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INVERSIVE DIFFERENCE MODULES AND
SOLVABILITY OF SYSTEMS OF
LINEAR DIFFERENCE EQUATIONS

ALEXANDER B. LEVIN

ABSTRACT. In this paper we consider homological prop-
erties of inversive difference modules and apply them to the
problem of solvability of a system of linear difference equations
over a difference field. In particular, we prove the existence
of Grothendieck’s spectral sequence for the functor Ezt in the
category of inversive difference modules.

1. Introduction. Throughout the paper N, Q, and R denote the
sets of all nonnegative integers, rational numbers and real numbers,
respectively. By a ring we always mean an associative ring with a
unity. Every ring homomorphism is unitary (maps unity onto unity),
every subring of a ring contains the unity of the ring, and every module
is unitary.

A difference ring is a commutative ring R together with a finite set
o = {aq,...,a,} of mutually commuting injective endomorphisms
of R into itself. The set o is called the basic set of the difference
ring R, and the endomorphisms a;, ... ,a, are called translations. In
other words, a difference ring R with a basic set o = {aq,...,an},
also called a o-ring, is a commutative ring possessing n additional
unitary operations «; : a — «a;(a) such that a;(a) = 0 if and only
if a =0, aj(a+b) = a;(a) + a;(b), a;(ab) = a;(a)ay(b), a;(1) =1 and
a;(aj(a)) = aj(a;(a)) for any a € R, 1 <, j < n. In what follows, a
difference ring R with a basic set o = {a1,... ,a,} will also be called
a o-ring.

If ay,...,q, are automorphisms of R, we say that R is an in-
versive difference ring with the basic set o. In this case the set
{a1,... yan, a7t .. Ja; '} is denoted by o* and R is also called a
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o*-ring. If a difference ring with a basic set o is a field, it is called a
difference, or o-field. An inversive difference field with a basic set o is
also called a o*-field.

Example 1.1. Let A be a ring of functions of n real variables
defined on R™. (In particular, A could be one of the rings C?(R"),
p = 0,1,..., where CP(R") denotes the ring of all functions of n
real variables that are continuous on R together with all their partial
derivatives up to the order p.) Let us fix some real numbers hq, ..., h,
and consider mutually commuting automorphisms aq,...,a, of A
such that (a;f)(z1,...,2n) = flx1,. ., @ic1, 2 + hiy Tig1, ..., Tn),
1=1,...,n. Then A can be treated as an inversive difference ring with
the basic set 0 = {ay,...,a,}. Difference rings of this type arise in
the theory of equations in finite differences, since the ith partial finite
difference Aif(l‘l, . ,In) = f(Il, e s Ti—1, T + hi; Liglyeo- ,In) —
f(z1,...,z,) of a function f(x1,...,z,) € A can be written as

(Oli — 1)f

Let R be an inversive difference ring with a basic set o, and let T’
denote the free commutative group generated by o. An expression of
the form > a,y with a, € R, such that all but a finite number of
a~ are equal to 0, is called an inversive difference, or o*-operator over
R. Two o*-operators EweF a7y and Zwer by are considered to be
equal if and only if a, = b, for all v € I

The set of all o*-operators over R can be naturally equipped with
a ring structure if one sets > rayy + > cr by =30 cr(ay + b)Y,
aYer @yY = 2er(aay)y, (o eray )N = Xjer ay(m), Ma =
Y1(a)n for any o*-operators . . ay7, 3. cr by and for any a € R,
v1 € I', and extends the multiplication by distributivity. The ring
obtained in this way is called the ring of inversive difference, or o*-
operators over R; it is denoted by €.

Definition 1.2. Let R be an inversive difference ring with a basic
set 0 and &£ the ring of inversive difference operators over R. Then a
left £-module is said to be an inversive difference R-module or a o*-
R-module. In other words, an R-module M is called a o*-R-module if
elements of the set o* act on M in such a way that a(x+y) = az+ ay,
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a(Bx) = B(az), a(ar) = a(a)a(r) and a(a~lz) = z for any o, 8 € o*;
x,y € M; a€R.

If Ris a o*-field, a o*-R-module M is said to be a vector o*-R-space
(or an inversive difference vector space over R).

