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ON A FORCED QUASILINEAR HYPERBOLIC
VOLTERRA EQUATION WITH FADING MEMORY

NORIMICHI HIRANO

ABSTRACT. In this paper we prove the global existence
of a solution to a boundary initial value problem for a forced
quasilinear hyperbolic Volterra equation under the assump-
tion that the forcing term remains small and can be decom-
posed into a time-periodic part and a part that decays to zero
as t — co. We also show that the solution converges to a time-
periodic function as t — oo; the latter is a periodic solution
of a related history value problem.

1. Introduction. In this paper we consider global existence and
asymptotic behavior of solutions of the problem

t
U = / a(t—7)o(ug)e dr+ f(t,z), for x € (0,1), t >0,
0

u(0, ) = up(x), for z € (0,1),
u(t,0) =wu(t,1) =0, for t > 0.

Here a : (0,00) — R, 0 : R — R is a given smooth function, the data
f:(0,00) x (0,1) — R and up : (0,1) — R are sufficiently smooth
functions compatible with the boundary conditions.

The initial boundary value problem (1.1) has been studied by many
authors. In [7] MacCamy established a global existence result for the
problem (1.1) and showed that the problem (1.1) is related to a theory
of heat flow in materials with memory. The existence of global solutions
for (1.1) was also established by Dafermos and Nohel [1] and Staffans
[11]. These global existence results treat the case that the initial datum
ug is sufficiently small and the forcing term f is sufficiently small and
decays to 0 as t — o0.

The purpose of this paper is to study the global existence and
asymptotic behavior of solutions for (1.1) in the case that the forcing
term f remains small but does not necessarily decay to zero as t tends
to co. More precisely, we treat the case that f is sufficiently small and
can be written in the form f; + fo, where f7 is a time periodic function
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and f> tends to 0 as t — oco. We show that problem (1.1) has a global
solution which converges to time a periodic function as ¢ — oo (in
fact, to a solution of the history value problem (1.4), (1.5) below). To
study existence and asymptotic behavior of problem (1.1), we discuss
existence of time periodic solutions for a certain integrodifferential
equation which is closely related to the history value problem:

(1.2) Uy = /t a(t—7)o(ug) dr+f(t,x), forx € (0,1), t €R,

u(t,0) =u(t,1) =0, fort € R,

where f is a time periodic function.

History value problems have been studied by several authors in the
case that f tends to 0 as |t| goes to infinity and the history v of u
satisfies

u(t,z) =v(t,z) forx € (0,1)andt <0,
where the function v is sufficiently smooth and satisfies the equation
(1.2) for t < 0 [2].

Our approach in this paper is based on the energy method employed
in [1].

Throughout this paper, we denote by || - ||, the norm of LP((0,1))
(1 <p < o0) defined by

1
lally= [ @ ds (1 <p< o0 lull = esssuplua)].
0 z€(0,1)

We also denote the norm of L?(0,c0) by the same symbol || - ||,. We
put Q7 = (0,7) x (0,1) and Q, = (0,T) x (0,1). For each function
u: (0,T) x (0,1) — R, D*u represents the vector

AWEAS
k — . - < . . < .
D"y {(8:5) <8t) u}, 0<i+75<k
We denote by H'(Qr) the Sobolev space {u € L?(Qr) : ||Dul|2 < 0o}.

For given T' > 0, we set

Er(DFu) = sup ||[D*u(t)||s for each k > 0.
te(0,T)
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We call a function u € C?(R x (0, 1)) T-periodic if u satisfies u(t, z) =
u(t+ T,z) for all z € (0,1) and ¢ € R. For each p > 0, T > 0 and a
positive integer m, we set

Vin(T, p) = {u € C*((0,T) x (0,1)) : Ex(D}") < p,
u(t,0) = u(t,1) =0for all t € (0,7,
D™ Yu(t,x) = D™ tu(t + T, x) for all t € (0,T) and x € (0,1)}.

