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SINGULAR PERTURBATIONS
IN A NONLINEAR VISCOELASTICITY

JAMES H. LIU

ABSTRACT. A nonlinear equation in viscoelasticity of the
form

(0.1)  pufy(t,z) = p(ui(t, 2))x

+ / F(t — s)p(ub(s,z))s ds

—o0

trg(t,) + f(z), t20, zel01],

(0.2)  wP(t,0)=ul(t,1)=0, t>0,

(0.3) uP(s,z) = v°(s,x), s <0, ze€]l0,1],
(where ¢ is nonlinear) is studied when the density p of the
material goes to zero. It will be shown that when p | O,
solutions u” of the dynamical system (0.1)—(0.3) approach the
unique solution w (which is independent of t) of the steady
state obtained from (0.1)—(0.3) with p = 0. Moreover, the
rate of convergence in p is obtained to be ||u? —wl/ 2 < K\/p

and |[uf —wg||2 < K,/p for some constant K independent
of p.

1. Introduction. Let us begin with the following quasi-static
approximation studied in MacCamy [11],

e (t) = —A(0)g(u(t))

(1.1) -/ A= 9g(u(s)) ds + F(0),
and

(1))

= —A(0)g(w
(1-2) —/0 A'(t — $)g(w(s)) ds + F(1).
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Here A(t) is a bounded and linear operator and g is a nonlinear and
unbounded operator in a Hilbert space. It is shown in [11] that if F(¢)
approaches a constant vector F'(co) as t — 0o, then, under appropriate
conditions, one has

(1.3)

g(u(t)) — A(co)'F(c0) weakly in H, ast— oo,
(1.4)

g(w(t)) — A(c0) 'F(c0) in H, ast— oo,

where u and w are solutions of (1.1) and (1.2), respectively. This
result motivates the procedure of using the quasi-static approximation
in viscoelasticity, which drops the “acceleration” term wuy; when ¢ is
large. That is, use w to approximate u.

Now, let us look at the following nonlinear equation in viscoelasticity,
pugy(t,x) = ¢(uf(t, x))s

(1.5) + / F(t—s)p(ub(s,z)), ds

— 00

+pg(t,z)+ f(x), t>0, zel0,1],

uf(t,0) = uf(t,1) =0, t>0
(1.6) uf(s,x) = v°(s, z), s<0, ze€l0,1],

which can be found in, e.g., Dafermos and Nohel [2] and MacCamy
[13]. Here u is the displacement, pg is the body force, f is the external
force, and p is the density of the material. Same as in MacCamy [13],
we assume that ¢ on R is nonlinear, ¢(0) = 0, and there is a constant
co > 0 such that ¢’ > ¢y on R.

For Equations (1.5)—(1.6), we propose the singular perturbation prob-
lem in the following sense: show that when p | 0, the solutions
of (1.5)—(1.6) approach the solutions of the equation obtained from
(1.5)—(1.6) with p = 0. It will be shown that the solution of (1.5)—(1.6)
with p = 0 exists uniquely and is independent of ¢, i.e., in static-state.
Thus, this singular perturbation can also be regarded as a quasi-static
approximation.

When ¢ is linear, (1.5)—(1.6) is studied in Grimmer and Liu [6], where
linearity is used to subtract the solution w of (1.5)—(1.6) with p =0
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from the solutions u” of (1.5)—(1.6). Then an equation for Q* = u” —w
is formulated and the method of energy estimate is employed to show
that (v —w=)Q” - 0as p— 0.

When ¢ is nonlinear but f = 0, it is shown in [6] that the solution w of
(1.5)—(1.6) with p = 0is w = 0. Thus the equation for Q* = v’ —w = u”
is the same as Equations (1.5)—(1.6) (with f = 0). Therefore, it is
indicated in [6] that the energy estimate method can be modified to
show that (v —w =u” =) Q" — 0 as p — 0.

Now, in this paper, we look at the case where ¢ is nonlinear and
f # 0. It will be seen that this case is more complicated than the
previous cases. For example, the equation for Q¥ = u” —w also involves
w. However, after some trials and errors, we found an appropriate
energy function for Q” so that the method of the energy estimate used
in [6] can also be extended here to show that (u» —w =) Q° — 0
as p — 0. Moreover, the rate of convergence in p is obtained to be
|luf — w2 < Ky/p and |[uf — wg||2 < K/p for some constant K
independent of p, as a by-product of our energy estimate in this paper.
(The rate of convergence was not discovered in [6].)

