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LOCAL COHOMOLOGY FOR
COMMUTATIVE BANACH ALGEBRAS

M.S. MOSLEHIAN AND A. NIKNAM

ABSTRACT. The purpose of this paper is to introduce a
local cohomology theory in the unital commutative Banach
algebras context and to describe a connection between the
local cohomology functor and direct limit of hom functors.

1. Introduction. The local cohomology theory in the context of
commutative ring theory was introduced by Grothendieck [3] and de-
veloped by Brodmann, Mcdonald and Sharp and some other mathe-
maticians [2]. In this paper we introduce a version of local cohomology
for unital commutative Banach algebras and Banach modules. After
introduction, we specialize in Section 2 to local cohomology functor,
torsion and torsion-free modules with respect to a given ideal and also
some related examples. Section 3 provides the connected right sequence
of local cohomology functors. In the last section the local cohomology
functor is described as a direct limit of some hom functors.

Throughout the paper, A is a fixed unital commutative Banach
algebra with unit e, ||e|| = 1, and I is a fixed closed ideal of A. We follow
the notation and terminology of [5] or [6], but with some exceptions as
the following:

Definition 1.1. A Banach A-module is a Banach space with an
algebraic unital symmetric A-bimodule structure satisfying

laz] < llal| - flz]; acAzeX
(€©)

ex=ux;x € X
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A module morphism between Banach A-modules X and Y is a linear
mapping f : X — Y such that

flaz) =af(z); z€X,a€ A

Notation 1.2. We denote the category of all Banach A-modules
and module morphisms between them by C, the corresponding positive
(cochain) complexes by C, and the category of algebraic A-modules
with underlying complete semi-normed spaces satisfying (<) and their
module morphisms by (C).

Let S be a subset of A and X € C; then the set of all x € X such that
Sz =0 is a Banach A-submodule of X which is denoted by (0:x S).

2. Local cohomology functor with respect to an ideal.

Definition 2.1. Let X € C(C; then the local cohomology of
X with respect to I, denoted by I'j(X), is the closure of {z €
X; Iz =0 for some n € N}, where I"™ is the closed ideal generated by
a1as - an, 1 <i<n,a; €1 T;(X)isa Banach A-submodule of X
and so it belongs to C. It follows therefore that

F[(X) = U;’f:l(() 15 In)

An A-module X is said to be I-torsion, respectively, I-torsion-free,
whenever I'1(X) = X, respectively T';(X) = 0.

Examples 2.2. (i) If I has a bounded approximate identity, then
clearly I" = I. Hence I';(X) = (0 :x I) for each Banach A-module X;
in particular, I';(A) = Ann (I), where Ann (I) is the annihilator of T.
Moreover, if I has a bounded approximate identity for X, i.e., there is
a net {ex}rea with ey € I such that limy exz = z for all z € X and
sup{|lex]; A € A} < oo, e.g., X = I, then I';(X) = 0. Thus, in this
case, X is I-torsion-free.

ii) If X is a Banach A-module and T';(X) = U (0 :x I" , then
n=1

I/(X)=T7(X)=T,(T1(X)) CT/(T(X)) =T;(T'1(X)) CT/(X).
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Hence, I'/(I';(X)) = T'y(X). Thus I';(X) is I-torsion.

(iii) Let A be an abelian von Neumann algebra and I a weak-operator
closed ideal of A. Then A ~ C() for some extremely disconnected
compact Hausdorff space Q [7, Theorem 5.2.1] and I is of the form Ac
for a projection ¢ € A [8, Theorem 6.8.8]. Since I has the identity c,
Example 2.2 (i) shows that I't(X) ={z € X;cx =0}. f X = Aand I
is nontrivial, A is clearly neither I-torsion nor I-torsion-free.

If f: X - Y is a module morphism in C and z is annihilated by I™
for some n, then for each a € I", af(x) = f(ax) =0, so I"™ annihilates
f(z). Hence, f(I';/(X)) C T (Y), by the continuity of f. Let I';(f) be
the restriction and corestriction of f to I'7(X) and 'y (Y), respectively.
Then it can be checked that T'z(-) is a functor from C to C. We call
this the local cohomology functor with respect to I. It is additive, C-
linear and A-linear, i.e., for objects X and Y in C, module morphisms
f:X—>Yandg: X —>Y AeCandacA:

Lr(f+9) =T1(f) +Ti(9), T1(Af) = AT1(f)  and Tr(af) = al'1(f).

3. The ith local cohomology functors with respect to an
ideal, ¢ > 0. We recall that if F is a Banach space, then B(A, F) is a
Banach A-module together with the following action:

(ag)(b) = ¢(ba); ¢ € B(A,E), a,be A

It is an injective Banach A-module [6, Chapter III, Section 1.4].

