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THE QUASI-ELASTIC METHOD OF SOLUTION FOR
A CLASS OF INTEGRODIFFERENTIAL EQUATIONS

R.A. ZALIK AND A.M. VINOGRADOV

1. Introduction. In this paper we consider initial value problems
of the form

(1) y"+A(2)y+B(x)L(y,x)=f(z),  y(0)=a,y'(0)=p, 0<z<b
or boundary value problems of the form
(2) y'+A(@)y+B(z)L(y,z)=f(z),  y(0)=a,y(b)=7, 0<z<b,

where L(y,x) is a Volterra integral operator, viz. L(y, x) = fox K(z,t)-
y(t)dt. Tt is easy to reduce equations of the form (1) to a system
of linear Volterra integral equations of the second kind. Thus, if
A(z), B(z), f(z) and K(z,t) are continuous, (1) has a unique solution
(cf. [7, p. 50, Exercise 3.19]).

If A(z) and B(z) are constant, and L(y, x) is a convolution operator,
then (1) or (2) can be solved using Laplace transforms. The quasi-
elastic solution method was originally proposed by Schapery [8] as an
approximate technique for evaluating the inverse Laplace transform. In
[1, 6], the method has been applied directly to solve integral equations
of Volterra type. Also in these publications, the convergence and
accuracy of the quasi-elastic solution method (which is called by these
authors the method of variable moduli) is considered.

Boundary value problems in viscoelasticity are usually defined by in-
tegrodifferential equations involving the same integrals as those appear-
ing in the respective viscoelastic constitutive equations. Accordingly,
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the quasi-elastic method can be used to solve these equations, which is
very important for those problems that are difficult to solve by means
of Laplace transforms. In [4, 5, 10], the quasi-elastic method is applied
to solve some viscoelastic buckling problems represented by equations
related to (2). Since the method is so widely used, it is appropriate to
establish it on a firm mathematical foundation.

In this paper we study the convergence of the quasi-elastic solution
method when applied to initial value problems of the form (1), or
boundary value problems of the form (2). However, it will be clear
that the ideas developed here can be used to study other types of
integrodifferential equations that contain Volterra integral operators.

2. Description of the quasi-elastic solution method and
statement of results. We first consider the initial value problem
(1). Shapery’s idea, when applied to this problem, consists in approx-
imating L(y,xz) by means of y(x)L(1,z). Thus, the solution to (1) is
approximated by the solution to

(3) ¢ +H@y=f(r), y0)=0a,y0)=p 0<z<b,

where H(xz) = A(z) + B(x)L(1, z), which in turn can be solved either
numerically or by an approximation method that we shall describe in
the sequel. However, this first rudimentary quasi-elastic approximation
may not always be sufficiently accurate and a more sophisticated
approach may be required.

Vinogradov [10] noted that, if y is the solution to (1), vy is the so-
lution to (3), and Go = y — vy, then G, + A(z)Go + B(z)L(Gy,x) =
B(x)[L(1, z)vo(x) — L(vo, x)], Go(0) = G{(0) = 0. Since vp(z) is as-
sumed known, this equation is of the form (1), and therefore G can be
approximated by the solution vy of v{ + H(z)vy = B(z)[L(1, z)ve(z) —
L(vg, x)].

Continuing in this fashion, we see that y(x) = S, (z) + Gy (z), with

Sp(x) = Z v (),
k=0

where
Grt1 =Gk —vgr1, k=0,1,2,...,
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v +H (z)vp = ep(z);  v0(0) = o, v(0) = S

(4)
v(0) = vh(0) =0, k=1,2,3,...
& W+ A(@)Gr+B(2)L(Gy, ) =epia(x),  Gi(0)=G}(0)=0,
k=0,1,2,...
eo(z) = f(x); ex(z)=B(z)[L(1, x)vg—1(x)— L(vg—_1, )],
(6)

k=1,2,3,....

