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AN IMPROVEMENT ON A THEOREM
OF THE GOLDBACH-WARING TYPE

CLAUS BAUER

ABSTRACT. Let p;, 2 < i < 5 be prime numbers. It is
proved that all but < £19193/19200+¢ [ositive even integers
N smaller than = can be represented as

N =pi +p3 + p3 + p)-

1. Introduction and statement of results. I.M. Vinogradov
[14] proved the ternary Goldbach-conjecture in 1937. Its method was
successfully applied to different problems in additive prime number
theory by various mathematicians. Among them Prachar established in
1952, [11] the following result: There exists a constant ¢ > 0 such that
all but < z(logx)~° even integers N smaller than x are representable
as

(1.1) N =p? +p3+pj+p}

for prime numbers p;.

The author could improve upon this result in [1] by giving the
following estimate: There exists a positive number § such that all but

< .’L‘l_é

positive even integers N < x are representable as in (1.1).

Here the constant ¢ is very small and its value depends on the
existence of the possible Siegel-zero (see [3]) of the Dirichlet series
L(s,Xx). Using a method first developed in [2] we will improve on this
estimate by showing the following theorem:

Theorem. All but < x'9193/19200+e positive even integers smaller
than x can be represented as in (1.1).
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1152 C. BAUER

Using the circle method the main difficulties arise on the major arcs,
where we apply mean value estimates for Dirichlet polynomials and
power moments of L-functions. Compared to [1] no special attention is
paid to the possible Siegel zero and the Deuring-Heilbronn phenomena
is not used.

2. Notation and structure of the proof. We will choose our
notation similar to the one in [8]. By k we will always denote an integer
k €{2,3,4,5}, by p we denote a prime number and L denotes logz. ¢
is an effective positive constant and ¢ will denote an arbitrarily small
positive number; both of them may take different values at different
occasions. For example, we may write

L°LC < L°, zfL°¢ < z°.

da(n) denotes the number of divisors of n and [aq,. .. ,a,] denotes the
least common multiple of the integers a1, ... ,a,. Be further
* * g
rmResRR2<r<R Y= Y . Yo%
Xmodgq xr.no.igz 1<a<gq (ISa)Sql
wprimitive g

P=N/150=e) 0= NP 'L (E>0 will be defined later),
and

L S S O
H=9T3 1 5

We define for any characters X, X; (mod ¢), ¢ < P, and a fixed integer
N:

XQ:X <a7> Ck(a,Xo) = Ck(a, q)

=1

q
—hN
Z(Q7X27X37X47X5 Z ( ) H Ck h Xk)

h=1 k=2
Y(q)
o*(q)’
Sk(A\X) = > A(n)x(n)e(nk)),
Yo/t <n< o

Y (q) = Z(g, Xo, Xo, Xo, Xo) A(q) =
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Ti(\) = > e(n®\),
Yz /261 <n< ¥z
Wi(A, X) = Sk(A, X) = EoTik(A),

1 if X = Xo,
Ey = { 0
0 otherwise.
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Using the circle method we define the major arcs M and minor arcs m

as follows:

M= Y T den = |4 - o

__a_+_a
q<Pa=1 ¢ Qg q Qq
1 1
m = —,1+—} M.
7o)
Let

R(N) = Z A(nz) -+ A(ns).

Ya/2k <n, <z
ke{2,...,5}
n3+~-~+ng=N

Then we find

Using Theorem 1 in [5] and Lemma 3 in [11], we obtain

> IRP < maxiSs@P [ [Si(a)Saa)Sua)”
z/2<N<z m
< x2p,+1+6P71/128’

from which we derive that

(2.2) I(N) < Nk L7100
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for all but < x! 125 P~1/128 < 519193/1920043¢ oyen integers /2 < N <
x. In Sections 3-5 we will show that, for any given G > 0,

1
- nyr—G
(2.3) Ri(N) = o5 Fo > Alg) + 0L,
q<P
where
(2.4)
1
.’E'u <<PO = Z m«x“ forNE(m/Q,x}
mi+ma+mz+mya=N
I/Qk+1<mk§1

In Section 6 we will derive from (2.3) that for all but < g443/450+e
positive even integers 2/2 < N < z, the following holds

(2.5) Rl( 120 0 H s(p —|— O el P )
p<P

Using that

[ s > (og P)=>*

p<P

(see [1, Lemma 4.5]) the theorem follows from (2.1), (2.2), (2.4) and
(2.5).