Let M and N be two o*-R-modules over an inversive difference (o-)
ring R. A homomorphism of R-modules f : M — N is said to be a
difference (or o-) homomorphism if f(ax) = af(zx) for any z € M,
a € o. A surjective, respectively, injective or bijective, difference
homomorphism is called a difference (or o-) epimorphism, respectively,
a difference monomorphism or a difference isomorphism.

The theory of inversive difference modules introduced in [3] appeared
to be very helpful in the study of difference field extensions, algebraic
difference equations, and Krull dimension of difference rings, see, for
example, [2, Chapters 6, 7]. Its generalizations and applications to
systems of algebraic difference-differential equations are considered in
[4-6]. In what follows we concentrate on homological properties of
inversive difference modules and their applications.

2. On the functor Ext of inversive difference modules. Let
R be an inversive difference ring with a basic set o, and let M and
N be o*-R-modules. Then each of the R-modules Hompg (M, N) and
M ®gr N can be equipped with a structure of a o*-R-module if for
any f € Hompg(M,N), Zlexi Yy € M ®r N, x1,...,0, € M,;
Y1,--. Yk € N, and a € 0%, one sets a(f) = aofoat and a(ZfZl ;®
yi) = Zle az; @ay;. It is easy to check that a(f) € Hompg(M, N) and
the action of elements of o* on Hompg (M, N) satisfies the conditions of
Definition 1.2. Let us show that the action of ¢* on M ®r N satisfies
these conditions as well. Indeed, if u = Zle T, ®y; € M ®g N,
then a(au) = a(Zle axr; @ y;) = Ele ala)ar; ® y; = ala)a(u) for
any a € R, a € o*, and also a(a™12) = 2z, a(z1 + 22) = az1 + az,
a(Bz) = B(az) for any «, 5 € 0* and z,21,20 € M ®g N.

In what follows, while considering the modules Hompg (M, N) and

M®pgN as o*-R-modules (M and N are some o*-R-modules) we mean
the foregoing inversive difference structures of these modules.
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Lemma 2.1. Let R be an inversive difference (c*-) ring, and let M,
N, and P be three o*-R-modules. Then the canonical mapping

1 : Homp (P KM, N) . Homp(P, Homp(M, N)),
R

defined by [(n(f))z](y) = f(z ®y) for any f € Hompg(P @r M,N),
x € P,ye M, is a o-isomorphism of c*-R-modules.

Proof. The fact that n is an isomorphism of R-modules is well
known (see, for example [7, Theorem 2.4]). If f € Homg(P ®r M, N),
z € P, yeM,and « € o, then (n(a(f))(2))(y) = (a(f))(z@y) =
a(fla Mz ®y) = alf(a”'z ® a™ly)) = an(f)(e z))(a™y) =
(a(n(f)(e™ ) (y) = ((an)(f))(=))(y). Thus, n is a o-isomorphism. 0

Let R be an inversive difference (o*-)ring and M a o*-R-module.
Then the set C(M) = {x € M | a(z) = x for all a € o} is called
the set of constants of the module M; elements of this set are called
constants. It is easy to see that C'(M) is a subgroup of the additive
group of M and the mapping C : M — C(M) is a functor from the
category of o*- R-modules, i.e., the category of all left modules over the
ring of o*-operators £, to the category of Abelian groups.

Lemma 2.2. Let R be an inversive difference (c*-) ring and £ the
ring of o*-operators over R. Then
(i) C(Homp(M, N)) = Homg (M, N) for any two o*-R-modules M
and N.

(ii) The functors C and Homg(R,-) are naturally isomorphic. (In
this case we write C ~ Homg(R,-).)

(iii) The functor C' is left exact and, for any positive integer p, its pth
right derived functor is naturally isomorphic to the functor Ext?(R,-).

(iv) If M and N are two o*-R-modules, then Homg (- ® g M, N) ~
Homg (-, Homg (M, N)) and Homg (M ®pg-, N) ~ Homg (M, Hompg(:, N)).

Proof. The first statement follows from the definition of the action
of elements of 0 on Hompg(M, N). Indeed, ¢ € C(Hompg(M, N)) if and
only if a(¢(a1(x)) = ¢(x) for every a € o, x € M, that is equivalent to
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the inclusion ¢ € Homg (M, N). Statement (ii) is a direct consequence
of (i) and the obvious fact that the functors C(-) and C(Hompg(R,-))
are naturally isomorphic.