Related studies of singular perturbations can be found in, for exam-
ple, Chow and Lu [1], Fattorini [5], Hale and Raugel [8], Grimmer and
Liu [6], and Liu [9, 10].

2. Singular perturbations. Note that the existence and unique-
ness of solutions of Equations (1.5)—(1.6) (with p > 0) were obtained in
[2, 7, 12, 13], and we are only interested in singular perturbations in
this paper, so we will assume that Equations (1.5)—(1.6) (with p > 0)
has a unique solution u” for every p > 0. Also note that we first assume
that the “history” v” satisfies Equation (1.5) on 87. Then we will see
that if v” is only specified on R~ (may not satisfy (1.5)), then with
essentially the same proof, we can obtain the similar results.

Now we can state and prove our main results with the following
hypothesis:

(H) 1+ F()\) #0 for ReA > 0. F and F' € L'(R"). F =0 on R".
feClo,1]. ||vf(s,)||z2 and ||g(—s)||L2 are bounded for s < 0.

Here F is the Laplace transform of F, and L? = L2[0, 7).
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Theorem 2.1. Assume that the hypothesis (H) is satisfied. Then
there is a unique w, which is independent of t, such that

t

@) 0= b+ [ F(t- s)o(uw(o)ds + (o),

t_eoo%, z €10,1],
(2.2)
w(0) = w(1l) = 0.

(This equation is obtained from (1.5)—(1.6) with p = 0.)

Proof. Similar to [6], we let R be the function such that R(s) = 0,
s <0 and

(2.3) R(t / R(t — s)F(s)ds, t >0,

whose existence is studied in, e.g., [2, 3, 7]. Note that (2.3) can be
written as

(2.4) (0+R)*(0+F)=4,

where

(2.5) R F(t / R(t—s)F(s)ds and ¢+ H =H.

Now, write (1.5) with p =0 as

(2.6) —f(@) = (6 + F) x ¢(ua(t, )
This implies

d(uz(t,z))s = —(6 + R) *
(2.7) :_{H/ R(s ds]f ?)
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Thus we have
(28) ustte) = [ falr)ar - C.
(2.9) wa(t, 7) = ¢1</0z fo(r) dr+C’>.

Therefore, the solution takes the following form

(2100  w(z) dzefu(t,w)z/oz ¢—1</05 folr) dr—i—C) ds + Cy.

Taking into account of the boundary condition (1.6), we see that C; =0
and that we only need to verify that there is a unique constant C' such
that

(2.11) /01 ¢—1(/OS fo(r) dr+C> ds = 0.

For this purpose, we first note that since ¢’ > ¢y > 0 on R, one has
¢71(—00) = —oco and ¢~!(c0) = co. Thus there exists at least one C
such that (2.11) is true.

Next, taking a derivative in C' of the function

(2.12) G(0) z/ol¢1</os fo(r) dr+C> ds,

one gets

1 T 1
e 260 [ oo O

Therefore G(C) is strictly increasing in C. Hence, there exists a unique
C such that (2.11) is true. o

Theorem 2.2. Assume that the hypothesis (H) is satisfied and that
Equations (1.5)—(1.6) have a unique solution u? (on R) for p > 0, i.e.,
vP satisfies Equations (1.5)—(1.6) on R~. Let w be the unique solution
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of (1.5)—(1.6) with p = 0 (from Theorem 2.1). For T > 0 fized and
t€0,7], z € [0,1], define Q°(t,z) = u”(t,x) — w(z) and

E(t;p) = | [QF(t,2)]*dx
(2.14) /0

9 1 rQz(te)
*EA.A [6(r + wa (@) = ¢(w, ()] dr da.

If there exists a constant K independent of p such that E(0, p) < Ky,
p > 0, then as p — 0, we have u”(t,-) = w(-) and ul(t,-) = wy(-) in
C([0,T],L?[0,T]). Moreover, there exists a constant K independent of
p such that

lf(t, ) — w( )z < Kv/p,
(2.15) [uf(t, ) — w2 ()l < Kv/p,
te[0,T], p>0.