3. The major arcs. We will make use of the following lemmas:
Lemma 3.1. If (a,q) = 1, then

Crla, X)) < ¢/%*=.
Proof. This is contained in Lemmas 5.1 and 5.2 in [9].

Lemma 3.2. Let f(z), g(z) and f'(z) be three real differentiable and
monotonic functions in the interval [a,b] and |g(z)] < M.

(i) If |f'(x)| > m > 0, then

b
/ g(@)e(f(x))de < M/m.
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(ii) If | f"(z)| > r > 0, then

b
/ o(@)e(F(z)) dx < M/r1/2.

(i) If | f'(z)| <0 < 1, g(x), ¢'(x) < 1, then

> atmelsn) = [ bg(x)e(f(x))dHO(l%@).

Proof. See Lemma 4.8 in [13].

Lemma 3.3. For primitive characters X1 mod r;, i = 1,2,3,4, and
the principal character Xg mod q, we have

Z |Z(q, XoX1, XoX2, XoX3, XoX4)|

—14¢ 1 P)¢
o1(0) <o)

q<P
rlq

where T = [r1,72,73,T4].
Proof. Let J denote the lefthand side in Lemma 3.3, and write

Z(q) = Z(q,XoX1,XoX2,X0X4,XoX4). Using Lemmas 4.1 and 4.3 a)
in [1], we argue as in the proof of Lemma 6.7 in [7] and obtain

Z
T« X S S 1Al
ula %SP)/'U,{'
q,r)=

where ¢ < 1. From Lemma 3.1, we derive

Zn)| _ o
2 i) <7

Lemma 3.3 follows therefore from
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Lemma 3.4.

Z |A(q)| < (log P)°.
q<P

Proof. Using Lemmas 4.1, 4.4a) and (4.6) in [1], we find
> A(q |<<H(1+ )<< (log P)°.
q<P p<P

Splitting the summation over n in residue classes modulo ¢ we obtain

Ci(a, q)
Sk( + )\) (2) Ti(X) +

> Cila, X)Wi(X,X) + O(L?).

1
o) osi,
Thus we obtain from (2.1),

(3.1)  Ry(N)=R[(N)+R{(N)+O'L™%) for any G >0,

where

L

5

Z /1/Qq

1<a<q’—1/Qq k 2

1/Qq
.S Y / Con, )T (V)

4
ko= 2q<P¢ l<a<q 1/que{kl}

(a,q)e <_ gzv> Ti(N)e(—AN) d),

k<l
5 a
101 > Co(a,x)Wo(/\,x)e<— -N-— /\N) dX
0=2 Xmodgq q
o#£k
o#l
1/Qq
+zz¢4 > caan
k=2q<P 1<a,<q 1/Qq

H Z Ci(a, ))Wi (X, X)e <—%N—>\N> d\

=2 Xmodgq
l#£k
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1/Qq t

+ o 2 )

1<a<q 1/Q‘1k 2Xmodq
- Cr(a, X)Wi(X, A)e<— g N - AN) A,

=: 51+ S5+ S5+ 5;4.

We first calculate Ry*(N). Applying Lemma 3.2 yields

Yz
Tr(N\) :/ e(AuP) du + O(1)
Y2kt

= % / v /Ee(Av) dv 4+ O(1)

@ /2k+1
1 e(Am)
~ Z ml—(1/k) +0(1).
z/2k+1<m<z

Substituting this in RT*(N), we see

Ri"(N):m aw [T I ¥ s )e-mna

1/Qq 2o \ g /okticm<a

1/Qa 5 e(Am)
2o Z Alg / I > l—(1/k) CD‘D'
Using Lemma 3.3 and the trivial bound

1/Qq k=3 2/28H <me

e(Am) A 1

z /2l <m<z



1158 C. BAUER

we derive
(3.3)
" 1 /2 2 e(Am)

