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REAL ANALYTIC DEPENDENCE OF SIMPLE AND
DOUBLE LAYER POTENTIALS UPON PERTURBATION
OF THE SUPPORT AND OF THE DENSITY

MASSIMO LANZA DE CRISTOFORIS AND LUCIA ROSSI

ABSTRACT. We consider a hypersurface in Euclidean
space R™ parametrized by a diffeomorphism of the unit sphere
to R™, and a density function on the hypersurface, which we
think as points in suitable Schauder spaces, and we consider
the dependence of the corresponding simple and double layer
potentials, which we also think as points in suitable Schauder
spaces, upon variation of the diffeomorphism and of the den-
sity, and we show a real analyticity theorem for such depen-
dence.

1. Introduction. In this paper, we plan to study the dependence
of simple and of double layer potentials upon the hypersurface of
integration, i.e., upon the support. We assume the hypersurface
of integration to be of sphere-type. Namely, we denote by B, =
{r € R": |z| < 1} the open unit ball in the Euclidean space R",
with n > 2, and we consider our hypersurface to be assigned by a
diffeomorphism ¢ of 9B,, onto ¢ (0B,,) C R™, such that ¢ (0B,,) is an
(n—1)-dimensional manifold imbedded in R™. Then we consider the set
Agp,, of such admissible functions ¢, see Lemma 2.5, and we consider
the Schauder space C"™* (0B, R™). The set C™ (0B,,,R™) N Asm,,
is open in C™% (0B,,,R"), and we can think of ¢ as a point of such
aset. If f € O™ (0B, R), then the function f o ¢(~1 is defined on
¢ (0B,,), and it makes sense to consider the simple and double layer
potentials

ol F1(6) = /¢ o S € Fo9 V) VEEH(0B,),

w _ _9 o o b=V () do
01O = Gy Sn eI Fo6 Vo, VE o (3B,
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where S),(+) denotes the fundamental solution of the Laplace operator in
R™, and where v, denotes the outward normal to the set Z[¢] bounded
by ¢ (0B,), see Section 2. Then we can consider the functions

(1.1) Vo, fl(x) = v[g, flod(z) Va € IBy,
(1.2) W6, fl(z) = wlo, flo d(z) Ya € OB, .

One can consider the nonlinear operator V-, -] of (C"™* (0B,,,R™)N
Agp, ) x C 1 (9B,,, R) to C"™“ (9B,,, R) which takes (¢, f) to the
function V[, f] defined above, and the nonlinear operator W[, -] of
(C™*(0B,,R") N Aygp,) x C™*(0B,,,R) to C"™*(6B,,, R) which
takes (¢, f) to the function W[g, f] defined above.

The purpose of this paper is to show that the operators V|-, -], W[, -]
defined above are real analytic, see Theorem 3.12. Then we also
compute all order differentials of V', W, cf., Proposition 3.14. Problems
such as those treated here are not new. A stability result for simple
layer potentials has been proved by Keldish [7, Lemma VIII] in order
to study stability properties of boundary value problems. Then we
mention a continuity result of Verchota, see Meyer [18, Theorem 7]
for simple layer potentials defined on Lipschitz hypersurfaces upon
variation of the hypersurface. Also in connection with the work of
this paper, we mention the study of the dependence of the Cauchy

integral
/
Clo.I0) =5 [ O g
2mi Jom, o(t) — (")

upon the pair (¢, f), and the contribution of Calderén, Coifman, Meyer,
Mclntosh, David, whose work implies the analyticity of operators
related to C'. For references to the various contributions of the above
authors to this issue, we refer to Lanza and Preciso [13, Section 1].
In particular, at least in case n = 2, a formula for the derivatives
of W could also be deduced by known corresponding formulas for
the derivatives of C'. By Lanza and Preciso [13], the operator C
is complex analytic from (C™*(0B,,C)NAgp,) x C™* (0B, C)
to C"™% (0B,,,C). The analyticity of C' finds application in various
problems, see Lanza [12], Lanza and Preciso [14, 15] and Lanza and
Rogosin [16, 17]. Operators such as V, W or C appear in the study
of various problems, and one of the motivations to prove the real
analyticity of V, W is to analyze regular and singular perturbation
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problems for integral and differential equations of the type of those
treated in the above mentioned papers for C.

