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COVARIANT REPRESENTABILITY FOR
COVARIANT MULTILINEAR OPERATORS

JAESEONG HEO

ABSTRACT. In this paper the notion of a covariant mul-
tilinear map from a C*-algebra to another is introduced.
Covariant completely bounded symmetric multilinear maps
are decomposed into covariant completely bounded and com-
pletely positive multilinear maps, and each covariant com-
pletely bounded map is covariantly representable in terms of
covariant representations and bridging operators. We show
that a covariant completely bounded multilinear map extends
to a completely bounded multilinear map on the crossed prod-
uct C*-algebra.

1. Introduction and preliminaries. Christensen and Sinclair
[2] were the first to formulate the notation of completely bounded
(respectively, completely positive) multilinear operators from a C*-
algebra into B(H) and gave representations for completely bounded
multilinear operators. In particular, they introduced the notion of a
representable k-linear operator from A* into B(H) and pioneered the
representability of completely bounded k-linear operators. Paulsen and
Smith [5] extended a representation of completely bounded multilinear
maps to the case of subspaces of C'*-algebras using the correspondence
between completely bounded multilinear maps and completely bounded
linear maps on Haagerup tensor products.

In Section 2 the notion of a covariant multilinear map from a C*-
algebra to another is introduced. To prove the covariant representa-
tion theorem for covariant completely bounded and completely positive
multilinear maps, we prove the technical lemmas which are covariant
versions of Theorem 2.8 and Lemma 3.1 in [2]. In Section 3 we con-
struct the covariant representations of covariant completely bounded
symmetric multilinear maps and show that such maps are decomposed
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into covariant completely bounded and completely positive multilinear
maps and that each covariant completely bounded map is covariantly
representable in terms of covariant representations and bridging oper-
ators. In Theorem 3.5 we will show that, given a C*-dynamical system
(A, G, ) with G amenable, a covariant completely bounded multilinear
map extends to a completely bounded multilinear map on the crossed
product A x, G.

We recall the definitions introduced in [2] about completely bounded
(and completely positive) multilinear maps for our convenience. Let A
and B be C*-algebras, and let ¢ : A¥ = Ax --- x A — B be a k-linear
map. The k-linear map ¢,, from M, (A)* into M, (B) is defined by

(1.1) On(A1, Az, ... Ag) = ( > dlarir, azes, - - - 7aktj)>
7,8,...,t

for all A, = (api;) € M, (A4), 1 <p <k. We define the norm of ¢,, by

[onll = sup{ll¢n(A1, A2, ..., An)| : Ap € M (A)
with [|4,]| <1 for 1<p<k}

and define the completely bounded norm of ¢, by

[¢llcb = sup{|[¢nl| : n € N}.
The k-linear map ¢ is called completely bounded if ||@|ler, < co0. We
denote CB(A*, B) by the set of all completely bounded k-linear maps.
The k-linear map ¢* from A* into B is defined by

(12) ¢*(a’13a23"'ak) :(ﬁ(a‘Za ,(Z;,GT)*

for all aq,as,...ar € A. The k-linear map ¢ is called symmetric (when
k = 1, self-adjoint) if ¢ = ¢*. Note that if ¢ is symmetric, then
¢ is completely symmetric in that ¢, = (¢,)* for all n and that
if ¢ is completely bounded, then so is ¢* with |[¢*|lcb = ||@|lcb [2]-
CB4(AF, B) will denote the set of all completely bounded symmetric
k-linear maps.

A k-linear map ¢ : A¥ — B is said to be completely positive if

(bn(Alv"' aAk) 2 0
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for all (Ay,...,Ax) = (Af,...,A}) € M, (A)F with A,, > 0if k is odd
where m = [(k+1)/2], and all n € N. Though every completely positive
linear map between C*-algebras is completely bounded, this fails in the
case of completely positive k-linear maps when k > 2. CB*(A*, B)
will denote the set of all completely bounded and completely positive
k-linear maps from A* into B. The set C B+ (A*, B) is a proper positive
cone in CB,(A* B). CB,(A* B) = CB*(A* B) — CB*(A*,B) if B
is an injective C*-algebra [2]. For details and other definitions, see [2].