1/2
|A(q |/ d)\> +O(z*L™9)
(q<P 1/qq @ FIAE “I/\I4

= oo > Alg) + O((PQ)*x" L) + O(a" L™C)
q<P

POZA )+ O(a* L™C),

q<P

where Py is defined as in (2.4) and E is chosen sufficiently large in
Q = NP 'L, In the sequel E = E(Q) is fixed. Now we estimate
the terms S;, ¢ = 1,2, 3,4. Using Lemma 3.3 we can estimate .S in the
following way:

SIEY s Y Y Y Y

q<P Xz2modg Xsmodg Xgmodg Xsmodg
1/Qq 5
“1Z(q, X2, X3, X4, X5) |/ T IWexx;)1 dA
1/Qq k=2
* * * *
DD ID DD DR DD DD DD
ro<P r3g<P ry<P rs <P Xz2modrs Xzmodrs Xgmodry Xsmodrs

[ra2,r3,74,75]<P

1/Q[T2,7‘3,T4,7‘5] 5
/ TT Wi x| dA

—1/Q[r2,r3,r4,r5] .o

Z |Z(q, X2Xo0, X3X0, XaX0, X5X0)|
= ¢*(q) ’

[r2,r3 ;“477“5]\4

<<LCZ Z Z Z[Tg,Tg,T4,T5]_1+E

ro<P rg<P ry<P r5<P

)OEED VD DD )

Xzmodry Xgmodrs Xgmodry Xsmodrs
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5
/ TT e xi)l dA.
—1/Qlr2,73,74,75]

k=2

Using [rg, 73, 74,75] > (1273)Y/ 7 (rars5)%/1*, we obtain

c —5/14+¢ *
L
Su L, s, 2Tk 2
re<P X modrg
- [Wi(A Xi | max rf5/14+5
A<1/Q <P
Z* ‘V[/l(/\’xl| Z 7";,11/7+€ Z*
4 X;modr; rm <P Xy mod 7,
(3-4) 1/Qrm 1/2
(2w
—1/Qrm
N 1/Qry 1/2
. Z 7,,1:1/7+E Z (/ Wn()\7xn|2d)\)
rn<P Xpnmodr, —1/Qrn
< L° max max Ii(A) max LMW, W,,
2<k<l<m<n<5 |A|[<1/Q IAI<1/Q
where
L) = 37 e 3w, ¥,
r<P X
« 1/Qr 1/2
W=y r /Ty (/ Wk()\,xzd)\) .
<P X —-1/Qr

Arguing similarly we obtain

S1+ 8+ 853« L° |Tk()\)|

max max
2<k<l<m<n<5 |X|<1/Q

1/Q 1/2
: (A T (A2 dA W,
s ([ P

-1/Q
(3.5) +L¢ max max |Tp(A)| max |T;(N\)|W,,W,
2<k<i<m<n<5 |A[<1/Q IAI<1/Q
+ L° max max |Tp(A)| max (AW, W,.

2<k<l<m<n<5 |A\|<1/Q IA<1/Q
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We have trivially

max |[T(\)| < z/k.
o T3]

Using (3.2) we obtain

1/Q 1/2
(/ T(A)|2d)\) < g1/R=1/2),
-1/Q

Thus we see from (3.1) and (3.3)—(3.5) that the proof of (2.3) reduces
to the proof of the following two lemmas:

Lemma 3.5. If P < 2(T/10)=¢ gnd 9 < k < 5,
Wk <p xl/k*l/QLfB
for any B > 0.

Lemma 3.6. If P < 2(7/150)=¢ gnd 2 <k < 5,

max I(\) < z'/FLA
N<1/Q

for a certain A > 0.

For the proof of these lemmas we will appeal to the following lemmas:

Lemma 3.7. Forany P>1,T>1 and k=0,1,

3T /TT L(k)(% +it,X)

q<P X -

4
dt < P*T(log PT)**+1),

Lemma 3.8. For any P> 1, T > 1 and any complex numbers a.,

« T M 2 M
S Y x| ds Y (P we
<P x YT lp—pminN n=M+N
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Lemma 3.9. Let N*(«, T, q) denote the number of zeros o + it of all

L-functions to primitive characters modulo q within the region o > «,
[t| <T. Then

> N (o, T,q) < T/ (log QT)*.
q<Q

The lemmas 3.7-3.9 may be found in [10, Chapters 2, 3 and 5].

