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CONGRUENCES FOR THE COEFFICIENTS WITHIN
A GENERALIZED FACTORIAL POLYNOMIAL

M.A. NYBLOM

1. Introduction. The Stirling numbers of first order, denoted by
s(n, k) can be defined for n > 0 as the coefficient of z* in the expansion
of the rising factorial polynomial

n
z(z+1)---(x+n—-1)= Zs(n,k;)xk

k=1
The many varied properties of this class of numbers have been exten-
sively studied, see, for example, [2]. Yet, in spite of this, congruences
for the Stirling numbers s(n, k) are apparently not well known. A few
congruences for prime moduli can be found in [2] and other texts, but
it has only been in recent times that certain papers have appeared deal-
ing specifically with the problem of Stirling number congruences (see
(1], [3]). Of these papers, the one of most interest to us here is due
to Howard, who found congruences (mod p) for s(n, k) and the associ-
ated Stirling numbers. We briefly list some of the main congruences as
follows:

(1) s(p,k) =0 (mod p) for2<k<p-1
(2) s(p—Lk)=1 (modp) for1<k<p-1
(3) s(p—2,k)=(2P"F"1—1) (modp) for0<k<p-—2
(4) .
s(hp+m, k) =Y <f;> (=) "s(m,k —h —i(p—1)) (mod p)
i=0

for 0 < m < p.

As an application of the above results, a complete examination of the
congruences (mod p) for s(n,k), where n > p, was given in [3] for
the special cases p = 2,3 and 5. In this paper we propose to extend
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the results of Howard to the coefficients ¢(n, k) within the polynomial
expansion of a generalized factorial polynomial given by

(¥)a, = (@ +ar1)(x+a2) - (z+ an),

where a, = a1 + (n — 1)d with a;,d € Z. These coefficients, which
are essentially the symmetric function on n objects, will be shown
for all arithmetic progressions a,, € Z to satisfy congruences similar
to those in (1) and (2) with the residue in the later result given by
(d — a;)P~*~1. The congruences in (3) and (4) will be generalized to
the case of those coefficients generated within the expansion of (z),,, ,
where a,, = (n — 1)d and with d € Z \ {0}. For these results we shall
see that the residues differ from those in (3) and (4) by a suitable
multiplicative factor. In this latter case, we shall find as in [3] all the
congruences (mod p) of ¢(n, k) for n > p and illustrate our method by
finding the residues when p = 2,3 and 5. To conclude the paper an
alternate notion of the associated Stirling number is introduced and a
divisibility result is proved for these numbers which mirrors that which
was found by Howard in [3].

2. Elementary symmetric functions. For an arbitrary sequence
of reals {a;}],, one can define the elementary symmetric function
é(n, k) in the n variables ay,...,a, as the coefficient of 2* in the
polynomial expansion

(5) (2)a, = (x+a1)(@+az) - (x+ay) = qu(n, k).

n

k=0
It follows from (5) that

(6) d(n, k) = and(n — 1,k) + dp(n — 1,k — 1)

with

(7) d(n,0) = ﬁai if n>0,

(8) S =1,

9) ¢(n,k)=0 ifk>nork<0.
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Clearly ¢(n,k) = s(n,k) in the case when a, = n — 1. For later
convenience, we shall define s(0,k) = 0 for all k # 0 and s(0,0) = 1.
In what follows, we shall study the congruences for prime moduli p,
of those symmetric functions ¢(n,k) generated with respect to an
arbitrary sequence of integers in arithmetic progression, that is, for
ap, = a1 + (n — 1)d with a1, d € Z and d # 0. We begin by
generalizing the well-known result (see [2], [3]) that s(p, k) =0 (mod p)
fork=2,...,p—1.

Theorem 2.1. Ifp is a prime number, then ¢(p,k) =0 (mod p) for
k=2,...,p—1.