Let a(-) € C1(0,00) be a function satisfying a’(t) € L'(0,00). We
define a resolvent kernel k(-) associated with a/(-) by the equation

(13) K@)+ /Ot d(t— $)k(s)ds = —a'(t), 0<t< oo

Our approach is based on an existence result for periodic solutions of
the following integrodifferential equation

(1.4a) uy — o(ug)e + E(0)ur = ®(t, z) — / Kt — T)u(r,z) dr

teR, ze(0,1),
(1.4b) u(t,0) =u(t,1) =0, t€R,

where @ is a function periodic with respect to the variable ¢.
We remark that if lim; .. k(¢) = 0, then the problem (1.2) is
equivalent to (1.4) with

t

(1.5) o= ft(t,x)+k(0)f(t,x)+/ K'(t—s)f(s,x)dt.

— 00

To state our main result, we impose the following assumptions on the
kernel a(-) € C?(0,00) and the function o(-):

(i) a(0)=1;
(a1) (i4) a,a’,a” € L*(0,00),a is strongly positive definite;
(iii) t3a(t),ta”(t) € L*(0,00),a” € L*(0,00) N L?(0,00) :
(om) o€ C™(R), o(0) =0, and ¢’'(0) >0,
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where m is a positive integer.

We also impose the following conditions on the initial data ug and
the function f : (0,00) x (0,1) — R:

1
() Uluo) = [ (s + 1 + ) do < o0,
0
(f) f = fi + fo, f1 is a T-periodic function with Ep(D*f;) < oo

and fs is a function satisfying/ [|D? fo(t)||? dt < oo.
0
For each function f satisfying (f), we put

Fo(f) =Er(D™f1) + /000 ||D?fo(t)||*dt  for each m > 1.

Theorem 1.1. Let (a1) and (04) hold. Then there exist Ty and
@ > 0 satisfying the following property: for each ug and f satisfying
(up), (f) with T < Ty, and U(up) + F5(f) < p?, the problem (1.1) has
a solution u € C?((0,00) x (0,1)) satisfying

sup ||D3u(t)|| < oo.
t€(0,00)

Moreover, there exists a T-periodic function w such that

t+T
(1.6) tlim ||D3(u — w)(s)||*ds = 0

t

holds. Here w 1is the T-periodic solution of (1.4) where ® is the function
defined by (1.5) with [ replaced by the T-periodic function fi.

For smooth solutions, (1.1) is a special case of the initial boundary
value problem

(1.7a) upp = 0(Ug) e + / a'(t —7)o(ug). dr + f(t, )
0
for x € (0,1) and ¢t > 0
(1.7b)  w(0,z) = up(x), ur(x,0) = uy(z), forz e (0,1),
(1.7¢) u(t,0) =wu(t,1) =0, fort>0.
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Here a : (0,00) — R, 0 : R — R is a given smooth function, f :
(0,00) x (0,1) — R and ug,u : (0,1) — R are given sufficiently smooth
functions compatible with the boundary conditions; for equivalence
with (1.1) f is replaced by f; and ui(z) = f(0, x).

If a(0) = 1 and a(co) > 0, the initial boundary value problem
(1.7) models the motion of a one-dimensional viscoelastic bar. In
[1] Dafermos and Nohel use an energy method to establish small
data global existence results for the heat flow problem (1.1) and the
viscoelastic problem (1.7). Similar results were obtained by Staffans
[11]. Our proof of Theorem 1.1 requires the assumption a(co) = 0, and
we are not able to obtain a similar result for viscoelastic case a(oco) > 0.

Recently, Feireisl [3] used techniques of compensated compactness
to prove the existence of time-periodic weak solutions for a history
value problem related to (1.7) in the viscoelastic case a(oco) > 0 when
the forcing function f is time-periodic. Closely related results for the
Cauchy problem were obtained by Nohel, Dafermos and Tzavaras [10].

To study motions of more general viscoelastic bars, Dafermos and
Nohel [4] obtained small data global existence and decay results for
the initial boundary value problem (1.7) with (1.7a) replaced by

(1.72)" gy = o(ta)a +/0 a/(t = P)(up)e dr + F(t, @)

where o, 1) are given smooth material functions. Similar results for the
Cauchy problem were obtained by Hrusa and Nohel [4]. Unfortunately,
the technique used to prove Theorem 1.1 does not extend to the
viscoelastic problem (1.7) with (1.7a) replaced by (1.7a)".