2. Technical lemmas for covariant representations. In this
paper we will follow the notations in [6]. Let (A,G,a) be a C*-
dynamical system with a locally compact group G, and let U(H) be
the unitary group of B(H). If (A, G, a) is a C*-dynamical system, then
the action o : G — Aut (A) induces the action & : G — Aut (4%) by

(2.1) Gglar,. .. ax) = (aq4(ar),... ,aq(ar))

for all aj,...,ax € A. Given a unitary representation u : G — U(H),
a k-linear map ¢ : A¥ — U(H) is called u-covariant if

(2.2)

d(aglar, ... am)) = dlag(ar),. .. ,aq(am)) = ug¢(a1, ... ,am)ug

for each ay,...,an, € A and g € G. A covariant representation of
a C*-dynamical system (A4, G, ) is a triple (7,0, H) where (7, H) is
a representation of A on a Hilbert space H and (o,H) is a unitary
representation of G into U(H) such that

(2.3) m(ag(a)) = oym(a)o, foreachae A,ge€G.

The following Lemmas 2.1 and 2.2 are covariant versions of Theorem
2.8 and Lemma 3.1 in [2], respectively.

Lemma 2.1. Let (A,G,«a) be a C*-dynamical system with G
amenable and v : G — U(H) a unitary representation of G. If
¢ : A¥ — B(H) is a u-covariant completely bounded symmetric k-linear

map with k > 2, then there is a u-covariant completely positive linear
map ¢ : A — B(H) such that

(2.4) —hn(X*X) < dn(X*, Ag, o A, X) < hn(X*X)
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for all X € M, (A) and A = A* = (Ay,... ,Ap_1) € M,(A)*2 (not
occurring when k = 2) with ||Al| < 1, and for all n and such that
11 = N9 lleb < ll¢llsch-

Proof. By [2, Theorem 2.8|, there is a completely bounded and
completely positive k-linear map ¢ : A — B(H) such that

—on(X"X) < 0p (X7, Az, A1, X) < 0 (X7X)

for all X € M,(A) and A = A* = (As, ..., Ax_1) € M,(A)*2 with
lA]| <1 and all n and such that ||¢] = [|¢lleb = |@]lscb-

Let m be a right invariant mean on G, and define ¢ : A — B(H) by

(2.5) (W(a)§,m) = m(t — (upp(ar(a))ug, )

for a € A and &,n € H. Since ¢ is completely positive and m is a
positive linear functional, we see that i is completely positive. By the
right invariance of m, we have that m(t — f(ts)) = m(f) so that

*

= (uypar(as(a)))ug,m)
= m(t — (usupsp(as(a))uisuié,n))
(t = (uyp(ae(a))uuzé, uin))
= (uspp(a)uzé,m),

(¢(as(a))§,m) = mf(t

m
=m

for every s € (G, where the third equality follows from the right
invariance of m. Thus we have 9(as(a)) = ustp(a)u’ for each s € G.

For any © € A, a = a* = (ag,... ,ap_1) € A*¥~? and £ € H, we have

(P(a"z) — d(2", az, ..., ap—1,))§, &)
=m(t — (uip(a(z™2))ug, §))
—m(t — {p(x*,ag,...,ap_1,7)&E))
= m(t — (uyp(as(v"2))us — d(z*, ag, ... ,ar-1,7)§,§))
=m(t — (uf{p(a(z"2)) — plou(2"), u(az), ...,
ay(ag—1), () weg, §))

>0

)
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where the third equality follows from the u-covariance of ¢. Similarly,
we have ((Y(x*z) + ¢(a*,a9,... ,a5-1,2))¢,&) > 0. From the above
two inequalities, we conclude that

—Un(X"X) < p (X7, Az, A1, X) < 9 (X7X)

for all X € M,(A) and A = A* = (Aa, ..., Ar_1) € M, (A)*~2 with
lA]| <1 and all n. Since ||¢|| = ||¢]lscb, We can obtain ||¢| < [|d]lseb
by averaging the equation ||¢(-)|| = ||uX¢(-)us||, and this completes the
proof. ]

Lemma 2.2. Let (A,G,a) be a C*-dynamical system and u : G —
U(H) a unitary representation of G. Let ¢ : A¥ — B(H) be a u-
covariant completely bounded symmetric k-linear map with k > 2. If
v A— B(H) is a u-covariant completely positive linear map such that

