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A CLASS OF MAXIMAL OPERATORS
RELATED TO ROUGH SINGULAR INTEGRALS
ON PRODUCT SPACES

H. AL-QASSEM AND Y. PAN

ABSTRACT. This paper is concerned with studying the LP

boundedness of a class of maximal operators SS(;/) related to

rough singular integrals on product spaces. We obtain appro-
priate LP bounds for such maximal operators and establish the
optimality of our condition on the kernel for the L? bound-

(2)

edness of SQ2 . Our results improve substantially the main
result obtained by Ding in [8].

1. Introduction and statement of results. Throughout this
paper, we let £ denote £/ |¢] for € € R™\{0} and p’ denote the exponent
conjugate to p, that is, 1/p+1/p’ = 1. Let n,m > 2. Suppose that S~
(d = n or m) is the unit sphere of R? equipped with the normalized
Lebesgue measure do = do (z').

In [7], Chen and Lin studied the L? boundedness of a class of maximal
operators /\/lg ) defined by

M 1) =su| [ = nl) 2/ 1) bl ).

where the supremum is taken over the set {h : [|h[|;, g+ 4r/r) < 1}

v > 1and Q € L' (S"!) is a function satisfying the cancelation
condition

(1) | ow)ar) ~o.

Chen and Lin in [7] proved the LP boundedness of the maximal operator

ng ) under a smoothness condition on  as described in the following
theorem:
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Theorem A [7]. Assume n > 2 and Q € C(S"~1) satisfying (1.1).
Then

IME ()l oy < Co 1| Loy

for ny/(ny —1) <p<oo,1 <~ <2 and f € LP. Moreover, the
range of p is the best possible.

On the other hand, the corresponding maximal operator of Mg; ) on

the product space R™ x R"™ is defined by

(12) SYf(z.y)

= sup / flz—u,y—v)h(ul, |v]) Q@) Ju] ™" |v| ™" dudv|,
R xR™

heB()

where B is the set of all radial functions h(s,t) with

Al 2~ R+ xR+ ds dt)(st)) < 1

and 2 is a function on R™ x R™ satisfying the following conditions:

/Sni1 Qu', ) do(u") =0,

(1.3)
/ Q) do (') = 0,
gm—1
(1.4) Qe L(S" !t x8sm ),
and

Qtz, sy) = Q(z,y) for any t¢,s>0.

Recently, Ding in [8] obtained the following L? boundedness of S((;)
when v = 2:

Theorem A. Assume that n,m > 2 and Q satisfies (1.3)—(1.4).
Then 85(22) is bounded on L*(R"xR™) if Q € L(log L)*(S"~ 1 xS™~1).
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Here, a function Q belongs to the class L(log L)*(S™~! x S™~1) if

||QHL(log L)«(Sn—1x8m—1)

— ‘/S7171><S71171 ‘Q((E7y)‘ IOgo‘(2 + |Q($,y)|) do’(w) dg-(y) < 00.

A question which arises naturally in light of Theorem A is the
following:

Question. Does the LP boundedness of Ség) hold for some p # 2
under a condition in the form Q € L(log L)*(S"~! x S™~ 1), and what
is the best possible value of the exponent « so that the L? boundedness

of 85(27) holds.

The main purpose of this paper is to obtain an answer to this question.
In fact, we prove the following;:

Theorem 1.1. Assume that n,m > 2 and Q satisfies (1.3)—(1.4).
Then

(a) If Q € Llog L)?/Y (S"~1 x 8™=1), S5 is bounded on LP(R™ x
R™) for v/ <p < oo if 1 <~ <2;and it is bounded on L=°(R™ x R™)
ifv=1

(b) There exists an Q which lies in L(log L)1=¢(S"~1 x S™~1) for all
e > 0 and satisfies (1.3) such that Sg) is not bounded on L?(R™xR™).

We remark that, for any ¢ > 1, the following inclusions hold and are
proper:

CHS™ Lt x 8™ 1) € L9(S" " x 8™ 1) ¢ L(log L)(S"~! x 8™,
and

L(log L)?(S"~ ! x 8™~ 1) ¢ L(log L)*(S" ! x S™~1) for « < f.
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Clearly, part (a) of Theorem 1.1 represents a substantial improvement
in both the range of p and  of the main result of Ding [8], while part
(b) shows that the condition Q € L(log L)%/?' (S™* x 8™ 1) is the best
possible in the case v = 2.