Since the functor Homg (R, -) is left exact, statement (ii) implies that
C(+) is left exact as well. Now, the natural isomorphism of the functors
C(+) and Homg (R, -) implies the natural isomorphism of their pth right
derived functors RPC' and RPHomg (R, -) = ExtL (R, -) for any p > 0.

By Lemma 2.1, Hompg(-®g M, N) ~ Hompg(-, Homg (M, N)), whence
C(Hompg(- ®g M,N)) ~ C(Hompg(-, Homgr(M,N))). Applying (i)
we obtain that Homg(- ® g M, N) ~ Homg(-, Hompg(M,N)). The
statement about the other pair of functors in (iv) can be proved in
the same way.

The following result is due to Grothendieck [1].

Lemma 2.3. Let A, B and C be rings, and let ko, kp and ko be
the categories of left modules over the rings A, B and C, respectively.
Furthermore, suppose that F' : ky — kg and G : kg — k¢ are covariant
functors satisfying the following conditions.

(i) The functor G is left exact.

(ii) If M is an injective left A-module, then the B-module F(M) is
annihilated by any right derived functor R1G, q > 0.

Then, for any left A-module N, there exists a spectral sequence in
the category ko that converges to RPY4(GF)(N), p,q € N, and has the
second term EY9(N) = RPG(RIF(N)).

Theorem 2.4. Let R be an inversive difference ring with a basic
set o, & the ring of o*-operators over R, and M, N two o*-R-
modules. Then, for any positive integers p and q, there exists a spectral
sequence converging to Ext§+q(M, N) whose second term is equal to
EPY = (RPC)(Exth,(M,N)).

Proof. Because of the statement of Lemma 2.3, it is sufficient to prove
the following fact:

Let N be an injective £-module and p a positive integer. Then

(RPC)(Hompg(M,N)) =0 for any &-module M.
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First, let us prove the last equality for an £-module M which is flat
as an R-module. In this case the functor Homg (- ® g M, N) is exact,
hence the functor Homg (-, Hompg(M, N)) is also exact (by Lemma
2.2 (iv) these two functors are naturally isomorphic). It follows that
Hompg (M, N) is an injective £-module, hence Ext} (R, Hompg (M, N)) =
0 for all p > 0. Applying Lemma 2.2 (iii) we obtain that

(RPC)(Homp(M,N)) =0 forall p>0.

Now, let M be an arbitrary £-module, and let F': -+ — F} — Fy —
M — 0Dbe aflat, e.g., free, resolution of M as an R-module. (Each F; is
a flat R-module and the mappings are homomorphisms of R-modules.)
By Lemma 2.2 (iv), Homg (€ ®pg -, N) ~ Homg (£, Hompg(-, NV)), there-
fore Homg(€ ®p -, N) ~ Hompg(-, N). Since the £&-module N is in-
jective, the functor Homg(€ ® -, N) is exact, hence Hompg(-, N) is
also exact. Applying functor C to the injective resolution 0 —
Hompg(M, N) — Hompg(F, N) of the £&-module Hompg (M, N) we ob-
tain that (RPC)(Hompg (M, N)) = HP(C(Hompg(F, N))) is isomorphic
to HP(Homg(F, N)) for every p > 0. By the first part of the proof,
HP?(Homg (F,N)) = 0, hence (RPC)(Homg(M,N)) = 0 for any &-
module M and for any p > 0. This completes the proof. mi

The last theorem finds its applications in the analysis of systems of
linear difference equations considered in the rest of this paper.

3. Inversive difference modules and systems of linear differ-
ence equations. Let R be an inversive difference ring with a basis set
o={an,...,an}, 0" ={a1,...;am, a7t ... ot T the free com-
mutative group generated by o, and £ the ring of o*-operators over R.
For any two o*-R-modules M and N, let B(M, N) denote the set of all
additive mappings from M to N with the following property. For every
B € B(M,N), there exists y3 € I' such that f(az) = v3(a)B(zx) for any
a € R, x € M. (The mapping § — 73 is not supposed to be injective
or surjective.) Furthermore, let P(M, N) denote the set of all formal
sums ZﬁeB(M’N) agf, where ag € R for any element 5 € B(M,N)
and only finitely many coefficients ag are different from 0.

