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ON THE COMBINATION OF ROTHE’S METHOD
AND BOUNDARY INTEGRAL EQUATIONS FOR
THE NONSTATIONARY STOKES EQUATION

ROMAN CHAPKO

ABSTRACT. We consider the exterior initial boundary
value problem for the Stokes equation with Dirichlet boundary
condition in R2. Using Rothe’s method, the nonstationary
problem is reduced to a system of boundary value problems
for the Stokes resolvent equations. By a special approach
we obtain a system of boundary integral equations and use a
trigonometric quadrature method for the numerical solution.
Numerical examples are presented.

1. Introduction and Rothe’s method. The boundary integral
equation method for the solution of boundary value problems in vari-
ous applied sciences has been successfully applied for a long time. In
the case of nonstationary problems, the use of this method is possible
in different variants [2]. In one approach the initial boundary value
problem can be directly reduced to time-dependent boundary integral
equations by potential theory or by Green’s formula [8], [9], [13]. An-
other method consists of having a preliminary semi-discretization of the
time-dependent problem and reducing it to boundary value problems
for elliptic equations, for example by an integral transformation. Then
the integral equation method can be used for the time-independent
problems [2], [3], [7]. Sometimes the combination of Laplace transform
and boundary integral equations is used. But in this case some essen-
tial difficulties arise during numerical calculation of the inverse Laplace
transformation (see [2]).

One of the possibilities for the semi-discretization consists of using
Rothe’s method with respect to the time variable. This method is
also known as backwards Euler procedure or horizontal line method
and is applied both to parabolic and hyperbolic problems. As a
result one obtains boundary value problems for the elliptic equation
with a recursive righthand side which contains solutions on previous
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time levels. Then a full discretization can be realized by various
numerical solution procedures for the boundary integral equations.
The combination of Rothe’s method and boundary integral equation
methods for the parabolic problem has been used in [2], [10]. A
disadvantage of the approach in [2], [10] stems from the necessity to
compute volume integrals leading to considerable computational costs,
in particular in the case of an unbounded domain.

One proposal to remedy this drawback is to construct a special
potential representation for a solution of the elliptic boundary value
problems obtained by Rothe’s method which leads to a system of
boundary integral equations without volume integrals. Clearly this
method can be applied to time-dependent problems with homogeneous
differential equations and homogeneous initial conditions. Using this
approach, in [4], [6] the nonstationary problems for the heat and
telegraph equations, respectively, have been solved numerically. We
note that this method is closely related to the operational quadrature
method from [19], [20] (for details see [6]). In this paper we will
extend the results in [4], [6] for the case of the nonstationary Stokes
equation. The classical Rothe’s method applied to the initial boundary
value problems for the Stokes equation in the bounded domains is
investigated in [24], [25], including an error and stability analysis. For
the solution of the boundary value problems for the stationary Stokes
equations by integral equations method, we refer to [11], [12], [21],
[23].

The plan of the paper is as follows. In Section 2 we determine a
fundamental matrix for the system of stationary Stokes equations which
is obtained by Rothe’s semi-discretization and introduce the single-
and double-layer potentials for this system. Further, we reduce the
Dirichlet boundary value problem by a potential approach to systems
of boundary integral equations of the first and of the second kind. The
parametrization of the integral equations of the first kind is described in
Section 3. Here we separate the logarithmic singularity in the kernels
and represent them in a form which is convenient for the numerical
solution by a trigonometric quadrature method. Finally in Section 4
we present some results of numerical experiments.

Let D ¢ R? be an unbounded domain such that its complement is
bounded and simply connected, and let us assume that the boundary
I of D is of the class C?, and let T > 0, Q7 = D x (0,T] and
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Ypr =T x (0,7]. We consider the following initial boundary value
problem

(1.1) éAu—%—Vp:O in Qr,
(1.2) divu=0 in Qr,

(1.3) u=f on Xrp,

(1.4) u(-0)=0 in D,

(1.5) u,p—0, |z] =00 on (0,7].

Here ¢, is the Reynolds number, u = (u1,u2) and p are the unknown
functions, A is the Laplace operator, V is the nabla operator, div de-
notes the divergence and f = (fi, f2) is a given function that satisfies
the compatibility condition f(-,0) = 0. The hydrodynamical initial
boundary value problem describes the motion of a viscous incompress-
ible fluid in the domain D [1], [16]. The vector function u is the velocity
field and the scalar function p is the kinematics pressure.

