0], R™) for any bounded
2(07) = p(07) = o (0) + @(0™). Such conditions also imply the global
stability (GE) of the forced system S and that its output y € L%, for
any input u € LY, and that y € L5 N LE ifuw € LY N L™, i.e., when u
is square-integrable but not impulsive. The conditions concerning the
“smallness” of the absolute values of certain parameters referred to in
the result statement are then made explicit in the corresponding parts
of the proof.

4.1 Main stability result.

Theorem 2. The following items hold: (i) Let Ao be a stability
matriz with fundamental matriz of the associated differential system
being the evolution Cy-semigroup W ao(t,T) satisfying ||V ao(t, 7)|| <
koe=Pot=7) for all t, T, some real (norm-dependent) constants ko > 1
and all real constants py € (0,p*) where (—p*) < 0 is the stability
abscissa of Ag (i.e., the largest real part of its eigenvalues. If the
eigenvalue of largest real part is simple then p € (0,p*]). Thus, S2
is GES if 0 ¢ TN and

k L.
@) oz sw (B[ d@lars ¥ garwl))
tERy 0~ tETN(0,t)

for any (vector-induced) matriz norm ||(.)]|.

(ii) Assume that 0 ¢ TN and that there exist finite nonnegative real
constants a := ess SupteRg (1A’ (D),

vz sw (35 ).

+
teR; t;€TN(0,t)

Then, S2 is GES if pg > ko(a + b).
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(iii) Assume that A'(t) has uniformly bounded entries on [0,00) and
eigenvalues satisfying Re [A;(A'(t)) < —o < 0], for all t > 0, and that
positive real constants Ty > 0 and T > 0 exist such that:

e Any two consecutive t;,tiy1 € TN satisfy tiv1 —t; > 11, i.e.,
TN(t,t +T1) contains at most a t; € TN (otherwise, it is empty), for
all t > 0.

o Any two consecutive t;,t;y1 € TD satisfy t;11 —t; > Th, i.e.,
TD(t,t +Ts) contains at most a t; € TD (otherwise, it is empty), for
all t > 0.

o Real constants oy and oy exist such that ft + |A" (7)) dr <
a1T + ag, for all t > 0. Then, S2 is GES for all real constants
ay € [0,aF) and € € [0,e%), some sufficiently small ag, oF € R*
and e € RT where ¢ := Max (e1 + €2, 3) with

(21)

(1 BP0

€1:= Sup
teS,(t,t+T)

<ej:= Sup (ln
teS (t,t+T)

Amin (1 + p(0) A" () P(t7) (I + p(t) A" (1)) )
Amax(P(ti))

T
t
€g:=  Sup <ln ()
teSy (t,t+T)

<ey:= Sup (ln
teSa(t,t+T)

Sup
t€S3(t,t+T)

€3 .

(10 Pl
2A(t7)P(t7)za(t™)
( Amin [(1+p( )A”T(t))P(t+)(1+u(t)A"(t))])
Amax(P(t7))
where S;(t,t +T), i = 1,2,3, are the empty or nonempty sets of time

instants of impulses, jump discontinuities or combined impulses and
Jump discontinuities in the real interval (t,t + T) defined as:

Si(t,t+T):=TN(t,t+T)NTD(t, t +T);
(22) So(t,t+T):=TD(t,t+T)NTN(t,t+T);
S3(t,t+T):=TN(t,t + T)NTD(t, t+T),

<ej:= Sup
teSs(t,t+T)
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and P(t) = PT(t) > 0 is a real matriz function P : Ry — R™" that
satisfies a Liapunov matriz equation:

(23)
AT®)P(t)+ Pt)A'(t) = —I for t¢TD
ATHPET) +PANA(t) = ATt P(t7)
+P(t7)A(t")=—-I for teTD.

(iv) If the growing rate condition on ||A’(t)| n (iil) is replaced with

t—+T .
[ 1@ saiT vt ey, forat 120,
t

where
ahi=swp (Y (G- AGD),
teRS \ T D(t,t4+T)

then S2 is GES for all real oy € [0,a7), some af € RT if e € [0,&%),
for some sufficiently small (ap + ), &5 € R and e* € RT where €, ¢;,
i=1,2,3, are defined in (iii).

(v) Items (iii)—(iv) still hold under similar conditions if

t—+T .
@) [ AP <aiTva0 forall 120,
t

respectively,

4T
(25) / |A"(T)||?dr < 3T +ao +ap, forall t>0,
i
where af) == SuPteRg (Xterp(t+1) |A'(t7) = A'(77)||?) provided that
oy € [0,a7), respectively oy € [0,a1"), with &F, respectively &3, and
ap, respectively (o + @) being sufficiently small.

(vi) Items (iii), (iv) still hold if | A’|| € Ly*™.

(vii) Assume that A'(t) is locally integrable for all t > 0 and that

for some integers ng, 1 < ng < mn, and ny, there is an ng X nj matric
function N(t) such that the Liapunov matriz equation

(26) AT P(t)+ P(t)A'(t) = = N(t)NT(t) — qol
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holds for all real t € Rg, some real square n-matriz P = PT > 0 and
some real qo € Ry . Then, S2 is GES if A”(t;), t; € TN, is uniformly
bounded, the pair [A’(t), NT(t)] is uniformly completely observable if
qo = 0 (not required if go > 0) and

(27)

<

I [zi(t; YI+AT () P(I+A"(t))2at)]  Amax(P)
24t )Pza(ty) a

L TN (t,t+T)
where ol is a lower-bound matriz of the observability Grammian
G(t,t+T) of [A'(t), NT(t)], i.e., G(t,t + T) — ol > 0.

(viii) Assume a real sequence Sy = {t;}5° defined by S; := {t; € R{ :

tiv1 > Ti > 0}, some real fivzed T, > 0. Thus, (vil) still holds if the
subsequent Liapunov matriz inequality is satisfied:

AT(1)P(t) + PO)A'(E) < — N@ONT(E) — qolti)T,
fO?” all te [tiati—i-l)

with the real sequence {qo(t;)}3° satisfying qo(t;) > qo > 0 for all real
intervals [ti, tiy1), ti € S;, provided that (27) holds where [A’(t), NT(¢)]
is not uniformly completely observable.