The method employed in this paper allows us to treat a more general
class of maximal operators than those given by (1.2). To give a full
statement of our results, we let ® and ¥ be suitable functions defined
on R*. For an ( satisfying (1.3)—(1.4), we define the operator Sg% o
on R" x R™ by o

(S e =sup| [ 1= @l = (i)

beB
(1.5)

b (Jul,Jol) 2 (', o) [u] ™" [o] ™ dudo].

Since Ség?b,\p = Sg) when ®(t) = ¥(¢) = ¢, part (a) of Theorem 1.1
is a special case of the following theorem whose proof will be given in
Section 4.

Theorem 1.2. Assume that n,m > 2 and  satisfies (1.3)—(1.4).
Let SS()’T()P7\I/ be given as in (1.5) with 1 < ~v < 2. Assume that
® and ¥ are in C%([0,00)), conver and increasing functions with
B(0) = T(0) = 0.

(a) If Q € L(log L)*/7' (8™~ 1 x S§™~1), ST}, o, is bounded on LP(R" x
R™) for v/ <p< oo if 1 <~ <2;and it is bounded on L=(R™ x R™)
ify=1

(b) If Q€ LI(S" ! x Sm~1) for some q > 1, S’S(ZEI,’\I, is bounded on

LP(R"xR™) for max {y'nd/(v'n+nd —+'),¥md/(v'm +méd —+")} <
p < 00, where 6 = max{2,q'}.

Throughout the rest of the paper the letter C' will stand for a constant
but not necessarily the same one in each occurrence.
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2. Proof of Theorem 1.1 (b). We follow a similar argument as in
[1]. By duality, the operator 85(22) is simply

SQfmw>—(/“ ]/' Je —réy—tn)
(0,00) % (0,00) | JSP—1xSm—1
2 drdt)l/ 2

X Q&) dot(€) do)|

It is obvious that 85(22) is bounded on L?(R"™ x R™) if and only if the
multiplier

m(&n) = (/ ’/ e_QWi(t§'~u+s77'~v)
(0,00) X (0,00) | Jgn—1xgm-1

2 grds\ 12
« O (u,v) do(u) do(v) dtd)

ts

is an L* function, where &' = ¢/ |¢] and ' = n/|n|. It is easy to see
that

(m(§777))2 = Q(U,U)Q(.T,y)

lim lim
M—o00,e9—0 N—oo,e1—0 (Sn—1 ><S'm71)2

M
% / <e2m'sn’~(vy> ﬁ)
15p) S

x / N <e—2mf’-<u—w> %) do(u) do(v) do(z) do(y).

Notice that

N
‘/ dt
/ <6—27T2t5 (u—z) _ COS(QTt)) ?
€1

—1

log|¢ - (u—z)|” — @g sgn (¢ - (u—x))

as N — oo and €; — 0, and the integral is bounded uniformly in £; and
N,C (14 |log|¢ - (u—2)|]). Now, if we choose £ to be a real-valued
function, by the cancelation conditions on ) and invoking Lebesgue
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dominated convergence theorem, we obtain
(2.1)

= [ (2wene g ol

2

x log |0 - (v—y)|_1 — (% sgn (& - (u—=x))

s (0 - (v-1)) ) do) do(v) do (o) do(y),

For simplicity, we shall construct the function € only in the case
n =m = 2, and we shall work on [—1,1]? instead of S! x S'. By (2.1),
we notice that Theorem 1.1 (b) is proved if we can construct an  on
[—1,1)? with the following properties:

(2.2) /_1Q(u,~)du:/_lQ(-,v)dv=O;
(2.3) / |2 (u,v)] (log(2 + |2 (u,v)])) du dv = oo;
[—1,1]2

(M)A}mmmwmw+mmmW€mw<w

for each ¢ > 0;

(2.5) I(l,l):/[o . /[0 1]QQ(u,v) Qz,y)

x F(u,v,2,y) dudvdx dy = oo;

(2.6) ﬂLm:/ /“|Qmwﬂmw
[_171]2\[0)1]2 [0)1]2

X F(u,v,z,y)| dudvdzdy < oo;

(2.7) ﬂznz/’ / 192 (u,0) Q. y)
[0,1]2 J[-1,1]2\[0,1]2

X F(u,v,z,y)| dudvdxdy < co;
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28) 1.2 | / 19(u,0) a,y)
[_171]2\[071]2 [_171]2\[071]2
X F(u,v,z,y)| dudvdxdy < oo,

where
F(u,v,2z,y) = (10g|x—u|_1) (logly —v|_1).