2. Preliminaries. Let k() be the resolvent kernel of a’(-). For
classical solutions, it is known that the problem (1.1) can be reduced
to the equivalent form

(2.1a) uy + % /o kE(t — T)ue(r,x) dr = o(ux(t, ), + D¢, x),
t € (0,00), x € (0,1),

(2.1b) w(0,2) = up(x), ut(0,2) = us(z) =« €(0,1),

(2.1c) u(t,0) =wu(t,1) =0, te€(0,00).
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In fact, we see by differentiating (1.1) with respect to ¢ and using the
resolvent equation (1.3) that problem (1.1) is equivalent to (2.1) with

¢

22)  Bt) = fit.a) + RO S(n) + [ K950
0

and

(2.3) ui(x) = f(0,2) for z € (0,1).

We also note that the equation (2.1a) can be rewritten as

Ut — 0 (U )y + k(0)uy = ®(t, x) — /0 K'(t — m)uy(r,x) dr

te (0,0), x € (0,1).

(2.4)

We begin with a lemma which summarizes the properties of the
resolvent k(-) of a/(-).

Lemma 2.1 [7]. Suppose that assumptions (a1) are satisfied. Then
the resolvent kernel k(-) of a’(-) satisfies the following properties:

(i) k(t), k' (t) are bounded in (0, 00);

(i) k(t) = koo + K(t), k(0), koo > 0, K(t), K'(t) € L*(0, 00);
(iii) there exists a > 0 such that for each v € L*(0,1),

/Otv(s) {%/jk(s —7)u(r) dT} ds > a/otv2 it

(iv) tk'(t) € L*(0,00), k" € L?(0,00).

(k1)

Assertions (ii) and (iv) are obtained by arguments given in Lemmas
2.3 and 2.4 of [4]. In fact, by taking the Laplace transform in (1.5), we
have

Here we put ko, = 1/a(0). Since t?a(-) € L'(0,00), we can see
by applying Proposition 4.3 of [6] with p = 1 4+ |t| that K(¢) is
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locally analytic. Then, since K (00) = 0, it follows by Lemma 2.3
of [6] that tK(t) € L'(0,00). By a similar argument, it follows that
K(t) € L'(0,00). On the other hand, we have by differentiating (1.3)
and multiplying by ¢ that

tk' () + ta’ (t) koo + /Ot(t —3s)a" (t —s)K(s)ds

n / a"(t — )(sK (s)) ds = —ta"(1).

Then noting that ¥'(t) = K'(t) and ta”(t) € L'(0,00), we see that
tk'(t) € L'(0,00). It also follows from (1.3) that K'(t) € L'(0,00)
[4,7]. From (1.3) and the assumption that " € L*(0, 00) N L%(0, 00),
(i) and the second part of (iv) follow. For the proof of (iii), we refer
the reader to [7, Lemma 3.1].

3. Existence of periodic solutions for the problem (1.4). In
this section we give an existence result for the problem (1.4).

Theorem 3.1. Let m be a positive integer with m > 2. Suppose that
(0m) holds, and that the kernel k(-) satisfies k' € L*(0,00). Then, for
given p > 0, there exist Tg > 0 and p > 0 such that for each T-periodic
function ® with T < Ty and Ep(D™®) < p, the problem (1.4) has a
T-periodic solution u with Er(D™u) < p.

The following existence result due to Matumura [9] is crucial for our
argument.

Theorem A. Let a > 0. Then, for given p > 0, there exists
p > 0 such that for each T-periodic function h with Ep(D™h) < p,
the problem

upp — 0(Ug )y + aus = h, for t € R and x € (0,1),

3.1 u(t,0) =u(t,1) =0, forteR,

possesses a unique T-periodic solution u satisfying

ET(Derlu) <p.
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Throughout the rest of this section, we fix a positive integer m > 2.
We also fix positive numbers pg, p; such that for each T-periodic
function h with Ep(D™h) < p1, there is a unique T-periodic solution
u of (3.1) satisfying Er(D™ u) < pg. For each T > 0, we define
the mapping L : Vi, (T, p1) — Vi1(T, po) by w = Lh where u is the
T-periodic solution of the problem (3.1) with a = k(0). We fix a T-
periodic function ® with Ep(D™®) < co and define the mapping K
by
(3.2)

o0
Ku= —/ K (s)ui(t — s,x) ds + ®(t,z) for each u € Vy, i1 (T, po).
0
Then we have

Lemma 3.2. (1) L is a continuous mapping from Vi, (T, p1) into
‘/m+1 (T7 PO)-

(2) K is a continuous mapping from Vy,+1(T, po) into H(Qr). Here
Vint1(T, po) and Vi (T, p1) are endowed with the relative topology of the
Sobolev space H*(Qr).