(ix) The auziliary system S3, and then the unforced S (1.a), is GES
for all ¢ € IC ([—7,0],R™) if S2 is GES satisfying all the conditions of
(iii), or, alternatively, those of (ix), (v) or (vi), for some positive real
constant T, with 0 < qo < (403 /o) and, furthermore,

(a) |AZ (h=Y(t)) AL (R2(L))|| is finite for all t € CD U DD where
h(t) :=t—r(t), CD is the set of zero measure where the delay function
r: Ry — R{ is continuous nondifferentiable with respect to time, DD
1s the set of zero measure where it is discontinuous,

1/ty
(28)  (b) / CAG@IPQ =7 (7)) dr <o (2 = t1) + 55 (ta, t2)

t

for all t; > t; > 0 such that (CD U DD) N [t1,ts) = @ for some
nonnegative finite real constants v (ta — t1) and v (t1,t2). If [t1,t2) N
TN = &, then v(t1,t2) = 0.

(29) (o) e‘qT< 11 [)\(ti)])<1; Alti) = ot

t;€D(t,t+T)
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where q := qo(1 = (a’yqo/40%)) = Sup,g p (A (R~ () Ay(h =1 (®))])
0 for some real constant qy > qo > 0 with sets D(t,t+T) := TN(t,t
T)UTNy(t,t+T)UTD(t,t +T) UDD(t,t +T) and DD(t,t +T) :
DD(t)NDD(t, t+T) of discontinuities, and

(30)

I+ Vv

V'(t) == zT(t)P(t)Z(t) + / ZT(T)Ag(hil(T))Ad(hil(T))Z(T) dr.

t——r(t)

(x) Assume that there exist a matriz function N(t) and o € Ry
satisfying qo < (40% /%) such that the Liapunov matriz inequality
below is satisfied:

(31) AT($)P(H) + P()A'(t) < —qo — NN (1)

with A’(t) being locally integrable and A" (t). Assume also that the
matriz function Al : Ry — R™ " satisfies the same conditions as in
(ix) and (28) of (ix) is fulfilled. Then S3, and then the unforced (1.a)
of S, is GES for all ¢ € IC ([-7, 0], R™).

(xi) Assume that A'(t) is locally integrable, A”(t) is uniformly
bounded and, for some positive real constants o, 3, B > «, and, in
addition,

-
(32) pI> / TT(t,7)N(r)NT(1)T(t,7)dr > oI, for all t>0,

for the case when the Liapunov matriz equation (26) holds with go = 0.
Then S3, and then the unforced S, is GES for all p € IC ([-7,0],R™)
while S is GE for all ¢ € IC ([—7,0],R"™) and w € LY and, furthermore,

(33) &(0))>80; (1—M> II Be)l<1-=

Amax (P Amax (P) t;€D(t,t+T)
with
_ 2T t;r Pz t;r
(34) (2 (2

|17 (t, 0)lI397(t)
0 < egp < ak,Sup <— <1
L U A (P)
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for some real constant k,, dependent on the initial conditions, and for
allt > 0.

(xii) Assume that A'(t) is locally integrable, A”(t) is uniformly
bounded and [A’(t), NT(t)] is uniformly completely observable, i.e., for
some positive real constants a, 3, B > «, such that

(35)

t+T
BI > / TT(t,T)N(T)NT(r)T(t,7)dr > I, for all t>0.
t

Then S3, and then the unforced S, is GES for all ¢ € IC ([-7,0],R™)
while S is GE for all ¢ € IC([-7,0],R™) and v € LY if the Liapunov
equation (26) and (33), (34) hold with qo = 0.

4.2 Proof of Theorem 2. (i) One gets directly from the differential
system defining S2:

¢t

(36) [za(t™)] < ko {ePOtHzA(O)H—i—/O e T A()| llza ()l dr

for all t > 0 and any vector norm ||m/| and associated induced matrix
norm

Mm
IM] = Sup (U————U) — Sup (|Mm]),

EYESN Ll Il =1
forall meR"™ and M € R™*",
since || W 40(t,7) < koe ”°=7) with some real constants kg > 1 (norm-

dependent) and py > 0 (since Ay is a stability matrix). It follows from
(36) that

tt

BT) o) = e aat < o lsa@ )+ [ Aot ]
-
for all ¢ > 0. Using Gronwall’s lemma [8], in (37):

P
(38) ||ZA(t+)|| < Eipot’U(t) < ko |:|ZA(O)||6(pOtf0 [JA(T)]| d‘r):|
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for all ¢ > 0, but
tt tt
G [ @l [ IA@lars 3 janw)
0~ 0~ t,€TN
and S2 is GES from(32) for all ¢ € IC ([-7,0],R"™) if pg > pg, which
is finite since 0 ¢ TN which implies A”(0) = 0.

(ii) [[za(tT)]| > kollza(07)||e~(Po=ko(atb)t) for all + > O which yields
directly the result.

(iii) Since A’(t) is a stability matrix for any fixed ¢ > 0, then
the Liapunov matrix equation A'T(t)P(t) + P(t)A’(t) = —qol has a
unique solution P(t) = qo [;° A" DA ) dr for all t ¢ TN and
to the left limit ¢~ of any ¢t € TN, and [[e? 7| < ase 747,
some (norm-dependent) real constant a4 > 1 and all real constant
o4 € [0,0) (04 € [0,0) if the eigenvalue with largest real part of
A(t) is simple). Thus, note that fot |eA O dr < (a/oa). If
a4 is related to the lp-matrix norm ||P(t)|l2 = Amax(P(t)). Then,
1Pt 7)]l2 = Mmax(P(t)) < B2 := (qoa%y/20.4). Taking time-derivatives
within any open neighborhood (¢t — 2¢,t — ¢) of t ¢ T'D, one gets:

(40)
ATE VP )+ P )A () =—Q(t) .= ATt )P(t™)+ Pt )A(t7)

so that, since A’(t) is a stability matrix,

57—\ . OOeA/T(T) AT (41— N Al [g— eA’(T) -
(41) P(t )-—/O (ATt )+ Pt )A(t7)) dr,

forall t¢TD.
From (40), (41),
(42)
¢
1P@E)]2 S/ le CITSIQ(E ) 2 dr < BIA'(B)]]2,  forall ¢ >0,
0
with 8 := (a4B2/04) = (goa’/20%) and, for any real 0 < 31 <