For k € N, let I, = [(1/k + 1), (1/k)) and

=3

(+1) log(k:+j)] '

Now, by definition of by, we have

k k oo k
b, =
T G les T 2, G sk 7T
k o > 1
= (log k)* (; (J+ 1)) T (j—zk;rl (j+1) (logj)g)
k
(log k)

Define 2 on [—1,1]? by

3>

g ( k+j 3X1k><I (1, v) =X[-1,0)( (Zbkxbc )
j=3 k=3

= X[=1,0/( <Zka1k >+X[—1,0]2(U7U)< k(kj—l))’
k=3

where X 4 represents the characteristic function of a set A.

Let us now turn to the proof of (2.2)—(2.8). First, the proof of (2.2)
is straightforward. To prove (2.3), it suffices to show that

(2.9) /[O ] g2+ 192 o)) duo = o
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To see this, notice that
/ | (u,v)| (log(2 + | Q (u,v)|)) dudv
[0,1]

>

Jj=3

oo

[log k+])]/l I(log(2+|Q(uvv)D) du dv
=3 wx I

?T‘

i logk—i-logj)
5 s JF [log (k+5))°

Mg

Vv

C

J
i (log k + log j)
= jklog(k + 5))°

1
klogk

Y
Q

Me 10

\%
Q
i

3

We now prove (2.4). We divide the integral over [—1, 1]? into four parts:
over [0,1]2, [=1,0] x[0, 1], [0,1] x [=1,0] and [—1,0] x [~1,0]. By similar
calculations as those in the proof of (2.9), we obtain the finiteness of
the integral over [0,1]2. On the other hand, by definition of 2, we can
see that the integral over [—1,0] x [0, 1] equals to
L b log (2+bi))t ™
k(k+1)

i
2

Similarly, we can show that the integral over [0,1] x [—1,0] is finite.

Finally, since
[e'S) bk
_k B L>®
<kz_% k(k + 1)) X-vo1 € &7

we have that the integral over [—1,0] x [—1,0] is finite.

Now, we verify (2.5). Let us first prove Z(1,1) = oo. By definition of
Z(1,1), we have

z(1,1)

oo oo

Z Z akﬁjalﬁs/ / F(u,v,z,y) dz dy dudv,
IkXIj IZXIS

j=3 k=3 s=3 =3
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where
_ gk
log(k + 5)]°

Notice that, for each (u,v) € I x I; and (z,y) € I; x Iy, F(u,v,z,y) >
0. Thus,

Ak,j =

o0 o0 o0 o0
220 D D aksas
§=3 k=3 s>2(j+1) 1>2(k+1)

X / / F(u,v,z,y) de dy dudv.
IkXIj IZXIS

Now, for (u,x) € I, x I} with | > 2(k + 1), we have v > 22 and hence
log |z — u\_l > log k. Similarly, log |y — v|_1 > logj for (v,y) € I; x I,
with s > 2(j + 1). Therefore,

oo

1(1,1)20§: 3 i i 1°g]?12gj

T Ty 1D sy Weds [log(k + 7)) [log(l + $))

Zcii i log klog j

& 5 L5, ks log(k 4 )] log (k + 5)]

log klog j
kj [log(k + 7))

Zciz log klog j

k=3 j>k kj [log(k +.7)]