Proof. (1). We first note that, from the definition of the set V,,, (T}, p1),
we may identify each element of V,,, (T, p1) with a T-periodic function.
Let {h,} be a sequence in V,,(T,p1) such that h, — h strongly
in HY(Qr). Then, since Vi, 41(T,po) is compact in H'(Q7), there
exists a subsequence {Lh;} of {Lh,} such that Lh; converges to a
point u € Vy,41(T, po). Here we put u; = Lh; for each i. Since
{u;i} C Vg1 (T, po), we may assume that u;y and ., converge weakly
to ug and g, in L2(Qr). Then it is easy to see that u is the solution
of the problem (3.1). Since the solution of the problem (3.1) is unique,
we have that any convergent subsequence of {Lh,} converges to u and
that w = Lh. Thus, we have shown that L is a continuous mapping
from a compact convex subset V,,, (T, p1) of HY(Qr) into Vi,11(T, po).
(2). The assertion of (2) can be proved by a parallel argument as in
the proof of (1). O

Proof of Theorem 3.1. From the above argument, we deduce that if

(3.3) K(Vini1(T, po)) € (Viu(T, p1)),
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then the product LK of mapping L and K is well defined and LK
is a continuous mapping from V,41(7T, po)) into itself. Then since
Vini1(T, po)) is a compact convex subset of H!(Qr), there exists a
fixed point of LK. It is obvious that the fixed point of LK is a solution
of the problem (1.4). We now show that there exists To > 0 such that
for each T-periodic function ® with T' < Ty and E7(D™1®) < po /4,
(3.3) holds.

We define a step function & by

k=YK OnT)Xnr,
n=1

where X,,r(z) =1 for z € ((n — 1)T,nT) and X,7r(z) = 0 otherwise.
From the definition of T-periodic functions, we see that

(n+1)T
/ ut(s,x)ds =0 for each n > 1 and x € (0,1).
nT

Then we find
o(t) = /OOO K (s)us(t — s, 2) ds = /Ooo(k’(s) ) ult — 5, 7) ds.

If T — 0, then it follows that [ |k’ — k|ds — 0. This implies that
there exists Ty > 0 such that for each T < Tj,

Ep(D™Mg) < % for each u € V41 (T, po)-

Let @ satisfy E7(D™®) < p1/2. Then it follows that Ku € V,,(T, p1)
for all w € V,41(T, po). This completes the proof. i

4. Proof of Theorem 1.1. In the following the symbols
C,Cy,Cq,... stand for constants which depend only on o and k.
Throughout this section, we assume that (o4) holds. Also, we assume
for simplicity that

1<a'(0) <2, [o"(0), [o"(0)], [o""(t)] <2.
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We also assume temporarily that
(o) 1<d'(t) <2, [o"(®)], 1”@, [o"" ()] <2

for all t € R. There is no restriction in imposing the assumption (o)
because we will show the existence of a solution w of (1.1) such that
sup{|ug(t,z)] : t > 0,t € (0,1)} is so small that

0@ (u(t,z))| <2 forall (t,z) € (0,00) x (0,1), i =1,2,3,4.

For each function f satisfying (f), f1 and fo denote the corresponding
functions defined in (f). We first show that if v is a solution of (1.1) on
(0,7") with T" > T and if v is sufficiently close to a periodic solution
w of (1.4) on (0,T), then v remains close to w on (0,7").