On the equidistant mesh {¢t, = (n+ 1)h, n=—-1,... ,N—1, h =
T/N,N € N}, we approximate the solution (u,p) by the sequence
(Un,pr), m = 0,...,N — 1 that solves the system of the boundary
value problems

1
(1.6) C—Aun — K2uy, — Vp, = —K%Up_1  in D,
(1.7) divu, =0 in D,
(1.8) Up = frn on D,
(1.9) Un, P — 0, |z] — 00,

where k2 = 1/h, f, = f(-,t,) and u_; = 0. The system (1.6)—(1.9) is
obtained from (1.1)—(1.5) by a backwards Euler difference approxima-
tion for the time derivative on the grid points ¢,,.

Theorem 1.1. The system (1.6)—(1.9) has at most one solution.

Proof. The uniqueness of the classical solution of (1.6)—(1.9) for
n = 0 is shown in [23]. Then the statement of the theorem follows
by induction. i
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2. Boundary integral equation method. In this section we will
reduce the boundary value problem (1.6)—(1.9) to a system of boundary
integral equations. First we determine a fundamental solution of the
system (1.6), (1.7).

Definition 2.1. The pair (F,,e) consisting of a 2 x 2 ma-
trix E,(z,y) = (En1(x,y), En2(z,y)) with columns E, 1, E,2, n =
0,1,...,N — 1 and a vector e(z,y) = (e1(z,y),e2(x,y)) is called a
fundamental solution for the system (1.6), (1.7) if

1
(2 ]-) C_AEn,l - KQEHJ - ve + KzEn—Ll = 5(1‘ - y)Il’
divE,; =0, =12

Here I = (I, I3) is the 2 x 2 identity matrix, § denotes the Dirac
function, and the differentiation in (2.1) is taken with respect to x.

Let’s consider the polynomials which will be used for compact repre-
sentation of F,,

[n/2] [(n—1)/2]
v (r) = Z an2mr>™, wp(r) = Z A 2m1 "
m=0 m=0
forn=0,1,...,N — 1(wo = 0), where the coefficients a,, ., satisfy the
recurrence relations
an,O:L n=0,1,... , N—1,
Unp = —prp1, n=12... N—1,
2n ’
1 m+17? )
Anm = 5 4| ——— An, m+1 + K Gn—1,m—1 (>
2km 2
m=n-—1,...,1

)

and [r] denotes the integer part of r > 0. Next we introduce the
sequences of functions

D, (k,1) = Ko(kr)va(r) + Ky (kr)w,(r)

and

n+l. 1 <
K2 In T mZ:Ob”—m[(I)m(Ha ) = Pmo1(k, 7],

U, (k1) =
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where Ky and K7 are the modified Hankel functions of order zero and
one, respectively, and b, := (n + 1)/k?. Throughout this paper all
functions and constants with a negative index number are set equal to
Zero.

Note that in [6] it has been shown that ®,, are singular solutions for
the recurrence sequence of Helmholtz equations which are obtained for
parabolic equation by Rothe’s method.

Theorem 2.2. The pair (E,,e) with
(22) En(2,y) = —crer[I®n(y, |z = y]) + gradagrad, W (y, |2 — y))]

and

_ CW(I B y)
(23) ela.y) = = T

is a fundamental solution of (1.6), (1.7). Here we have set ¢, := (2m) ™1
and v 1= K /C;.

Proof. For a function g(z), € R?, we define the standard direct and
inverse Fourier transform by

96 = Flg) = er [ gla)e™ ") da,
ola) = F1a) = cx [ (@) de

respectively. Here (-, -) denotes the scalar product in R?. By using the
direct Fourier transformation to the system (2.1), we obtain that

52 N N ~
(2.4) . (% + 1% ) Enj —i8é; + K2En 1 = cxlj,
<§7EAn7j> =0,

where E,, = F(E,) and é = F(e). From (2.4) it follows, for n = 0,

r Cr PPN
EO,j = —W(Cﬂ—]] +’L€€]‘),

(€, Ey ;) = 0.
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Then

0= e

and

- 7Cr 55

From this, it follows that

1
€($7y) = F_l(é) = CTFVID m

Now by induction from (2.4) we can deduce that

(2.5) En(€) = —cxcr[I — J(£)]0n(6),

where the matrix J is defined by J(w) := ww' /|w|? for w € R2\ {0}

and
2m

2 - i
26 = D e pe

m=0

By reduction to ordinary differential equations, for the system of the
elliptic equations

(2.6)  Agn —K%gn +K2gn1=0, n=0,1,..., N—1,g1=0

in a plane, it is shown in [6] that the functions ¢, ®,(k, |z — y|) are
fundamental solutions. This gives us
n ,YQm
F(cx®,) = cq —_—
" Z (|€]2 + ~2)m+1

m=0
and then for <i>n we have the inverse Fourier transform
(27) Fﬁl(cw(i)n) = CTr(I)n('Ya |l‘ - y‘)