Amin(P), one has

2
(43) 0< B < Amin(P) < B < 2024
20 4
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Then, along the state trajectory of S2, the Liapunov function candi-
date V(t,24(t)) := 24 (t)P(t)za(t), denoted by simplicity as V(¢) in
what follows, is time-differentiable for all t € (t;,¢;41) with ¢, 41,
being two consecutive elements in TN. For all ¢t € TN UTD, one
has V(tT) = V(t7) = 2Lt P(t)za(t) — 257 )P(t7)za(t™) with
Ptt)=P() = P(t")ift e TNUTD; P(t*) # P(t") if t € TD,
24(tT) # za(t7) if t € TN. Taking time-derivatives of V(¢) in an open
neighborhood of t ¢ TN and using (43), one gets:

V() = = za®)5 + 24 (1) P(t)2a(t)
= — (B, V() - B8 HA )2V (E)
for allt ¢ TN UTD and, from (23) and t;41 —t; > T, for all t; € TN,

one has:
(45)

00> V(07) 2 V(™ +T) > expl—(8;" — B8 Lan)T]
1 V(t))
CER N | | I

t,€TNUTD t;€TNUTD (tl )

(44)

<

so that V(t~ +T) < e <TV(t~) — 0 as t — co. Thus, the candidate
is a Liapunov function provided that

(46) 0<e = (8" = B8 e)T — BB lag — €

such that e > T, conurpV(E)/V(t7)] so that, for some real
constant € > 0,

_ B 1 [(e+€)B
(47) a1 = BﬁQ T <4B +C¥0>

is nonnegative for any prefixed real constant ¢/ with 0 < ¢/ < Min (1—e¢,
(T'/B2)—¢) provided that € € [0,e*), Max (¢*,&") < (T/B2), a1 € [0, aF)
with

T b1
ap < — — (e +¢) =
0< g )5
. 40'54 Inftzo [Amln(P(ti))]
Oél = 2 6
dp Oy

(48)
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(iv) The proof is similar to that of (iii) but now the effect of jump
discontinuities at TD is taken into account through impulses in A’(%)
via the replacement g — g + « to evaluate the upper-bound of

AT * * -\ 3
ft— | A (7)||dr. Thus, " = €7, and Hties’l(t,tJrT) [V(tf)/V(ti )] is
replaced with HtieTN(t7t+T) V(D / V().

(v) The part of the proof concerned with condition (24) is as follows
from Schwartz’s inequality:

(49) /tw |4 (r)ll dr < ( / e dT> M

< (a%T2 + 070T)1/2 <o+ aT

so that

0> VI0) 2V +T) < e |- 5 (557 - 95 )T |
X exp [— %@IT + 5511\/04071}

(50) VD vy
0 e

t; €T N (t,t+T)UTD

2
< exp [— <% ﬂ;l — ﬂ511a1>T] exp E Qo ﬁﬁ?ﬂ V(i)

<eTV({t™) —0 as t— oo,

provided that ayg < e + ¢ < (T/202) for € € [0,e%), [26]. If
(25) holds, i.e., the bounded discontinuities in A’(t) are considered
as impulses in A’(7) to govern ft, + |A’(7)|| dr then @y — ao + aj
has to fulfil ag + af > (51/8B2)*(T — 2B2(e + €’)) and the times
t € TN(t,t + T) UTD(t,t + T) to evaluate jumps V(¢)/V(t;) in
(50) are replaced with ¢ € TN(t,t + T) leading to the constraint
aq € [0,a7) with &}’ = (61/8)((1/282) — (¢5/T)) for S2 to be GES
for any ¢ € IC)[—7,0], R™).

(vi) Since ||A’|| € Lo implies the integral constraints of ||A’(t)|| of
items (iii), (iv), the proof follows directly.

(vii) Take a Liapunov function candidate V(T := 2% (t)Pz4(t) with
P = PT > 0 being a real symmetric n-matrix. Along any trajectory
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solution of 82, V(T) = —2%(t)[N(t)NT (t) + qoI]za(t) < 0 so that S2
is GES for all bounded zgp € R™. Since A’(t) is a stability matrix for
all t > 0, the solution to (26) for all ¢ > 0 is:

P= /OO VL (T, t)[N(T)NT(7) + qol| W a(r,t7) dr
(51) 0.
_ /0 UL (r ) N(F)NT () + qol] U a (7, ) dr,

the second identity arising since W 4(7,t) = 0 for 7 > ¢, all ¢t > 0. Direct
calculus from (52) yields:

P(t7) = / (07 (7, £ ) [N ()N (7) + oI W a(r, 1)

+ Ul (7 t)[N(T)NT (1) + qOI]\PA(T, t7)]dr

(52)
U ) NENT () + oLt 1)
- AT(t‘){ | RO ONT (@) + A ) dT}
n { | e wenT) +QOI]‘I’A(T,t)dT}A(t)
+ N#)NT(t) + qoI
(53)

= ATt P+ PA(t)+ Nt)NT(t) + g =0,

by using the properties U 4(¢,t) = I and A'(t) and ¥ 4(¢,7) commute
for all ¢,7 since W,(¢,7) is a fundamental matrix of S2. Now, since
[A’(t), NT(¢)] is uniformly completely observable, if gg = 0 and P =
PT > 0, equations (52), (53) satisfy two Liapunov matrix equations
(26); one has from (52) for gy = 0 for some real T' > 0, a > 0, one has

t—+T
0<al < /ﬁ (Tt )N(T)NT (D)W A(7,t7) dr
(54) t~+T
<P=| UU(r,t T )N(T)NT (1) WA (7,t7) dr
< Amax(P)1
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50 that Amax(P) > a. If go > 0 then V(t) < —qoV (t). Also, one gets
directly by defining A(t) := (V(t])/V(t;)) for all t; € TN:
(55)
Amin (P24t + T) 13 = Amax(P) |24 (t7) 112
<Vt~ +T)-V(i)
<= I el ¥ AONON @)

t; €T N (t,t+T) t; €T N (t,t+T)

S | A GEAC)

t; €T N (t,t4+T)

X (/t+T UL (Tt )N(T)NT (1)U 4 (1,t7) d7> za(t)

IrOV ()

< —atrB)[lza@)|3 < —a Ao (P)

where 97(t) := [, ern e+ [A(ti)] since Amax(P) = a. Thus, one gets
from (55)

(56) Vit~ +T)< (1 - 4)>V(t); for all ¢>0,

(57)  lzalt™ + D3 <

Amax (P) adp(t)
Amin(P) (1 a Amax(P)

and S2 is GES for all bounded z4(0) = zo € R™ if (27) holds and the
proof of (vii) is complete.