4. Proof of Lemma 3.5. In order to prove the lemma, it is enough
to show that

(4.1) Wl@R < f(l/k)*(1/2)R1/7faLfB’

where
1/Qr 1/2
Wi (\, x[? d>\>

£ (f

r~R X -1/Qr

for R < P/2. Applying Lemma 1 [4], we see

(4.2)
1/Qr
[ miooop o
—-1/Qr
T 2
< (QR)‘2/ > Am)x(m)-E, Y 1] dt.
/2k+2 t<m*<t+Qr t<mP<t+Qr
z/2F <mb <z z/2F <mb <z

We set X = max(z/2¥1t) and X +Y = min(x,t + Qr). In the
sequel we will treat the case R > LP” and R < LP for a sufficiently
large constant D > 0 separately. In the first case we apply a slight
modification of Heath-Brown’s identity [6],

ISP SV 2. VENVERVE TP
C<>;;<j)<1> ¢ (5) ()M (s)
CL

- f(s)(l —C(s)M(s)",
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with K =5 and
Ms) = S i)
n<gl/5k
to the sum
X<mk<X+Y

Arguing exactly as in part II1, [15], we find by applying Heath Brown’s
identity and Perron’s summation formula (see [13, Lemma 3.12]) that
the inner sum of (4.2) — where always Fy = 0 because of R > LP
and the primitivity of the characters —is a linear combination of O(L¢)
terms of the form

g 1 T » 1 iy (X+Y)(1/2+zu)/k _X(1/2+iu)/k
k Flg T (1/2) + iu

2mi J_p

+ O(Tfl‘,L,(l/k)Jrs)7

du

where 2 < T < z,
10
Fk(-T,X) = ka,j(S,X%
j=1

Fri(s,) =Y ar(m)x(nn,

nely,;

lognorl j=1,

4.3
(+3) a,j(n) =41 1<j<5,,
u(n) 6 <10
Ij = (Nk,;j, 2Nk 5], 1 <5 <10,
10
Yo < [[Ney < V2, Niy <2'/%% 6<j<10.

j=1

Since

(X + Y)W/RIA/D+iu] _ x Q/R)[(1/2)+iu]
(1/2) + iu

< min(QRI(l/Qk)fl, xl/%(|u| + 1)71)
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by taking T = 2% P%(1 + |\|x) and Ty = 2(QR)~!, we conclude that
To
< QRx(l/Qk)fl/

Sk is bounded by
1 .
Fk<— + Zt,X) ‘ du
—T 2

1
+x1/2k/ Fk< +it, x)}—+ /R p=2,
To<|ul<T 2

Thus we derive from (4.2) that in order to prove (4.1) it is enough to
show that

(4.4) > Z /

r~R X

< +Zt X> ‘dt < xl/Qle/775LfB’

2Ty

(45) 22/

r~R X

< + it, X>’dt

< g /P*IQRY T LB Ty < Ty < T.

For the proof of (4.4) and (4.5) we will prove two propositions. We will
need the estimate

(4.6) > di(n) < aLF).

n<z

‘We now establish

Proposition 1. If there exist Ny ;, and N j,, 1 < ji1, jo2 <5, such
that Ny, j, Ni j, > PY2/7T3¢ then (4.4) is true.

Proof. We suppose without loss of generality that j; = 1, a1(n) =
logn and jo = 2, az(n) = 1. Arguing exactly as in the proof of
Proposition 1 in [15], we find

1/k

fm( +it, x) <<L</m .

4 1/4

dv

- _|_L’
1+ |v|>

1
L’<§+it+iv,X>
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and so we find by using Lemma 3.7,

( + it X)
2Lk

<<L4/ 1/ 1+\U\ ZZ /

r~R X

4
dt

>y [

r~R X

To+v
dt + TyR*L*

(o)

To+v 4
< L max / / ( + it, x) dt
|N|<at/* N/21+|U|TZ};XX: v
+ ToR*L*
To N+t 4
+ L% max N*1 dt / ( + v, X) dv
RS Z;%szd N/2)+t
+ ToR*L*
< R*T,L°.