With the help of the identity
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we can write

n

(ji)n 2= n_H - bnfm’y—
(g)‘ﬂ 72‘§|2 Z (‘5'2 +,y2)vn+1

2m
m=0

Now, since

FHJ(€)®n) = — grad,grad; (F~ (d,[¢]7%))

and
1 CW’}/QH
F (W) = cx[Pn(y, |z = yl) = Pr—a (v, [z — Y]]
n=01,... ,N—1,
we obtain
(2.8) FY(J(€)®,) = — grad,grad, U, (7, |2 — y]).

Thus (2.2) follows by taking the inverse Fourier transform of (2.5) using
(2.7) and (2.8). O

Remark 2.3. 1. We note that for n = 0 from (2.2) and (2.3), the
fundamental solution of the resolvent Stokes equation (see [23]) can be
obtained.

2. The double grad calculation gives us the following equivalent
representation for E,,

(2.9) Ep(z,y) = —cxer {I{cbn(%r) + %W}

+J(x - y){awéﬁ’r) - %w’g:’ﬂ H

with 7 = |z —y|. The further calculations show that the terms in figure
brackets only have logarithmic singularity for x = y (for details see
Section 3).

For the system (1.6), (1.7), we consider both the single- and double-
layer potentials:




106 R. CHAPKO

a) for the velocity field
Vo) = 3 [ Bl i)om) a5
and
W) = 3 [ B s)n(n) ds).
(b) for the pressure
@)= 3 [ (o). om) (0
and

wni)= 32 / (2, y), Gm(y)) ds(y),

respectively.

Here ¢, and ¢, are unknown density vectors, E, = (Envl,Envg) is
the 2 x 2 matrix, and é = (€, &), the vector with

En,l = Tw(En,la el)V(y)a €= Tx(ev O)V(y),

where v is the outward unit normal vector to the boundary I' and
T(u,p) = pI — (Vu+ VT u) is the stress tensor.

Theorem 2.4. The single-layer potential (V,,,v,) solves the system
of boundary value problems (1.6)—(1.9) provided the densities v, solve
the system of integral equations of the first kind

(2.10) / Eolx, 9)en(y) dsy)

=5 -3 / (e, 9)om(y) ds(y), z €T,



ROTHE’S METHOD AND BOUNDARY INTEGRAL EQUATIONS 107

forn=0,1,... , N —1.

Proof. Since (E,,e) is a fundamental solution of the system (1.6),
(1.7), the potential (V,,,v) satisfies this system for z € D. From the
asymptotic properties Ko(r) ~ In(1/r) and Kq(r) ~ (1/r) for r — 0,
it follows that the functions E,(x,y) have a logarithmic singularity
for £ = y. Therefore, as in the case of the hydrodynamic potentials
for the stationary Stokes equation [12], [16], the potentials V,, are
continuous in R?. The system of integral equations (2.10) ensures that
the boundary conditions (1.8) are fulfilled. From the asymptotics of
the modified Hankel functions for large arguments (see [18]) it follows
that the V,, and v, satisfy the condition (1.9). o

Analogously, we can prove the following result for the double-layer
potential.

Theorem 2.5. The double-layer potential (W, w,) solves the system
of boundary value problems (1.6)—(1.9) provided the densities ¢, solve
the system of integral equations of the second kind

Q1) 56u(0)+ [ Balo9)n(w) ds(o)

@) =3 3 o) = X [ Bunlwn)n () sy

m=

formn=0,1,... , N —1.

3. Parametrization of the integral equations. In this section we
consider the parametrization and the numerical solution of the integral
equations of the first kind (2.10). The case of the integral equations
of the second kind does not have the principal difference, unless the
transformation of the kernels in (2.11) needs more complicated manip-
ulation. On the other hand, in the case of the Stokes problem with
nonsmooth or open boundary I', use of the integral equations of the
first kind is preferable. First we want to analyze the kernels in our
integral equations and show the logarithmic singularity in them. For
compact representation of the results of the derivation in (2.9), we need
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to introduce the polynomials

[n/2]
=2 Z man, omr 2L
[n/2
(2) y=2 Z (2m—1) an 2m7“2 2,
[(n—l)/2]
w (r) = Z (2m + Dan 2m17°™,
m=0
[(n—1)/2]
w? (r) =2 Z m(2m + 1)an 2me1r>™ L
m=1

Next we define

JO () = ) yen(r)

)

T T
WD) = o) + () — 2y ) + L2
€0y = 20nl) | (1) walr)

r r r

Un\T

62 = 22U 2300 r) 4 52,1
(1)
2wy (r 2wy, (7
+ :2( ) _ r( ) +w@(r).