We shall call S, (x) the n** order viscoelastic approximation to the
initial value problem (1). We shall also use the following notation:

A=sup{|A®)], 0<t<b},  B=sup{|B@), 0<t<b),

K =sup{|K(z,t)|, 0 < z,t < b},
z €
mo(z) = / / 1 (s)] ds dé + [a] + [Bla,

z €
mk(x):/ / lex(s)|dsdg, k=1,2,3,...
o Jo
mk:Sup{|mk($)|:O§be}7 k:O,l,Q,...,

H =sup{|H(x)|: 0 < x < b},

P =sup { /O |K (x,t)|[cosh(VHz) — cosh(VHt)|dt : 0 < 2 < b},

S(x) = exp[Ax?/2 + BK2* /6], R(z) = /Ox S(t) dt,

Our first result is:
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Theorem 1. Let A(x),B(x), f(x) € C[0,b], K(x,t) € C([0,b] x
[0,0]), and let y(x) be the solution to the initial value problem (1). Let
vp(z), k=0,...,n be defined by (4), and let Gy, () be defined by (5).
Then

|G(2)] < Q(z)(BP)™moz™"/(2n)1,
|G ()] < R(2)(BP)"moz™"/(2n),
and
|G ()] < S(2)(BP)™ ™ /(2n)!.

In particular, y(xz) =Y o o vi(x), uniformly on [0,b].

The idea of approximating systems of integral Volterra equations by
means of series of functions that are solutions of differential equations
has been used before. For example, Bownds approximates K (z,t) by a
sum of the form >77_; ¢;(x)y;(t), where the functions ¢;(x) form an
orthogonal sequence, and the functions ¢;(¢) satisfy certain differential
equations (cf., e.g., [3]). This is, of course, a completely different
approach.

Assume now that the boundary value problem (2) has a solution v,
and let § = v'(0). Then v = vy + Bva, where

v + A(z)vr + B(x)L(vy, ) = f(2),
v1(0) = a, v1(0)=0, 0<xz<bh,

vy + A(z)ve + B(x)L(va, z) = 0,

v2(0) =0, v (0)=1, 0<z<bh.

If v3(b) = 0, then v1(b) = w(b) = ~, and therefore vi(z) is a
solution of (2). Assume therefore that vy(b) # 0. We see readily
that 8 = (v — v1(b))/v2(b). Thus, if A(x), B(z), f(x) and K(z,t) are
continuous, the solution v(z) is unique. If S, (z), Sy 1(z) and S, 2(z)
are the n'™ order viscoelastic approximations to (2), (7), and (8),
respectively, it is readily seen that S, (z) = Sp.1(x) + 8BS 2(x).

Let B, = (v — Sn-1(b))/Sn,2(b) if Sn,2(b) # 0, and let 3, = 0
otherwise. If

moa(z) = / Ol o, moa(e) = .

mO,j - Sup{|m0,j(‘r)|a O S T S b}7 .] = 1527



QUASI-ELASTIC METHOD 281

and

(9) Vn(x) = Sn,l(x) + ﬂnSnQ(x)v

applying Theorem 1 we obtain:

Theorem 2. Let A(x),B(z), f(x) € C[0,b], K(z,t) € C(]0,b] x
[0,0]), let v(zx) be a solution of the boundary value problem (2), and let
Vi (z) be defined by (9). Assume that v2(b) # 0 (where vo(x) is defined
by (8)), and that

mo,zQ(b)(BP)ngQn/(?n)! < |Sn,2(b)].

Then
[0(x) = Va(2)| < en(BP)" 16> Q(b)/(2n)!,
where
Sn,1(0) = vImo2 + [Sn2(b)Imo
[1Sh,2(b)] = mo,2Q(b)(BP)*+16%" /(2n)!]|:Sy 2(b)]
- cosh(VHD) cosh(V BPb).

Cp =

To decide whether to use Theorem 2, one could find an approximate
solution S, 2(x) to (8) and, since va(b) = Sy.2(b) + Gp2(b), use the
upper bound for |G, (x)| given by Theorem 1 to determine whether
|Gr2(b)| < |Sn2(b)]. If ve(b) # 0, this inequality will hold for
sufficiently large n.