Y3
a
82M8

Next, we turn to the proof of (2.6). Divide [—1,1]2\[0, 1]? into three
parts: [—1,0] x [0,1], [0,1] x [-1,0] and [—1,0] x [—1,0]. We notice
that the integral over [—1,0] x [0,1] x [0, 1]? is dominated from above
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by

oo o X

(2.10) S=3 "33 ar b Z(k) T (. s),

k=3 j=3 s=3

where

T(.s) = / logly — o]~ dvdy,
I; %I

/ / log |z —u| ™" dx du.
Iy

By elementary calculations, it is easy to verify that the follow-
ing inequalities hold for some positive constant C' independent of k
and j:

and

, 1
(2.11) IZ() <C — 7
(2.12) J(,s) < C ;(;ig if s> 2j;
1
(2.13) J(.s) < C ;;if it j> 2
(2.14) J(,s) < C 10%18 i j/2<s<2j.
S

In view of (2.10)—(2.11), we have
(2.15) S <81+ 8+ 85s,

where

Mg
M8

j(j, 8)7
3 a5y kllog k—l—j)} (log 5)?

3 ’ I(,s)

3 jo2s K [log k—l—j)} (log 5)?

i
w
<.
Il

Mg
Mg

E
[
w
V)
[

VE
jj2<aca; F [log(k + )P’ (log 5)2

M8

T, 8)-

E
[
w

<
Il
w
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gc(i ;Xi ;> < .

= klog(k +3)** ) \ =5 j[log(3 +5)*

The proof of Sy < oo follows by (2.13) and the same argument as
proving S < co. To prove the finiteness of S3, we invoke (2.14) to get

S < C Z Z ol [1og(k‘—|—j)]3 ( Z s3logs)

k=3 j=3 §/2<s<2j5

<

1
= = kjllog(k + j)’ log j

<(2 ) (2 7mm) <

Jj=3

Thus, the integral over [—1,0] x [0,1] x[0,1]? is finite. Similarly, the
integral over [0,1] x [~1,0] x[0,1]? is finite. Also, the integral over
[-1,0] x [-1,0] x[0,1]? is bounded from above by

= C(g; k[log(k1+ 3)]3/2) (i j[log(31+j)]3/2> =0

which ends the proof of (2.6). By following a similar argument as
proving (2.6), we obtain Z(2,1) < co. Now, it remains to verify (2.8).
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Divide [—1,1]?\[0,1]? into three parts: [—1,0] x [0,1], [0,1] x [—1,0]
and [—1,0] x [-1,0]. As above, we shall only present the proof of the
finiteness of the integral over [—1,0] x [0,1] x [—1,0] x [0,1] and over
[—1,0] x [0,1] x [0,1] x [—1,0] because the proof of the other cases are
similar. We start now by proving the finiteness of the integral over
[—1,0] x [0,1] x [-1,0] x [0, 1]. Notice that the last integral is bounded
from above by

sz logk logl (/ / log |y —v|~ dvdy)

k=3 1=3
oo oo l .
ZZ: ; (log k)2(log )2 J (k1) = 57

As above, split S* as
S* =57 +55+ 53,

where
kZZB ZZ>2 (log k)2(log1)
52 :Z Z logk logl) I (k1)
1=3 k>21

. Kl
$= T Gamrone T

k=3 k/2<I<2k
By (2.12), we have

= 1 1
20 5 e (55 )
! kzzg k(log k) l;:k I(log1)?
> 1
< —_— .
= kg Klogh)? =
Similarly, by (2.13) S5 < co. By (2.14),
Sy<C i i > !
35 Toa k)2 Bloal)
= (log k) S 3(logl)
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This finishes the proof of the finiteness of the integral over [—1,0] X
[0,1] x [-1,0] x [0,1]. Now, we turn to the proof of the finiteness of the
integral over [—1,0] x [0, 1] x [0, 1] x [-1,0]. We notice that the integral
over [—1,0] x [0,1] x [0, 1] x [-1,0] is bounded from above by

oo oo l
CZZI()gk—bgl)Q|()()|

k=3 =3

This completes the proof of Theorem 1.1 (b). O
3. Some lemmas.