—pn(X7X) < n(X7, A2, .00 A1, X) < on (X7 X)
for all X € M, (A) and A = A* = (Aa,... ,Ax_1) € M, (A)*2 with
lA]| <1 and all n, then there exist
(i) a covariant representation (w,0,K) of (A, G, a) into B(K),
(ii) @ continuous linear operator V € B(H, K) with ||V ||* = ||l¢|,

(iil) a o-covariant completely bounded symmetric (k — 2)-linear map
Y from A¥=2 into B(K) with ||{||ser < 1 (when k =2, v is just a fized
self-adjoint element of B(K) commuting with o)

such that

(1) ¢(ay, ... ar) = V*r(a1)¥(as, ... ,ax—1)m(ar)V forallay,...  ai
€A,

(2) V(H) reduces o and Vug = o,V for each g € G.

Proof. By [2, Lemma 3.1], there exist a Hilbert space K, a -
representation m of A on K, a continuous linear operator V € B(H, K)
with |[V|? = ||¢|| and a completely bounded symmetric (k — 2)-linear
map v : A2 — B(K) with [[%]|se, < 1 satisfying (1). Recalling the
proof in [2, Lemma 3.1], we first form the algebraic tensor product
A ®H and endow it with pre-inner product by setting

(@& y@nagn = (P(y )EN)n
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and extending linearly. To obtain I one divides by the kernel of
(-,"Yagn and completes. The representation m of A is defined by
m(a)(z®§) = ax @ If A is unital, the linear operator V : H — K
is defined by V¢ = 14 ® £&. If A is nonunital, let {a)} be a bounded
approximate identity of positive elements of norm < 1 in A, and define
V e B(H,K) by V& = w* — lim(a) ® £). The completely bounded
symmetric (k — 2)-linear map 1 : A¥=2 — B(K) is given by

<1/1(a27 s 70%,1)(.’[] ® 5)7 Yy 77>A®H = ((b(y*a azg, ... ,0k—1, $)§|7])H
We first define a map o : G — B(K) by setting

oz ®&) =ay(x)@uyg, geG
and extending linearly to A ® H. Since

(og(z® ), 04(y @) = (ag(x) ® ug, ay(y) ® ugn)
= (g (y)" ag(@))uglugn)
= ((y*z)¢ln)
=(z®&yamn),

we have that o, extends to an isometry on K. Further, o, is a unitary

because
(og(x®@&),y@mn) = {ag(z) @ uel,y @m)

= (p(y"ag(x))ugéln)

= (p(ag=1(y")x)€lugn)

=(z®& ag-1(y) @ ugn)
- <£E®£, g_l(y®n)>
Since ay(z) is norm continuous and u is strong continuous, o is strong
continuous on the finite sums of elementary tensors and the fact that
logll <1 allows one to pass to limits.

For each g € G and a € A, we have
ogm(a)oy(x @ &) = og(aag—1(x) ® uyé)

=a4(a)r®E&
= m(ag(a))(z ®§),
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which implies that (7,0, K) of (4,G, «) is a covariant representation
of (A,G,a). Since 0,VE = (14 ® ugé) = Vuyé for each £ € H, we get
Vug = o4V for each g € G. Similarly, this equality is also obtained in
the nonunital case.

To show the o-covariance of i, let asg, ... ,ax_1 € A. Then we have

(Yag(az), ..., ag(ar—1))(z @ &),y @n)
= (o(y", ag(az), ... ,ag(ak—1,2)&n)
= (ugp(ag-1(y )am--- ak—1, g1 (x))ugéln)
= (Y(az, ..., ap-1)(ay-1(z) ® ug), ay-1(y) @ ugn)
= (og(az, ... ,ap-1)o,(r@&),y @n).

When k = 2, we get a fixed self-adjoint operator S in B(K) such that

(Sx®),yen) = (6(y",v){n).