The proof of Theorem 1 depends on parts of the following proposition,
which is of independent interest.

Lemma. Let H(x), f(z) € C[0,b], and assume that y(x) satisfies
(3). Then, for0 <t <z <b:

a) y(z) = Z:ozo yn(x), where

€
(10) yo(z) = /0 /0 F(s)dsdé +a+ i,
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z €
) @ == [ [ HEmaedsa a=123

b) [y(x)| < mo cosh(vFx)
¢) |y(@) = 20 o yn ()| < mo(x) HP* cosh(vHz)z* 2 /(2p + 2)!
d) |y(z) —y(t)| < mo(z)[cosh(v Hz) — cosh(vHt))].

Applying part a) of the Lemma to the functions vg(z) defined by (4),
we have:

(12) vp(@) =Y ope(), k=0,1,2,...,
r=0
where
z g
wo(a) = [ [ 1(s)dsds +at o
(13) OI 05
vko(x)—/o /0 ex(s)dsd¢, k=1,2,3,...;
(14)

z g
vgr () = —/0 /0 H(s)vgr—1(s)dsdé, k=0,1,2,..., r=1,2,3,....

In some cases, e.g., when A(x), B(z), f(z) and K (z,t) are polynomials,
it is easy to compute the functions vy, (z) exactly using computer alge-
bra software like, e.g., MACSYMA. One could then try to approximate
vi(z) by truncating the right hand side of (12). Because we need to
know vg_1 () first in order to evaluate ex(x) for k > 1, ((6)), we replace
the functions v, (z) by approximations yi,(x), obtained by means of
the recursive scheme described forthwith:

Let {ry : k=0,1,2,...} be a given sequence of positive integers,
dO(l')_f(x)’ yOT(l'):UOT(x)a 7":0,1,2,... ;

vo(z) =Y yor(@).
r=0



QUASI-ELASTIC METHOD 283

For k=1,2,3,...,

(15) dr(z) = B(z)[L(1,2)yk—1(2) — L(yk—1,2)];
T g

(16) yro(x) = /o /0 di(s) ds dg;

xz €
(17) ykr(m):—/o /0 H(s)gor_1(s)dsdé, 1=1,23,...;

Tk
(@) =Y ().
r=0
If T(z) = > 4o yk(z), and r = min{ry, 0 < k < n}, we have:

Theorem 3. Under the hypotheses of Theorem 1, let T = 2BKb -
cosh(vVHD), Ty = BK cosh(vVHb), D = P/(2Kbcosh(vHbV)), and
D, = P/(K cosh(vVHD)). Then Sy(x) = T),(z) + Uy (x), where

U, (2)| < mg cosh?(VHb) cosh(vVDb)T"H™ 1?2 /(2 + 2)!
and

\U! (x)] < mgsinh?(V Hb) cosh(y/D1b)TFH™ 16> 1 /(20 + 1)1

Let
Yo = [y — Tn,l(b)]/TnQ(b)a

Pn1 = cosh?(VHb) cosh(VDb)T"H 16 +2 /(2 + 2)!,
Pn2 =mo2(pn1 + Q(b)(BP)"1b*" /(2n)!)

[|T5,1(b) — | + mo,2pn,1]mo,2 + [|Tn,2(b)| + mo,2pn,1]m0,1
([ T,2(0)| = Pn2][| T 2(D)] — m0,2Pn.1]
- cosh(VHD) cosh(vVBPb),

n
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o = |T1(b) — vlmo,2 + \Tn,Q(b)\mmp )
" (1 T0.2(b)] — mo2pna]|Tn2(b)] ~

5 — |Tn,1(b) - 'Y| + mMo,1Pn,1
" |T5,2(b)| = mo,2pn,1

If To,1(x) and T), o(z) are the approximations to Sy, 1(z) and S, 2(x),
respectively, defined in the manner described in the paragraph preced-
ing the statement of Theorem 3, then, combining Theorems 2 and 3,
we shall prove:

X

Theorem 4. Let A(x),B(x), f(x) € C[0,b], K(x,t) € C([0,b
[0,0]), let v(x) be a solution of the boundary value problem (2), an
assume that va(b) # 0 and pp2 < |Th2(b)|. Then, if Wy (x)
Tn,l(x) + ’YnTn,Q(x);

ISW

[v(z) = Wa(2)| < gu(BP)"T'*"Q(b)/(2n)!
+ (mo1 + 0,m0.2)Pn1 + on|Th2(x)].