Lemma 3.1. Let p € NU{0}, a, = 2+D and Q,,(-, ) be a function
on S"1 x 8™~ satisfying the conditions:

(1) HQHHL2(Sn71XSm—1) S CL27
(i) HQMHLI(Sn 1ygm—1) <1, and

(iii) Q, satisfies the cancelation conditions in (1.3) with Q replaced
by Q. Assume that ®, ¥ are in C?([0,00)), convez, and increasing
functions with ®(0) = ¥(0) = 0. Let

Lasten=( [ / 0 (0.9)
o [aﬁ,aﬁ+1)x[aﬂ,aﬂ+l) §n—1yxgm—1 H

x e U E2TYES ) (o (2) do(y)

2 dtds\ /2
ts ’

Then there exist positive constants C and « such that

B Huks(€m)] < Clp+1);

(3:2) [k (€:m)]
< Cp+1) (@(ap™) ) D (W (af ) )/ 4D
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(3.3)  uki(&m)l
<C(p+1)(P(a )\§|) o/ (1) (g (aJ)|n|) o/ (+1),

(34) [k (&)
< C(u+1) (B(apt) [€)*/ #HD (W(a ) |nf) =/ D

(3:5) g (&)
<C(p+1)((a ) )/ (@ (a{fl) |n|) e/ (k1)

where C' is a constant independent of k, 7, &, n and pu.

Proof. First, by condition (ii) on €2, it is easy to see that (3.1) holds.
Next, by the cancelation properties of €2, and by a simple change of
variables we have

el < | ( / 12,(.9)|
[L,au)x[1,a,) Sn—lx8§m—1

2
—i®(a! o) dtds
x‘ i®(alt)(&, 1‘da (y)> P
Since @ is increasing we get
(3.6) [Tieg (6] < Cu+ 1) [@(af T HE].
Similarly,
(3.7) Lo (€] < Cu+1) [T (a )]
Now, by Schwarz’s inequality we have
2
/ Q (2, )~ EO<ET>FYE D) 4 (1) dor(y)
§n—1xgm—1 e
. k 2
<L ) ) doa)| doty)

- (] 2,(2,9) 0,00 )
Sm—1 Sn—1xSn—1

« e~ ®(agt)(€z—u) do(x) da(u)) do(y).
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Therefore,

68 msenl< [ ([ oen@
X Jy k(& @, u) do(x) da(u)) do(y),

where )
ay (e o n
Ju,k(ﬁ,x,u):/l A ICHDIS >7_

‘We now show that

(3.9)  [Juk(& o) < Clu+1) |[Bah)e| e w - u)

for some positive constant C' independent of p.

The proof of (3.9) follows by a simple application of van der Corput’s
lemma. In fact, we notice first that

G dt
J;J,,k;(g,l',u):/ H/(t) ?7
1

where

t
H(t) = / e~ i®(agw) (g —u) dw, 1<t<ay,.
1
By the assumptions on ® and the mean value theorem, we have

P k k
(afw) _ ®(a})
w - t

<t< Q-

% (@(aﬁw)) = aﬁ ' (afw) >

k
@y,
for 1<w

Thus, by van der Corput’s lemma,
_ -1
[H ()] < |®(ap)é] ™t (€ —u)| " t,

for 1 <t < a,. Hence by integration by parts,

T (€o )| < C(p+ 1) | @(ak)e| L€ —u)| 7
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By combining this estimate with the trivial estimate,
[ (& 2 u)| < (In2)(p+ 1),

we get (3.9). By Schwarz’s inequality, condition (i) on €, and
(3.8)—(3.9), we get

Lo (€))7 < O+ 1) al |D(ak)e| =1/

X </SXS ez — )| ? do(x) da(u))1/2.

Since the last integral is finite, we get

(3.10) kg (€m)| < O+ 1) a2 |(ag)é /5.
Similarly,
(3.11) kg (6 m)] < Clu+1) a2 [W(af )75,

By (3.1), (3.6)—(3.7) and (3.10)—(3.11) we obtain (3.2)—(3.5). The proof
of the lemma is complete. a

By the same argument as in [17, p. 57], we get the following:

Lemma 3.2. Let ¢ be a nonnegative, decreasing function on [0,00)
with f[o 00) p(t)dt =1. Then

’/{0700) flz—ty) p(t) dt’ < M, f(z),

where
R

1
M, f(z) = sup Z |f(z —sy")| ds
RER 0

is the Hardy-Littlewood mazimal function of f in the direction of y'.