>||zA<t>|%

Alternative condition via the condition number of P for the lo-matrix
norm (Ko(P)).
(58)
aKy(P
A IT Dl + A7)+ 470
min t;€TN(t,t+T)
1
< K3 (P) ] [Pmax (1 + A" () (L + A" (8)) (I + A" (1)))] <

«

where v € Card [TN(t,t +T)].
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(viii) The proof follows directly from that of (vii) since V' (¢;41) <
§(T)V(t;) for some 0 < §(T,) < 1, for all t; € S; if [A'(t), NT(¢)]
is completely observable on [t;,t;41) or, if go(t;) > ¢qo > 0, for
all t; € S;. Define the sets D := TN UTN; UTD U DD and
D.,:=TNUTN4UTDU(DDUCD) where DD and CD are the real
subsets where the delay is discontinuous and continuous, respectively.

(ix) Consider the Liapunov function candidate (30). It is first
proved that ft,_r(t) 2T(7)K(7)2(7) dr does not diverge faster than

r(£)(Supg<r < (12(7)[13) where K(t) := Agf(h™"(t)) Ay(h™"(¢)). Direct
calculus yields, [9]:

AV =V -V = [ A )l

1/t~ i
<ess Sup 3 (IIZ(T)H%)/ [ AR ()5 h(r) dr

t—r(t)<7t<t 1/(t=—r(t))

<par(t) ess  ([l2(7)][3)

t—r(t)<r<t

for all t ¢ C'D U DD for any vector and associate (induced) matrix
norm and some 1, € RJ. Since ||A/(1/t)| is bounded if t € CDU DD,
€ RT exists such that AV(t) < ppr(t)ess Sups_ry<r<¢(|[2(7)13).
Also,

V/(t) = 2T (1) P(t)2(t) + 2T (K (8)2(1)

h(t)=" (h($)) K (h(1))2(h(1)) — 27 () P(t)=(1)
[

(59) =21 ()[AT(O)P(t) + P()A'(1) + K (8)]=(t)
+227 (1) P(t) A (t)=(h(t))

-1 T'(t))ZT(h(t))K( (1))z(h(t) — =" (£) P(t)=(1)
for all t ¢ C'D where 7/(t) := 1 —#(t). Assume that ¢ € RT exists such
that
00 =g+ Sup A7) A0 (1) + o

t¢CD A

with qg, 04 and a4 defined in the proof of (iii). Direct calculus
guarantees (60) if for all ¢ ¢ D.:

2

4o . T —1 ’ 1 qui
(61) 0<go < 5 Amax[Aq (R () Aa(h ()] <o 1= |.
A A
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Then,

(62) AT (t)P(t) + P(t)A'(t) + P(t)
= —qol < — (gl + P*(t) + A (b1 (1)) A3(h™ (1))

for t ¢ D, provided that (60) holds via (61). Then, the substitution of
(62) into (59) and the use of item (iii) yields, provided that (61) holds,
that

V() < — (B — A A M) T OPO=()
(63) - Hﬁ P0)2(t) — /T 77(0) Aa(t)=(h(1)

< —(qoBy ' = BB A (1)ll2) 27 (8) P(t)2(t) <0,

where || - ||2 denotes the I3 vector and associated induced matrix norms.
Thus, since V'(t) > 2T (t)P(t)z(t), by construction:

2

2

V'(t)
V(1)

(64) < <—q<0, forall t¢ D,.

If t;, € CD and CD N (TN UTN,) = @, then V'(tf) = V/(t;)
(so that CD is irrelevant for stability analysis purposes). If ¢; €
(TN UTDUUDD UTN,), then V'(t}) # V'(t; ), in general, through

respective jump discontinuities 2(t]) # 2(¢;); P(t]) # P(t;), see item
(vi), and

AV(tf):V’(ti)—zT(ti)P(ti)Z(ti)—/ti 1AG(R™ () 2(7)II3 dr.

i—7r(ts)

The various discontinuities at V’(¢]) may be combined since the
above discontinuity sets are not required to be disjoint. Thus, if
e*qT[HtieD(t t+1[A(t)]] <1 and taking into account (64),

Vig+T)<e ™ [ D&V () <VI(E), forall t>0
t,€D(t,t+T)

with D(t+T):={r €D :t<7<t+T}and \(t;) := V'(t])/V'(t;]).
It has been proved that S2 is GES if item (iii) holds. The proof is quite
similar if S2 satisfies any of items (iv)—(vi).
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(x) It follows directly since the Liapunov matrix inequality of item
(viii) implies that of (62) with a constant positive finite symmetric
matrix P. Thus, the Liapunov function candidate V’(¢) for S3, which
is well-posed from the assumption on A/(t) has a time-derivative
satisfying (63) for all ¢ ¢ D which leads directly to the proof since
Vit~ +T)<e TV(t) <dr(t)V(t7), 0 < Ip(t) < 1, and

% 044 q0 _
G <q = qo(l— s ) Sup [ 44(h~ () 2],
04 J t¢D(t,t+T)

see the proof of (ix).

