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DIVISION PROBLEM OF MOMENT FUNCTIONALS

J.H. LEE AND K.H. KWON

ABSTRACT. For a quasi-definite moment functional o and
nonzero polynomials A(z) and D(z), we define another mo-
ment functional 7 by the relation

D(z)T = A(x)o.

In other words, 7 is obtained from o by a linear spectral
transform. We find necessary and sufficient conditions for 7
to be quasi-definite when D(z) and A(z) have no nontrivial
common factor. When 7 is also quasi-definite, we also find a
simple representation of orthogonal polynomials relative to
in terms of orthogonal polynomials relative to . We also give
two illustrative examples when o is the Laguerre or Jacobi
moment functional.

1. Introduction. Let o be a quasi-definite moment functional,
i.e., a linear function on P, the space of polynomials in one variable,
satisfying the Hamburger condition: A, := |[oi1;]}';_0] # 0, n > 0,
where o, := (0,2™), n > 0, are the moments of o. Then the monic

(oo}

orthogonal polynomial system (MOPS) {P,(x)}52,, relative to o, is
given by

(1.1)
oo o1 e On
1 01 02 =+ Optl
Py(z) =1 and P,(z) = : : S, n>1
An—l . . .
Opn—1 Onp -+ O2p—1
1 w ... x"l‘

However, in the computational viewpoint, the formula (1.1) is of
little practical value for large n. Instead we might use the three-term
recurrence relation satisfied by any MOPS

Poi1(z) = (x—bp)Pu(x)—cnPr_1(z), n>0,(P_1(x)=0,Fy(z)=1)
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if the coefficients b,, and c¢,, are easily computable.

On the other hand, if 7 is another quasi-definite moment functional
which is obtained from ¢ by a simple modification, then it is natural
and useful to represent the MOPS {Q,,(z)}22, relative to 7 in terms of
{Pp(2)}52 . For example, when o and 7 are given by positive weights
as

b

(o, m(x)) ::/ m(x)w(z) dz
b

(1, m(x)) ::/ m(x)w(z) dx

and w(x) = R(z)w(xz) where R(z) = (A(z)/D(z)) is a suitable rational
function, representation of {Q,(x)}5%, in terms of {P,(z)}>2, was
already considered by Uvarov [16], (see also [12]).

We now consider a more general situation for any two generic moment
functionals o and 7 satisfying

(1.2) D(z)T = A(x)o,

where A(x) and D(x) are nonzero polynomials. In terms of Stieltjes
functions of moment functionals, 7 is obtained from o by a linear
spectral transform, (see [16]). Assuming that o is quasi-definite, we
may ask: When is the other moment functional 7 also quasi-definite?
If so, what is the relation between their corresponding orthogonal

polynomials { P, (x)}52, relative to o and {Q,(x)}5, relative to 77

When D(z) =1, o is the Legendre moment functional defined by

1
(o, m(x)) :z/ w(x)dx, weP,
—1
and A(z) is nonnegative on [—1, 1] so that 7 = A(x)o is also positive-
definite, Christoffel [6] found representation of {Q,(x)}5, in terms of
the Legendre polynomials { P, (2)}22,. More generally, when D(z) = 1
and A(z) is any nonzero polynomial, Belmehdi [2] found necessary and
sufficient conditions for 7 to be quasi-definite and a representation of
{Qn(2)}22, in terms of {P,(z)}22,,(for some special cases see also
Ronveaux [14] and Szegd [15].

When D(x) is of degree > 1, the equation (1.2) gives rise to a division
problem of moment functions, in which we are interested. When
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A(z) = 1 and D(x) is of degree 1 and 2, respectively, Maroni [10]
and Branquinho and Marcelldn [3], respectively, found necessary and
sufficient conditions for 7 to be quasi-definite. When A(xz) = D(z), T
is obtained from o by a generalized Uvarov transform, i.e., by adding
finitely many mass points and their derivatives. In this case, the quasi-
definiteness of 7 was handled in [7] and [8].