For y € NU{0} and v/ € S"7!, let Mg, . (f) denote the maximal
function defined by

k+1
a; L dt
Mot =sup| [ 7 (o= o) §

keZ
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Lemma 3.3. Assume that ® is in C?([0,00)), conver, and increasing
function with ®(0) = 0. Then

(3.12) M o (NI, < Cp(n+ 1) £l
for 1 <p<ooand f e LP.

Proof. By a change of variable we have

Bkt , p
Laﬁ) 16— o))

Without loss of generality, we may assume that ®(¢t) > 0 for all
t > 0. By Lemma 3.2 and since the function 1/(®~1(¢)®'(®1(¢))) is
nonnegative, decreasing and its integral over [@(aﬁ), ®(ak1)] is equal
to (In2)(u + 1), we obtain

(3.13) Md’,u,u’f(z) <C(p+1) My f(z),

By the LP boundedness of M, f with bound independent of v’ we get
(3.12) and the proof of the lemma is concluded.

M f(2) < sup (

keZ

m

For € N U {0}, let
Erju={(u,v) e R" xR": aﬁ < |u| < aﬁ"’l and afL <|v| < affl}.
For any Q € L'(S"~! x 8™~ 1), we define the maximal operator

(3.14) Ao f (@ y) = sup [Arjau* f(2,9)],
k,jEZ

where

)\k:,j,Q,p, * f(.’IJ, y)
|’ ')

= [ =gy = (el Dol dude. o
Erjin |u‘ "U‘

Lemma 3.4. Let Q € LY(S" ! x 8™ 1) and let ® and ¥ be in
C?([0,00)), convexr and increasing functions with ®(0) = ¥(0) = 0.
Then

(3.15) A (D], < Colre + D Q01 1 (g1 xgm—1 £,
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for 1 <p<ooand f € LP, where Cy is independent of Q,u and f.

Proof. Using polar coordinates we get

Moo * f()] < / / Q)|
e faf ) xlaaf ) Jsnmtsmor

o

X |f(x — @),y — V(s)v")| do(u')do(v") %
s
Therefore,

Ao uf(@,y) <C |2/, ")

Sn—lxgm—1
X (M‘I’,,Ll,7'l)/ o M@,u,’u’) f(‘ra y) dg(u/) dO’(U’),

[39b)

where “o” denotes the composition of operators. By Lemma 3.3 and
noticing that

Pl
<C |Q(ula 'U/)l H(M‘I’,u,v’ © MQ,M,u’) (f)Hp da(u/) da’(’l}/),

§n—1yx§m—1

we get (3.15) which ends the proof of the lemma. O

Let Mg be the spherical maximal operator defined by

Msf(a)=sw [ |f(@=r6)] dr(0)

r>0

By applying Stein’s and Bourgain’s results, see [16] and [6], we have

Lemma 3.5. Suppose that n > 2 and p > n'. Then Mg(f) is
bounded on LP(R™).

We shall need the spherical maximal operator Mgp defined on
functions f(x,y) on R™ x R™ by

(3.16)
Mgspf(x,y) = sup / |f(x —rf,y — sv)| do(8) do(v).
Snflxsafnfl

r,s>0
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Define the operators Mg) and Mg) on functions f on R™ x R™ by

(MY ) (x,y) = (MU FC ) (@) and (ME ) (@) = (M) f (2,-)
(y). By invoking Lemma 3.5 and the inequality

Map f(,y) < (M o M) f(z.y),
we get the following:

Lemma 3.6. Suppose that n,m > 2 and p > max{n’,m’}. Then
Msp(f) is bounded on LP(R™ x R™).

4. Proof of Theorem 1.2. We start with proving part (a)
of Theorem 1.2. Assume that  satisfies (1.3) and belongs to
L(log L)?/7"(8"=1 x §™~1) for 1 < - < 2. Decompose €2 as in [2], (see
also [4]). For p € N, let E,, be the set of points (z,y) € 8"~ x §™~1
which satisfy 2# < |Q (x,y)| < 2#TL. Also, we let Eg be the set of all
those points (z,y) € S~ x S™~! which satisfy |Q (z,y)| < 2. For u €
NU{0}, set b, = Qxg, and w, = ||bul1. Set I = {p € N :w, > 274}
and define the sequence of functions {Q,},cruf0} by

JCVENED ST RN SN ¢ B L)