(xi) Take the Liapunov function candidate V () = 27 (t) Pz(t) for S3
so that for all t ¢ D along the state trajectory generated from any ¢ €
IC ([-7, 0], R™) satisfies V (t) = 227 (t)P2(t) = —2T (t)N(t)NT (t)z(t),
so that for all t > T > 0:

-
(65) V(t~)—V(07) = —z(JT(/ T (r,0)N(r)N"(7)T(r,0) d7> %o,
with zp = z; + fff TYt=,0)T(t~ — 7)¢(r)dr. Note that, since
IT(¢,7)| is of exponential order and ¢ is essentially bounded on [—, 0],
except at most at a finite set of time instants where impulses take place,
as a direct consequence of Theorem 1 (iii), there are finite real constants
p=>0,k,>0and kr > 1 such that ||Z]| < ||zo|| + k71 < kyl|Z0]|, some
nonnegative kry := kre™(ess Sup_r<r<o(|lo(7)|) + k1) < 00.Thus, if
M(t) == || T(¢,0)||3, then

12t7) 2 = I T, 0)Z0ll2 < M2(t7) ] 2012
M2(t7)k, V(0)1/2

< MY2(t7 kg |Zy |2 < Amin(P)

so that, from (65),

aky M ()07 (1)

V(i) < <1 — o (P)

)V(O)

so that S3 is GES for all ¢ € IC([-7,0],R™) and then S is globally
stable for all u € Lj" since from the Cauchy-Buniakovski inequality, [3,
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, one has for the ls-vector and associate induced matrix norm:

H/ T(t, ) B(r)u(r) dr
o0 ’ 1/2 . 1/2
<su( / i) |( [ lunar) <o,

since B € L™, w € LY and T(¢,7) € La(]0,00), R™*™). Thus, the
system S is GES for all uw € L3".
(xii) It is very similar to that of (xi) by building the Solution 2(t +

T) = T(t~ + T,t)2(t) where z(t) = 2(t7) + [~ T T2+, t)2(+') dr.
O

4.3 Closed-loop stabilization. Theorem 2 may be easily extended to
the case when u(t) is generated from z(t) or y(t), namely, through the
state or output measurements, in the context of the so-called closed-
loop stabilization problem via a linear feedback regulator. Assume that
the state-feedback control law:

(66)
u(t) = u'(t) + u"(t) = {(KoKc(t)z(t) + Ka(t)z(t — r(t))}

+{ S Kemp(t)0(t — t3)2(t7)

t;,€TN

3 Kamplt(t =)ot = rlt)
t;, €T Ny

where K. (t), K4(t) are bounded matrix functions from [0, c0) to R™*™
allowed to have removable and/or jump discontinuities in the sets
TD and TDy, respectively, and Keimp(t), Kaimp(t) are (impulsive)
matrix functions of ranges in R™*™ with supports of zero Lebesgue
measure TN and T Ny, respectively. Thus, the closed-loop system is
GE for all ¢ € IC([-7,0],R™) and the control law is stabilizing if
and only if the results of Theorem 2 (ix)—(xii) hold for the subsequent
replacements: Ay — Ao+ B(t) Ko, A'(t) — A'(t) + B(t)K.(t), AL(t) —
AlL(t) + B(t)K4(t) for all t € RE, A”(t) =0 for all t ¢ TN; Al(t) =0
for all ¢ ¢ TNy; and
A/,(ti) — A,/(ti) + B(ti)Kcimp (tl) for all ¢; € TN,

67
( ) A&/(tz) — A/d/(tz) + B(ti)Kdimp(ti) for all t; € TNy.
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(67) If output-feedback, instead of state-feedback, is used and D(¢t) =0
n (1.b), then the control law (66) is substituted with a similar one
with the replacements z(.) — C(.)z(.) everywhere in its righthand
side while (67) is reformulated with the controller gain replacements
KO,c,d,cimp,dimp(t) - KO,c,d,cimp,dirnp(t)c(t)7 KO(t> = Ky being con-
stant. If D(t) # 0, then the control law becomes implicit in wu(t)
and some rank conditions have to be fulfilled in order to convert it

into an explicit form, one of them being, for instance, that the matrix
(I — (Ko + K.(t))D(t)) is nonsingular for all ¢t ¢ (TN UTNy).

5. Compactness of some of the input/output, input/state
and state/output operators defining the state/output trajec-
tory solutions. Note that the Banach space U C L3 is also a
real Hilbert space endowed with the (semi-)norm of the inner prod-
uct || - ||y defined by [[ul|py = (u,u)}:/;, for all uw € U. The subscript
for the space L3 for inner products and associated endowed norms are
omitted in the sequel when no confusion is expected. Let {¢"}° and
{91@0*}?0 = {Ggm)T $° be an orthonormal basis and its reciprocal one
for the L3*-space (this notation for orthonormal basis is adopted inde-
pendently of the dimension m which is easily elucidated depending on
context) so that:

0,6 =gt 0,05 = 6

(68)
<¢£m)a¢§m)>:(51]7 Za]:1’2’ 1 00

with ¢;; being the Kronecker delta, [24]. Then, the evolution operator
T(t,7) has a representation

(69) T(t,7)=Y ()™ (7 Z / (t, 7)o ()0 (1) dr’
k=1 k=1
where Uy(t) = [7 T(t,7)¢, (m) (7 fo (t, T gbk )(7)dr, since

T(t,7)=0 for t >, is an n- matrlx functlon which is the image of ¢
via the operator T'. From Theorem 1, the state and output trajectories
are:

(70)  a(t) = (Sp)(t) + (S“u)(t);  y(t) = (Mep)(t) + (M u)(t)
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for all t € Ry so that for zero initial conditions:

(ot om0 = (5"0)(¢) = [ (Halt mhu(r) driylt Voo
(M)

= (M"u)(t™) = ; H(t™,m)u(r)dr

(71) with similar expressions for x(¢") and y(t*) with the appropriate
replacements ¢t~ — tT. The kernels of the operators S* € L(U, X)
and M" € L(U,Y) are, respectively H, := [0,00) — L(U, X) and
H : [0,00) — L(U,Y), respectively. Let now {¢;}3° = {gbl(l)}cfo be
an orthonormal basis of the real (scalar) space Lo. It follows that
{¢§i)}‘1’° = {eg-l)d)i}‘f", ij,7 = 1,2,...,1, is an orthonormal basis of
LY (any | € Z*) for unity Euclidean vectors Ey) € Rl ie., its jth
component is unity while the remaining ones are zero for j = 1,2,...,1
so that the inner product satisfies (eg-m)@, el(m)9k> = 0j;0;. Then,

p(t) = Z Z Ofgakjeg-n)(ﬁk (t)

k=1 j=1

with

zo = ¢(0) = Z Z %kje;")qbk(o)

k=1j=1

for all p € IC ([-7,0], R™) admitting a component-wise representation

i(t) =D a1,

with -
25(0) = ¢;(0) = Y k4 (0),
k=1
where the aykj, j = 1,2,...,n, k =0,1,..., are the (real constant)

components of ¢; in the basis {¢r}7°. An artifice is now used to
represent (possibly impulsive) inputs u € L3* of the class of the
above sections. Such an artifice consist of introducing time-varying
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components which are essentially discontinuous (and not constant) only
at discontinuity points so that u(t) takes the form

ult) =3 g (t)el™ b (t)

k=1 j=1

with time-varying components ay;(t) = o ; + ozij,uu(t)é(O) so that:

wt™) = (t7) = D3 el ™ ou(t)

k=1 j=1

u(tt) =/ () +u (1) = D> awel™ on(t)

k=1j=1

oo n
= DD (e + by (03(0)e™ i (1),
k=1j=1
Le., api(t™) = ap; and ag;(th) = ap; + aij,uu(t)é(O) and having
(possibly discontinuous) components to the left and right of any t € Rar
represented by