It is easy to see that P(M,N) becomes a o*-R-module if one de-
fines (- 5cpoar vy 488) = 2 sepou.ny @lag)(aB) for every a € o*.
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(Clearly, o € B(M,N) if 8 € B(M, N); in this case o3 = a7yg.) In
what follows, we also treat Hompg(M, N) and EQr M as left £-modules,
that is, o*-R-modules. (The corresponding structure of the first mod-
ule is defined as in Section 2, and the £-module structure on the second
one is natural: w(w; ® ) = (ww;) ® x for every w,wy € €, z € M.)

Lemma 3.1. Let M be a o*-R-module and M* = Hompg(M, R).
Then the E-modules P(M, R) and € @g M* are isomorphic.

Proof. Consider the mapping ¢ : € g M* — P(M, R) such that

k k
(¢( X aiwi@en))(e) = 3 awile; (e)),
i=1 i=1
a; € R, w, €&, e € M*
for i = 1,...,k and e € M. It is easy to see that ¢ is a o-

homomorphism. To show that ¢ is bijective, one just needs to verify
that the mapping ¢ : P(M, R) — £ @ g M* defined by

G ( Z aiﬁi) = Z ai(vs, Q) 75, 8:);
i=1 =1

a; € R, ﬂz S B(M,R)

fori=1,...,s is inverse of ¢.
Let P = (wij)i<i<si<j<m b€ an s X m-matrix over &£, and let
fi,---,fs be elements of the o*-ring R. We are going to consider

the problem of solvability of a system of linear equations

(3.1) Pu=f

with respect to unknown elements wuq,... ,u,, of the ring R (u and
f denote the column of the unknowns (up, ... ,u,)T and the column
(fi,..., fs)T, respectively). In what follows we treat the R-modules
E = R™ and F = R® as o*-R-modules such that a((ay,...,ax)T) =
(a(a),...,a(ag))? for any « € 0*, k =mor k = s, a1,... ,ax € R.

The ring of s x m-matrices Esx, (With entries in £) will be also treated
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e XS5, 0>

*
a € 0%, (wij)i<i<si<j<m € Esxm-

Lemma 3.2. With the above notation, the £-modules P(E, F) and
Esxm are isomorphic.

Proof. Let P;; denote the matrix in &gy, whose only nonzero entry
is 1 at the intersection of the ith row and jth column. Since matrices
P, 1 <i <5, 1 < j < m, generate the £-module &gy, it is
sufficient to define an isomorphism ¢ : Esxm — P(E,F) on these
matrices. We define ¢(P;;) by its action on elements of E as follows.
If e = (c1,...,cm)" € E, then (¢(P;))(e) = (0,...,¢j,...,0)T (the
ith coordinate is ¢;, and all other coordinates are zeros). The inverse
mapping ¢ : P(E,F) — Esxm acts on generators § € B(FE,F) of

where elements a;; € R are defined by the relationships 'yglﬁ(ek) =
Z;Zl a;i, f; for the R-homomorphism vglﬁ. (e1,...,emand f1,..., fs
are standard bases of E = R™ and F = R?, respectively.) It is easy
to check that ¢1p and ¢ are identical mappings of Esx.n, and P(E, F),
respectively. O

In the rest of this section we use the notation introduced before
Lemma 3.2. Furthermore, we consider P(E, F), E* = Homg(FE, R),
F®rP(E,R), and F @r (€ ®g E*) as 0*-R-modules where the action
of 0* is defined as in Section 2 and in the beginning of this section.
(€ ® E* is treated as a left £&-module with the natural structure
W(w®e*) =ww®e*). In particular, if f ® (w® e*) is a generator of
F®pr(E®@rE*) and a € 0%, then o(f ®@ (w®e*)) = a(f) ® (aw @ e*).

