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THE SHARP BOUND FOR SOME COEFFICIENT
FUNCTIONAL WITHIN THE CLASS OF HOLOMORPHIC
BOUNDED FUNCTIONS AND ITS APPLICATIONS

K. KIEPIELA, M. PIETRZYK AND J. SZYNAL

ABSTRACT. We determine the sharp bound of the func-
tional |cg 4 peicz + gc}| for any given real numbers p and
q within the class of holomorphic and bounded functions
w(z) =c1z+cz+ ..., |w(z)| <1, |2| <1, which have real
coefficients. Applications are given.

1. Let € denote the class of holomorphic functions of the form
(1) w(z)=crz+cz? + -+

in the unit disk |z| < 1 which satisfies the condition |w(z)| < 1, |z| < 1.
In [3] the sharp bound for the functional was given by

(2) U(w) = |c3 + perca + qc|

where p and ¢ are arbitrary but fixed real numbers.

Namely, the following theorem holds.

Theorem A. If w € , then for any real numbers p and q, the
following sharp estimate holds:

(3) U(w) < H(p,q)
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where
(4)
fOI'(p7q)€D1UD2
la for (p, q) € Uf_3 Dy
2 lpl+1  \/2
PO s for (p,q) €Dg U D
. S0 (5 firrg) o ma)eDsU Dy
(pa)=9 Podn g P12 _
gq(p2—4q) (3(q_1)) for (p,q) € D1oUD11 \ {£2,1}
2 lpl—=1 /2
SUpl=Dl o —— for (p,q)eD
5l KNM—Lm) or (p,q) € Dro

The extremal functions, up to the rotation, have the form:
w(iz)=2, wi) =2 wi) =w(z)=z20t —2)/1—-tz2),

tl = <7p| + 1 )1/2
3(lp| +1+q)

[(1 = MXNeg + Aey] — 1622
1-— [(1 — /\)61 + )\62]2

w(z) =wp(z) = =z

lex] = [e2] =1
g1 =ty —e /2T b), e3=—e¥/2(ia+b),
5 b+
(5) aztocos%, b= 1—t%sinzﬂ7 A= 2ba

_ [2q<p24—2>—-3p2}1/2
*7 3¢ - D(p* - 4q)
s PO P {q(p2 +8) 200" + 2)]
2 2 2q(p? + 2) — 3p?
. B 1/2
w(z) = wn(z) = 220 ﬁ‘GTB_LT)'

z b
14122 lp|—1—4¢

Yo _ P

The sets Dy, k =1,2,...,12 are defined as follows:

1
Dyi={na) bl < 5, o <1,

Dm—{@ﬂ% —%MHJP—OP+U§q§1}
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(p;q) : Ipl > 4,

1
Ds:=3(pa):5<pl<2
2 4 3
©) ~ 2Pl + D) << o (el + 1P = (bl + 1)
9 2|p|(|p| + 1) }

Dy :={(p,q):|p| =2 —=(lp|+1) <g< UL

. {@m i 3P+ <a< oo

20p|(|p| + 1) Lo }

Dig:=9(Pq) :2<|p| <4, 5 <q¢< (" +8)y,

10 {(pQ) Ip| p2+2/p[+4 q 12(p )

2pl(pl + 1) __ 2lpl(pl = 1)
pP+2pl+4 7" 7 p? = 2pl+4 )

2lp[(lpl = 1)

Dy = ,q) s |p| >4,

2
<a<3l-D}.

As one can see from the formulae (5) all the extremal functions except
wo(z) have real coefficients. Therefore, if one considers the problem of
the sharp bound for the functional (2) within the subclass Q" C Q
consisting of functions w(z) which have real coefficients, the bound will
be different if (p, q) € D1oU D11\ {£2,1}, where the extremal function
is wo(2).

The corresponding sharp result is presented in Theorem 1. We
also give the applications for the class of holomorphic bounded and
nonvanishing functions in the unit disk as well as for the class of
bounded starlike functions, where we apply some deep result of Barnard
and Lewis [1].

Let us mention finally that our Theorem A and Theorem 1 are very
useful for other classes of holomorphic functions which are defined by
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subordination.

Theorem 1.