In this work we consider the case when A(z) and D(x) have no non-
trivial common factor. In this case, we find necessary and sufficient con-
ditions for 7 to be quasi-definite and give representations of {Q,, (z)}22,
in terms of {P,(z)}52,.

2. Preliminaries. For a polynomial 7(z) we let () be the degree
of m(x) with the convention 9(0) = —1. For a moment functional o
and a polynomial ¢(z) = Y} _ arz®, define [11]

<¢07 7T> = <07 ¢W>a <U/a ¢> = _<Ua ¢/>a
(x —c)"to,¢) = (0,0.0), m€P,
x

where 0.1 = (w(x) — n(z))/(x — ¢), c € C,

k=0 j=k
o] on
FO)@) =3,

We call the formal series F'(o)(z) the Stieltjes function of . When o
is quasi-definite, we let {P,(z)}22, be the MOPS relative to o and

(2.1) Poyi(x) = (& —byp)Pu(x) — cnPr1(z), n>0,(P_1(z)=0)

the three-term recurrence relation of {P,(z)}>2 . In this case, we also
let {Pr(ll)(x)}ff:o be the numerator MOPS for {P,(x)}52, satisfying
the three-term recurrence relation

P (@) = (@ = bps) PO () — e PV (), >0, (PY(2) = 0)

and {P,(x;¢)}22, the co-recursive MOPS, [5], for {P,(z)}22, satisfy-
ing
P, (z;¢) = Py(x) — CPT(L?l(I), n>0,ce€ C.
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Let

Koy =Y Pk<(:)llj§ >(y)
k=0 Tk

be the nth kernel polynomial of {P,(x)}22,.

3. Division problem. From now on let o be a quasi-definite mo-
ment functional and {P,(z)}52, the MOPS relative to o satisfying the
three-term recurrence relation (2.1). Define another moment functional
T by the relation

(3.1) D(x)T = A(z)o,

where A(z) and D(z) are nonzero polynomials of degree s and ¢,
respectively. When 7 is also quasi-definite, we denote the MOPS
relative to 7 by {Qn(x)}32,. We may and shall assume that A(x)
and D(x) are monic. In terms of the corresponding Stieltjes functions,
the relation (3.1) can be written as

where B(z) = (10pD)(z) — (66pA)(x). In other words, (see [17]),
F(7)(z) is a linear spectral transform of F(o)(x).

For any complex numbers A\ and 3, let
CNF(o):=(x—NF(o) — o9

and
_ B+ F(o)
)
be the Christoffel transform and the Geronimus transform, [17], of
F(o), respectively. In terms of moment functionals, we have

(i) C(\)F(o) = F(r) if and only if 7 := C(A\)o = (z — \)o;

(ii) G(\; B)F (o) = F(7) if and only if 7 := G(X\; B)o = (x — \) Lo+
po(z = A)(B = 70).

G\ B)F(o)(x) :

Proposition 3.1. For any complex numbers A and (3,
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(i) 7 = C(N)o is quasi-definite if and only if P,(A\) # 0, n > 0.
When 7 is also quasi-definite,
(o, P7)
Pa(N)

Qn(z) = Py(X2) = Kn(z,A), n=0

is the monic kernel polynomials for {P,(x)}5%, with K-parameter A.
(ii) 7 = G(\, B)o is quasi-definite if and only if

(3.2) ﬂpnu)wop,@l(x)=ﬂpn(x;‘7"0) £0, n>0.

When 7 is also quasi-definite,

Qo(x) =1 and Q,(x) = P,(z) — P,_1(z), n>1.

Pn (X =(00/B))
Pnfl()‘; (_UO/ﬂ))

Proof. For (i), (see Theorem 7.1 in [4, Chapter 1]) and for (ii), (see
Theorem 4.2 in [9]) and Theorem 1.1 in [10]. o

Note that we may rewrite the condition (3.2) as
(r,P,) #0, n>0.
The division problem (3.1) can be solved for 7 as

k m;—1

(3.3) 7= D(z) ' A(x)o + Z Z ¢i ;09 (z —vy)

i=1 j=0

where D(z) = (x —vq)™ -+ (v — v)"™, v; # vj for i # j and ¢, ; are
constants which depend on the first ¢ moments {r; f;é of .