Proof. By making the substitution dX = (z + a1 ), observe from the
definition of (z),, that

(X)g, =dX([dX +d)---(dX +d(n—1)) =d"(X)p_1.

Expanding out the polynomial (X),_1, one finds

(T)q, =d" Z s(n,n —i) X"

=0
(10) =d" Y s(nn =Y ("; ) @~ a
=0 =0
= Z s(n,n —i)d’ Z (nj— Z) ",
i=0 =0

Consequently, by collecting powers of ¥ in (10), we obtain a relation
between the Stirling numbers s(n, k) and ¢(n, k) as follows

(11) S(n, k) = ni (" - Z) s(nyn— i)ai ik

=0

Now, after setting n = p in (11), observe that p|s(p,p—1i) for i =
1,2,... ,p—k,provided k = 2,... ,p—1 while p | (2) fork=1,2,... ,p—
1. Thus, all terms in the above summation will be divisible by p if we
restrict k=2,... ,p— 1. ]
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By making use of Theorem 2.1 and (6), we can now show that
é(p—1,k) = (d — a1)? %=1 (mod p), which extends the congruence
result s(p — 1,k) =1 (mod p) also obtained in [3].

Corollary 2.1. If a # d, then ¢(p—1,k) = (d — a1)?~*~! (mod p)
fork=1,... ,p—1. While p(p—1,k) =0 (mod p) fork=1,... ,p—2
when a1 = d.

Proof. We first establish the result in the case a1 # d via backward
induction on k. Clearly, the congruence holds for ¥ = p — 1 as
dp—1,p—1) =1 = (d — a1)? (mod p). Thus assume the result
holds for k = p—r where 1 <r < p—1; then, by (6) and Theorem 2.1,
pl{p(p—1,p—r—1)+(a1—d)p(p—1,p—r)}. However, by the inductive
assumption (a1 —d)¢(p—1,p—r) = —(d—a1)" (mod p). Consequently,
we deduce that

pl{o((p—Lp—r—1)—(d—a1)")}.

That is, ¢(p—1,p—r—1) = (d—a1)" (mod p) and so the result holds
for k = p—r — 1. In the case when a; = d, we have from (6) that
d(p—1,1—1) = o¢(p,l) — pdod(p — 1,1). Now the righthand side of this
equation is, by Theorem 2.1, clearly divisible by p for [ =2,... ;p—1
and sop|op(p—1,k) for k=1,... ,p—2. o

We see, in particular, from Corollary 2.1 for a; = 0, d = 1, that
o(p—1,1)=s(p—1,1) = (p—2)! =1 (mod p). Thus, by multiplying
both sides of this congruence by p — 1, one finds (p — 1)! = (p —
1) (mod p) which leads to the statement of Wilson’s theorem that is
(p— 1)!'= -1 (mod p). In order to generalize the result s(p — 2, k) =
(2P~k=1 — 1) (mod p), we shall restrict attention in the final corollary
to those symmetric functions ¢(n, k) generated with respect to the
sequence a,, = (n — 1)d.

Corollary 2.2. Ifay = 0 and p > 2, then ¢(p — 2,k) =
dP=F=2(2p=k=1 1) (mod p), fork=1,... ,p—2.

Proof. We establish the result again via backward induction on k. As
before, the congruence holds trivially for k = p—2 as ¢p(p—2,p—2) = 1.
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Thus assume the result holds for k = p — r where 2 < r < p — 1, then
by (6) and Corollary 2.1,

pl(dlp—2,p—r—1)—2dp(p—2,p—7) —d" ).

However, by the inductive assumption —2d¢(p—2, p—r)=—2d" "1 (2" 1~
1) (mod p) . Consequently, we deduce that p|{é(p —2,p—7r—1) —
2d" 12771 — 1) —d""'}. Thatis, ¢(p—2,p—7—1) =d""1(2" - 1)
(mod p) and so the result holds for k =p —r — 1. o

We now establish a more general result in connection with those
symmetric functions ¢(n,k) which are again generated with respect
to a, = (n—1)d.