To prove our statement, we shall consider first the operator V., -].
Indeed, the corresponding result for W[, ] can be deduced by that for
V[, ], and by well known formulas of classical potential theory.

We now briefly describe our strategy. Given a pair (¢, fo) in the
set (C™< (0B,,,R") N Agp, ) x C™ 12 (0B,,, R), we show that there
exists a 0 < § < 1 and an open neighborhood W, of ¢y such that all
functions ¢ in Wy can be extended to a diffeomorphism Eg, [¢] of the
annulus

As={zeR": 1-6<|z| <144}

onto a neighborhood of ¢(9B,,). Next we set

Af={zeR": 1-§<|z| <1},
Ay ={zeR": 1< |z| <140},

and we show that v[¢, f] is uniquely determined by two harmonic func-
tions v™, v~ defined in Ey,[¢](A7), and in Eg[¢](Aj ), respectively,
and that the pair (v*,v™) is the unique solution of a coupled boundary
value problem, cf. Theorem 3.2. Next we exploit the diffeomorphism
E;,[¢] in order to transform such a domain dependent problem for
(vT,v7) into a coupled boundary value problem for a pair of functions
(VT,V ™) which determines uniquely V[¢, f] and such that V* and
V'~ are defined on A;r and on Ay, respectively. Then we recast such
a boundary value problem for (V*,V ™) into an abstract functional
equation in Banach space, which we analyze by means of the Implicit
Function Theorem, see proof of Proposition 3.11, in order to deduce
the real analyticity of (V*,V ™), and thus of V-, |.

The paper is organized as follows. Section 2 is a section of preliminar-
ies, at the end of which we construct the extension operator Ey,[¢]. In
Section 3, we first introduce some known properties of layer potentials,
and then we introduce the boundary value problems for (v*,v™) and
for (V*,V ™), which we need to prove our main Theorem 3.12. Then
in Proposition 3.14, we compute all order differentials of V', W.

2. Technical preliminaries and notation. We denote the norm
on a (real) normed space X by | - |lx. Let X and Y be normed
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spaces. We endow the product space X x ) with the norm defined
by ||[(z,)lxxy = |z|lx + |ylly for all (z,y) € X x ), while we use the
Euclidean norm for R™. For standard definitions of calculus in normed
spaces, we refer to Prodi and Ambrosetti [20]. The symbol N denotes
the set of natural numbers including 0. Throughout the paper, n is an
element of N\ {0,1}. The inverse function of an invertible function
f is denoted f(=1, as opposed to the reciprocal of a complex-valued
function g, or the inverse of a matrix A, which are denoted g~ and A~1,
respectively. A dot ‘-’ denotes the inner product in R™, or the matrix
product between matrices with real entries. Let A be a matrix. Then A?
denotes the transpose matrix of A, and tr A denotes the trace of A and
A;j denotes the (i, j) entry of A. If A is invertible, we set A~ = (A*I)t.
The set of r x r matrices with real entries is denoted M, (R). Let
D C R™. Then cID denotes the closure of D. For all R > 0, z € R",
x; denotes the jth coordinate of x, || denotes the Euclidean modulus
of z in R, and B, (z, R) denotes the ball {y € R" : |z — y| < R}.
For short, we set B,, = B,,(0,1). Let © be an open subset of R™. The
space of m times continuously differentiable real-valued functions on
Q is denoted by C™(92,R), or more simply by C™ (). D(£2) denotes
the space of functions of C'°(Q2) with compact support. The dual
D'(€2) denotes the space of distributions in . Let f € (C™(Q))". The
sth component of f is denoted f,, and D f denotes the gradient matrix
(Ofs/0x1) g =y - Letn=(m,....nn) € N", [n| =n1+---+n,. Then
D" f denotes 9" f/0x" ... 0z, The subspace of C™() of those
functions f such that f and its derivatives D" f of order |n| < m can be
extended with continuity to cl€ is denoted C™(cl2). The subspace of
C™(c1§2) whose functions have mth order derivatives that are Holder
continuous with exponent a € ]0,1] is denoted C"™*(cl?), cf., e.g.,
Gilbarg and Trudinger [4]. Let D C R™. Then C™(cl2, D) denotes
{f e (@C™2(clQ)": f(c1Q) T D} C™*(cl, M, (R)) denotes the
space of functions of clQ to M,(R), whose components are of class
C™“. Now let 2 be a bounded open subset of R". Then C™(cl{)
endowed with the norm | fllm = 3, <y Supaq|D"f| is a Banach
space. If f € C%(clQ), then its Holder quotient |f : ], is defined as
sup {|f(z) — f(y)l/Jz — y|* : z,y € c1Q, x # y}. The space C"™(cl),
endowed with its usual norm || f{[m,a = [[fllm + 321,12 [D" fla, is well
known to be a Banach space. We say that a bounded open subset of
R” is of class C"™ or of class C™ ¢, if it is a manifold with boundary
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imbedded in R™ of class C™ or C"™%, respectively, cf., e.g., Gilbarg
and Trudinger [4, Section 6.2]. In order to compactify our notation, we
find it convenient to set