Now, by using the properties of the modified Hankel functions and
straightforward calculations from (2.9), we obtain the following repre-
sentation for F,,,

(3.1) En(2,y) = —cacr [V (v, |z — y )T + U (7, |z — y|) T (z — )]

Here, for r > 0, the functions \Ilgll) and \117(12) are given by

n

n —|— 1
UWD (y,7) = By (7,7) Z b [OD) (7,7) — DL (7, 7)]




ROTHE’S METHOD AND BOUNDARY INTEGRAL EQUATIONS 109

and

n

2
w20, = 25D S0 Y b [0 000) - 204 1))
i=1 m=0

where we have set
O (7, r) = Ko(yr)n (r) + Ka(yr)€P (r), i=1,2.

By the power series for the functions K and K (see [18]), the functions
\Ilgf), i1 =1,2, can be written in the form

32 w0 =t ()0 +xPeun, i=1e,
where

05 (v,r) = —Io(yr)vn(r )+11(W)wn( )

_an mz (=o)L (r) + B Oom)EL )],

Z bn mz Z IO ’Y?" nv(n) z( ) + Il(’}/T)ggf)_z(’f')]

k=11i=0

in terms of the modified Bessel functions Iy and I;. Now we use the
power series for Iy and I; [18] and the definition of vy, wy,, m(f) and

g,(f) and arrive at the expansions for r — 0
(3.3) 0 (v.1) = an(2 =1) + 0(r?), =12
and

(3.4) XD (y,r) =D +00?), i=1,2,
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with

n 1 2
an,0 — Z bn,mZ(—l)Z [ —20m—i2 + VOm—i1 — %ami,o],
m=0 i=0

- Z bp—m Z(_l)z |:%am—i,3 - (1 + QO)am—i,Q

4
—vCam—i1 + Z(l - QC)ami,o]7

n 1 2
ﬁ7(l2) = Z br—m Z(—l)z |:2am—i,2 — Yam—i1 + %am_m] .
m=0 =0

Here C = 0.57721 ... is Euler’s constant.

We assume that the boundary curve I' is given through a parametric
representation
I'={z(s):0<s<2r},
where z : R — R? is C? and 2nm-periodic with |2/(s)| > 0 for all s.
Then we transform the system (2.10) into the parametric form

2
(35) — Cr HO(SaO')wn(U) do
0
+C7TZ/ Hnmso"(/}m()
0<s<2r

f— — 3

where 1, (8) := |2/ (8)|pn(2(5)), gn(s) :== (1/c,) fn(x(s)), and where the
kernels are given by
Ho(s,0) i= = —— B (a(s), 2(0)

CrCr

for s#c and n=0,1,... ,N — 1. From (3.1) and (3.2) it follows that
the kernels in (3.5) can be written in the form

4 —
H,(s,0) =1n <— sin? %)H}l(s, o)+ H2(s,0)
e
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forn=0,1,2,... ,N — 1, where

H,(s,0) = S[0(0 (7, [2(s) =2 (@) ) I+6 (3, [a(s) —(0)]) J (2(s) ~(0))]

DN | =

and
s—o

4
H2(s,0) = H,(s,0) —In (E sin? )H,ll(s,a).

The asymptotic expansions (3.3) and (3.4) show that these kernels are
smooth with the diagonal terms given through

H}(s,s) = %I,

and
2000 |2 _
HZ(S,S) = %(an In (%) + 25%1))14-57%2)‘](5)

for n = 0,1,...,N — 1. Here the matrix J is defined by j(s) =
w(s)w ' (s), where 1 denotes the unit tangential vector to I'. Thus we
arrive at the system of integral equations

(3.6)
27
cﬁ/0 { In (g sin? %)H&(S,U) + H (s, 0)}7%(0) do = Gp(s),
0<s<2m

with righthand sides
Ghn(s) = —gn(s)
P 4 s—o
— Cr Z / {H,lL_m(s, o)ln <E sin? T) +H?2_, (s, a)}d}m(a) do.
m=0"0
The system (3.6) can also be written in operator form

(S + A, =G, n=0,1,... ,N—1,

with the integral operators

(Se)(s) = %” /027r In (é sin? %)w(a) do
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and

(A)(s) = cx /0277 { 71(s,0) In (% sin? S;") 4 Hg(s,o)}go(o) do,

where H}(s,0) := Hl(s,0) — (ap/2)1.