3. Proofs.

Proof of Lemma. a) and b). As in, e.g., [2, p. 321], we consider the
perturbation problem

(18) y'+eH(2)y=f(z),  y(0)=a,y'(0)=5, 0<z <D,

and assume it has a solution of the form

y(@) =Y ya(2)e"  y0(0) = o, y4(0) = B;
n=0

(19) =
yn(0) =y, (0)=0, n=1,23,....

Substituting in (18) and equating coefficients, we obtain y{ = f(z) and

yn = —H(z)yn—1, n = 1,2,3,... . The initial conditions in (19) imply

that (10) and (11) are satisfied. Thus, an inductive argument shows

that

(20) [y (2)| < mo(x)H"2*"/(2n)!, n=0,1,2,...,
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whence
21) |y (@) < mo(z)H"2*"2/(2n—2)!, n=1,2,3,....

This shows that the series in (19), with yo(z) and y,, (x) defined by (10)
and (11), is indeed a solution of (18) for every e. The conclusion now
readily follows by setting ¢ = 1 in (19).

¢) From (20),

]yu) - néyn(x)

oo

n=p+1

oo

< mg(x) Z H"z*/(2n)!

n=p+1

_ <>[Coshfx gfx%/m]

whence the conclusion readily follows.

d) From the initial conditions in (19), we know that y, (z) — y,(t) =

- f fo 8)yn_1(8) dsd&. Thus, since mg(z) is increasing, applying
(20) we obtaln

xz €
lyn () — yn(£)] < / / (F(3)mo(s) " 152"=2 /(20 — 2)1] ds de

< [H"mg(x)/(2n — 2 // §2" 2 ds d¢

= [H"mo(x)/(2n)1) (2" — £2").

Hence,

ly( |<Z|yn Yn(t)|

H"p2n el Hng2n
Sm"(‘r)[; (2n)! _n; (2n)!]

= myg(z)[cosh(V Hz) — cosh(VH)]. u]

Proof of Theorem 1. From (6) we have

ex(z) = B(x) /Ow K(z,t)[vg—1(z) — vp—1(t)] dt.
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Applying part d) of the Lemma to vg_1, we conclude that
ler(x)| < Bmy—_1(x) / |K (2, t)|[cosh(VHz) — cosh(VHt)] dt
0
S B_Pmk;fl(t).

Thus, |my(z)| < BP foz fog |mi—1(s)|dsd€, k=1,2,..., and by induc-
tion we infer that

(22) |mi(z)| < (BP)*mez?*/(2k)!, k=0,1,2,...,
and therefore that
(23)  er(z)] < (BP)*moz®*2/(2k —2)!, k=1,2,3,....

From (5) we readily see that G//(z) € C|0,b], and that
T t

Gia) = ena(o) ~ Aw) [ [ Gio)dsde
o Jo

+ B(@) /0 K(z,1) /Ot /0E G () dn dg dt.

If v, (z) = sup{|GI(t)], 0 <t < b}, Ep(x) = sup{le,(t)], 0 <t <z},
and 0 < s < x, we have:

Un(8) < Epyi(z) +/ (At 4+ BKt?/2)v,(t) dt.
0
Thus, Gronwall’s inequality (cf., e.g., [9]), yields
(24) |G (8)| < vn(8) < Epyi(x) exp[Az? /2 + BKx® /6].
Since Ej(z) is bounded by the right hand side of (23), v, (s) < v, (2),
and the initial conditions of (5) imply that |G, (z)|< forfot |G (€)] dE dt

and |G}, (x)| <[5 |Gn(t)|dt, the conclusion follows from (24). O

Proof of Theorem 2. Part b) of the Lemma implies that |S, (z)| <
cosh(VHz) Y _, mk, whence from (22) we conclude that |S,(z)| <
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cosh(v/Hz) cosh(v/BPz). This implies that |S,, 2(z)| < cosh(vVHz) -
cosh(v BPzx).