Consider the normalized injective resolution for X € C [6, Chapter
ITI, Section 2]:

dO dvl

0 — J°(X) L JHX) — s — T(X) - T — (T (X))

This complex has the property that the following complex is admissible:
00— X T JO(X) L JUX) s J(X) L (X))

In the latter complex, 7x : X — B(A,X) is given by (7(x))(a) =
az; also if C(X) = B(A,X)/Im7x,C~X) = X and C'(X) =
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C(C*1(X)), i > 0, then for each i > 0, J{(X) = B(A,C" (X))

Toi(x)

and d' is the composition of Ji(X) 2% ¢i(x) <5 Ji+1(X). In fact
J is a functor from C to C.

Definition 3.1. The nth injective derived functor of T'f(-), i.e.,
HioT;o0J = H! is called the ith local cohomology functor with
respect to I, [6, Chapter III, Section 3]. H:(X) is called the ith local
cohomology module of X with respect to I. The functors HE, i > 0,
are additive, C-linear, A-linear and covariant functors from C to (C).
Hi(X) is independent of the choice of injective resolution for X up to
an isomorphism in (C) [6, Theorem 3.3.10].

Remark 3.2. If Q) is an injective Banach A-module, then H:(Q) = 0

for all 4 > 0. In fact, the exact complex 0 — @ 9 Q — 0— --- shows
that 0 - @ — 0 — -+ (Q) is an injective resolution for @ so, for all
i>0, H(Q) = H'(T1(Q)) = 0.

Definition 3.3. A sequence (T%);>¢ of covariant functors from C
to (C) is called a connected right sequence of covariant functors if the
following conditions are satisfied:

(i) If0 - X —-Y — Z — 0 is an admissible short complex in C,
there are defined continuous connecting morphisms 7"(2) — T"+1(X),
n >0, in (C) such that 0 — T°(X) — TO(Y) - T°(Z) - TH(X) — - -
is a complex.

(ii) Whenever

0 X Y A 0
0 X’ Y’ A 0

is a commutative diagram in C with admissible rows, there is defined a
morphism between the corresponding complexes:
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0 T9(X) 70 (v) 7%(2) TH(X)
0 T9(x") T0(v") T%(2") T (x")

[9, Section 6.5].

Theorem 3.4. Let 0 - X — Y — Z — 0 (S) be an admissible
short complez in C. Then there exists a long exact complex in (C) as

0 — HYX) — HYUY) — HZ) % HY(X) — ---

with continuous connecting morphisms ¢, : HM(Z) — H}TY(X).
Moreover, (H});>0 is a connected right sequence of covariant functors.

Proof. Suppose that 0 — X Sy Lz o (S) is an admissible
short complex in C so that there exist continuous operators p: Y — X
and 0 : Z — Y such that po¢p =1x, oo =1z, pop+ogorh =1y
[6, Proposition 3.1.8]. Then the following short sequence of complexes
is admissible:

0 — C(X) — C(Y) — C(Z) — 0.

Applying Proposition IIT.1.5 and Theorem II1.1.9 of [6] to the functor
B(A,7), we conclude that, for any i > 0, J*(S) splits. Thus 0 —
Ir'i(J(X)) =T (JY)) - T'1(J(Z)) — 0 is exact. Now we may use
the fundamental lemma of homological algebra [6, Theorem 0.5.7] in
order to get

0 — HYX) — HYY) — HY(Z) <% HY(X) — - --

with continuous connecting morphisms ¢, : Hy(Z) — Hp™(X). The
rest is a well-known technique in homological algebra, [9, Section 6.3]
and [6, Chapter 0, Section 5]. i

4. Direct limit and local cohomology functors. Let {X,}ack
be a family of Banach A-modules. Recall that the topological direct
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sum of {X, }aeck is defined as the completion of algebraic direct sum
Back Xo With respect to the norm |[(za)ack| = > ack l|Tall which
will also be denoted by @ncxXo. This is in C and consists of all
elements (24)acx Of the algebraic direct product ], . Xa such that
Y ack lIZall < 00, see [10, Section 2.1] and [1, Section 9].

Definition 4.1. (i) Let (D, <) be a directed set. A direct system
over D in C consists of families {X,}oecp of Banach A-modules and
{7sa}(a,8)eDxD,a<p of module morphisms such that for all a, 3,7 €
D, moo = 1x, and 7,3 0 Tgq = Tyo Whenever a < f < v and
sup,<g ||Tpall < co. It is denoted by (X, 7, D).

(ii) Let (X,nm, D) and (Y,n, D) be direct systems. A map ¢ from
(X,m, D) to (Y,n,D) is a family {¢4}acp of module morphisms ¢, :
Xo — Y, such that it is uniformly bounded, i.e., sup,¢cp ||Pal < 00,
and for oo < 3 the following diagram commutes:

¢

Xog————Y,

WﬁaJ J'r][ia

Xp—5,—Ys

(i) A direct limit of a direct system (X,w, D) is a Banach A-
module X, together with a family {m,}aecp of module morphisms
Ta + Xo — Xo such that sup,cp ||7a]] < oo and for all , 5 € D if
a < 3 then the diagram

yerey
X, —— X5

commutes. In addition, it has the following “universal property”:

For each Banach A-module X and each family {p,}acp of module
morphisms p, : Xo — X such that sup,cp ||pa|l < 0o and for a < 3,
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the diagram

commutes, we have a unique module morphism w : X, — X such that,
for all @ € D we have the following commutative diagram:

T

It is obvious that X, and {7, }acp are unique up to a module isomor-
phism in C. We denote the direct limit of (X, 7, D) by (Xoo, {7a}taen)
or li_H)lXa.