(oo} n
ui(t7) = ) o (1) i (1),

k=1j=1
Note that the above representation is well-posed since u,u’,u” €
LT so that both v’ and «” admit representations with real constant
components oy and azjé(T — t) for input impulses at 7 = ¢. By
convenience, the representations of operators for zero initial state and
zero input are discussed separately.

5.1 Representations of the zero-state relevant operators. Note that
the state trajectory solution satisfies

(72)
(@ (6)] om0 = (S™u)(t) = /0 Ho(t, 7)u(r) dr = /0 T(t,7)B(r)u(r) dr,

with possible eventual discontinuities. Thus, the kernel H,(t,7) =
T(t,7)B(7) of S* € L(U, X) admits the representation:

(73) Hy(t, 1) =Y tar()0] (1),
k=1
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where

valt) = 3 [ (OT (DB o) dr

/w/TwﬂMﬂ%@%UMT
k=1J0

M

k=1

is the n-vector state for zero initial conditions with input

> o (0)el™ on(t)
j=1
with .
a(t) =Y ag;(t)el™
j=1
ui(t) =Y ari(O)or(t) = > an(t)dr(t)
k=1 k=1
and
ut) = > o, (O o) = D3 an, (1)el™ o (1)
k=1 k=1j=1
1<j<m
where oy (t) = (1 (t), aka(t), ..., arm(t))T € R™. In the same way,
y(t) = (M u)(t) = [ H(t,7)u(r)dr
(74) . 0
_ /O (C(H)T(t,7)B(r) + D#)S(t — 7))u(r) dr
so that

y(t™) = /0 H(t,m)u(r)dr = /0 C)T(t™,7)B(r)u(r)dr

y(tt) = /0 H(t", )u(r)dr

s /0 COT(t*,7)B(r) (7) dr + D(H)(0) (B (¢)
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with the operator H(.,.) admitting a representation, [24]:

(16) H(t ) - iw—)e,{m; H(t7) = gwﬂezm
(T7) Wp(tT) = ]i:l /0 . a;(t)CE)T (™, 7)B(1)el™ du(r) dr
Uy (th) = f:l /0 " a () (CHT (T, 7)B(7)
: + D(r)d(r = t)pua (7))l b1 () d
_ ;akj(ﬁ)( /0 COT(tF,7)B(r)du(r) dr

n D(t)é(@)uuu)m(t))e;’”’.

A quite similar representation may be obtained for the operator
o0
T(tF,7) =Y Ui (tT)0} (1),
k=1

provided that Bu € L%, by replacing the real vector functions Wy (¢¥F)
by vector functions Wy (¢F) obtained by fixing C(¢) = I,, in the right-
hand sides of (77) and the use of the representation:

Btyu(t) =33 an(t)el o (1);
k=1j=1

mp

m t
Urg(tF) = / ar; ()T (AT, 7)el o (7) dr.
j=1"9
As a result,

x(t)

ST Bari (el (1)

b
Il
=
<
Il
[

n

S () Wu(t) /0 o (1)el ¢y (r) dr,

J=1

o
[M]8

b
I
—
I
—
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y(t) = Z Z ﬂkj(t)egp)d’k(t)

3

oy (DO () Ui (1) / 67 (r)el™ y(r) dr

where Gy1i(t) and B (t), i =1,2,...,n,5=1,2,... ,p, k=0,1,...
are the components of z : [0,00) — R™ and y : [0,00) — R”
with respect to the two respective orthonormal bases {e§")¢k}1 and

(P oi)5e.

5.2 Representations of the zero-input relevant operators. Since the
function of initial conditions ¢ € IC ([—7,0],R™) has the form ¢(t) =
©wo(t) + (P(t) + Gimp(t)) with domain of finite measure, o(t) being
uniformly bounded and (@(t) + @imp(t)) possessing a support of zero
measure and a domain of finite measure. Then, ¢,y and (p(t) +

Gimp(t)) are in LY while o(t7) # @(t7) if ¢(t) + @Gimp(t) # 0. Then

it is possible to represent ¢(t) = Y77, D7, awkj(t)e;n)qbk (t) with left
and right limits:

=3 ag,elMon(t)

k=1 j—l

90( +<P1mp ZZ gakj wk] n)¢k(t)

k=1 j=1

=222 abye on®)

k=1j=1

= Zza;kje§n)¢k +ZZ QXpkj — ka:g ( )¢k()

k=1j=1 k=1 j=1

+ ot =
pkj pkj
a,:j + agj te(t) 6 (0) in a similar way as argued for the input represen-

with real components ay;(t7) = a;; and agk;(t7) =
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tation. The zero-input trajectory of S is given by:

(18) 2(t) = (S9)(1) = 3 W (1) [Z S g (9%“ () 64(0)
k=1

=1 j=1

T

+/0_ OF (r4+7)el" Ag(r+7) oy (7 +7— 7‘(7’)))],

while its zero-input output state trajectory follows directly from the
above expression by pre-multiplying its righthand side by C(¢) to obtain
a point-wise representation of the operator M via y(t) = (Mp)(t) =

C(t)z(t) = (C()Se)(?)-

5.3 Representations of the zero-state relevant operators associated
with gate operators. In some applications of electronics, the use of
so-called gate operators is relevant where the input is impulsive of the

form
u(t) =u"(t) = Y w(t;)d(t— ti)uo(t)

t,€TU

with ug € LE* being the reference input and w : [0,00) — R being the
piecewise continuous weighting function. Then, one has the point-wise
operator definitions:

(79) (S"u)(t) = /O Ho(t, 7)u(r) dr
[ 3 1B ()

0 t,eTU

(80)  (S™uo)(t) = Y T(t,t:)B(t:)w(t:)uo(t:)

t,€TU

81)  (M"u)(t) = /0 H(t, 7)u(r) dr

:/ Z CH)T(t,7)B(T)w(T)d(T — t;)uo(7) dr
0 teTU

+ D(t) p () w ()6 (0) uo (1)
(82) (M™ug)(t) = Y C()T(t t:)B(ti)w(t: uo(t:)

t,eTU
+ D () pu (£)w (£)0(0) uo (1)
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The following result holds.