Theorem 2.2. If p is a prime number, h > 0 and 0 < m < p, then

(12)  ¢(hp +m, k)

h
= Jhrtm—k Z <}:) (—=1)"s(m,k —h —i(p—1)) (mod p).
=0

Proof. Consider first the case h = 1. That is, we wish to establish
that for m > 0,

(13)  ¢(p+m, k) = d"*"*(=s(m,k — 1) + s(m,k — p)) (mod p).

The proof of (13) is by induction on m. Recalling s(0,%k) =0 for k # 0
and s(0,0) = 1 together with Wilson’s theorem, we clearly have (13)
holding for m = 0. Assume it is true for m = 0,1,... ,5 — 1. Then,
again by (13),
d(p+4,k)=dp+ji-1)ép+ij—1Lk)+o(p+j-1Lk-1)
= (- D s = Lk = 1) +5(j — 1,k —p)]
+dPI R —s(j — 1,k —2) +5(j — 1,k —p—1)] (mod p)
= —d"H(G =) s(f =Lk =1) +5(j — 1,k —2)]
+d"F (G- 1)s(j - Lk —p)+s(— Lk—p—1)]
= dp+jik(_5(j7 k— 1) + S(.] - 1a k — p)) (mOd p)7
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and so (13) holds for m = j. Let h > 2 and suppose for r =
1,2,...,h—1 and all m that

P(rp+m, k) = d'PTm=F Z <:> (=1)""s(m, k —r —i(p—1)) (mod p).
=0

Thus, by writing ¢(hp +m, k) = ¢((h —1)p+ (m +p), k), observe from
the inductive assumption

(14)
h—1
¢(hp+m, k) = d"PtmF Z (hzl) (—1)h-1-i
i=0

-s(p+m,k — (h—1) —i(p—1)) (mod p).

Now, for each 4, in the above summation we have, after setting d = 1
in (13), that

s(m+p, k= (h=1) —i(p—1))
= —s(m,k—h—i(p—1)) + s(m,k—(h—1) —i(p—1) —p) (mod p).

Consequently, by breaking up the summation in (14) and relabeling the

index variable in the resulting second summation from ¢ to i — 1, one
has

¢(hp +m, k)

_ o 5 (";1) (—1)*~is(m, k — b — i(p—1)

=0

+ ghwtmek zh: (’Z‘j) (=1)"s(m, k — h— i(p—1)) (mod p)
— ghrtm—k [(—1)hs(m, k—h)+ hz_:l { (hl_.l ) + ( };__11> }(—1)’”
~s(m,k—h—i(p—1)) + s(m,k — hp)}

h
= ghrtm-k Z (?) (=1)""s(m,k —h —i(p—1)) (mod p).
i=0
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Hence, (14) holds for r = h. O

Recalling from (9) that s(n,k) = 0 for K > n or k < 0, one can
determine using Theorem 2.2 the congruences for prime moduli of
¢(hp+m, k) for all k in the special cases m =0,1,2,p—1 and p—2 as
follows. Considering firstly m = 0, we have s(0,k—h—i(p—1)) =1 if
k= h+i(p—1) and s(0,k—h—i(p—1)) = 0 for all other k. Similarly, in
the case m = 1, we have s(1,k—h—i(p—1)) =0for h+1+i(p—1) <k
and k < h+1+i(p—1) and s(1, k—h—i(p—1)) = 1 for k = h+1+i(p—1).
However, in the case m = 2, one again has s(2,k—h —i(p—1)) =0 for
kE<h+ilp—1)ork>2+h+i(p—1), while s(2,k—h—i(p—1)) =1
either for k = 2+h+i(p—1)ork=14+h+i(p—1) as s(2,1) = 1. Thus
we have from (12) that for m =0,1,2 and all h > 1, ¢(hp + m, k) =0
(mod p) except for the following: For i =0,... ,h

¢(hp +m,h+m+ (p — 1)i)

= P~ D=7 (?) (=1)"~% (mod p) for m=0,1

and

d(hp+2,h+7r+ (p— 1))

= dh=dp=D+2-r (?) (—=1)"7% (mod p), r=1,2.