For each g € G, we have

<0 Sog(z®&),y@n) = (S(ag(x) ®uef), ag(y) ® ugn)
= (¢(ag(y*) g (@) )ugglugn)

which completes the proof. u]

3. Covariant representations for covariant completely bound-
ed multilinear maps. In [2], the representability of k-linear operators
and the representable norm are introduced as follows: Let mq,... , m
be representations of a C*-algebra A on Hilbert spaces Hi,... , Hy,
and let V; € B(H;11,H;) for j = 0,...,k, where Hyp = H = Hi+1.
Then

Pla, ... ar) = Vomi(ar) V1 - mr(ar) Vi

is clearly a k-linear map from A¥ into B(H). Such a k-linear map
¢ is said to be representable. The representable norm | - |lrep of a
representable k-linear operator ¢ is defined by

[@llrep = f VoIl - [Vall-- - IV},

where the infimum is taken over all such representations of ¢.
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Similarly, we consider the covariant representability of covariant com-
pletely bounded k-linear operators. Let (A, G,a) be a C*-dynamical
system and v : G — U(H) a unitary representation of G. Let
(mi,0i,Hi), 1 < i < k, be covariant representations of (4, G, «) and
V; € B(Hj4+1,H;) for j =0,... , k, where Hy = H = Hy1. Consider a
k-linear map ¢ : A¥ — B(H) defined by

(3.1)  ¢(ar,...,ar) = Vom(a)Vh - (ar) Vi, a1,...,ax € A,
satisfying the relations
(32)  uyVo="Vooi(g9), Viug=or(9)Ve, Vioiri(g) = 0i(9)Vi

for each g € G and i = 1,... ,k — 1. Then we see that the k-linear
map ¢ is u-covariant. Such a k-linear map ¢ is said to be covariant
representable.

The following covariant representation theorem of a covariant com-
pletely bounded symmetric k-linear operator from A* into B(H) is fol-
lowed from [2, Theorem 4.1] except for the covariance, so that we only
show the covariance.

Theorem 3.1. Let (A,G,a) be a C*-dynamical system with G
amenable and v : G — U(H) a unitary representation of G. Let
¢ A¥ — B(H) be a u-covariant completely bounded symmetric k-linear
map and m = [(k+1)/2].

(A) k odd. There exist covariant representations (m;, 04, H;), 1 <1 <
m — 1, and (0;,7;,K;), j = 1,2, of (A,G,) and continuous linear
operators V; € B(H;, Hit1), 0 < i < m — 2, where Hy = H with

VoIl - VAl [ Vin—all = lI¢ll35

scb
and W; € B(Hm-1,K;), j = 1,2, with ||[W{ W, +W5Ws|| = 1 such that
olar, ... ar) = Vym(a)Vi -V _omm—1(@m—1)

(3.3) X AW 01 (am)W1 — W5 02(am)Wa}

X Tm—1(@mt1)Vin—a - - - Vi1 (ax) Vo
forallay,... ,ax € A and
(3.4)

o1(9)Vo = Voug, 0it1(9)Vi = Vioi(g), om-1(9)W; = W]T;(9)
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foreach g € G,i=1,... , m—1 and j = 1,2. If, in addition, ¢ is
completely positive, then the Wy expression is zero.

(B) k even. There exist covariant representations (m;, 04, H;), 1 <
i <m, of (A,G,«a) and continuous linear operators V; € B(H;, Hiv1),
0<t1<m-—1,

1/2
IVoll - VAl Vin—1ll = [[ 6114

where Ho = H and W = W* € B(H,,) with |W|| =1 such that

(3 5) ¢(a/1a"' 70/16) = ‘/O*ﬂ-l(al)vl*”.V’:l—lﬂm(am)w
. X 7Tm(aerl)vafl o V17T1 (ak)‘/b
forall ay,...  ax € A, and

(3.6) Voug = 01(9)Vo, 0i+1(9)Vi = Vioi(g), om(g)W = Wan(g)

for each g € G and 1 < i < m — 2. If, in addition, ¢ is completely
positive, then W 1s positive.

Proof. The proof follows from Lemmas 2.1 and 2.2 as in [2].

(A) k odd. Using the invariant mean to average as in Lemma 2.1,
the case k = 1 is obtained from [3, Corollary 2.6]. Let ¢ : A¥ — B(H),
k > 3, be a u-covariant completely bounded symmetric k-linear map.
By Lemma 2.1 there is a u-covariant completely positive linear map