1e{0YU(N—T) pe{0yU(N—-TI)

Tk </s,m1 bu(@,y) da(y))

ne{0}UN—TI)

> / bu(x,y) do(x)do(y),
pne{0}U(N—IT) §n—1ygm-—1

and for p € 1,

Q(,9) = (@) (bm,y) [ ntendotn [ b ist)
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Then one can easily verify that the following hold for all p € I U {0}
and for some positive constant C":

(4.1) 190ll, < Capy 1l < G

> (D < OOl pqog 12 (s x5
pnelu{o}

(4.3) /Si Q, (u, ) da(u):/ Q, (- v) do (v) = 0;

Sm—1

(4.4) Q= > w.Q

pnelu{o}

By (4.4) we have

(4.5) Saeuf(z,y) < Z wuSa,.ewf(T,y).
nelu{0}
By (4.5) it suffices to show that the inequality
(4.6)
HSQ#@,\IJpr < Cp(u+1)2/7/\|f||p forall v <p<oo and felLP

holds for 7/ < p < 0 if 1 <y < 2 and for p = co if v = 1. To prove
(4.6), we need to consider three cases. We first prove (4.6) for the case

v =2.

The case v = 2. Since ® is convex and increasing in (0,00), ®(t)/t
is also increasing for ¢t > 0. Therefore, for p € N U {0}, the sequence
{@(aﬁ) i k € Z} is a lacunary sequence with @(aﬁ“)/‘l)(a/’j) >ay, > 1.
Let {t5,,0}> be a smooth partition of unity in (0, co) adapted to
the interval Ey , ¢ = [(@(aﬁ“))*l, (®(afi~"))"']. To be precise, we
require the following:

Yo € CT, 0 < Yy o <1, ZT/JIW,@ (t) =1,
%

supp ¢k,u,<b - Ek,u,cba

d* g 0 () < Cs
dts -
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where C; is independent of the lacunary sequence {®(a)) : k € Z}.
Define the multiplier operators Sj ;,, in R" x R™ by

(k) (Em) = Cre e ([€]) ¥iw () F(€ 1)

Then for any f € S(R™ x R™) and [, s € Z we have

f(a?,y) = Z (Sk-i-l,j-&-s,u.f)(xvy)'

k,jEZ
By duality we have
2 drdt 1/2
SG) o f(@,y) = (/ |Fri, f(z,y)| —>
(0,00) % (0,00) rt
2 drdt 1/2
(S IR
kjez” lafai)x(alal ™) r
where
Fr,t,Qf(xa y)

-/ Fla = B(r)E.y — V() n) QAE.m) do(€) dor(n).
Sn—l XSnl—l
By Minkowski’s inequality it is easy to see that

85(223@,\1;][(‘@7 Y)

(Z Z 2 drdt 1/2
< / . Hyit, st 0,0, f(259) —)
kjEZ [aﬁ,aﬁ+1)x[ai,aﬂ+l) lseZ “ rt
1/2
2 drdt
<> ( > / |Hittj4 5,00, F (2, 9) —)
l,s€Z “k,jeZ [aﬁ,arrl)x[af“affl) " rt
where

Hl,s,t,r,u,ﬂf(xv y)
_ / s QEM St = By = V() m) do(E) do(n).
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Now if we let

T‘ls,uﬂ,‘fx y

2 drdt
H j+s,7. 9 )
Z / o) a0l ) k+1,j+s, ,t.,,u,ﬂ,‘,f(x y)| t
k,jEZ @Ay Ay
then we have
(4.7) S& o uf@y) <Y Tiapo, Flz,y).
l,s€Z

Therefore, to prove (4.6), it suffices to prove
(4.8) T30, (D], < Cplp+ 1) 27 %2700 g

for some positive constants Cp, 0, and for all 2 < p < oco.

The proof of (4.8) follows by interpolation between a sharp L2
estimate and a cruder L? estimate of T, .0, (f)-

First, the L? boundedness of Ty s,u,9,(f) is provided by a simple
application of Plancherel’s theorem and using Lemma 3.1.