Using Lemma 3.8, (4.6) and Holder’s inequality, we obtain
To
>y

Fk< + it, X)‘dt
r~R X

< ZZ/ fkl( +ztx>‘dt>1/4

(TNR X

(ZI;XX:/ ka( +it, X)‘dt)lM
1/2

(S5 [ (o))

1/k 1/2
<<(f#15f/2<32ﬂ)+~—fi———) Le

r~R X
Ni 1N 2

< I1/2kR1/77€L7B,

by the definition of Ty and the condition of the proposition.
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Proposition 2. Let J = {1,...,10}. If J can be divided into two
nonoverlapping subsets J, and Jo such that

max( H Ng.js H N,w) < gl/k p-(12/7)=3¢

j€J1 jGJQ

then (4.4) is true.
Proof. let

Fri(s,X) = H f,5(8,%)

Jj€J;

= Y bin)x(mn~,
nM;
bi(n) < d5(n), i—=1,2,

where M; = HjeJiNk o= 1,2. Applying Lemma 3.8, (4.3) and (4.6)
we see

1
Fk<§+it,x>’dt

1 1/2
Fia (5 +it,X> ‘ dt)
N To 1 1/2
: (ZZ / Fk2<—+it,x>‘dt)
O ’ 2
r~R X
< (R*Ty + My)2(R*Ty) 4+ My)Y/?
< R*T) + xl/QkRP—(6/7)—(3/2)aT01/2 + g2k e,

>y

r~R X

This proves the proposition because of R > L”. Whereas for the proof
of the proposition an estimate P < z(7/130)=¢ would have been enough,
we need the estimate P < z(7/10)=¢ in the following. Now we can prove
(4.4). In view of Proposition 1 we assume

NyiNpy < PP7H3e <25k 1 < j<5, i#].
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Therefore, we see from (4.3) that there exists at most one Ny j,
1 < j <10, with Ny; > 2'/°%. Suppose such a Ny ; is Ny j, if it
exists (otherwise Ny j, = 1). Reorder the other Ny ; as follows:

NkvjlszquZ.'.ZNkJK; K =9 or 10.
We find an integer 1 <1 < K — 1 such that
NijoNeg, - Nijioy <2 and - NijoNij, - Nigy, = /%%,

Taking M1 = ]\f/€7]‘l)]\/v]€)j'1 -~-Nk,jz and Mg = Nk . "Nk7jK7 we have

Ji1
M1 < Iz/Ska,jl S I’S/Sk and M2 < $1/5kM1_1 < I3/5k.

The sets M; and M, satisfy the conditions of Proposition 2 and
therefore (4.4) is proved. The proof of (4.5) goes along the same lines.
(4.1) is now proved in the case R > LP. If R < LP we can estimate
the sum on the righthand side of (4.2) by using the zero expansion of
the von Mangoldt function:

t<m®<t+Qr t<m®<t+Qr
z/2F <mF <z z/2F <mF <z
= > Amx(m)-E, Y 1
X<mk<X+Y X<mk<X+Y
k k
< Z (X + Y)p/ _ Xp/ . O(x2/3kL2)
[Im p|<al/3k P P
< QRg(M/P—1 Z 2Pk O(xQ/?”“Lz),
[Tm p| <at/3k

where p runs over the nontrivial zeros of the L-function corresponding
to X mod 7 with [Im p| < 2'/3% and 8 = Rep. Applying Lemma 3.9
and the fact that L(o + it, X) with X mod » < L” has no zeros in the
region (see [12], VIII Satz 6.2)

o>1-6(T):=1 0

_ t<T
- logr + (log(T + 2))4/5’ =T
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1/3k

where ¢y is an absolute constant and taking T = =« we obtain

from (4.2)
1/Qr

/ [Wr(X, X)|? dA
—-1/Qr

2
< I(z/k)1< Z x(ﬁl)/k) i (QR)’Q:IJHW%)L“

|m p| <a1/3k

<<x<2/k>*1LC( ax x(4/5k)(175)x(1/k)(ﬁfl))2
(1/2)<B<1-8(T)

+ PQx(4/3k)71L2E+4

< @M exp(—cL'/?).