Lemma 3.2. For any two MOPS’s {P,(z)}52, and {Qn(z)}22,
relative to o and T, respectively, the following are equivalent:

(i) o and T satisfy the relation (3.1) for some nonzero monic poly-
nomials A(x) and D(x);
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(ii) there are nonnegative integers s and t such that

n+s—1
(3'4) A(I)Qn(‘r) = P7L+S(x) + Z an,kPk(I)v n >t,

k=n—t

where an 1 are constants with ay n—¢ 7 0.

Proof. Assume that (3.1) holds. Expand A(z)Q,(z) as
n—+s
A((E)Qn(l’) = Z an,kPk(x)'
k=0
Then

0 ifk+t<n,

k0, PY) = (0, AQuPr) = (1,QuDPy) =
an k(0 P} = (0, AQnPr) = (1, Q k) {nonzero ifk+t=n

so that a, n— # 0 and a, , = 0 for 0 < k < n —t. Hence (3.4) holds.
Conversely, assume that (3.4) holds. Then

n+s—1
<AO-7 Qn> = <Ua AQH> = <07 Pn> + Z an,k<07 Pk>
k=n—t
_ { 0 ifn>t+1
nonzero ifn =t.
Hence, Ao = D7 for some polynomial D(z) of degree t. O

Lemma 3.3. Let A(z) = (x —ay) - (z — as) and D(z) = (z —
dy) -+ (x —dt) be monic polynomials of degree s and t, respectively. If
a; #d; for1 <i<sand1<j<t, then {z'A(x),2’D(z) | 0 <i <
t—1,0 <j <s—1} are linearly independent.

Proof. Let
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and

Assume that

t—1 s—1
(3.5) Z a;D;(x)A(x) + Z B;A;D(x) =0,
=0 j=1

where o; and 3; are constants. Set z = dy. Then agA(d;) = 0 so that
ag = 0. Then

t—1 s—1
Z a; xDl—(fl) A(z) + Z,BjAj(JI) D(z) =0
i=1 =0

1 x—d;

in which, if we set & = da, then a; A(d2) = 0 so that a; = 0. Continuing
the same process, we obtain g = a3 = -+ = a4—1 = 0, and so
Bo =1 =--=Fs—1 =0 from (3.5). Hence {D;(z)A(z), A;(x)D(z) |
0<i<t—1,0<j<s—1} are linearly independent, and so they
span P4, 1, the space of polynomials of degree < s +¢ — 1. Let H
be the span of {z°A(z), 2’ D(x) |0 <i<t—1,0<j <s—1}. Then
{Di(z)A(x),Aj(z)D(z) |0<i<t—-1,0<j<s—1} CH CPyiy_150
that H = Py, 41, thatis, {2'A(x),2'D(z) | 0<i <t-1,0 < j < s—1}
are linearly independent. ]

Now we are ready to state and prove our main result.

Theorem 3.4. Assume that A(z) and D(z) are nonzero monic
polynomials of degree s and t, respectively, with s+t > 1. Let

Alz) = (x — 1)’ - (z — apn)®™
where o; # aj fori#j ifs:=s14+--+5, >1 and
Dx)=(x—d)(xz—ds) - (x—d;) ift > 1.

We also assume that o; # d; for 1 <i < m and 1 < j < t. Then
the moment functional T defined by the relation (3.1) is quasi-definite
if and only if

(3.6) M| #0 for 1 <k <s+t and |N,| #0 forn>s+t,
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where
(o, Po) (po, P1)y -+ (po, Pr—1)
M, = : : : ’
(te—1,Po) (-1, P1) -+ (p—1, Pr—1)
1<k<s+t
<M0, Pn7t> <,U/07 Pn7t+1> e <,U/07 Pn+571> i
(e—1, Pa—t) (=1, Pro—ty1) -+ (te—1, Prys—1)
Pp_i(aq) Po_ipi(ar) - Ppis—1(on)
N, = . . . ,
s1—1 s1—1 s1—1
P a) P () e PR ()
i ot omei
-PT(L—t )(O‘m) P£t+1 )(O‘m) T Pf(z+sf1)(0‘m) i
n>s+t,
where
FiZ A (@)D(@)r t<i<s+t,