(2.1) cmo=cm,

Thus for example, by a manifold of class C™°, we just mean a manifold
of class C™.

We summarize in the following statement some known properties of
Schauder spaces, which we need in the sequel, cf., e.g., Gilbarg and
Trudinger [4], Lanza [10, Section 2, Lemmas 3.1, 4.26, Theorem 4.28].

Lemma 2.1. Let m, r € N, r > 0; o, § € ]0,1]. Let Q, Qy be
bounded connected open subsets of R™ of class C'. Then

(i) The pointwise product is continuous in C™*(cl€).
(i) C™*1(clQ) is continuously imbedded in C™1(cl(Q).
(iii) If o > 3, then C™*(clQ) is compactly imbedded in C™"(c1Q).

(iv) If m > 0 and if (¢,9) € C"™*(clfly) x C™*(c1Q,clQy), then
pop e C™¥(clQ).

(v) If m > 0, ¢ € C™*(clQ,R"™), ¢ is injective and det Dp # 0 in
clQ, then the inverse function ¢(=1 € C™(cl¢(2), R™).

(vi) The pointwise matriz product, which reduces to the point-
wise product of functions when r = 1, is bilinear and continu-
ous and henceforth real analytic from the space C™(c1Q, M,.(R)) X
C™(clQ), M,.(R)) to the space C™*(cl1Q, M,.(R)).

(vii) The map F — F~1 is real analytic from the set {F € C™%(cl,
M, (R)) : det F' # 0 on clQ} to itself, and its differential at the element
Fy is given by the map M — —F(;1 -M - Fofl.

We note that throughout the paper ‘analytic’ means ‘real analytic.” For
the definition and properties of analytic operators, we refer to Prodi
and Ambrosetti [20, p. 89].

As was mentioned in the introduction, we shall deal with diffeomor-
phisms of open subsets of R"™. Then we introduce the following lemma,
see [10, Corollary 4.24, Proposition 4.29].
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Lemma 2.2. Let Q be a bounded connected open subset of R™ of
class C*. Then the set

Acda = {(IJ € C(clQ,R™) : ® is injective, det D®(x) #0, Yz € CIQ}

is open in Ct(clQ,R™).