Lemma 4.1. Let (a1) hold. Let T > 0, and let f be a function
satisfying (f), and let w be a T-periodic solution of (1.4) where ® is
given by (1.5) with f replaced by fi1. Let vy be a function on (0,1).
Suppose that the problem (1.1) has a solution v on (0,T") (T" > T) with
v(0,2) = vo(x) on (0,1). Then there exist positive constants py < 1
and Cy such that, if

0 <p<po,
(%) Er(D'w) < p, Ex(D3) < p, F3(f) < p? and
Er/(D?*v) < po,
then
(4.1) Er/(D*v) < Cop, and
T
(1.2) |10 = ) dr < o
0

Proof. Let f,w and v satisfy the hypotheses of Lemma 4.1. Let
p,po > 0 with p < pg < 0. We suppose that p, pg satisfy (x). We put
u = v —w. We first see from the boundary conditions (1.4b) and (2.1c)
that

sup{u?(t, z), uf (t, ), u3(t,x) : t € (0,T"),x € (0,1)} < 4pj,

1 1
2 2
(4.3) /0 up (t,z) de < /0 uy, (t, ) dx and

1 1 1
/ u?(t,x) de < / u?(t, ) de < / u? (t,z)dx
0 0 0
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for t € (0,77). Since v and w are solutions of (2.1) and (1.4) with ®
defined by (2.2) and (1.5), respectively, we have

(4.4) Ut — 0 (Vg ) U + k(0)uy = h,

where h = hy + ho + hg + hy + hs,

hi = —/0 E'(t — s)ui(s, x) ds,
ho = (O’I(’Um) — U/(wz))wzmu

0
hs = / K'(t — s)wy(s, ) ds,
o
hy = —/ K (t— 8)fi(s,2) dt,
—oo t
hs = fut.2) + b(O)faltin) + [ Kt 5)fals, ) db
0
It is easy to see that (4.4) is equivalent to the equation
o t
(@5 w0 et o / k(t — s)uy(s) ds = ho,
0

where hg = ha + hs + ha + hs.
Define

1
(4.6)  Fylu;s) = / (2, + (14 o (v))id, + o' (va)u2, } (s, 7) da.
0
We will show that if pg is sufficiently small, then
(4.7 Fy(u;s)+ C’/ Fy(u;7) dr < Fo(u;0) + C1p?, 0<s< T,
0

holds for some C,C; > 0. We first differentiate (4.4) with respect to t.
Then we have

(4.8) Ut — 0 (V) Uzt — 0" (V2 Vi tize + K(0)uge = hy.
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Multiplying (4.8) by w(t, ) and integrating over (0, s) x (0, 1), we find
(4.9)

1 1 S 1
3 / {u?, + o' (v )u?, } (s, x) dw + k(0) / / u?, dx dt
0 o Jo
1 1 s 1 1
== / {u?, + o' (v2)u?, 10, z) dz + / / 50”(%)1}”1@@ dx dt
o Jo
/ / "(V2)Vta et tlor — 0 (V) Vo ipe iy + hytuge) da dt

We next differentiate (4.4) with respect to z and multiply by ws, (¢, x).
Then we find

%/0 (ufz—i—g/(vm)uix}(sw) dx + k(0) /08/0 ufxdxdt
(4.10) . / {2, + 0 (0,2, } (0, 7) i

/ / ( (Vg vmum—l—h um) dx dt.

Then, from (4.9) and (4.10), we have
(4.11)

s 1
Fy(u; s) + 2k(0) / / (uft + ufz) dx dt
o Jo
s 1
< Fy(u;0) —|—/ / (U”(vx)vmufx + 20" (V) Vz Ugs Uy
o Jo
s 1
— 20" (Vg ) Vg U tys ) d dt + / / 0" (v )vipu?, da dt
s 1
+ 2/ / (h,t’LLtt + hrum) dx dt.
o Jo
Since E7/(D3u) < 2pg, we can see from (4.11) that
s 1
(4.12)  Fy(uss) + 2k(0)/ / (u?, 4+ u?,) dx dt
o Jo

s s 1
< Fy(u;0) 4+ Co (po / Fo(u;r)dr + / / (hyug + hxum> dx dt.
0 o Jo
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Here we observe from (iii) of (k1) that

(4.13)
/ / 2, de dt — / / hgugs d dt
:/ {/ e )(5/0 k(r—)uge (£, ) dt+K () (0 ))dT}dx
>a//uttdxdt (//uttdﬂcdt-i- IK|50 )

where ¢ is a positive number satisfying ¢ < «. Similarly, we have

//umdxdt—/ / higpUsg do dt
(4.14) :/0 {/0 i (7 )5/0 k(T — ) (t, x)dt}d
>a/os/01ufmd9cdt.