Do(x) =1, Di(z) = (x —dy)---(x—d;) for 1 < i <t, Ap(z) =1,
Aiz)=(z— ) (. —ap_1)* ' (z—ap) for 1 <i= s34+
Sk—1 +1 < s. When 7 is quasi-definite, Qo(z) =1,

PQ(.’E) P, (q;) ce Pk(l‘)
Qn(z) = (=1)% | (po, Po) (po, P1y -+ {uo, Py)
an UTAT| ; E
(-1, Po) (-1, P1) o (e, i)

1<k<s+t—1,
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(3.8)
P_+(x) Pr_t+1(x) e Py s(z)
</—’407Pn7t> </—L07Pn7t+l> </—L07Pn+s>
(| ' |
A(2)Qn(x) = A (e—1,Pn—t)  (pe—1,Pa—er1) - (o1, Pgs) |,
" Pp—t(a1) Pp_tt1(c1) - Ppts(ar)
P am) P em) o BT (am)
n>s-+t.

Proof. Assume that 7 is quasi-definite. Then we have (3.4) so that

n+s—1
> an il Pe) = —(pi, Pags), 0<i<t—1
k=n—t
n+s—1 ) )
Y ank PP (i) = =PI (),
k=n—t

1<¢<m and 0<j5<s;,—1
or equivalently in matrix form

(39)  NalanslptaT) = =[(o, Pats), - P (am)]”

if n > s+t. Assume |N,| = 0 for some n > s+ t. Then the system of

equation (3.9) has another solution [by]}25"} # [a,]722 1. That is,

) k=n—t"
if we set
n+s—1

Rpys(x) = Poys(x) + Y bpPulz),

k=n—t

then
Ryys(z) = A(x)S,(2)(0(Sn) =n) and (i, Ruys) =0, 0<1i<t—1.

Hence

n+s—1

Roys(r) = A@)Qu(z) = Y (bk — ank) Pu(x) = A(@) Ty 1 (2)

k=n—t
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where T,,_1 () = Sp(z) — Qn(z) is of degree < n — 1. Then

(3.10) (i, A()T—1(2)) =0, 0<i<t—1
and
(3.11) ('D(x)7, T, _1(2)) =0, 0<i<s—1.

Since (3.10) implies (T, 2P A(2)T,_1(x)) = 0, 0 < i < t—1 and
{z"A(z),2?D(x) |0 <i <t—1,0 < j < s—1} are linearly independent
by Lemma 3.3, (3.10) and (3.11) imply

(3.12) (r,2'T,_1(2)) =0, 0<i<s+t—1.

Set T,—1(x) = S35 exQx(x). Then

k=n—t
J+t
(3.13) Zekak,jzo, 0<j<s—1
k=0
Jj+t
(3.14) > ertnr =0 s<j<n—t—1
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By (3.12), g = €1 = -+ = e544—1 = 0 so that (3.13) holds and then by
induction on (3.14) e, = 0 for 0 < k < n — 1. Hence T},_1(z) = 0 and
50 by = ayn i for n —t <k <n+s—1, which is a contradiction. Hence
|N,|#0,n> s+t

For 1 <k < s+t, write Qi(z) as

k—1
Qk(x) = Pi(z) + > ar; Pj().
=0

Then
k—1

Z</Liapj>ak7j :_<IU“L"P/€>7 OSZSk_lv
7=0

that is,
(3.15) My far 51525 = =i Pi)io-

Assume |My| = 0 for some k with 1 <
equation (3.15) has another solution [b;
set

s+ t. Then the system of

[ag j]*=3. That is, if we

<
—1
=0 j=0"

k

I
k—1

Sp() = Py(x) + ) b;Pi(),
=0

then (u;,Sk) = 0,0 <4 <k —1. Then (r,2'Sk) =0,0<i < k-1
so that Sk(xz) = Qg(z), which is a contradiction. Hence |Mj| # 0,
1<k<s+t