Let C%%[0,27] and C1®[0,27] for 0 < a < 1 denote the classical
Holder spaces of vector-valued functions. It is obvious that the operator
S is bounded from C%2[0,27] to C1:*[0,27] and has a bounded inverse
(see [14]). By analogous arguments as in [15], we can show that the
operator A is compact from C%%[0,2n] to C*[0,27]. Hence, the
uniqueness Theorem 1.1 and the Riesz theory (see [14]) lead us to
the following existence result.

Theorem 3.1. For any sequence g, in C1[0,27], the system (3.6)
possesses a unique solution 1, in C%[0,2r].

For the numerical solution of the integral equations (3.6), we used
the trigonometric quadrature method that is described in detail in
[5], [6], including a convergence and error analysis in Holder spaces.
This analysis exhibits the dependence of the convergence order on the
smoothness of the boundary function and the boundary curve, i.e., the
proposed method belongs to algorithms without the “saturation effect.”
We note that the numerical method in [5] requires the implementation
of the factor sin®((s — ¢)/2) in the kernel HJ. As is shown in [22],
this decomposition is not necessary for performing the error analysis.
Next we remark that the error estimate of our quadrature method also
depends on the kernel of the integral equation. On the other hand,
the kernels of (3.6) contain the modified Hankel function Ky (yr) which
has a pronounced delta function-like behavior when the time step size
h — 0 (v — o0). This calls for a balance between the time and spatial
discretization parameters for the numerical solution of the system (3.6).
As a variant to the procedure described in this paper, one can consider
the special collocation method in [17] that has a convergence rate
independent of h.
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TABLE 1. Relative errors for the velocity.

1 2
Cr T

t | M| h=02 h=01 | h=005| h=0.2 h=0.1 | h=0.05

0.2 | 16 | 0.189967 | 0.093211 | 0.045853 | 0.138331 | 0.050058 | 0.012179
32 | 0.189966 | 0.093211 | 0.045853 | 0.138331 | 0.050058 | 0.012179

0.4 | 16 | 0.122854 | 0.058207 | 0.028345 | 0.165779 | 0.092721 | 0.047793
32 | 0.122854 | 0.058207 | 0.028345 | 0.165778 | 0.092720 | 0.047793

0.6 | 16 | 0.084955 | 0.041575 | 0.021089 | 0.257851 | 0.125482 | 0.063654
32 | 0.084955 | 0.041575 | 0.021089 | 0.257850 | 0.125482 | 0.063654

0.8 | 16 | 0.066643 | 0.034062 | 0.017825 | 0.295588 | 0.144856 | 0.075443
32 | 0.066643 | 0.034062 | 0.017825 | 0.295588 | 0.144856 | 0.075443

1.0 | 16 | 0.056692 | 0.029962 | 0.016005 | 0.323229 | 0.162898 | 0.086774
32 | 0.056692 | 0.029962 | 0.016005 | 0.323228 | 0.162897 | 0.086774

€

4. Numerical experiments. In this section we will demonstrate
the feasibility of the proposed method by a test example. As a boundary
we choose the curve

(4.1) T ={x(s) = (0.2coss,0.4sins — 0.3sin’s)}, 0 <s <2,

which is illustrated in Figure 1. The boundary function f is given by
the restriction of the fundamental solution for the Stokes equation (1.1)
(see [1])

d%g g \'
4.2 - J __~
(4.2) fa.t) (8:6% ’ 8x18x2)

where

1 cr|z|?
t)=1 - F .
sta.t) =il + 3 51 ()

Here E; denotes the exponential integral function [18]. The Reynolds
number is chosen as ¢, = 1 and the time interval is [0,1]. In Table 1,
the relative errors

er(z,ty) == |u(x, t,) — alx, t,)|/|u(z, t,)|

at the spatial point = (0.7, —0.5) are presented, where u is the exact
solution of the problem (1.1), (1.5). The absolute errors for the pressure

ea(xvtn) = |p(xatn) _ﬁ(xvtn”
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FIGURE 1. Boundary I'.

T
>

at the same spatial point are illustrated in Figure 2. Note that the
exact pressure in the case of the boundary function (4.2) has the
representation
T

z,t) =0(t)—5.
P t) = 8(0)
The exponential convergence with respect to the spatial discretization
and linear convergence with respect to the time discretization are
clearly exhibited.

> (P

FIGURE 2. Absolute error for the pressure 1—h = 0.2, 2—h = 0.1, 3—h = 0.05.
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