¢ : A — B(H) such that
—on(X7X) < (X7, Az, A1, X) < 0 (X7X)

for all X € M,(A) and (Az,...,Ap_1) = (Af_,- - As) € M, (A)F2
By Lemma 2.2 there is a Hilbert space H;, a covariant representation
(m1,01, H1) of (A,G,a) and a o;-covariant completely bounded sym-
metric (k — 2)-linear map v : A*~2 — B(H;) such that

olar, ... ,ax) = Vym(a)Y(as, ... ax—1)m(ar)Vo

for all aq,...,ar € A and that Vou, = o1(9)V for each g € G,
IVoll? < [|@llseb and [|¢]|seb < 1. In the proof of [2, Lemma 3.1], the
equality

Pn(Ar, - A) = (Vo)n (m1)n(a1)n (A, - - A1) (m1)n (Ar) (Vo)
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holds for all Ay,..., A € M,(A). Hence ||¢|lseb < [[¢]sen - [|Vol|? s0
that we have ||¢|/sch = ||Vo||?. The remainder is obtained by induction.

(B) k even. By Lemma 2.2 and the induction it suffices to consider
only the case k = 2. Let ¢ be a u-covariant completely bounded sym-
metric two-linear map from A? into B(H). By Lemma 2.1 there is a
u-covariant completely positive linear map 1 : A2 — B(H) dominating
¢. From Lemma 2.2 we conclude that there exist a covariant represen-
tation (7,0, K) of (A, G, @), a continuous linear operator V € B(H, K)
and a self-adjoint W € B(K) with ||[W| = 1 and ||Vp]|? < ||é]|sch such
that

P(a,b) =V*r(a)Wr(b)V and W =o,Wa,

for all a,b € A and g € G. The remainder is obtained by induction.
O

Corollary 3.2. Let (A,G,«a) be a C*-dynamical system with G
amenable. Let B be an injective von Neumann algebra and u a unitary
representation of G into the unitary group U(B) of B. If ¢ : A¥ — B is
a u-covariant completely bounded symmetric k-linear map, then there
are u-covariant completely bounded and completely positive k-linear
maps ¢4 and ¢_ from AF into B such that

p=¢+—¢- and H¢||cb > ||¢+ + ¢7ch~

Proof. By [2, Corollary 4.3] there are u-covariant completely bounded
and completely positive k-linear maps 14 and v_ from A* into B such
that

p=vy - and [[dllo = |94 + P |lcb-

First, represent B on a Hilbert space H. Then there is a completely
positive projection P from B(H) onto B so that we may regard ¢,
and v_ as being k-linear maps from A* into B(H).

Let m be a right invariant mean on G, and define ¢, and ¢_ by

(9£(ar, ... s ag)én) = m(t = (uyx(ar(ar), ..., alar))uiln)

for a € A and £, € H. Then ¢, and ¢_ are completely bounded and
completely positive k-linear maps. By the right invariance of m, we
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have

(p+(as(ar), ... ,as(ax))én)
=m(t = (uye(aus(ar),. .., aws(ar))ugln))
=m(t — (usughe(aus(ar), ..., as(ar))usugéln))
=m(t — (uys(ae(ar),. .., ar(ag))urugéluin))
= (uspx(ar, ... ,an)uséln).

Hence we have ¢4 (as(ay),...,as(ar)) = usps(a,... ,ar)u’ for each
s € G so that ¢4 and ¢_ are u-covariant. For all aq,...,a;r € A and
&,n € H, we have

((d+(ar,. .. sax) —9—(a1,... ,ax))&n)
=m(t — (uj{y(au(ar),... ,o(ag))
=¥ (a(ar), ..., ou(ar))wgln))
=m(t — (upd(as(ar), ... ailar))ugln))
m(t — (¢(ar, ... ,ax)€n))
= (¢(a1, ... ,ap)éln),

so that ¢ = ¢4+ — ¢_. Furthermore, we get the desired result by
averaging the equation

lPlleb = 1y +Y—||eb = Huszrug + u;@/’fug”cbv

which completes the proof. o

Let B be a C*-algebra and u a unitary representation of G into U(B).
Let [¢;;] be a k-linear map from A¥ into M,,(B), and let @, € U(M,,(B))
be a diagonal matrix with all the diagonal entries u,. If the map
[¢ij] : AF — M, (B) is fi-covariant with respect to the dynamical system
(A% G, &), we say that [¢;;] is a u-covariant k-linear map. Note that
a k-linear map [¢;;] is u-covariant if and only if
(3.7) dij(aglar),. .. ag(ar)) = ugpij(ar, ... ,ak)uz

,7j=1,...,n

for each (ai,...,ax) € A* and g € G, cf. [3].
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Corollary 3.3. Let (A,G,«a) be a C*-dynamical system with G
amenable and u a unitary representation of G into U(H). If ¢ :
A% — B(H) is a u-covariant completely bounded k-linear map, then
¢ is covariant representable.