Conversely, assume that the conditions (3.6) hold. Define polynomi-
als Qo(z) =1 and Q,(x), n > 1, by (3.7) and (3.8). Then @, (z) are
monic polynomials of degree n. Now (7, Qo) = (v, Po) = My # 0. For
1<k<s+t—-1,

( Q>_{0 ifO<i<k-1
HORRE = My /1M i i =k

so that
0 Hfo<i<k-1

nonzero if i =k.

raiau) = {
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Forn > s+1t, (pi, AQn(x)) = 0,0 < i <t—1, so that
(r,2°AQ,) =0 0<i<t—1
(1,29DQ,) =0 0<j<n=t=1.
Since {z'A(z),2'D(z) |0 <i <t—1,0 < j <n—t— 1} are linearly
independent for n > s+t, (3.16) implies (1, 2™Q,) =0,0<m <n-—1
for n > s +t. Finally,
(12" Qn(@)) = (0,2" " A(2)Qu(2)) = (=1)""(o, P} _;)
n>s+t.
Hence, {Qn()}22, is the MOPS relative to 7. O

(3.16)

‘Nn+1|
| N

#0,

We now consider two special cases.

Corollary 3.5. Assume that D(z) = 1 so that 7 = A(z)o. Then
T is quasi-definite if and only if |My| # 0, 1 < k < s and |N,| # 0,
n > s, where

Pn(al) Pn+1(a1) PnJrsfl(al)
Ny=| P Pa) PRI P(ar) - PESH() | n>s
P Do) P V(am) - PUnTY (am)

Corollary 3.5 was first proved by Belmehdi [2] as: 7 = A(x)o is
quasi-definite if and only |N,,| # 0, n > 0, which are equivalent to the
conditions in Corollary 3.5.

Corollary 3.6. Assume that A(x) =1 so that D(z)T = o. Then T
is quasi-definite if and only if |My| #0, 1 <k <t —1 and |N,| # 0,
n > t, where
(3.17)

(t0; Pr—t) (o Pn—ty1) -+ (po, Pr1)
Ny = : : : , n>t.
(-1, Pr—t) (-1, Po—er1) -+ (pe—1, Po—1)
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Corollary 3.6 for t = 2 was proved by Branquinho and Marcellén [3],
(see also [1]), by a different method in which they must handle the two
cases separately when roots of D(z) are simple or not. When D(x)
has simple roots, the condition found in [3] is different from ours. To
see the connection between them, let’s reformulate the condition (3.17)
when D(x) has only simple roots, i.e., d; # d; for i # j. In this case

the polynomials Hle(x —d;), 1 < j <t, are linearly independent so
=1

i#]
that they can span all polynomials of degree < t — 1. Then we may
replace the matrix N,, in (3.17) by

Ny = (i, Pa—trj—1)]i j=1,

where fi; 1= Hf=1(x —d)r, 1 <j<t.
i#]

For example, if ¢ = 2, then
(fir, Po) = ((z — do)7, Po) = 0o PV (d1) + (11 — damo) Pa(ds)

since (z — do)T = (v — dy)"to + (11 — do7m0)d(x — dy) and {(z —
di)"to, P,) = oo PV (dy). Now the conditions |N,| # 0, n > 2, and

n—1

| M| # 0 coincide with the one in [3, Theorem 6].

Finally, we give two examples illustrating Theorem 3.4.

Example 3.1. Let 37 = o, where o is the Laguerre moment
functional:

(o,m(x)) = /000 m(z)zde " dx, w(z)€P.
Then -
(@) = [ wl@)e ™ do+ aloa). )

+b(8'(z),7) + (6" (), 7), w(x)€P,

where a, b, ¢ are constants. In fact we have a = 79 — 1, b = 1 — 7,
c=(1/2)m2 — 1. Let {P,(x)}5, be the MOPS relative to o.
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In order to compute (z*7, P,) for k = 0, 1,2, we need the following
for the Laguerre polynomials {Lgf‘) (2)}5%y, @ > —1, [4, 13],

n Nk
1w =3 (n1e) 5wz

k=0
d (a) a+1)
(3.19) LEe (@) =Y L (@), n>0.
k=0

Then P,(z) = (—1)"n!L (z), n > 0, so that by (3.18)

Pa0) = (- R s

/ _ (_1\n+1 n(n+3)! >
P'(0) = (_1)nw n>o0.