Theorem 3. The operator (S"°ug)(t), defined in (80), is a Hilbert-
Schmidt operator if B : [0,00) — R™ "™ is in LW*", T(t,7) € Ly "
as a function of T over [0,00) for all t € Ry and dteTu w2(t;) <
(which holds if w € Lg).

The operator (M“ug)(t), defined in (82), is a Hilbert-Schmidt oper-
ator if C : [0,00) — R™™P 4s in L'P T(t,7) € L*"™ as a function of
7 over [0,00) for all t € R, ot eru Wi (ti) < oo and D(t) =0 for all
teRy.

Proof. The operators (S“0ug)(t) and (M"ug)(t) are Hilbert-Schmidt
if their kernels are Hilbert-Schmidt, i.e., square-integrable on (—o0, 00),
[19, 22], which holds under the given respective conditions. o

5.4 Compactness of the relevant input-state, state-output and input-
output operators. The main well-known properties of compact oper-
ators, which are useful to approximate infinite dimensional spaces by
finite dimensional ones; those used are the following [19, 22]:

(i) A Hilbert-Schmidt operator is compact.
(ii) An operator of finite dimensional range is compact.

(iii) A degenerate operator from a Banach space to a Banach space
which is the limit of operators of finite dimensional ranges is compact.

(iv) An operator of closed range which is compact has a finite-
dimensional range.

From the developments of subsections 5.1-5.3, Theorem 3, and the
above list of properties, the subsequent result holds for relevant oper-
ators defined in (78)—(82) and some related operators:

Theorem 4. (i) The operators S € L(Ly,L%), M € L(L%,L%),
SS* e L(Ly, L), MM* € L(L%, L) are compact.

(ii) Let the input w € U C LY be impulsive and generated from a
mapping Uy x W — U (gate operator) via a reference input ug € Uy C
Ly andw € W C Lg is a modulating weighting function that generates
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an impulsive input from ug defined by

ut) = Y wt)d(t—ti)uug(t) = Y w(t;)d(0)w(t:)pu(t).

t,€TU t,€TU

Assume that [;° [CIIT(t,7)|?drdt < oo, or in particular that the
unforced S is GES (see Theorem 2 for sufficiency-type conditions).
Then, the operators S, (S"°)* and S“0(S“0)*, from the appropriate
Banach spaces to appropriate Banach spaces, are compact if all the
entries of B(t) are bounded and Y, .y w?(t;) < oo. If, in addition,
all the outputs of C(t) are uniformly bounded and D(t) = 0 for all
t € RJ, then the operators M, (M“0)* and M (M")* are Hilbert-
Schmidt operators and then compact.

(iil) Assume that the input satisfies the constraints in (ii). Then
the operator S %) has a decomposition S*0*) = St XA, where
(Aiz)(t) = (2,&) Lp&i(t), i = 1,2,... ,n, while

k
T®(t,7) ZX GOE (1) =Y a6} (7)
i=1

where &;(t) is a set of orthonormal eigenvectors of respective eigenvalues
Xi, i = 1,2,...,n, of T satisfying Soooy IXil? < oo. Furthermore,
SUo — SuO(k) - Z?ik+1 ngzy

m o0
1S 0wl Ly = (S"uo, S"uo)ry = > lad;|*Xkl?
Jj=lk=
m oo
2 2
< sw (IB() ( ks 21 )
tES 0 ug =1 k=1

provided that uo(t) = 377" Y77, akjeg-m)(bk(t) € LY and B(t)uo(t) =
Dl e a%jeg-m)gzﬁk(t) € LY since B(t) is bounded on [0,00). If
lluoll € L5, then Y oo, |ouwi|* =1, any integer j = 1,2,... ,m, so that

I5*wlzy < Sup (I1B0) (zw)
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Proof. (i) Define the sequences of operators

k
Al tl
k
Vo) =3
and

ﬂmtﬁy_@MQP+/ () A(T)T® (r,0) dr

-
+/)ﬂﬁﬁﬂAAﬂﬂ“h—rﬁLmupwdm;
forall teR{; k=0,1,....

with 7(©(0,0) = T(0,0) = I, and T®)(t,7) = T(t,7) = 0, for all
7 > t. Assume that for —7 < 7 < t and any given finite real ¢ > 0,

I7%®) = Tgz4004, 220040 — 0. Since limy oo ([250 (1) = Lao()]l2) = 0
for all t € Ry, it follows by using lo matrix norms that:

|T® (= +£,0) =Tt +¢,0)|2

2:W®t+5 — W a0(t +€)
Jj=k+1

s

.
x[ Sup (/ |T<’“>(r—7’70)—T<T—r’,0>|§dr)
.