Combining (4.13) and (4.14) with (4.12), we find that
(4.15)

s 1
Fg(u;s)—i—Cg/ / (u?, 4+ u?,) dx dt
0o Jo
s s rl
SFg(u;O)+C4<po/ Fo(u;T) dT—I—/ /(hgt+h(2)t) dxdt+p2).
0 0 Jo

Hence, we multiply (4.4) by ... Then, by (4.3), we find that

// txdxdt<C5// (u?, + u? + hZ) du dt

< 05/ / (uf, + ui, + hY) dz dt.
0 0

From (4.16) and (4.15), it follows that

(4.16)

FQ(U; 8) -+ Cﬁ(]. — po) AS FQ(U;’T) dT

s 1
< Fy(u;0) +C'7</ / (h3+h3t+h3t)d:cdt+p2>.
o Jo

(4.17)
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We next show that

s 1 s
(4.18) / / (hd + h3, + h3,)dxdt < Cg (po / Fy(u;T)dr + p2) .
0o Jo 0

We first observe that
S 1
/ / (0" (vg) — 0" (wy ) )wae)? da dt
o Jo
s 1
(4.19) < 4p0/ / vy — we|? dx dt
o Jo

s 1 s
< 4p0/ / [V — Wee|? da dt < 4p0/ Fy(u;T)dr.
0o Jo 0
Noting that

((0/(Um) - U/(ww))wwz)t
= ((Uﬁ(vz)”tm - U//(wx)wtr)wxm + (UI(UI) - U/(wz))wtmz)
= ((J,/(’Uz) - J// (wz))vtm + (U/I(WE)(vtx - wtx))wmr

+ (O-/(Ux) - O'/(wx))wt;cac)7

(4.20)

we find from the assumption that
(4.21)

/05 /01{((0/(““ — 0! (Wa) W)} da dt

s 1 s 1
< Cgpo{/ / |vp — w,|? dx dt —I—/ / [V — Wea|? dxdt}
0o Jo o Jo

< ZCgpo/ Fy(u; ) dr.
0

Similarly, we obtain

/3/ {((0' (v) = 0 (We) ) Wea ) 2 da dt < 2Cqpo /S Fy(u;7)dr.
o Jo 0

Thus, we find that

s 1 s
0 Jo 0
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‘We next show that
s 1 s
0 0 0

Since Er(D*w) < p, we have

/OS /01 {(/_‘; K (t = 7)wi(r, @) dT)x}Q dz dt
<ot [[( [ wa-snas) a

Since k'(t), tk'(t) € L'(0,00), we obtain that

(4.24) /0 /01 {</OOO K (t — T)w (T, 2) dT)w}Q dx dt < Ciap®.

After similar calculations, we obtain (4.23). It is also easy to see from
the assumption F3(f) < p? that

s 1
(4.25) / / (h2 4 h3, + h2,) dx dt < Cy3p°.
0 0

In fact, we can see, for example,

(4.26) /0/01 (/_Oook:’(t—s)fl(s,x)dt)dedt
< 2p? /OS (/too |k(7’)d7’)2dt < Crp?.

From the assumption, we have

s 1
/ / (RZ 4 hZ, + h2,) dzdt < C14F>(f)? < Crap®.
0 0

Then, combining (4.22), (4.23) and (4.25) with the inequality above, we
obtain the inequality (4.17). Then (4.7) follows from (4.17) by choosing
po sufficiently small. Then, noting that

Fy(u;0) < (Er(D*0) + Br(D*w))? < 4p?,
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we obtain
ID20(8)|[? < 4| D (v —w)(8)|[? < 8Fy(ust) < Cop?, 0 <t < T

and

T/
/||D2(v—w)(t)||2dT§C’0p2. .
0

Lemma 4.2. Let (a;1) hold. Let f,w and v be as in Lemma 4.1.
Then there exist positive constants ps < pg and C1 such that, if

0<p<p,
(%) Er(D'w) < p, Er(D*v) < p, F5(f) <p and
ET’ (D3/U) < p2,

then

(4.27) Er/(D%v) < Cyp
T/

(4.28) / |D3 (v — w)(t)||> dr < C1p°.
0

Proof. Let f,v and w satisfy the assumption and u be as in Lemma
4.1. Let p, p2 > 0 which satisfy (xx). We first take the second derivative
of (4.4) with respect to ¢t and multiply by w4 (¢, ). Then, by integrating
over (0,s) x (0,1), we have