Now let m € N\ {0}, « € [0,1]. As is well known, a subset M of R"
is a differential manifold of dimension s and of class C™“ imbedded
in R", if, for every P € M, there exist a neighborhood W of P in
R"™ and a parametrization v € C™* (c1Bs, R™) such that ¢ is a
homeomorphism of By onto W N M, ¢¥(0) = P, and Dy has rank s
at all points of cl B,. If we further assume that M is compact, then
there exist Py, ... ,P, € M, and parametrizations {t¢;};=1, .., with
;€ C™* (cl B, R™) such that U_;1;(Bs) = M. Then there exist
0<6; e D(R™) for i =1,...,r such that

(2.2) 291(:16) =1Veze M, Mnsuppb;, C¢;(Bs), i=1,...,r
i=1

We denote by C™ (M) the linear space of functions f of M to R such
that f o, € C"™% (clBy) for all i =1,...,r, and we set

[ fllomenn = sup |fovilloman,) YfeC™(M).
It is well known that, by choosing a different finite family of parametriza-
tions as {¥;}i=1,..,, we would obtain an equivalent norm. Also,
the normed space (C™ (M), || - |[gm.o(a)) is known to be complete.
Then we have the following, cf., e.g., Troianiello [23, Theorem 1.3,
Lemma 1.5].

Lemma 2.3. Let m € N\ {0}, a € [0,1], ¢f (2.1). Let Q be a
bounded open connected subset of R™ of class C™%. Then

(i) 99 is a manifold of class C™ and codimension 1, and the
restriction map is linear and continuous from C* (cl Q) to C* (99)
forallk=0,...,m.

(ii) There exists a linear and continuous extension operator F of

C™ (09Q) to C™ (cl1Q) such that F[f]jpq = f for all f € C™ (09).
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(iii) Let R > 0 be such that c1Q C B, (0,R). Then there exists a
linear and continuous operator Fr of C™* (c1Q)) to C"™* (c1 B, (0, R))
such that Fg[fljcaq = f for all f € C™ (c1Q).

We now introduce the following variant of [10, Proposition 4.29],
which can be proved by a straightforward modification of the proof of
Proposition 4.29 of [10].

Lemma 2.4. Let K be a compact subset of R™. Let C%'(K,R"™)
denote the space of Lipschitz continuous functions of K to R™. Let
|f : K|1 denote the Lipschitz constant of f € C%*(K,R™). Let

L[] Einf{ilf(ﬁ_j;(y)l L2,y € K, Jc;«éy} V[ eV (K, RY).

Then 1[-] is continuous from C%'(K,R™) endowed with the semi-norm
|- : K|y to [0,400].

We now introduce the following variant of [10, Theorem 4.18, Propo-
sition 4.29].

Lemma 2.5. Let ¢ € C*(0B,,R"). Then lgg,[¢] > 0 holds if
and only if ¢ is injective and the differential do(p) is injective for all
p € 0B,,. The map lpg,[] of C* (0B,,R"™) to [0,+oc[ is continuous
and the set

Agp, = {¢ € C' (0B,,R") : lps, [¢] > 0}

is open in C' (0B, R").

Proof. As is well known, there exists ® € C!'(R",R") such
that ®|pg, = ¢, see, for example, the construction of the proof of
Lemma 6.38 of Gilbarg and Trudinger [4]. The tangent space T,,(0B,,)
to dB,, at the point p of dB,, is easily seen to coincide with the linear
subspace of R™ generated by the elements v € R" such that |v| = 1 and
such that there exist sequences {z;}jen, {y;}jen in 0B, with x; # y;
for all j, hm]_,oo Tj=p= hm]_,oo Yi, hIIlJ_,OO(IL‘] — yj)/‘xj — yj| = .
Then condition lsg, [¢] > 0 can be seen to be equivalent to the injec-
tivity of ¢ together with condition D®(p) - v # 0 for all v € T}, (0B,,),
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see [10, Theorem 4.18]. Since d¢(p)[v] = D®(p)-v for all v € T,(0B,,),
then the proof is complete. We now turn to the proof of the continu-
ity of lps, []. By Lemma 2.4 it suffices to note that C*! (6B, R") is
continuously imbedded in the space C%! (9B,,, R") endowed with the
semi-norm |- : 9B, |1, a fact which follows by the well-known existence
of a continuous extension operator of C* (0B,,, R") into C* (cI B,,, R"),
and by Lemma 2.1 (ii). O

We now note that if ¢ € App, , then by the Jordan-Leray separation
theorem, cf., e.g., Deimling [2, Theorem 5.2], the set R™ \ ¢(0B,,) has
exactly two connected components. We denote by Z[¢] the bounded
connected component, and by £[¢] the unbounded connected compo-
nent. Then we have the following.