In the case m=p—1 again s(p—1,k—h—i(p—1))=0for k < h+i(p—1)
or k > (p—1)(i+ 1)+ h, and so for all i« = 0,...,h, we have
s(p—Lk—h—i(p—1)) #0when h+i(p—1) <k < (p—1)(i+1)+h.
Thus, using the fact that s(p —1,7) =1 (mod p) forr=1,... ,p—1
and (12), we deduce for all h > 1 that ¢(hp +p — 1,k) = 0 (mod p)
except for the following. For i =0,... ;handt=1,... ,p—1,

h) (=1)"=% (mod p).

d(hp+p—1,h+t+i(p—1)) = dP- Vit~ (l
Finally, in the case m = p — 2 > 0, we similarly have s(p — 2,k — h —
i(p—1)#£0for h+i(p—1) <k<(p—2)+h+i(p—1), and so using
the fact that s(p—2,7) = (2°7""1—1) (mod p) forr =1,... ,p—2 and
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(12), we find for all A > 1 that ¢(hp +p — 2,k) = 0 (mod p), except
for the following: For i =0,... ;hand t=1,... ,p— 2,

p(hp+p—2),h+t+i(p—1))

= dr- D <h> (-1)"(2r71 = 1) (mod p).

As a consequence, we note the following special cases. For p = 2,3 or
5 and n > p,

d(n, k) =0 (mod p)

except for the following: For h > 1and i =0,... ,h,

h

d2h+rh+r4i)=d" <Z> (=1)"7% (mod 2), r=0,1

together with

>

Sl S
&_;..\_/\_/

d(3h, h + 2i) = > ( S ) (=1 (mod 3)

p(Bh+1,h+ 1+ 2i) = d2h=9 ( S ) (=17 (mod 3)

d(3h + 2, h +t + 2i) = g2h—)—1 ( ) (=17 (mod 3), t=1,2

and finally

$(5h, h + 4i) = 4 (h) (—1)" (mod 5)

7

RS

¢(5h +1,h + 1 4 4i) = d**=9 ( : ) (=1)"= (mod 5)

d(5h +2,h + t + 4i) = gAh—DH+2-t (?) (=" (mod 5), t=1,2

G(5h+ 3, h + t 4 4i) = P+ —t=1(94=t _q) (’Z) (mod 5),
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d(5h + 4, h + t + 4i) = gAHh—iHD =t (?) (=1)"~% (mod 5),

t=1,...,4.

3. Generalized associated Stirling numbers of the first kind.
It is well known that s(n,n — k) is a polynomial in n of degree 2k.

Indeed,
k
: . n
s(n,n —k) —Zod(Qk—z,k—z) <2k—i>’

where d(n, k) is the associated Stirling number of the first kind (see
[2]). In a recent paper [4], the author showed that in the polynomial
expansion of (z),,, where a,, = a; + (n — 1)d with a1, d € R, the
coefficients were given by

&= ky (n+k+1—1
(15) (b(nv”_k):z;ei ( %k +1—i )

=
where 91@) satisfy for k =2,... ,nand i = 2,... , k the recurrence
(16) 0% — 0% V(i — k—2) + a1) + 6%V (2k — i)d

with 9§k) =1-3...(2k—1)d and 9,(:21 = (a1 — d)*. Clearly, when
a1,d € Z, one has ng) € Z and in this instance we refer to the numbers
95’6) as the generalized associated Stirling numbers of the first kind.
In [3] a number of congruences (mod p) for d(n,k) were found, in
particular, d(p, k) =0 (mod p) for 2 < k < p. With this result in mind,
it is natural to question whether there exists an arithmetic progression
{an} CZ such that in general, p| ng) for some k and i. To help answer
this question, it will be convenient to arrange, for n > 1, the set of

numbers ng) fork=1,...,nand i = 1,... ,k as the elements of the
following lower triangular matrix
6 o 0 - 0
o oM o0 . 0
A, =67 6P 6 .. 0
R S e
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Note, in A, we set 9%0) = 1 which by (15) is consistent with the
equality ¢(n,n) = 1. We now establish, using the recurrence in (16)
and Theorem 2.1, the following divisibility result for the generalized
Stirling numbers of the first kind.