1 1 S 1
3 [ Gkt o i Y a do k) [ [ do
0 0 0

1 1
=5 [ (bt 0.0 d

s 1 1
" 2 "
+/ / (50 (’Ux)vtzuttz —0 (Um)vmzutttuttm
0o Jo

+ 20" (Vg ) Vg Uttt Utz + 0" (V2) Vbta Uga Uts

(4.29)

+ O-/N(vx)v?zuwxuttt + htt“ttt) dx dt.
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We next take the second derivative of (4.4) with respect to x and ¢ and
multiply by w (¢, 2). Then, we have

1

1t s
) /o {Ut2tx + g’(vw)ufm}(s,x) dx + k(0) /0 /O Ufm da dt
1 1
= 5 [ ke + 0/t 0.0 do
(4.30)
/ / UI vtzutff + U (vm)vtfbuttl‘ummz

+0o’ ('Ux)vt;cacuxwutt;c + O'W(U:C)Utacvxxuw;cuttac

+ hmutm) dz dt.

Similarly, by taking the derivative of (4.4) with respect to = and
multiplying the equation by wsye. (¢, ), we have

1 1 S 1
5 |ttt e ko) [ [ i
2 0 0 0
1 1
N / {Ufre + 0" (V2 )Ul 0y } (5, 2) da

(4.31)
/ / - Uac)vt;c uixw + " (Uw)vigcumcutmc

+ 0 (Um)vxwutxmuwmw + U”(Uw)vmwwuxmutwm

+ hmutm> dz dt.

Define

1
(4.32) Fy(uss) = /0 {ufy + (1+ 0" (v2) )iy

+ (1 + Gl(vw))ufxa& + Gl(vw)uixw}(& $) dlﬁ
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Then, from (4.29), (4.30) and (4.31), we obtain
(4.33)

s 1
F3(u; S) + 2]{3(0) / / (uftt + uftx + u?ﬂcm) dx dt
0o Jo
< Fy(u;0) + G (p2 | Btwndr
0
s 1
+ / / (Rt + Mgy + hagtise) dx dt>~
0o Jo

In order to assist the reader to see how the estimate (4.33) follows from
(4.29)—(4.31), we give a sample calculation:
(4.34)

/ / |0” (V2 ) Vet U Ugst | dx dit
2/ {( sup |ugz(t, ) / |vtm||uttt|dm}dt
0 z€(0,1)

s 3

§2/ {(sup|um t,x) { \vtm|2dx-/ |wsee |2 d:zc} }dt
0 0

1 3

< (sup/ v (t, @) > / / (uf, + sup w2, (t,y))dzdt.

t 0 y€(0,1)

Here we note that

IN

1
( sup Ium(tvy)\Q)S/ (U3 (8, y) + Ul (8, y)) dy + U2, (t, )
y€(0,1) 0

for each t € (0,00) and = € (0,1). From Lemma 4.1, we have
fo L(t,z)dz < Cop®. Then it follows that

/ / sup |uga(t,y)] )dxdt§p2</ F3(u;7')> dr + Cop® + p°.
0 ye(0,1) 0

Thus, we obtain

s 1 s
(4.35) / |0 (V3 ) Ve tUgztises | dx dt < Co <p2/ Fs(u; T)> dr + p.
0o Jo 0



HYPERBOLIC VOLTERRA EQUATION 545

We next observe from equation (4.4) that

s 1 s 1 s
/ / u?,, drdt < 4/ / (u?,,+h2) dx dt+C3(pa+1) / Fy(u;7) dr.
0o Jo o Jo 0

Then, from (4.33) and the inequality above, we find

(4.36)  Fs(u;s) + Ca(1 — p2) /OS Fs(u;7)dr

< F3(u;0) + Cs (p2 + /OS /Ol(hi + h2, + h2, + h2) dmdt).
After a long calculation, we deduce
(4.37) /OS /Ol(hi—l—hft—l—hfm%—hix) dx dt < Cg (/)2 /OS Fs(u;7) dT+p2).
We give a calculation to show the roles of assumptions () and (o)

to deduce (4.35). From the definition of i and (4.20), we find that he
contains the terms