Remark 2.1. E(0,p) is bounded when, for example, v} (0,z) is
bounded and Q%?(0,z) = 0, ie., v2(0,2) = w,(z), independently of
p-

Proof of Theorem 2.2. We first verify that
t €0 .o
(2.16) / [p(r 4+ s) — &(s)]dr > Et , t,s € R.
0
For this purpose let us use the mean value theorem and get

(2.17) [ otr+5)—o1ar= [ oo

Ift >0, then » > 0 and

(2.18) /Ot @' (&)rdr > co /Otv“dr = 02—0752.
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Ift <0, then r <0 and

de@wdr—ﬂmd@x—Mdr

(2.19) .
Co o
Zco/ (=r)dr = —t°.

¢ 2

Next, we show that for the E(¢; p) defined by (2.14) with E(0;p) <
K, there exists a constant K independent of p such that E(¢; p) < K7,
p>0,te(0,T].

For this end we first note that, from (2.16), one has

1 Qg(t,z)
<mmtAA [6(r + wa(2)) — $(ws(2))] dr de

1
>3 [P >0

Then observe that, since we assumed that u” satisfies Equation (1.5)
on R, the equation for Q°(¢,z) = u”(t,z) — w(z) is
pQt (8 @) = [(QL(E, 7) + wa (7)) — d(we(2))]a
¢
(2:21) [P 9l0(Qes0) + o)

— ¢(we(2))]e ds + pg(t, )
for ¢ € R. Using (2.5), this can be written as
(2.22)

p(Q%(t,x) —g(t,z)) = (6+F) * [p(Q4(t, z) +wy (7)) — d(wz ()]s,
teR.
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Now, note that from [6, 14] one has R(co) = 0. Hence,
[6(Q% (¢, @) +wa(7)) — ¢ (wa(2))]e = p(6 + R) * (QF(t,7) — g(t, 7))
= p<th(ta :E) - g(ta CC)

(2.23) [ Rk, 0)=(s,2) ds)
_ p(Qm, 2) — g(t,2) + RO)Q(t,2)

+/t R'(t — s)Q(s,z) ds

_ /_ ; R(t — 5)g(s,2) ds>.

Next, take a derivative of E(t; p) in ¢ and use the boundary condition
(1.6) to get
d ' p p
EE(tE p)=2 [ Qi(t,x)Q%(t x)dw
0
2

+ / (B(QL (1 2) + wa(®)) — dluws (2))]Q (1 2) da

1
—2 / Q0 (t, 2)Q(t, ) da
0
2

- / (B(QE (1 2) + wa(®)) — dluws ()] QL(t, x) da

Then, replace (2.23) into it to obtain
E(t;p) = 2/ Q7 (t, z)Q7(t, )
2 (Qtt(t ©) - g(t,2) + RO)Qf (t,2)

+ R'(t — 5)Qf (s,z) ds

[
/ R(t—s)g swds)Qt(tm)

(oo}
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=2 [ (stt0) - ROt~ [ Rl Q86,0

—00

+ /_ R(t — s)g(s, ) ds> Qf(t,z) dx
< llg(t, )12 + 2+ 2AR(0))IQF (¢t )17

+/ R/ (t = s)[[11QF (s, )IIZ2 + Q7 (¢, ) 1721 ds

—00

n /01 [/; R(t — 5)g(s, 7)| dsr dz

< <2+2R(0)I+/0°° |R/(S)|ds>||Qf(t, 3]
+/0 |R'(t_s)”|Qf(3a')|l%z ds

0
+llg(t, )z +/ R/ (t = s)[1QF (s, )lI7= ds

— 00

+/01 [/; |R(ts)g(s,x)|dsrdaz.

Now, note that ||Q7(¢,-)||2: < E(t; p) by (2.20). Then from above one

gets

(2.24)

4 Btip) < (2 2RO+ [ TR (s)] ds)E(t;m

+ / IR(t - 5)|E(s; p) ds

+1lg(t, )17 +/ (R (t = s)| Q7 (s, )l|72 ds

— 00

; / 1 [ / ; R(t - s)g(s,mndsrdx

t
< HE(t; p) + / R(t— )| E(s; p) ds + P,
0

where H and P are constants defined in a obvious way.

Similar to [6], we can use the standard arguments in differential
inequality to obtain a constant K independent of p such that E(t; p) <
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Ky, t €10,T], p > 0. Therefore, (2.20) implies

1
(2.25) %/@meMSEmmsm, te(0,1), p>o0.
0

Now, note that the boundary condition in (1.6) implies
(2.26) 1Q°(t,)lz2 < [1Q5(E, )l 2
Thus we can let K = /Kj/co and obtain

(2.27)  1Q°(t )z < Q2 )le: < Kv/p,  t€[0,T], p>0.