Theorem 3.1. Let p > 3 be a prime. Then, for any nonconstant
((+D)/2)+d] _ (

arithmetic progression {a,} C Z, one has 0; mod p)

fori=0,...,(p—1)/2andj=1,... 0+ 1.

Proof. Note, when (p 4+ 1)/2 is even, the numbers in question can
equivalently be found as a subset of the components within the two
adjacent truncated column vectors of A, given here by

1)/2)+s—1 1)/2)+s 1
CH, oy = (052 gl /sl gt))
and
CT, = (PHV/2Fs=1] gt/ 48] o))

fors=1,...,(p+1)/4. While if (p +1)/2 is odd, then the numbers
are again found in the above column vectors, for s = 1,...,(p —1)/4,
together with a subset of the array of components in C%;H)/z. We
shall prove here a stronger result than required, namely, that all
the components of CI,_;,CL are divisible by p for the values of s
indicated. Considering first the case when (p + 1)/2 is even, it will
suffice to demonstrate via the following inductive argument on the

index, s € [1,(p + 1)/4], that the components of C3._, and CI, are
divisible by p. When s = 1, it is clear from the definition of 951) that
p| QE((HI)/QHT] forr =0,1,...,(p+1)/2. However, for the components

of C¥ it will first be convenient to show p | Gg(p /2]

easily deduce via repeated application of

- 1
pLE+D/2) 41 _ gllp1)/2)4r—1] (a1 _ d(Z% +T>)

LR oy

as one can then

that p]| 9£((p+1)/2)+r] for r =1,2,...,(p+1)/2. To this end, consider
the coefficient ¢(p, p— k) in the polynomial expansion of (x),, given in
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(15). Setting k = (p — 1)/2, observe, after some simplification of the
binomial coefficients, that

N plornyy2) (pHE -1 ((p+1)/2] (Pt K
¢(p,p = k) =6, ( b1 )+92 ( »

p—k+1
+ i 9(p+1)/z] 2p—k+1—1
2p—2k+1-1)"

Now the p — k — 1 binomial coefficients in the above are equal to
(k:!)_ll_[fz_ol(Zp—k;—i— 1—-1—4), with2p—k+1—-1—14 = p when
i=p—k+1-1lwith0<i<p—k—2=Fk—1. Moreover, as (p,k!) =1,
one can deduce that

—k+1
‘pz plotn)/2) ((2p —k+1—1
P 2 7 Wp—2k+1-1)"

However, by Theorem 2.1, p | ¢(p,p — (p+1)/2), but as p| 9[1(p+1)/2] and

pt (p:k)v we can conclude that p |65 (DL s required. Suppose

now that the components of CI, ; and CI, are divisible by p for all
s=1,...,m, where 1 <m <[(p+1)/4] — 1= (p— 3)/4. Considering
the column vector CJ, ., we see again from (16) that

_ +1
pl((PH1)/2) 4] _ 0[((p+1)/2)+r 1 (d(2m Y A 1) +a )
(17) 2m—+1 2 1

Ol ED/24 1) () o o)

forr=m,...,(p+1)/2. Observe, after setting » = m in (17), that the

coefficient of 9&%:11)/2”“171] is a multiple of p, thus, via the inductive

assumption, p|9£(7$f:11)/ 2tml - Now again, by repeated application of

(17) together with the inductive assumption, we further deduce that

|9 H)/Z)H] ,forr=m+1,...,(p+1)/2. For the components of

CQerQ, it will be necessary to first show that p| 6‘ pH)/sz] as one

can then deduce via the inductive assumption and repeated application
of

O] — g/ (g o p_;r L r)+a)