Lemma 2.6. Let m € N\ {0}, a € [0,1], ¢f. (2.1). If ¢ €
C™* (0B, R™) N Asm, , then Z[¢] is a bounded open connected set
of class C™*, and OZ[p] = $(0B,,) = IE[P].

Proof. We first show that ¢(0B,) is a manifold of class C"™®
imbedded in R of codimension 1. Let p € ¢(9B,,), ¢ € 9B, p = ¢(q).
Let ¢ € C™ (c1 B,,—1, R") be a local parametrization for B,, around
q. By assumption, ¢otp € C™* (c1 B,,_1, R™), ¢po1p(0) = p, and D(¢pow))
has rank n —1 at all points of c1 B,,_;. Since 0B,, is compact and ¢ is a
continuous bijection of 9B,, onto ¢(9B,,), then ¢ is a homeomorphism
of 0B,, onto ¢(9B,,). Accordingly, ¢ o1 is a homeomorphism of B,,_;
onto a neighborhood of p in ¢(0B,,). Since ¢(0B,,) is homeomorphic
to OBy, then we have 0Z[¢] = $(0B,) = IE[P|, cf., e.g., Dugundji
[3, Theorem 2.4, Chapter XVII]. We now show that if p € ¢(9B,,),
then Z[¢] is locally around p an open set of class C"™ . We can write
p = (p/,p,) with p’ € R*"™1, p € R. Since 9Z[¢p] = ¢(dB,,) is a
manifold embedded in R™, 9Z[4] is locally around p a graph. We can
assume that there exist r > 0, § > 0, g € C"™* (cIB,_1(p’,r)) with
nonvanishing gradient such that

{(xlaxn) € anl(p/,T)X] — 0+ pn, 0+ pul: g(x/) =T}
= (By1(p',7) %] = 6 + Py, 0 + pu[) N OZ[g).
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Clearly, the sets

Ay = {2, 2n) € Broa(p',7)x] = 0+ ppy 6 +pnl: g(2”) < 2},
Ay = {(l‘/,l‘n) € anl(plvr)x] -0 +pn75 +pn[: g(x/) > .Z'n},

are both connected and must be contained either in the connected
component Z[¢] or in the connected component £[¢]. However, they
cannot be both contained in the same component, otherwise equality
0Z[¢] = ¢(0B,,) = 0E[¢] would be violated. Then Z[¢] is locally around
p an open set of class C"™“. ]

Next we show that each ‘admissible’ ¢ can be extended to a diffeo-
morphism of an annular neighborhood of 0B,,.

Proposition 2.7. Let m € N\ {0}, a € [0,1], ¢f (2.1). If
¢ belongs to C™ (0B, R") N Asm,,, then there exist 6 €]0,1[ and
& cC™*(clAs, R") N A a, such that

(i) ®(x) = ¢(x) for all x € OB,,.

(ii)) @ (A;‘) is a bounded open connected subset of R™ of class C™¢
contained in I[¢], and 0P (Af) = @ ((1 —0)9B,) U ® (9B,,).

(iii) @ (Ag) is a bounded open connected subset of R" of class C™®
contained in E[P], and 0P (A;) = ® (6B,) U ((1+ 6)9B,,).