If w € Q") then for any real numbers p and q the

following sharp estimate holds

(7) ¥(w) < G(p,q)

where

(8)
1 for (p,q) €Dy U Dy
lq| Jor (p,q) €Uf_g Dy
2 |p|+1 1/2
- Hl——— ,q) € DguDJU D0

’ 1 2 \3 ’

1+2—7% for (p,q) € DY UDY, \ {£2,1}
2 (Ip|=1) 1/2 0 00
3 (|p| 1)(3(|p‘_1_q)) fOT’ (p,q)€D12UD12

The sets D, D°, DY,, DY, DY,, DY are defined as follows:

(9)

08 = {.0):
o {0
DYy = {(p, 9)
DY, = {(WJ)
0%, {0

4 <p| < po, qolp) <qg<—

9
2 < |p| < po, —g(lpl +1)<q< qO(p)},

2 p?—1
bl 20 =3 (ol + ) < g <250

p*+3
1

2 < bl <4, ap) <q< —@+&}

12

5 (0= 007 4=}

1
14 < |p| <po, =5 (Ipl— 1)(p*— 4|p|— 8)
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The number py € (4.51,4.52) is the root of the equation p3—4p®—5p+
12 = 0, and the function ¢ = go(p) is the unique root of the equation

(t=p® —4q):
(10)  81t3 — 3(p — 2)(2p* + 19p + 26)t2
+ (P-4 +2p - 8)t — (P* —4)* = 0.
The extremal function for (p,q) € DY, U DY, has the form

zo + (1/2)pxoz + 22 2 p?—4
o= = .
1+ (1/2)pwoz + w922’ 07 3 p2—4q

(1) w(z) = whlz) = =

Proof. We can restrict ourselves to the case p > 2 and (p,q) €
D, u D\ {2,1}, where

10 {(p7Q) P4 2 2 1 4> 12 (p )

(12) pp+1) _ _ 2p(p—1) }

+ .
D11—{(p7q)-p24, PR i - v

Note that in the case under consideration we have (p? — 4q) > 0.
In order to find the maximum of (2) we will use the Caratheodory
inequalities [3], which for the class Q" take the form:
-1< <1
(1= <ep<1-¢2
—(1—=c)?+c3—cics <c3(1—¢F)

<(1=e2)? —c2—cica.

(13)

If ¢; = £1, then ¥(w) = |q|. Putting ¢c; =z € (-1,1), ca =y €
[—(1 —2?), (1 — 2?)] we have by (13) the following inequality:

2

(c3 + peres + qc‘;’) <1-22- y + pry + qz>.
1

— T

Denoting

1
(14) ®(w,y) = —y——y* +pay+ (1 —2* +qz%),
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we easily find

(15) max O(x,y)

—(1-22)<y<l-a?
O(x,—(1—2?)) := Hy(z) ifyo < —(1—2a?)
=< O(x,yo) := Ha(x) if —(1—-22)<yo<1—2a?
®(x,1 —2?) := Hz() if yo > 1 — 22
where

1
Yo = 5;037(1 — ).
Taking into account that p > 2, we obtain from (15):

Hi(z) = (q+p+1)2®— (p+ 1)z,

(16) . -2
if —1<z<—— and p>2;
p+2
L 2\ 3 L 2
Hy(x) = 4= P x° + Zp—l:c—f—l,
-2
17 if ———<z<1 and € (2,4],
(17) 5 <as pe (2
and _—2<x<i and > 4;
p+2~ T p—2 p=%
3 2
(18)  Hz(z)=(¢—p+1)z°+ (p— 1z, S srslh p=4

After the determination of the maximal values of Hj(x), Ho(z) and
Hs(x) in the corresponding intervals for z, and taking into account that

(p,q) € Dfy U D} \ {2,1}, we find

1
max Hy( H1 p+ >
—1<2<-2/(p+2) 3(g+p+ 1
(19) _p+1l
3(p+1+¢q)’

for all (p,q) € D}y U D};
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(20)

2 p?—4 1 (p°-4)°
Hy(z) = Ho (o = = = a2
o/ (pRy<a<i 2(x) 2 (xo 3 p?— 4q) T (p? — 49)*’

for pe(2,4] and (p,q) € Dfy\{2,1};

max Hy(x)
—2/(p+2)<z<2/(p—2)

2 p?—4 4
Hg(gm) for (p,q) € D{; and
1
(21) ¢ —(P- 1" —4p-38)
= ) .
H, (p— 2) for (p,q) € D{; and
1
¢z -5 (P=1p* —4p-8),
(22)
i
2/(p— x
2 +
H; <p — 2) for (p,qieD11 and
< ——(p=1)(p>—4p-38
¢ < —5(=1)(p*~4p—8)
Hg( 73(;0_1_(])) for (p,q) € D] and
P =1 1
=-(p=1)y/=—0—— > ——(p=1)(p*—4p—38
5 (p=1) Sp-i-g 92 3 = D@*—4p—8)