Proof. We get the proof via a slight modification. Let S¢ be a k-linear
map from A¥ into My(B(H)) = B(H ® H) defined by

(3.8) S¢— [g ‘H

Then S¢ is a completely symmetric k-linear map.

For each (ay,... ,a;) € A¥ and g € G, we have

S¢(a9(a1)a cee 7a9(a’k))

O 0 o) o)

| ¢(ag(ar),...  ag(ar)) 0
| 0 ugp(ag, ... ,a’{)u;]
 ugglan, ... ag)u; 0
[y 0] [ 0 o* (a1, ... ,ak)} {u; O}
L0 uy | | olar,. .. ak) 0 0 u

=uy5¢(a1,. .. ,ak)ﬁ;,

so that S¢ is w-covariant. Since the norm of the symmetrization
operator S is 1, S¢ is completely bounded. Using Theorem 3.1 and
restricting to the lower left corner of a 2 x 2-matrix defining S¢ gives
the desired result. O

Corollary 3.4. Let (A,G,«a) be a C*-dynamical system with G
amenable and u a unitary representation of G into U(H). If ¢ : A¥ —
B(H) is a u-covariant completely bounded k-linear map, then there are a
covariant representation (w,0,K) of (A, G, ), a u-covariant completely
bounded symmetric (k—2)-linear map ¢ : A¥=2 — B(K) and continuous
linear operators V : I — H and W : H — K such that

(3.9)
o(ar,...,ax) =Va(a)¥(as,... ,ap—1)7(ax)W, ai,...,ax € A,
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and
(3.10) Vog=u,V, Wu,=0,W, ge€G
with || ¢llen = V- W - [ [leb-

Proof. Likewise, as in the proof of Corollary 3.3, the symmetrization

St

gives a u-covariant completely bounded symmetric k-linear map from
A* into B(H @ H) with ||S¢|leb = ||¢|lcb- By Lemma 2.1 there is
a wu-covariant completely positive linear map ¢ : A — B(H @ H)
dominating S¢. By Lemma 2.2 there exist a covariant representation
(m,0,K) of (A,G,a), a u-covariant completely bounded symmetric
(k — 2)-linear map v : A¥=2 — B(K) and a continuous linear operator
U € B(H® H,K) such that

So(ar, ... ax) =U*n(ar1)Y(az, ... ax—1)7(ax)U, a1,...,ax € A,

and Uu, = o4U for each g € G. Let P be an orthogonal projection
from H & H onto H & 0. Letting V = (I — P)U* and W = U|ygo, we
get

dlar, ... a;) =Vr(a)(ag,... ,ax—1)m(ar)W.

Furthermore, we have Vo, = u,V and Wu, = o4,W for each g € G.
O

Theorem 3.5. Let (A,G,a) be a unital C*-dynamical system
with G amenable and u a unitary representation of G into U(H). If
¢ : A¥ — B(H) is a u-covariant completely bounded k-linear map, then
a completely bounded k-linear map v : (A xo G)¥ — B(H) emists given
by
(3.11)

¢(f17-~- 7fk?) = ~/G’f ¢(f1(81)7a81(f2(52))7"' 7a81-"8k—1(fk(sk?)))

X Ugy Usy * -+ Usk dpp(81) dpp(s2) -+ - dp(sg)
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for all f1,..., fr € K(G,A) where K(G, A) is the set of continuous
functions from G to A with compact supports.

Proof. The proof is divided into both the £ odd and k even cases.

(A) k odd. By Theorem 3.1, there exist covariant representations
(mi, 00, Hi), (6;,75,C;) of (A,G,«) and continuous linear operators
Vi € B(Hi, Hi+1) where Hog = H and W; € B(H—1,K;) satisfy (3.3)
and (3.4). We define m; x 0; and 6; x 7; by

(i x o)1) = [ mFEDo(s)duls), 1<i<m1,

G

6% 1)) = [ GG ), 7=1.2

G

for every f € K(G, A). From [6, Proposition 7.6.4], we see that m; X o;
(respectively, 6; x 7;) extends to a representation, again denoted by
m; X 0; (respectively, 6; x 7;) from L'(G,A) to B(H;) (respectively,
B(K;)). By the universal property of the crossed product A x, G, the
representation m; X o; (respectively, 0; x Tj) extends to a representation
of A x G into B(H;) (respectively, B(IC;)) still denoted by m; X o;
(respectively, 0; x ;).