[e3%

Proposition 4.2. Any direct system in C has a direct limit.

Proof. Suppose that (X, 7, D) is a direct system in C. Let i, : X, —
BaepXa be the natural injection and R the Banach A-submodule
of ®aepXa generated by ig(msa(®a)) — ia(za), (,8) € D, a < £,
To € Xo. Set Xoo = (BaepXa)/R and suppose that, for each

a € D, m, is the composition X, % BacpXa nag Xo- Obviously

SUPuep ||[Tall < 1. We shall show that (Xo, {ma}acp) is the direct
limit of (X, w, D).

Let X €C, po : Xo — X, a € D be module morphisms such that for
each a < ( the diagram

X, Lxﬁ
X

commutes and M = sup,cp ||pal| < 00. Suppose (za)aep is an
element of the algebraic direct sum of {X,}aep. Then z, = 0 for
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all except finitely many a. If O((¥a)acp) = > aep PalTa), then
1©((za)aen)ll < Xacp lPa(za)l < MY oep [7all = M|[(za)aenl-
So we can extend © by the continuity to ®c p X, denoted by the same
©. For (a,0) € D, a < B and x4 € Xqo, O>i5(78a(20)) — ia(za)) =
p3(m3a(2a)) — pa(Ta) = pa(®a) — pa(a) = 0. Hence R C ker ©. Thus
we have module morphism w : Xo, — X defined by w(u + R) = O(u),
U € @®aepXa. We next have (wo my)(s) = wlia(ze) + R) =
O(ia(a)) = pa(ta), Ta € Xq; hence, w o 7y = p4. O

If {¢a}acp is a mapping from (X, m, D) to (Y,n, D), then it is easy
to verify that there exists a unique, in a certain meaning, module
morphism ¢ : Xoo — Yoo. Moreover, it is possible to consider “direct
limit” as a functor [4].

Example 4.3. Suppose that D is a directed set, { X, }oep a family
of Banach A-submodules of a given X € C and whenever a < (3,
Xo € Xpg and g, : Xo — Xj is the inclusion map, then it is clear that
IimX, = UpepXs and 7, @ X, — limX,, is also the inclusion map.
— —

Now let, for X € C and n € N, X,, = Ah((A/I"),X); for m < n,
Tnm : Xm — Xy given by mpm(a) = a0 dpy where Oy, + A/IY —
A/I™ is defined naturally by d,m(a + I") = a + I™ (note that
I C I™ whenever m < n). It follows that {X,},en together with
{Tnm}mn)eNxNm<n is a direct system. Also if f : X — Y is a
module morphism and ¢,, : X,, — Y}, is given by ¢,(a) = f o a, then
sup,, |¢nll < || f]l and the commutativity of

Pm
Xm — Ym

Ah(énmrx)J JAh(énm’Y)

X, ———Y,

Pn

shows that {¢,}nen is a mapping between corresponding direct sys-
tems. So there exists a module morphism ¢ : h_r)nAh((A/I"),X) —

n
h_n)lAh((A/I”),Y). Moreover we can consider hL>nAh((A/I”),~) as a
functor from C to C.
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The next theorem is the Banach theory version of an important purely
algebraic theorem, [2, Theorem 1.2.11].

Theorem 4.4. The functors T'1(-) and li_n)lAh((A/I"), -) are natu-

n
rally equivalent.

Proof. For each n, ¢, : ah((A/I"), X) — (0:x I") given by ¥, (f) =
f(e+ I™) is obviously a module isomorphism and sup,, ||¢,| < 1. In
addition the following diagram commutes:

AR((AJI™), X) ~ —2m 5 (02 I™)

Ah(énnuX)J JinC

AR((A/T"), X) = ——— (0;x ")

For the direct limit is a functor, we have a module isomorphism
P(X) : h_rr}lAh((A/I”),X) ~— h_r)n(O x I™).

By Example 4.3 and (0 :x I™) C (0:x I™"1), hi>n(0 x I™) =T1(X)
and so lii>nAh((A/I”),X) ~ T';(X). Also it is easy to check that if

n
f X — Y is a morphism in C, the following diagram is well-defined
and commutative.

limsh((A/I"), X) ~ ——T7(X)

n

H_I)nAh(lA/Invf)J Tr(f)

n

limah((A/I"),Y) ~ ———T;(Y)

n

Thus lii>nAh((A/I”), -) is naturally equivalent to I';(-). O

n
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