Theorem 1, when applied to vy (z) and ve(x), yields
|G j(2)] < [mo(BP)" 0™ /(20)1Q(x),  j =1,2.

Since vy, 2(x) = Sp2(x) + Gy 2(x), the hypotheses imply that vy, 2(b) #
0. A straightforward computation shows that

[Sn,l(b) - ’Y]an(b) - Sn,2(b)G;z,1(b)

O = TS 20 + G (D)5 0]
whence
1B — Bnl < [5,1(b) = ylmo.2 + [Sn.2(b)[mo](BP)" 16> Q(b)
T [[Sn,2(b)] =m0 2Q(D)(BP) 1021/ (2n)!]|S,, 2 ()| (21)!
Since
Sn(x) = Vn(z) + (6 - ﬂn)SnQ(I)v
the conclusion follows. O

Proof of Theorem 3. Clearly

vk () = yr(z) + Qr(z) + Ri(2),

where
Qul) = > lowr (&) = yr ()]
r=0
and -
Rk(x): Z Urk -
r=rir+1

Applying part c¢) of the Lemma to the functions vg(x), we see that
|Ri(z)| < mp(z)H™ ' cosh(VHz)2?* 2 /(2r,+2)!, k=0,1,2,....

From (22), we thus conclude that, for 0 < 2 <,
(25)

mo(BP)*H" 1 cosh(v/Hb)b2(k+re+1)
Ri()] < o(BP) ( )

(28)1 (21 + 2)! ’

k=0,1,2,....
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Applying (21) to the functions vg(x), we see that

o ()| < mpeH 2?72 /(2r —2);  kyr=1,2,3,...,
and, therefore, since v},.(0) = 0, (cf. (14)),

[V, ()| < mpH 2> 1) (2r = 1) kyr =1,2,3,...,

then (22) implies that, for 0 < z <,

Ry, ()] <

mO(BP)kxzk\/ﬁ i (\/ﬁf)%fl

(2k)! @r -1

T=Tk41
Thus, as in the proof of part c¢) of the Lemma, we deduce that

mo(BP)* H 12k 26+ 1 sinh (v Hb)
(2k)!(2r), 4 1)!

(26) | Ry, ()

<

Since do(x) = eo(z) = f(z), it is clear from their definition that
vor(z) = yor(x), r =0,1,2,... . Thus,

(27) Qo(z) =0 and Qh(z)=0,0 <z <b.

To find an estimate for vy, (x) — ygr(z), and therefore for Qi (x), we
proceed as follows:

Let ¢i(z) = ex(x) — di(x). Clearly, co(xz) = 0. Moreover, from (6)
and (15), it is clear that, for k =1,2,3,...,

ck(z) = B(z) /Ox K(z, ){[ve-1(2) =yr—1(2)] = [op-1(t) —gp—1 ()]} dt.

Thus, setting

Uk(z) = Qr(@) + Re(z),  Up = max{|Ux(z)|, 0 <z < b},

28
(28) Ul = max{|Uj(z)], 0 <z < b},

we conclude that

(29) lex(2)] < 2BK2Uj_y; k=1,2,3,...
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and
(30) |¢h(2)| < BE2U}_,.

For k=0,1,2,..., let

x €
(31) crole) = — / / H(s)ex(s) ds de,

and

z €

(32) Crr(x) = —/ / H(s)cpr—1(s)dsd&; r=1,2,3,....
o Jo

From (13) and (16) it is clear that

cro(z) = vro(®) — yro ().