Proof. We denote by v4(P) the exterior normal to Z[¢] at the point P
of p(0B,,). By classical differential topology, one may think of defining
O(x) as ¢ (x/]z]) + (|Jz| — 1)vy (¢ (z/]z])) for a sufficiently small 6. For
such a definition, ®(As) would be a so-called tubular neighborhood
of ¢(0B,,). However, the problem with such a construction is that
the normal field vy is only of class C™ 5 when ¢ is of class C"™,
while we need ® of class C"™®. Then we proceed as follows. We
note that v o ¢ € C° (6B, R"), and that accordingly, by exploiting
the local parametrizations of dB,,, a partition of unity as in (2.2)
and Weierstrass Approximation Theorem, vy o ¢ can be approximated
uniformly by a vector field a of class C* (0B,,R"™). We take a €
C* (0B,,R") such that |a(z)| = 1 for all 2 € 0B,, and such that
a(z)-ve(p(x)) > 1/2 for all x € 9B,,. Obviously, the function ® defined
by ®(z) = ¢ (z/|z]) + (Jz| — 1)a(x/|z|) for all x € clAs, is of class
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C™* (clAs,R™) for all 0 < § < 1. We now show that the Jacobian of ®
is nonzero at all points ¢ of 9B,,. It suffices to show that if vy, ... ,v,,_1
is a basis for the tangent space T,(0B,,), and if v,, = ¢/|q| is the outward
normal to dB,, at ¢, then the vectors {d®(q)[vi]},_, ,, are linearly
independent. By simple computations, we have d®(q)[v;] = do(q)[v;]
for 1 < i < n—1, and d®(¢)[vs] = a(q). Then we conclude that
the vectors {d®(q)[v;]},_, ,, are linearly independent, otherwise a(q)
belongs to the space generated by the vectors {d®()[vil},—1 o1
i.e., a(q) belongs to the tangent space to ¢(0B,) at p = d)’(q), in
contradiction to assumption a(q) - v¢(¢(q)) > 1/2. By taking 0 < 6 <1
sufficiently small, we can assume that det(D®(z)) # 0 for all z € cl As.
We now show that by possibly shrinking §, we can assume that ¢ is
injective. Assume by contradiction that for all j € N there exist z;,
y; € clAg-; with x; # y;, ®(x;) = ®(y;). By possibly extracting
subsequences, we can assume that the sequences {z;};en, {y; }jen have
limits z, y in R™, respectively. Obviously, z, y € 0B,, and ®(z) = ®(y).
Since ®|pB, = ¢, we must have x = y. By taking j sufficiently large,
we can assume that ;, y; € By(x,0). Then for such js we have
1

(23) 0= 2@ =20W) / DO(x; + (y; — x)t) - ~L— gy,

|5 =y 0 |25 =
By further selecting subsequences, we can assume that lim; o (z; — y;)/
|z; —y;| exists equal to some v € 0B,. Then by taking the limit
as j — oo in (2.3), we deduce that D®(z) - v = 0, in contradiction
with assumption det (D®(x)) # 0. Thus we have proved that for
0 < § < 1 sufficiently small, ® € A;a,. Then, by a standard ar-
gument, we have that ® (A3) are bounded open connected subsets
of R™ of class C™ and that 00 (Af) = @ ((1—0)oB,) U ® (0B,,),
0@ (Ay) = ®(6B,) U®((1+6)9B,,), see Lamberti and Lanza [9,
Lemmas 2.2, 2.4]. Moreover, ® (Agt) are connected and contained in
R"™ \ ¢(0B,,). Then each of such two sets must be contained either in
Z[¢] or in E[¢]. If both ® (A}) and ® (A; ) are contained in the same
connected component of R™ \ ¢(0B,,), say in Z[¢], then the points of
#(0B,,), which are interior to ®(As) = ®(AT)Up(OB,,)UP(A; ), would
not be boundary points of £[¢], contrary to Lemma 2.6. Then ®(A})
and ®(Aj ) cannot be contained in the same component of R™\¢(0B,).
We now show that with our choice of a(-), one must necessarily have
®(Aj) C E[¢]. Assume by contradiction that ®(Ay ) C Z[¢]. Then we
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take ¢ € 0B,,. Since vy(¢(q)) is the exterior normal to Z[¢] at ¢(q),
then there exists 0 < 79 < ¢ such that ¢(q) + nrg(o(q)) € E[¢] for
0 < n < ng. Moreover, we must have

q+nq qg+ng\ ;
¢<q+nq|> +<|q+nq|—1>a(|q+nq|) = 8(a) + na(q) € (9]