This gives (4.1) for R < LP.

5. Proof of Lemma 3.6. To prove the lemma it is enough to show

that
* Wi (A, X, l/kR(5/14)—ELA
RHS%?;%; WA )| < @ :

uniformly for [A| < Q~!. Arguing as in the section before — we do not
have to apply Gallagher’s lemma here — we find

T 1
/ F<— +it,X> dt
e | \2

* t
/ u(l/%)le<—1ogu+>\u> du
x/2k+1 2km

for T = P3. Estimating the inner integral by Lemma 3.2, we obtain

¢ t
/ u(l/%)le<—logu—|—)\u) du
x/2k+1 2k

< (/2R =1 mip ( i i [t + 2k7r)\u|).

vV ‘t| + 17 minm/2k+1<u§m

Taking Ty = 4knx@Q ™!, we conclude that in order to prove this lemma
it is enough to prove that for P < 2(7/150)=¢ and 2 < k < 5, the

Wi\ X) < L¢  max

al

_'_xl/kpfl’
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following holds

(5.1)

Fy, (% + it, X) ‘ dt < wl/szg/2R5/14_ELc,
(5.2)

>y

r~R X T

2T,

1
B, (5 + it x> ‘ dt < &'/*RYMET L
To < ‘T1| <T.

These estimates are shown in the same way as (4.4) and (4.5). here
the condition P < 2(7/150)~¢ ig needed. Two propositions analogous to
Propositions 1 and 2 are proved:

Proposition 3. If there exist Ny j, and Ny j,, 1 < j1, j2 <5, such
that Ny j,, Nij, > PY73  then (5.1) is true.

Proposition 4. Let J = {1,...,10}. If J can be divided into two
nonoverlapping subsets J; and Js such that

max( H Nk, j, H Nk’j) < g/ p-O/T) -3¢
je€J1 jeds

then (5.1) is true.

Remark. Here we do not need to treat the case R > LT separately
because we do not have to save a factor L~5.

6. The singular series. We now derive (2.5) from (2.3). In the
sequel we write A(q, N) instead of A(q) and s(p, N) instead of s(p)
because we will argue for variable N.

Lemma 6.1. For P < x(7/150)_5, we have

(6.1) >

N<lz

H s(p,N) — Z A(q,N)‘ < g P~ (1/3)+e

p<P g<P
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which implies that for all but < z't?¢P~1/3 even integers N with
1 < N <z, the following holds

(6.2) H s(p,N) = Z A(g,N) +O(z~%).

p<P q<P

From here, (2.5) follows.

Proof. Equation (6.1) was proved in Lemma 5.1 in [1] for a sufficiently
small € for P as large as x°. We show that it also holds for z° < P <
z(7/150)=¢ " We argue exactly as in the proof of Lemma 5.1 in [1], but
here we set: V := exp(log zlog P/loglog z) and v = 3loglogx/4log P.
Denoting the lefthand side in (6.1) by J, we follow the proof of
Lemma 5.1 in [1]:

J< xvaLcLl/Q 4 gltep=1/3 4 p7/84e 4 1(31/40)+e

Z (mlog(xze))™
10<m<(2+¢)log P/ loglogx
(6.3)
< x7/8+s + x1+sP71/3 + J)(31/40)+E

) (m(log(we))™.

10<m<(2+¢)log P/ loglogx

For the calculation of the last sum, we have used 2(m=1/2 <V and
therefore m < (2 + ¢)log P(loglogx)~! for a sufficiently large x. We
obtain as an upper bound:

< pe > (log(we))™
10<m<(2+¢) log P/ loglog x

< P?T¢ exp((2 + €) log Ploglog(ze)/loglog x) log P/ log log =
< P** e exp((2 + 2¢)log P) log P < P*T3¢,

(6.4)

We derive from (6.3) and (6.4)
J < 7/8Fe 1 plte p=1/3 | 1(31/40)+¢ pa+3e e
< $1+5P71/3'
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This completes the proof of Lemma 6.1.
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