One can observe that Hy(2/(p—2)) = H3(2/(p—2)). Then, comparing
(21) and (22) we find that for p > 4 and (p,q) € Dy, we have

(23)
max{max Hs(z), max Hs(x)}
21 Pl s Lo ap-s
B g(p— ) m 1q_—ﬁ(p— )(p®—4p—8)
14 & o4 if g <~ (p=1)(p*— 4p—8)

27 (p® — 4g)° 12
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Now we have to compare (23) and the maximal value of H; (), i.e.,

2 p+1

3 (P+1) 3(p+1+q)

3 fOI‘pZ4,(p,q)€Dii_1,

and maximal value of H;(x) with

1 (p*—4)° +
ﬁ m for pE (2,4] and (p, q) S DlO'

The inequality

p+1

2 [
=3V 3(p+1+q)

2 p—1
Sp—1), | L
30519
holds for (p,q) € D}, and ¢ > —(1/12)(p — 1)(p? — 4p — 8) if and only
if p > po and ¢ > 2[(p* — 1)/(p* + 3)]-

The simple considerations prove that the equation
1 (pP—4)3 2 p+1
(24) 27 (p? — 4q)? 3(p ) 3(p+1+9q)
has for fixed p € (2,4] and ¢ € [(2p(p+1))/(p*+2p+4); (1/12)(p*+8)] as
well as for fixed p € (4,p1) and g € [(2p(p+1))/(p*+2p+4), —(1/12)(p—
1)(p? — 4p — 8)] exactly one solution ¢ = gqo(p) (the number, p,
p1 > po is the unique root of the equation (2p(p+1))(p? +2p+4)~! =
—(1/12)(p = 1)(p* — 4p - 8).

After some calculations one can reduce the equation (24) to the
equation of the third degree (10) where we put ¢ = (p* — 4q).

The number pg € (4.51;4.52) being the root of the equation p® —4p? —
5p + 12 = 0 is this particular value of p for which the curves ¢ = qo(p),
q=2(p* —1)/(p* +3) and ¢ = —(1/12)(p — 1)(p? — 4p — 8) meet.

Taking into account (19), (20) and (23), we get (8).

The extremal function for p,q € (DY, U DY;) has the form

w(z) =wy(z) = c(lr)z + cgr)z2 + cg")z?’ + ..

(25) T—2Z T—2Zz |‘<1
=z
1-r2)\1-72) " ’




SHARP BOUND FOR SOME COEFFICIENT FUNCTIONAL 321

where

r) 2 p2 —4
Cl =9 = <
3 p2—4q
1
C(QT) = iparo(l — o)
2
Y,
Cgr) =1 5 _Oxo =1-= x(Q) - 11925”3(1 — )

Comparing the coefficients in (25) we can determine the value of 7
and the final form (11) of the extremal function follows. This ends the
proof of Theorem 1. o

2. (a) Now we will apply Theorem 1 to get the sharp bound,
depending on t = —log ag, for |ag| within the class Bj of holomorphic
functions in |z| < 1 of the form

(26) f)=ettarz+a®+..., t>0,]z <1,

which satisfy the condition 0 < |f(2)] < 1, |z| < 1, and have real
coefficients.

It is well known that

(27) fEBS@f(z)_exp{—t%:jEz;}, we

Comparison of the coefficients in (27) together with (26) and (1)
implies

a; = 2te ey
oy w=2eet (- )e)

1
as = 2te*t{03 +2(t — 1)cren + 3 (2t2 — 6t + 3)011)’}.
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Theorem 2. If f € Bjj, then we have the following sharp estimates

(29)
2e! fort € (0,t]
2v/2
Tf e~t(2t — 1)3/2 fort € [t1, 3]
las| < § 2,2

= te t(2t — 3)3/2(—12 + 6t — 6)"V/2  fort € [ty t3]

2
3 te~t(2t? — 6t + 3) for t € [ts, +00).

The numbers t;y = 1.65..., to = 3.30..., t3 = 3.82... are the roots
of the equations

1613 —33t2 +12t —2=0
(30) 8t* —40t3 +50t2 — 18t +3 =0
2t2 — 10t +9 = 0,

respectively.

Proof. By the formula (28) the estimate of |as| is equivalent to the
value of the bound of functional (2) for w € " with p = 2(¢ — 1) and
q=(1/3)(2t* — 6t + 3).