+ 9[((P+1)/2)+T 1] (p +2r —2m — 1)
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that p | 9 pH I for r = m 41, (p+1)/2. To this end, consider

now the coefﬁment of ¢(p,p — ((p + 1)/2) — m) in the polynomial
expansion of (x),,, which is equal to

2m-+1
Z gl(+1)/2)+m] (P +k+m+2— n gl+1)/2)+m] (P +k—m
! p+2m+2— z 2m+2 »

=1

k+m+42
LY gl <p+k+m+2—l)’

I p+2m+2 -1

where again k = (p — 1)/2. Now ((p+1)/2)+m < (3p—1)/4 and
(3p—1)/4 < p—2 for p > 7; however, as the smallest prime p > 3
for which (p + 1)/2 is even is 7, we can conclude from Theorem 2.1
that p|¢(p,p— ((p+1)/2) —m). Furthermore, as previously, the k—m
binomial coefficients in the above are equal to ((k—m)!)~ Hk e (p+
kE+m+2—1—i)withp+k+m+2—1—i=pwheni= k—l—m—|—2—l
with 0 < i < k —m — 1. Consequently, as (p, (kK —m)!) = 1, one can
deduce that

k4+m+42
S 9[((p+1)/2)+m] (p+k+m+2—l)
E : l

p+2m+2-1
1=2m+3

In addition, as 97[n((p+1)/2)+m] is a component of CI forr = 1,2,... ,2m+
1, we also have

2m—+1
‘ Z 9 ((p+1)/2)+m] (P+Ek+m+2—1
b p+2m+2-1 )

Combining the above with the fact that p does not divide (p +’;_m>
p+1 /2)+m]

yields the required result, that p | 9
of C4,, .1 and CF,, , are all d1v181ble by D.

. Hence, the components

Considering now the case when (p+1)/2 is odd, we first establish via
induction on s = 1,...,(p — 1)/4 that the components of CZ, | and
CI, are divisible by p. This argument, however, follows precisely in
the same manner as above with the exception of one detail within the
inductive step which we attend to as follows. If one assumes that the
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components of CZ, | and CI, are divisible by p for al s = 1,... ,m,
where 1 < m < ((p—1)/4) —1 = (p — 5)/4, then When considering
the coefficient ¢(p, ((p — 1)/2) — m), to show that p| 6‘ pH)/QHm] , We
must have that p|é(p, ((p — 1)/2) — m). To estabhsh thls first note
that ((p+1)/2) +m < (3p —3)/4 and (3p — 3)/4 < p — 2 for p > 5;
however, the smallest prime p > 3 for which (p + 1)/2 is odd is 5,
thus, as before, one need now only invoke Theorem 2.1 to deduce the
required divisibility condition. Considering finally the column vector
C%;H)/Q, we have from (16)

[((p+1)/2)+7] _ pl((p+1)/2)+r-1]
(18) Oz = Oy y (@ —d(r+2)
[((p+1)/2)4r—1] (P + 1
+6(p+1)/2 ( ) +2r )d

for r = (p—1)/4,...,(p + 1)/2. Observe, after setting r = (p —

1)/4 in (18), that the coefficient of 9[((]0“)/2)” Uis a multiple of

(p+1)/2
3p—3)/4]

p. Moreover, as 9[( ] € C[((p+1)/2)—1}7 one can deduce that

[((p+1)/2)-1
p|9[(p1:g;}é]2) =1/ Now by repeated application of (18), we can
further conclude that p| HE((_fBl/z/QHT] forr=((p-1/4)+1,...,(p+

1)/2. Hence the components of C(p+1)/2 are all divisible by p. o
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