Thus, by an inductive argument involving (14), (17), (29), (30), (31),
and (32), we see that

Ck?"(x) :Ukr(x)_ykT(x); kaT:0a1527"' )

QBKHT+1$2T+3
|Ck7"($)|SWUk—1; k:172a35"'7T:0a1527"'7
and
BKH?"—i-l 2r+3
ler(z)| < 22 gl o k=1,23,...,r=01,2,....

(2r + 3)!
The latter inequality, combined with (31) and (32), yields

BKHr+1x2r+2

U, k=1,2,3,...,r=01,2,....
(2’f‘+2)' k—1> 3 4y dy , T

|y (2)] <
Thus,

L (VHz)¥ 2
|Qr(2)| < 2BKzUj,_, jz N

j=0
< 2BKzcosh(VHz)Up_y; k=1,2,3,...,
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and, similarly,
Q. (x)| < BK cosh(VHz)UL ;; k=1,2,3,....

Thus, from (28),

(33) U <TUx_1+Ryi; k=1,2,3,...,
and
(34) Uk <TWU}_, +Ry; k=1,2,3,...,

where T and T} are defined in the statement of the theorem. Let
Ry, = sup{|Rk(x)], 0 <z < b}.
Using (27) and (33), a straightforward inductive argument shows that
U, < En:T"—JRj; n=0,1,2,...
j=0
whence, by (25),

L K] BP I 120+ +1)
U,, < mg cosh( \/_b Z
= N(2rj +2)!

DI grit1p2G+r;+1)
(25)1(2r; + 2)!
(VDb (V)
(25)1(2r; + 2)!
WD & (VI
o 2@

M:

= moT™ cosh(VHD)

=0

M:

= moT™ cosh(VHD)

=0

3

IN

moT™ cosh(\/_b)

<.
Il

moT™ cosh(VHD) cosh(vDb) {cosh(\/ﬁb) - T @] )

2= (2i))

whence the assertion for U,, follows. The proof for U} is completed in
a similar fashion using (26). o
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Proof of Theorem 4. Let V,,(z) be defined as in (9), and
Snj () = Tnj(2) + Unj(x), j=1,2.
Since
v(@) =W (z) = [v(z) = Va(2)] + [Va(2) = Wa(2)]
= [v(@) =Va (@) 4+ Un.1 (2) + 50 Un 2(2) + (Bn—1n) Tn 2(2),
applying Theorems 2 and 3, we have

[v(2) = Wa(2)] < ca(BP)" 167" Q(b)/(20)! + (o1 + [Balmo.2)pn.1
+18n = | [T 2(2)].

From Theorem 3 we see that ¢, < gn, |6n] < 0n, and |8, — Y| < on,
whence the conclusion follows. O

4. Examples.

Example 1. In this example we use Theorems 1 and 3 to find an
approximate solution to the initial value problem (2) with A(x) = 0.1z,
B(z) = 0.001, K(z,t) = 10(x — ¢), f(z) = 0.2, « = 0.1, 8 = 0.2, and
b=1, (ie,0<z<1).

Clearly, A =0.1, B = 0.001, K = 10, and
mo(z) = /Oz /OE 0.2dsdé 4+ 0.1+ 0.2z = 0.1(x + 1),
whence mg = 0.4. Also,
L(l,2) = /OI 10(x — t) dt = 52%;

thus,
H(z) = A(z) + B(z)L(1,2) = 0.1z + 0.00522,
whence H = 0.105.
Using MACSYMA, we see that

/wK(x, t)[cosh(VHz)—cosh(VHt)| dt = 10(x?/2— H™') cosh(VHz)
0

+10H 1,
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whence
P =10(1/2 — H ") cosh(VH) + 10H ™! = 0.22090,
and therefore BP = 2.209 x 10~%. Since
Q(x) < (2*/2) exp(Az?/2 + BK2*/6) < 0.5exp(A/2 + BK/6) < 0.53,
we have:
(35) |G ()] < 4.69 x 1075(2.21 x 107" /(2n)!.
On the other hand,

T = 2BKbcosh(VHb) < 0.02cosh(+v/0.105) < 0.0211,

and
D = P(2Kbcosh(VHD)) ™' = 0.01049.
Thus,
(36) U, < mqg cosh®(VHb) cosh(VDb)T"H"™ /(2r 4 2)!