We define a k-linear map 1 : (A x, G)* — B(H) by

(x,. .. xk) = Vy(m x o1)(x1)
X Vi Vi o(Tm—1 X 0m—1)(@m—1)
X AW (01 X 71)(xm) W1 — W5 (02 X T2)(@m)Wa}
X (Tm—1 X Om1(Tmg1) Vin—2 -+
x Vi(m x o1)(x) Vo

for each x1,...,25 € A X, G. The case k = 1 is obtained from 3,
Proposition 3.2]. We only consider the case k = 3 because the general
case is similar. For f1, fo, f3 € K(G, A), we have

V(f1, for f3) = VI (m x o) (Fi){WT (01 x 71)(f2) W1
= W3 (02 x 12)(fo)Wal(m x 0)(f3)V
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= [ VR0 I8 s (s

— W502(f2(s2))72(s2) W}
x m(f3(s3))o(s3)V du(s1) du(sz) dp(ss)Wi

_ /G VIR WO (0, (fo(s2)))
(

x —W30z(as, (f2(s2))) Wa}
x o (s152)m(f3(s3))0(s3)V du(s) du(s2) dp(ss)

= [ VAV (o)

x =W3b2(ous, (f2(s2))) W}
X 7T(O‘8152 (f3(s3)))vu51u82u83 d:u'(sl) d:u'(SQ) d,u(s:;)

= [ oUsn). 0 (i) e (Fo(s2))

X gy sy g dpa(s1) dp(s:) dpu(ss).

(B) k even. By Theorem 3.1, there exist covariant represen-
tations (m;, 04, H;) of (A,G,«), continuous linear operators V; €
B(H;, Hit1),where Hy = H, and W = W* € B(H,,) satisfying (3.5)
and (3.6). Likewise, as in (A), we define 7; X o;

(m: % 03)(f) = / ri(f(8))o(s) duls), 1<i<m—1,

G

for every f € K(G, A). From [6, Proposition 7.6.4], we see that m; X o;
extends to a representation, again denoted by m; x o;, from L!(G, A)
to B(H;). By the universal property of the crossed product A x, G,
the representation m; X o; extends to a representation of A X, G into
B(H;), still denoted by m; x o;.

We define a k-linear map ¢ : (A x, G)* — B(H) by

Y(@1,. .., mp) = Vo (m x o) @)V Vi
X (T X Om ) (X)W (T X 0 ) (Timt1)
X Vm—l . "/1(7'(1 X 0'1)(1%)‘/0
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for each x1, ... ,2r € A X, G. We only consider the case k = 4 because
the general case is similar. Let f; € K(G, A), 1 <i < 4. Then we have

V(S S5 f30 fa)
= Vg (m1 X 1) (f1) V' (2 X 02)(f2)W (72 X 02)(f3)Vi(m1 x 01)(f4) Vo
= [ VEmatson (Vi malfa(sa)ra(sa) Was( fsa))oa(s0)Vs
x m1(fa(s4))o1(sa)Vo du(s1) du(sz) dp(ss) dp(sa)
= [ VimaVi ma(on (falsD))Woasisa)ma ) oa(sa)Vi
x m1(fa(sa))o1(sa)Vodu(s1) du(s2) du(ss) du(sa)
= [ VimaeVim(an ()
X Wa(as,s, (f3(s3)))Vio1(s15253)m1(fa(s4))o1(s4)
x Vo dp(sy) du(s2) du(ss) dp(sa)
= [ Vom0 Vi malen, (fas2)
X Wra(ors, s, (f3(53))) Vi (s, sy55 (f4(54)))
X Vots, sy sy s, dpa(s1) dpu(s2) dp(ss) dpu(sa)
= [ s 0 (as2) 0 Fa(s)- s fi(0)
X U, U, Usy Us, djt(51) dpu(s2) dpu(s3) dpu(sa),

which completes the proof. u]
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