T, ()2

:/ > / o H e, (2 )’
R xR™ ez [ak, ak+1)><[aft aﬁ+ )

/Ak+la+@ /ak k+1)><[a‘u a,‘ )

2 drdt

dx dy

kj€Z laf.ap
2
‘ drdt

/ Oz, y) e POEDHFODD) do(2) dor(y)| LI

Sn—1ygm-—1 Tt
2 2
|f(&,m)|” d€ dn
< O(p + 1)2 2~ 2alll g—2als| Z / faﬂ)|2dfd77

k.jeZ Ak+1;+<

< C(p+1)2 2720l g=2elsl | )12
where

Agj ={(&n) e R" x R™ : ([¢],[n]) € Br o X Ejp -
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Therefore, we have
(4.9) | Tis w0, (D], < Clut D272l 1],

On the other hand, we need to compute the LP-norm of T s, q, (f)

for p > 2. By duality, there is a function g in L(p/2)/(Rn x R™) with
||9||(p/2)/ < 1 such that

2

HI-VLS,;,L,Q“ (f)Hp
2 drdt
= E / / . o |Hk+l,j+s,r,t,u,§l“f(‘r,y)‘ "
kgez JRORT lak gt x a0t r

X |g(z,y)| dxdy

<2 / / / Q,En
| MHlkze:Z R xR J[ak,ab ) x a0l ) Sn—1><87n—1| a )’
9 drdt
XSkt jrsn [, y) Plg(@+2(r)E, y+U(t)n)| do(§) do(n) ——= du dy

<Y [ St F@) N, (0 () dody

k.jcZ R xR™

Z |Sk+l,j+s,u f‘ ’)‘ u,u H(p/2

l,sEZ

where g(xay) = g(_xa _y)

By (4.1), invoking Lemma 3.4 and using the Littlewood-Paley theory
and Theorem 3 along with the remark that follows its statement in [15,
p. 96], we have

(410)  [Trsp, (D], < Colu+ DIfI, for 2<p< oo

Now, (4.8) follows by interpolating between (4.9) and (4.10). This
completes the proof of (4.6) in the case v = 2. i
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The case v = 1. If f € L*(R"xR™) and h € L'RT x
Rt dsdt/(st)), then

’ /ooo/ooo At s) /S,L,IXSM flz—®(t)u,y — U(s)v)

x Q, (u,v) do(u) do(v) dids

ts

S C N fllpe 12l mes xR+ s dt (st

for every (x,y) € R™ x R™. By taking the supremum on both sides of
the above inequality over all radial functions A with

||h||L1(RJr xRt ,dsdt/(st)) <1

yields

1
85(23@,\1/ flz,y) <C ||fHL°°(R"><R"")

for almost every (z,y) € R™ x R™. Hence,

1
(4.11) HS&;@& fH < CF o (o i -

Lo (R"xR™)

The case 1 < v < 2. We shall use an idea employed in the one-
parameter case in [14]. By duality,

Santen = [ fe-0uy

= U(s)v) Q, (u,v) do(u)do(v)

LY (Rt xR+,ds dt/(st))

Thus,

(
HSQ?@,\I/JC’ = HS(f)|‘Lp(Lw’(R+><R+,dS dt/(st)),R*xR™)

LP (R xR™)
where

S:LP(R" x R™) — LP(LY (R* x R*,dsdt/(st)),R" x R™)
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defined by

S(f)(z,y.t,s)
- /Snflxsmfl [z —@(t)u,y — V(s)v)Q, (u,v) do(u)do(v).

By (4.6), for v = 2, and (4.11), we interpret that

IS e L2+ xr+ s at/st) R xremy < O+ D) 1l o mn xmomy
for 2<p< o0

and

||5(f)||Loo(Loo(R+xR+,ds at/(st)), R xrm) < C ||fHL°°(R"><R"") .

Applying the real interpolation theorem for Lebesgue mixed normed
spaces to the above results, see [5], we conclude that

2/%' |

IS Lo (R xR+ ds dt (st R xrmy < Ce+ 177 ([ fll Lo g xmom)

for 7' <p < oo,

which in turn implies (4.6) for 1 < v < 2. The proof of Theorem 1.2 is
complete. n]

A proof of part (b) of Theorem 1.2 can be constructed by the above
estimates and following the same argument as in [1]. Details are
omitted.

Acknowledgments. The authors wish to thank the referee very
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