< 0.047(0.0105)™(0.105)" /(2r + 2)!.

Assume that we want to approximate the solution to this initial value
problem with error not to exceed 1073. From (35), it is clear that
|Go(x)| < 4.69 x 107°. This means that we need to approximate the
solution y(x) by means of Sy(z), and So(z) in turn by Tp(z), with
error not to exceed 1073 —4.69 x 1072, i.e., we need to find r such that
Uy <1073 —4.69 x 10~°. This is clearly achieved by setting r = 1 (and
n = 0) in (36).

Let ro = 1. Then
z €
Yoo () = voo () _/o /0 f(s)dsdé +a+ Bz =0.1(z + 1)?
z €
yo1(z) = vo1 = —/0 /0 H(s)voo(s) ds d€

z ré
= —0.1/ / (0.1s + 0.005s) (s + 1)* ds d¢
0 0

= —(22% 4+ 662° + 2052* + 2002>)/(120,000),



QUASI-ELASTIC METHOD 293

and therefore

12,000+24, 000z +12, 00022 — 200> —2052* — 662° — 225
120, 000

(yo1(z) and Ty(x) were computed using MACSYMA).

To(z) =

Example 2. We now find an approximation to the boundary value
problem (2), with A(xz) = 0.1, B(z) = 0.001, K(z,t) = 10(x — t),
f(x)=0,a=0.1,y=0.03, and b = 1.

Clearly mg; = 0.1, mge = 1, K = 10, and, as in Example 1,
L(1,7) = 522, whence H(x) = 0.1+ 0.00522, and therefore H = 0.105.
Also, as in Example 1, P = 0.22090, BP = 2.209 x 107, Q(z) < 0.53,
T <0.0211, and D = 0.01049.

We now generate approximations T, 1 (z) and T}, 2(x) to S, 1(z) and

Spa(2):
do = f(x) = 0; Yoo,1 = a = 0.1; Yo0,2 = L.

Yor ( //01+00058>y0r11<>dsd5

0.1z%"  0.0052%" 12
=0.1 + ,
@) (2 +2)!

and, similarly,

0.1z%+1 N 0.005z27+3
(2r+1)! (2r+3)!

y0r,2(33) =

Thus,

T 2j+2

To1(z) =yoq(z Zyoj, 0012 +0 00052?2)1’

T g2l T 243

To2(x) =yo2(x Zyog, 012 CIEn 4 0.00 52

In particular, if » = 1, we obtain:

To.1(1) = 0.01527, Ty (1) = 0.11754,
poa =5.12 x 1074, po2 = 1.167 x 1074,
|To,1(1) — | = 0.01473, 7o = 0.12532.
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Thus,

Wo(x) = To(x) + ~v0To,2()
= 0.01(1 + 2%/2) + 0.0005(x? /2 + x* /24)
+0.012532(z + 2% /6) + 0.0006266(2 /6 + 2°/120)
= 0.01 + 0.012532z + 0.0052522 + 0.002193123
+ 0.0000208z" 4 0.000005222°.

We now estimate the error, assuming that ve(1) # 0. Using the
definitions, we readily obtain:

‘Toyg(].)‘ —Po2 = 011742, ‘T()g(].)‘ + mo.2Po,1 = 011805,
|TO,2(1)|—m0,2p0,2 = 0117037 qo = 207271,
qoBP = 4.579x 1074, 5o = 0.12630, 0o = 9.858 x 1074,

whence
(mo,1 + domo2)po < 1.59 x 1074,

|00T,2(2)| <00Tp2(1) <1.159 x 1074,

and therefore,

|o(z)=Wo(z)| < 2.42 x 1074 4+1.16 x 107*41.16 x 107% = 4.74 x 10™*.

(This computation was verified using MACSYMA). In particular, this
shows that we can approximate v(z) by the first four terms of Wy(z),
i.e., a cubic polynomial, with error less than 0.0005.
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