120 ’
Using (3.19) repeatedly, we obtain

ZL<2> ];) (n—k+1)L}" ()

Zi m—k+1)(n—k+2)L ()( ), n>0,
=0

)—l

so that
/ 2 " P, (x) dr = (—1)"n! / 3:267IL(()2) (z) dx
0 0
=2(-1)"n!, n>0,
o0 oo
/ ze "P,(z)dr = (—=1)"n!(n+1) / xe_””L((Jl)(x) dx
0 0

=(-1)"(n+1)!, n>0,
/00 e Pp(z)dx = (—1)”71!W /00 e_mL(()O) (x) dz
0 0
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Hence
(1, P) = / ¢~ Py () dx + Py (0) — bP.(0) + ¢P!'(0)
0

= (~1)"(n +2)! B +

(xT, Pp) = /OOO xe P, (x)(x) dz — bP,(0) + 2¢P;(0)
— (=) (n+1)! {1 _ g(n—i- 2)(n + 3)

- %n(n+2)(n+3)}, n >0,

(z%1, P,) = /000 22" P, () dx + 2¢P,,(0)
= (~1)"n! {2 5+ D+ 2+ 3)], n> 0.

Therefore,

|Mi| = (7, Po) =1+a,

(1, Po) (1, P1)
(T, Po), (xT, P1)
=1+ 2a+ 2b+ 2¢ + 2ac — b2,
<Ta Pn—3> <Ta Pn—2> <Ta Pn—1>
|INn| = | (x7, Po—3) (x1, Pp_9) (x1, Pp_1)
<£L'2T, Pn,3> <£L'2T, Pn,2> <:L‘2T, Pn,1>

=(-1D"(n—-3)!(n—-2)(n—-1)!D,, n>3,

|Ma| =

where

1
D, = 5160 [>n® — 630" + 216205 + (9¢® — 720¢2 + 360bc)n®

+360(b% + ¢ — 2ac — 2bc)n* — (4¢® — 720¢% + 4320¢ + 360bc)n?
— (360b% + 4320b — 8640c — 720ac — 720bc + 576¢*)n?
—4320(a — b+ ¢)n — 4320].
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Note that D1 = —2|M;| and Dy = —2|Ms|.

Hence, by Corollary 3.6, 7 is quasi-definite if and only if D,, # 0,
n>1.

In particular, when ¢ = 0, i.e., 70 = 2, we have

|M1‘ = 1+a,
|Ms| =14 2a + 2b— b2,
INL| = (=1D)"(n—3)!(n—2)!{(n—1!D,, n>3,

where

1

D"G

[B?nt — (b + 12b)n? +12(b — a) — 12].

Hence 7 is quasi-definite, if and only if

b*nt — (b° +12b)n° +12(b—a) — 12 #0, n>1.

In this case, the MOPS {@,(z)}22, relative to T is

_ U R(@) Pua) | _ oy, datbt3,
Ql(.’L’)— |M1| <T(,)P0> <TTP1> _Pl( )+ |M1| PO( )7
1 Po(.’b) Pl(.’b) PQ(LE)
Q2(z) = A (. Ro) (1. P1) (1, Ps)
N ar, Py (xr, P) (a1, P)
B 2(3 + 7a + 9b — 5b?)
= Py(z) + A Py ()
2(348a+ 13b — 10b2)P (@)
olT),

| Mo
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P,_5(x) P,_s(x) P,_1(z) P, (x)

Q (.I) — __1 <T; Pn—3> <T; Pn—2> <Ta Pn—1> <7—7 Pn>
" INL| | (@7, Po3) (@7, Py_2) (o7,P,_1) (x7,P,)
(227, Py_3) (227, Py_s) (27, P,_1) (2%7,P,)

— Py(2) + &[3{;%4 + 46?03 — 3b(b + 12)n?
—4(9a — 3b 4 b*)n — 12a + 12b — 36 P,,_1(z)
+ ”(gT_nl)Bb%# + 8b*n® 4 (3b* — 36b)n?
— 2(18a + 6b + b*)n — 24a + 12b — 36] P, _o(z)
+ W%gi"_m[b%‘* + 4b*n + b(5b — 12)n?