(0" (vg) — 0" (Wz) ) Vg Wip Wag (0" (vg) — 0" (We))Wtaa-

We can see from (0,),
s 1
/ / |(0" (vy) — 0" (Wg) ) VixWipWes | da dt
o Jo
s 1
< 4/ / vy — ww\z\vmwmwm|2dx dt
o Jo

s 1 s
< C?ﬂg/ / w? da dt < 07/72/ Fs(u;7)dr.
0 0 0

We also see from E7(D5w) < p and Lemma 4.1 that

/OS /01|(0/(U“’) — 0’ (Wg) ) Witea|* da dt

s 1
< 4/ / |ve — wz|2\wttm\2dx dt
o Jo

s 1
<4 sup | Wit (t, )] / / u? de dt
) o Jo

(t,z)€Rx(0,1

< 8p2/ Fy(u; 7) dr < Crpap?.
0
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We also note that the condition k” € L?(0, 00) N L(0,00) is needed for
the estimate (4.37). From (4.36) and (4.37), we find that if we choose
p2 sufficiently small, there are constants Cg, Cy > 0 satisfying

(4.38) Fs(u;s) + Cg/ F3(u; 7) dr < F3(u;0) + Cop?
0

for all s € (0,7”). Then, since F3(u;0) < 2p?, the assertion of Lemma
4.2 follows. O

Remark 4.1. 1t follows from Lemma 4.2 that the periodic solution w
of (1.4) is unique. In fact, if w and v are periodic solutions of (1.4),
then by Lemma 4.2, v — w converges to 0. Since v,w are periodic, it
implies that v = w.

To prove Theorem 1.1, we need the following existence theorem which
is a direct consequence of Theorem 2 of [11] (see also | 6]).

Theorem B. Let (a1) hold. Then, for given T,M > 0, there is
a constant ppy > 0 with the following property. For each wuy and
[ satisfying (wo), (f), and U(uo) + F3(f) < w3, the initial value
problem (1.1) has a unique solution u € C?((0,T) x (0,1)) satisfying
Er(D%u) < M.

Proof of Theorem 1.1. We first consider the problem

(4.39a)
vy — 0 (Vg)e + k(0)vy + /0 k' (t — s)ve(s,x) ds

nT
=®(t+nT) — / K (t +nT—s)u(s,z)ds on (0,T)x(0,1),
0

(4.39b)

v(0,z) = u(nT, x), v(0,z) = ug(nT,x) for x € (0,1),
(4.39¢)

v(t,0) =v(t,1)=0 forte (0,7),

where u is the solution of (1.1) on (0,nT) and ® is the function defined
by (2.2).



HYPERBOLIC VOLTERRA EQUATION 547

It follows that if we define @ : (0, (n +1)T) x (0,1) — R by

. u(t, ) for (¢t,z) € (0,nT) x (0,1)
u(t,x) =

v(t —nT,z) for (t,z) € (nT,(n+1)T) x (0,1),
then @ is a solution of (1.1) on (0, (n 4 1)T'). Here, we put
(4.40)

nT
D, (t,x) =Pt +nT) — / k(t + nT — s)us(s,z) ds for each n > 1.
0

Then we see that
(4.41)
Er(D*®,) < Ep(D?®) + CyE,7(D3u) < C3(F3(f) + Enr(D3(u)).

From (4.39b) and (4.41), we have by using Theorem B that for given
p > 0, there exists a positive number € < p such that if

(4.42) F3(f) <€?, Enr(D%u) <e,
then u can be extended to the interval (0, (n + 1)T") satisfying
(4.43) Enynyr(D*u) < p.

On the other hand, we have by using Lemma 4.2 that if p is sufficiently
small, and the T-periodic solution w of (1.4) with f replaced by fi
satisfies

(4.44) Er(Dw) < ¢,

we obtain that
E(n—‘,—l)T(DSu) < e.

Thus, the cycle is closed. That is, u can be extended to (0,00) by
repeating the argument above in case that (4.44) is satisfied. It follows
from Theorem 3.1 that if T and Er(D°f1) (< F(f)) are sufficiently
small, then there exists a periodic solution w satisfying (4.44). Thus, we
have show the existence of global solution for (1.1). From the argument
above, the inequality (4.28) holds for any 7" > 0. Then we have that
the inequality (1.6) is satisfied. u]
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