Let us consider the diagram

P(E, F) Z FQP(E,R)
R
(3.2) \ ///
FRERE)

R R

)
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where all six mappings are difference homomorphisms defined at the
generators as follows. 0(f®@(w®e*)) = fRw(e*(:)); p(f®B) = fR(15®
2518) v(f @ (w® ) = wle* () AB) = Ty Bled) (75 @ €3
n(B) = 3202, Ble:) ® vzeis &(f @ B) = B(-)f for any f € F, w € €,
e* € E*, 3 € B(E,R), B € B(E,F) ((e;)1<i<m denotes the standard
basis of E over R, and (ef)1<i<m denotes the dual basis of E*).

Lemma 3.3. All mappings in diagram (3.2) are difference isomor-
phisms, n =71, p=6"1, X\ =v"!, and the diagram is commutative.

Proof. We shall prove that = 6~ and vy = €. (The other required
relationships can be proved in a similar way.) Let f € F, e* € E*,
> yerayy € €, and B € B(E, R). Then (ué)(f ® (3, cr ayy ®e*)) =
p(f@Y crayv(e* () = Xer oy (fR(Y@Y1ve")) = @Y cr ayy®
e*) and Op)(f®@ ) = 6(f @ (yp@5'8) = @158 = f® 05
so pt = 6. Furthermore, for any generator f ® 3 of the £-module
F®rP(E,R) (f € F,3 € B(E,R)), we have (vu)(f @ 8) = v(f ®
(8 ® v5'B)) = v8(75'B())f = B()f = &(f ® B) that proves the
equality vy = €.

Let P € P(E,F), and let P : P(F,R) — P(E,R) be the homo-
morphism of £&-modules such that P(8) = BP for any 8 € B(E,R).
Let ¢p : € @ F* — P(F,R) and v : P(E,R) — £ ®r E*
be difference isomorphisms defined in the proof of Lemma 3.1. Let
P* = ¢pPor : £ g F* — £ ®p E*, N = Ker P* and M = Coker P*.
Applying Homg (-, R) to the exact sequence of left £-modules

(3.3) 0—N-SeRF e@®E LM —0
R R

(¢ and j are the natural injection and projection, respectively), we
obtain the exact sequence of o*-R-modules

(3.4)
0 — Home (M, R) 2 Home (5 R E, R) 27, Homg (5 R F*, R)
R R

., Homg(N, R)
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Now let us consider the o-homomorphism 6 : P(E, F') — Homg (P(F, R),
P(E, R)) such that ((P))(P,) = P,P for every P € P(E,F), P, €
P(F, R) and the exact sequence of o*-R-modules

P(E,F) 2 FQ) (@ E") = Homp(F*,& Q) E")
R R R

., Homg (5 Rr.eR E) . Home(P(F, R), P(E, R))
R R

where A is the same as in diagram (3.2) and the other o-homomorphisms
are defined as follows: (e(f@(w®e*))(f*) = f*(f)®e*, (p(h))(wRf*) =
wh(f*) and w(X) = ¢pXyp for any f € F, w € &, e* € E*,
h € Homg(F*,£E@rE*) and X € Homg (E@rF*, EQRE*). (¢p and ¢
denote the o-homomorphisms defined in the proof of Lemma 3.1.) It
is easy to check that A, e, p and m are isomorphisms of ¢*-R-modules.
For example, e~! is defined by e '(¢) = Y7_, fi ® ¢(f) for every
¢ € Homg(F*,€ ®r E*) ((fi)1<i<s is the standard basis of F' and
(fF)1<i<s is the dual basis of the o*-R-module F*).

Lemma 3.4. With the above notation, 6 = wpe.

_ Proof. Clearly, it is sufficient to verify the equality at an element
B € B(E,F). If we &and f* € F*, then (peA(f))(w ® f*) =
pe(Xoisy Blei ® (v @ €))(w @ f*) = 30  wf*(Blei)vs ® e