— (12a + 12b — 2b%)n — 12(a + 1)| P, _3(2),
n > 3.

Ezample 3.2. Let (1+ )7 = (1 —x)o, where o is the Jacobi moment
functional:

@w@»:/¥ﬂ@ﬂ+xﬂn (z) € P.
Then
1
(r,7(x)) = / m(x)(1 —z)dx +a(6(1 +z),m), =w(x)eP,
—1

where a = 19 — 2 is a constant. Let {P,(z)}>2, be the MOPS relative
to o.

In order to compute (7, P,) and ((1+4 )7, P,), we need the following
for the Jacobi polynomials {P,(La’ﬁ)}ff’:o, a, 8> -1, [4, 13]:

Péa’m(x)—?"Z(Zﬁ)(nzﬂ)(as—l)’“ml)“’2 n20,

k=0

(1= )PV (@) = —A(n) PGy (@) + (1 = B(n) PO ()

(3.20)
—cm)P V@), n>1,



756 J.H. LEE AND K.H. KWON

where

A(n) =

n+2 B(n) = 1 n
2n + 3’  (2n+1)(2n+3)’ B

3.21)  (2n+1)POY(z) = (n+ )PV () + nP ) (z), n>1.

Then P,(z) = (2"n!(n + 1)!/(2n + D)) PV (z), n > 0, so that

2"n| 1)!
P,(1) = M, n >0,
(2n+ 1)!
(=1)"2"((n+ 1))
Po(—1) = . n>0.
(=1) (2n + 1) "
Using (3.21) inductively, we have
2n+1 2n—1 0,0)
PO () — P0,0) (1) pLo;
2n —3 50,0) (=1)" 0,0
P —PF .
T 2 (L) -+ nr1o (x)

Then by (3.20) the coefficient of P(O 0)( ) in the expansion of (1 —

2) PV (z) in terms of {P"% (x >}Z+é is

(_1)n+1
n+2

—1\" _1\n—1 _1\n
+(1_B(n))(ni)1 _om)! 12 zz(nfl.

(1, Py) = /11(1 —z)P,dx + aP,(-1)
—1)27(n! 2
= %[4—#@114— D2, n>1,

1
(1, Po) z/ l-z)dr+a=2+a.
-1

Using (3.20) we also have

1

(14 2)r, Py) = 1—1—:10 (1—2)de = -,

\\

4
(14 2)r, Py = (14 2)( 1—x)P1(x)dx:—§.

—1
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Therefore,
|Mi| = (7, Po) =2 +a,
|M2| _ <7—7P0> <T7P1>
(A+az),7Po) ((L+z)r, 1)
4
= 5(2-“3@),
<7_a Pn71> <7—7 Pn>
N, | =
| | Pnfl Pn( )
n((n — 1)!)44n
- 7 >
o((@n 1z O 22
where

D, =4+ n(n+1)a.
Note that Dl = 2‘M1|, DQ = (9/2)|M2|

Hence, by Theorem 3.4, 7 is quasi-definite if and only if D, # 0,

n>1,ie.,
+# —4 >1
a# ———, n>1
n(n+1)’ -

In this case the MOPS {Q,(z)}22, relative to 7 is

_ L | R(z) Pi(2)
@) = My | (r, Po) (T, Py)
— Py(x) + %Pg@),
-1 Poo1(z)  Po(v)  Poya(z)
(1_'T)Qn( )_ |N | <TaPn—1 <T;Pn> <T;Pn+1>
" Pn—l( ) Pn(l) Pn+1(1)
R pa—_

(2n+3)(2n+1)D,,
X (an3 + 5an® + 4(a + 1)n —dq — 12)Pn(x)

n(n+1) )
m(an +3an+2a+4)P,_1(z), n>2.
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