Therefore, the extremal values for |as| follow from (8). For the
determination of the numbers tq, ¢y and t3 we have to find the points
of intersection of the parabola

1
(31) ¢=5*-2p-2), p>-2
and the boundary curves of the sets Dy given by (9). The parabola
(31) starts at the point (—2,1) and intersects the curves:

L 1P - (p+ 1)

qzﬁ

2
213 and q:§(p—1).

The curve ¢ = 2(p? — 1)/(p? + 3) intersects with parabola (31) for
p=pe (4.6,4.7).
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The above results together with the estimates for By given in [4]
imply (29) and (30), which ends the proof.

Remark. One can observe by comparing the estimates (29) for the
class B} with those for the class By [4] that they are the same except
for the interval 3.30... <t <3.47....

(b) An interesting application of Theorem A is the coefficient problem
within the class of bounded univalent and starlike functions in the unit
disk |z] < 1.

For fixed M > 1, let S}, denote the class of holomorphic, univalent
functions in |z| < 1 of the form:

(32) F(2) =2+ a2 +azz® +--- |2| < 1,
which satisfy the conditions

2F'(z)
F(z)

|F(z)] <M and Re >0 for|z| <1

For this class of functions very little is known about the coefficient’s
estimate.

Namely, we have sharp bound

1
‘a2‘§2(1_a)7 a:ME(Oal)

and the sign of equality holds for the so-called Pick functions Pps(z)
(33) Py(z) = 2+ Ap2® + Ag2® + ... |z < 1

which maps the disk |z| < 1 onto the disk |w| < M minus the segment
[-M,—M(2M —1—-2/M(M —1))].

In [1] Barnard and Lewis proved a very interesting result that, if
f € Sy, then

P,
< log M(Z),
z

(34) log Fiz)

that is, log(F(2)/z) = log(Pum(w(z))/w(z)), w € Q.
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Comparison of the coefficients in (34) together with (1) and (32)
implies

az = Ascy
(35) a3 = Asco + A3C%

ay = A4Ci’ + 2Asc1c0 + Ascs,
where

A2 = 2(1 — (l)

As = (1—a)(3 — 5a)
(36)

Ay =2(1-a)(2—8a+ Tda?),
1
a = M S (0, 1)

Therefore, we have

Theorem 3. If F' € S}, then we have the following estimates

(1—a)(3—5a) forac(0,(1/5)]
(37) las| < {2(1—a) fora € [(1/5),1]
(38)
2(1 — a)(2 — 8a + 7a?) forac (0, 5—79}
253/2(1—a)(1—5a)3/2(2—8a+7a2) T
|as] < : (1—="7a) (14 3a) Jorae {E’al} ,
47\/5 (1—a)Y/?(4=5a)%/?(6—"7a)"/? fora € [a%,a}]

2(1 —a) fora € a3, 1)

where af € (0.12,0.13), a3 € (0.23,0.24) are the unique roots of the
equations

175a% — 30502 + 1484 — 14 = 0
500a® — 1011a® + 609a — 94 = 0,

respectively.
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Proof. The estimate (37) was given in [1] and follows from (35) and
(36) by direct calculations. In order to obtain (38) we apply Theorem A
and the result of Barnard and Lewis (34).

The use of the formulae (35) and (36) and the investigation of the
points of intersections yield the curve

1
:%(7;02—2;0—7), p> -2,

with boundaries of Dy given by (6), ending the proof of Theorem A.
]

q

Remark. It seems that the bounds (37) and (38) are sharp for M > 5
and M > (59/7), respectively.

(c) Another interesting class of functions for which the coefficient
problem is still unsolved is the class of a-strongly starlike functions,
0<a<l, eg,[2, 5]

Namely, we say that a holomorphic function F' of the form (32) is
a-strongly starlike, 0 < a < 1, F' € S*(a), if it satisfies the condition

)

™
ag,

|z| < 1.

It is well known that

las| <2a and Jas| <

and these bounds are sharp.

Applying Theorem A, we obtain

Theorem 4. If F € S*(a), a € (0,1], then the following sharp
estimates hold

2 2
£ 0.,/ 2
) < = fora € ( ; 17}

200, 2 1
?(17a +1) forae[ 1—7,1}



326 K. KIEPIELA, M. PIETRZYK AND J. SZYNAL

The extremal functions are given by the equations

T = (i) m T = ()

respectively.

Remark. The estimates (38) and (39) were already obtained in [6].
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