Now, for any 8 € B(F, R), we have (mpeX(8))(8) = ¢r(peA(3))vr(B)
= ¢r(peA(0))(vs ®’y§16) = ¢p Z;Zl B(B(ei))vz®e;. To complete the
proof one should note that for every e = 7" cper, € E (e1,... ,em
is the standard basis of E and ¢y, ... , ¢y € R), ¢p(> v, ﬁ(@(ei))'yg ®

ef)(e) = 3Ly BB(cie) = BB, cies) = BB(e) = ((0(8)(B)(e)

whence 6§ = wpe. O

Let us associate with every mapping P € P(E,F) a set Com P
consisting of all f € F such that for every pair (G = R', P, € P(F,G))
with the condition Py P = 0, one has P; f = 0. Clearly, the image Im P
of the mapping P is a subset of Com P. The following example shows
that the inclusion can be proper.
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Example 3.5. Let R = Q(z) be the field of rational fractions
over Q treated as an inversive difference field with one translation
a such that (af)(z) = f(2x) for every f(z) € R. Let & denote
the ring of inversive difference operators over R, E = R?, F = R?,

and P the element of P(E, F) defined by the matrix (0‘81 ?) (By

Lemma 3.2, every element of P(E,F) can be defined by a 2 x 2-

matrix over £.) Note that Im P = {(agl 2) (Z;) | uy,us € R} =

{((Q_l)ul) | uy,us € R} is a proper £-submodule of F'. Indeed, it fol-

U2

lows from the definition of « that 1 cannot be written as (o — 1)uy with
up € R ifug = Aanz™ + -+ a1x 4+ ag)/(bnx™ + - - + biz + bo) (all
coefficients a;,b; belong to R, a, # 0, and b,, # 0), then (o — 1)u; =
hi(z)/h2(x) where hq(z) = (2" —2"™)aybypz™ ™ +- - - +2(a1bg — aoht )z
and ho(z) = 2Mb2,2%™ + -+ + 3biboxr + bE. It is easy to see that
hi(z) # ha(x) (if n < m, then deghq(x) < degha(x); if m < n, then
degho(z) < deghy(x)).

On the other hand, Com P = F. Indeed, v = (Z;) € Com P
if and only if for every s = 1,2,... and for every matrix W =
(wij)lgig&lgjgg, the equality w (agl (IJ) =0 implies Wov = 0. (In

the last two equalities 0 in the right-hand sides denote the zero s x 2-
and s X 1-matrices, respectively.) Since the ring £ does not have zero

divisors, the equality W (0‘0_1 2) = 0 implies that W is a zero matrix,

so Wwv =0 for all v € F whence Com P = F'.

The following theorem gives a connection between Im P and Com P
under the above conventions. The theorem allows one to reduce the
description of the image of the operator P to the description of Com P
using the spectral sequence from Theorem 2.4.

Theorem 3.6. With the notation introduced before Lemma 3.3,
for every P € P(E,F), there exist isomorphisms of o*-R-modules
Yp : E — Homg(€ ®r E*,R) and ¥p : F — Homg(€ ®r F*, R)

such that the following diagram is commutative.
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Furthermore, we have the following properties of the exact sequence
(34).
(i) Im j* = Ker P;
(ii) Keri* = Com P;
(iii) Com P/Im P = Ext} (M, R).

Proof. The difference homomorphisms ¢g : £ g E* — P(E, R) and
or : EQrF* — P(F, R) defined in Lemma 3.1 induce homomorphisms
of &-modules ¢p : Home(€ ®@p E*, R) — Homg(P(E,R) and ¢p :
Homg (E@p F*, R) — Homg (P(F, R) where ($(9))(8) = g(vs @75 ' 5)
for every g € Homg (£ @ E*, R), 8 € B(E, R) and ¢ acts in a similar
way. Now one can define the mappings Xg : E — Homg(P(E, R), R)
and Xr : F — Homg(P(F,R), R) by setting (Xg(e))(8) = B(e) and
(e(f)(B) = Bi(f) for any e € B, f € F, § € P(E,R), and
81 € P(F,R). It is easy to check that Xg and Xp are difference
isomorphisms and the diagram

=

Homg (P(E, R), R) —£— Hom¢ (P(F, R), R)

(3.6) IXE ]‘XF

E L F

is commutative (the mapping P" is obtained by applying the functor
Homg (-, R) to the mapping P : P(F, R) — P(E, R) considered above).
The inverse difference isomorphism of Xg is the mapping A\ = X;Jl :
Homg(P(E,R),R) — E such that A\g(g) = >..", g(e})e; for any
g € Homg(P(E,R),R), and the inverse mapping of Xp is defined
similarly. (As before, (e;)1<i<m is the standard basis of the R-module
E and (€] )1<i<m € Homg(E, R) C P(E, R) is the corresponding dual
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basis.) Indeed, for any e € E, (AgXg)(e) = Yiv (Xe(e))(ef)e; =
Yot ef(e)e; = e, hence ApXg is the identity automorphism of E. Also,
a routine computation shows that the mapping X g Ag leaves fixed every
element of Homg (P(F, R), R) (thus, Ag = X3') and P*Xp = X P.