0<r'<7—r(T1)

2

Z W (1)~ W a0(7)

Jj=k+1

2

1/2
2<||21<T>|2+||Ad<r>||2)2df]

e
+ Sup (/ |T®) (r — 77, 0) —T(T—T/,O)H%dT)]
¢

T—r(T)<7'<7T -
—0 as k— o0

and

(TH) (tF +&,0) = T(t+ +¢,0)|2

< [ i i 120 () = W ao(t)|2

j=k+1 t;€TN(t,t+e)UTNg(t,t+e)
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% (1At 2 + | Aa(t)]2) dT}

X Sup Sup  (|IT™ (ti—7,0)=T(t;i—7,0)]2)
Lt ETN(0,t)UT Ny (0,t) 0<7<t,—r(t;)

L sw Sup (||T(k)(tl—7,0)—T(tl—770)||2)]
HETN(0,H)UTNy(0,8) t;—r(t)) <T<t;

—0 as k— o0

since H\I!Efg (t) — W a0(t)]]2 — 0 as k — oo, for all t € R{. Furthermore,
T®(t,1) = Zle l(k)(t)el(k)T(T) is of finite range for all ¢,7 for all
finite integers k. Since [|[® (£)]|2 < &% ® (#7)|l2 then || (tH)]2 <
E1lj(t7)]|2 from Theorem 1 (ii) for some nonnegative real constants
" k=0,1,..., and k;, then

IT®(E +£,0) = T +2,0)[ < [TOE +2,0) = T( +=,0)]2
—0 as k— o0, for all te Ra_

and [|[T®) — T||p — 0, ie. fot, 1T®) (7,0) — T(7',0)|| dT < oo, as
k — oo, for all t € R{ and T®) (7,0) is of finite range on [0, + ),
provided it is compact on [0,%) for any finite integer k € Z. Since
|75 (t,0)—T(t,0)] £y — 0and T®)(t,0) is of finite dimensional range
as k — oo, for all t € R(J{, T(t,0) is a compact operator. It is now
proved that T*, (T*T) and (TT*) are also compact. Note that taking
norms in Ly:

IT*T(fo — fu)lig = (T*T(fo = fin)s T*T(fu — fn)) g
=(TT*T(fo — fm), T(fo — fm»Lg
< NT(TT)(fo = fdllzg - NT(fo = f)lly — O

as Zg 3 n, m — oo, for any bounded sequence { f,, }$° and its endowed
norm from the inner product in the Hilbert space of square-integrable
real vector functions of dimension n. Then (T*T) is a compact operator
and, therefore, (TT*) is compact as well, [5]. As a result, weak
convergence, i.e., convergence of the inner products, implies strong
convergence, i.e., convergence of the sequences, so that fr, — f as
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k — oo implying (T*T fx, fr)ry — 0 as k — oo implies that T*7T fx as
k — oo. Also,

IT*(fu = fullZg = (T (fu = fn)s T*(fn = fn))1g
=(TT*(fo — fm): (fn — fm»L;’

<NTT*(fa = fudlleg - [fn = fml
< 2CHTT*(fn - fm)”L;’

n
L3

since || fn — fmllLy < 2C(TT*(fn— fm)llLy — 0 for some finite positive
real constant C' as Z§ > n, m — oo, so that {T"f,}5° and T* is
compact. By construction via T, the operators S (SS*), M* and
(MM*) are compact as well and (i) has been proved.

(ii) Since u(t) = u"(t) = 32, ey w(ti)d(t — ti)uo(t) and (S*0u)(t)
and (M"oug)(t) are defined via (80), (81), it follows that their kernels
are square-integrable if Y7, ., w?(t;) < oo and S0 and M" are
Hilbert-Schmidt and then compact operators. In the same way as in
(i), (Su0SU0), (MU M¥0), S* and M™ are compact since 5° and
MY are compact.

(iii) It follows directly from the definitions of the various operators
and their spectral decompositions since they are compact since the
reference input is square integrable. a

Using similar reasoning as that used in Theorem 4 (i), it may
be proved that the operators ¥, € L(IC,LY), Sape € L(IC, L3.),
Myo. € L(IC,L3.), Sap € L(IC,L%) and Mao € L(IC,L%}) are
compact operators. The evolution operator W4 € L(IC, L%) as well
as Sae € L(IC,L%.), Ma. € L(IC,L%,), Sa € L(IC,L%) and May €
L(IC, L%) are proved to be compact as well under similar guidelines for
the proofs. Those properties are useful to approximate the zero-input
responses of the auxiliary systems S1 and S2 through finite dimensional
real vector functions what holds irrespective of the stability or not of
the infinitesimal generator Ay or that of the matrix function A(t). o

Remarks 1. Theorem 4 (ii) also holds under similar conditions if
Up e Ly, W € L™ and >overu lwt:)|I> < oo, which implies that
U C L3 although the proof is omitted.
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2. sp(T), the spectrum of T. is close, belongs to [—||T||,||IT||]] and
includes zero. The remaining values of the spectrum excluding zero are
eigenvalues of T. Such a spectrum is either zero, finite (when excluding
zero) or a sequence which converges to zero. All the points of sp (T')/{0}
are isolated.

3. Wao(t) =30 o St JAE for any 1nteger ii > p, p being the degree
of the minimal polynomial of Ag and o, : Rf — R, k=0,1,... ,i—1)
are linearly independent functions calculated from the algebraic system
of linear equations:

(dd)\JJ ) [IANZ - A% - g () an () -+ (8)] T

— [Nt It At =T At T

)

j=0,1,...,0;,—1;i=1,2,...0,

where )\;, of respective multiplicities v;, ¢ = 1,2, ... , 0, are the distinct
eigenvalues of Ag and 7;, ¢ = 1,2,...,0, are (nonuniquely) chosen
satisfying the constraints Z* > v, > v and g = Y 0 0 > p =
o, vi. The set {a;(t),i=1,2,..., [} is not unique since it depends
on the set 7;, i =1,2,... ,0, (the minimum set {a;(¢),i =1,2,...,u}
is unique). As a result, each unique real n-dimensional vector trajectory
solution of S1 is represented in any of the forms

-1 T
zao(t) = Y an(t) Afwo = Z o (t <ZCZA]€ W)
k=0 k=0

for any initial condition
n
To = Zciegn), geER;1=1,2,...,n,

so that it is of finite dimension as it is the real p-vector function
C(t)zao(t). As a result, the operators Sao € L(IC,L%), Sape €

L(IC,L%,), Mao € L(IC,LY), Mao. € L(IC,L5,). If, furthermore,
|AL|l € Lo, then Sape € L(LY,,L%), Mage € L(L3.,L5.), Sac €
L(L3,, L%) and M 4. € L(LY,, L5,) are also compact, see (4.c), (4.d),
(4.g) and (4.h) in Theorem 1.
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4. If imp = 0 for t € [—7,0], then S, € L(IC,L3,) and M, €
L(IC, L%,) are compact if the auxiliary system S3, or equivalently the
unforced S, equation (1), is GAS.
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