This proves the Theorem. ]

Remark 2.2. Here, the proof of Q”(t,z) — 0 as p — 0 is different from
[6], and is short and direct, and can also provide the rate of convergence
in p.

In the following, we will verify that if v# is only specified on R~ and
may not satisfy Equation (1.5), then we can still get the similar results.
Because now, (2.21) becomes

pQ1 (8 ) = [(QL(E 7) + we(2)) — d(we(2))]e
+ /0 F(t = 5)[¢(Q7 (s, 2) + wa(z)) — ¢(we(2))]e ds

@)+ [ F-96(@060) + ua(a) - Sl (o) ds

+ pg(t, z), t>0.

And hence, (2.22) becomes

(2.29) p(Q%(t,z) — g(t,2))
= (6+ F)¥[p(QL(t 7) + we (7)) — P(we(2))]e

+ /_ F(t = 9)[0(Q% (s, 2) + wa(2)) — ¢(wa(@))]. ds
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where the integration in % is from 0 to ¢. Therefore (2.23) becomes
(2.30)  [(QL(t: ) + wa(2)) — P(we(@))]e
— 6+ R (Qu(t2) - a(0,0)

- / "R - 9)[p@2 () + wa(@)) - dlun () ds
:p( o(t,2) /R QL (s,7) — (sm)]ds)
— 0+ R)3 / (= 8)[6(Q2s0) s (2) — 0w (2] ds
= p(Qh(t.0) = g(t.0) + ROWQE () - ROQ0,2)
+ [ R 90 m)ds— [ R s)als,)as)
R [ 000 F(t = 5)[6(Q5(5, ) + wa(2)) — (s (2))] ds.
Thus, (2.24) will be changed to

1
GE0) =2 [ Qo) do

=1 (@20, 2) + wa(2)) — e ()] QL) da
= 2/ Qt tt t a:
/0 (Qna 2) - g(t, ) + RO)Q{(t,2)
— R()QF(0,z) + /01t R'(t —5)Qf (s,z)ds
~ [ e s1965.2) s ) @) o

w2 [ mi [ re-o00@om + 0o
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- 0w ()]s ds Q2 (1,2) do
=2 [ (stt2) + ROQE10,2) - ROQE(0,2
- [ R 9@t as
[ Rt )gts,) s )@ttt d
w2 [ Lams [ Fe- 9@ +uw)

— 00

_ ¢<wm<w>>1zds}czf(t,w> dx

(2.31)
< llg(t.-) + R(QL (0, )22 + (3 + 2[RO)IQF (¢, )22

[ IR = QG 13 + 1) s
e[ [ e gt 05| ao
[ e mi [ Fa-sps@ue
b)) e ds| e
< (3200 + [ IR as )@l

/ R(t - 9)[1Q2 (s, ) 125 ds
gt ) + RHQE0, )2

+/01 [/ |R<t—s>g<s,w>ds]2dw

o 1{(6+R)§< / 000 F(t = 95 [0(02(5.)
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—¢WAmm¢§im

t
sﬁEmm+/WHa—ME@mM+P-
0

Now, it is clear that we have the following result, which is similar to
Theorem 2.2:

Theorem 2.3. Assume that the hypothesis (H) is satisfied and that
Equations (1.5)—(1.6) have a unique solution u” (on RT) for p > 0, i.e.,
vP is only specified on R~ and may not satisfy Equations (1.5)—(1.6)
on R™. Let w be the unique solution of (1.5)—(1.6) with p = 0 (from
Theorem 2.1). Assume further that, for some constant C' independent

of p,

5w¢wmr¢wmmM§a
<0, z€]0,1], p > 0.

(2.32)

If there exists a constant Ky independent of p such that E(0, p) < Ky,
p > 0, then as p — 0, we have u”(t, ) = w(-) and ul(t,-) = wy(-) in
C([0,T],L?[0,T]). Moreover, there exists a constant K independent of
p such that

[u?(t,-) —w()llz> < K/p,
(2.33) luf(t, ) —wa()l|r2 < K/p,
t € 0,7, p>0.

Remark 2.3. Equation (2.32) is satisfied if, for example, v2(s,z) =
we(z), s <0,z €[0,1], p > 0.
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