The commutativity of diagram (3.6) and Lemma 3.1 imply the com-
mutativity of diagram (3.5) with Y = Homg(ér, R)Xg and vp =
Homg (¢, R)Xr (¢ : € @r E* — P(E,R) and ¢p : £ ®r F* —
P(F, R) are difference isomorphisms defined in the proof of Lemma 3.1).
Therefore, Ker P 2 Ker P** = Im j* = Homg (M, R) (see the exact se-
quence (3.3) where M = Coker P*). This proves statement (i).

To prove (ii) assume first that ¢ € Keri* and PP’ = 0 for every
P € P(F,G) (G = R! for some positive integer t). Then P*P™* =
(P'P)* = 0 hence Im P"* C Ker P* = Im¢, and one can consider the
well-defined mapping ¢ = i !P™* : £ g G* — N (as in sequence
(3.3), N = Keri). Now, if ( = 9p(z) € Keri* (z € F), then
P**({) = (i0)*(¢) = 0%i*(¢) = 0 hence (9¢P’)(¢) = 0. It follows
that P’(z) = 0, so that z € Com P. Thus, Keri* C 9p(Com P).

Conversely, let z € ComP and ( = Vp(z). Let us fix some
x € N and consider the homomorphism of £-modules § : € — N
such that §(1) = =z. The composition of the o*-R-isomorphisms

Homg (€, ®p F*) — £ @p F* 24 P(F,R), where the first mapping
is the natural isomorphism, sends the element id € Homg (&, @g F*)
to some element P’ € P(F,R). Denoting the natural isomorphism
of &-modules £ — £ ®r R* by 7, we obtain id = P"*r. Indeed, let
x=1i6(1) = 22:1 a;(wr ® fi) where ar, € R, wy, = 2721 brivil € €
(v € T), and fif € F* (1 < k < d). Then (P*7)(1) = P*(1®
1) = ¢pPop(l ® 1%) = ¢pP (1'() = dr Vi, arn(fi() =
Ur Sy a0 by () = Sy ar S b (i @ g vy =
22:1 ax(wg @ fi) =« = id(1) whence id = P"™1.

Since Im: = Ker P*, P*P*r = P*i6 = 0 whence P*P™* = 0.
Applying * we obtain that P’P = 0. Furthermore, since z € Com P,
we have P'(z) = 0 and P"*({) = (P"™ = 0. Therefore, ((i(z)) =
¢(i6(1)) = ((P™7r(1)) = 0, that is, (¢*({))(x) = 0. Since x is
an arbitrary element of N, ¢*({)) = 0, that is, { € Keri*. Thus,
Yp(Com P) is contained in Ker¢* whence Jp(Com P) = Ker i*.
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In order to prove the last statement of the theorem, let us break
the exact sequence (3.3) into two short exact sequences of £-modules,
0->NSEQRF*LL—-0and0— LS E@p E* L M — 0 where
L =1Im P*, q is a projection, and ¢ is the embedding. Applying functor
Homg (-, R) to these two sequences we obtain the exact sequences

0 — Home (L, R) - Homg (5 R F, R) ", Home(N, R)
R

and

0 — Homg (M, R) ~— Homg (5 RE", R) <", Home (L, R)
R

0 — Extt(M, R) — Ext}(£ Q) E",R) = 0.
R

where the mapping ¢* identifies Homg (L, R) with Keri* = 9 r(Com P)
and ¥.'q*e*9p = P. Thus, Ext}(M, R)~=Homg (L, R)/*(Home (€ ®r
E*,R)) = Homg (L, R) / ¢*0p(E)(") *0r(Com P) / (4°)*0x P(E) =
Com P /Im P.
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