V’U € ]0,50[

Then the segment |®(q) + nve(o(q)), ®(¢) + na(g)[ must contain a
point ¢(g,) with ¢, € 0B,, for all 0 < n < ng. If equality g, = ¢ holds
for at least one 7, then 0 belongs to the segment |nvy(4(q)), na(q)[, in
contradiction with the positivity of a(q)-v4(¢(q)). Then we have g # g,
for all 0 < n < ny. Possibly choosing a smaller 79, we have

Oy /D<I>q+t q)) -

9 g,
|qn - q|

‘qn q

for all 0 < 1 < ng. Clearly, there exists a decreasing sequence {ny }ren
in |0, no[ with O limiting value such that § = limg—o0 (g, — ¢)/|¢n,. — ¢l
exists in 0B,,. Clearly limg_.o ¢(gy,) = ¢(q), and limg_,o0 g, = ¢.
Then limy 00 (¢(qy,.) — ¢(0))/|an. — q| = DP®(q) - G, and thus we have

koo [B(qn,) — 0@ ID<I>(Q)

Since D®(q) - ¢/|D®(q) - ¢| belongs to the tangent space to ¢p(9B,,) at
#(q), we must have

&@r

¢(an) ACV _

Now by definition of g, there exists 7, € ]0, 1] such that
(2.5) ¢(an) = ¢(q) + nalq) + 7 (nvs(¢(q)) — nalq))
However, by (2.5), we have

k—o0 |¢(an) - ¢(Q)|
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We also have [a(q)+7,, (vo(¢(q))—a(q))]-v(é(g)) > 1/2. Furthermore,
la(q) + 7, (Vs (6(q)) — alq))| < 1, and accordingly

alg) +m< o(6() ~ala)) 1
8 Tala) + 7, (0(@) — at)] 0D = 2
contrary to (2.4). Thus the proof is complete. O

Now we have the following, which shows the existence of a local
extension operator for diffeomorphisms.

Proposition 2.8. Let m € N\ {0}, o € [0,1], ¢f. (2.1). If ¢ be-
longs to C™* (0B, R™) N Agm,,, then there exist § €]0,1[, and ®¢ €
C™ (cl As, R")NAa a, satisfying (i), (ii), (iii) of Proposition 2.7, and
an open neighborhood Wy of ¢o contained in C™ (0B,,, R™) N Asm,, ,
and a linear and continuous extension operator Fo of C™* (0B, R")
to C™ (clAs,R™) such that the map Ey of C™<(0B,,R"™) to
C™ (cl As,R™) defined by

(2.6) Eo[¢] = @9 + Folp — ¢o] Vo € C"™* (0B, R")

maps Wy to C™< (cl As,R™) N A a,, and satisfies the following con-
ditions.

(i) Eo[¢]joB, = ¢, for all o € Wy.

(i) Eo[¢](z) = ®o(x), for all x € (1 — 6)0B,, U (1 + 0)0B,, and for
all ¢ € Wh.

(iii) Eo[¢] (Af) is a bounded open conmected subset of R™ of class
C™ contained in Z[¢], and O (Eo[¢] (Af)) = o ((1—6)0B,) U
¢ (0By,), for all p € W.

(iv) Eo[¢] (Ay) is a bounded open connected subset of R™ of
class C™® contained in E[¢], and 8 (Eo[¢] (Ay)) = ¢(6B,) U
Dy ((14+6)0B,,), for all g € W.

Proof. Let 6 and ®y be as in Proposition 2.7 for the map ¢q.
By Lemma 2.3, there exists a linear and continuous operator F of
™ (0B, R") to C™ (c1 B, (0,1 +0),R") such that F[¢]og, = ¢
for all ¢ € C™ (0B,,, R™). Possibly multiplying F by a function of
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C> (R"™) with compact support contained in As and equal to 1 on
0B,,, we can clearly assume that F[¢](z) = 0 for all z € JAs and
¢ € C"™(0B,,R"). Now we take Fo[¢] = F[#]cqa, for all ¢ €
C™* (0B, R™). Since Eg is continuous and C™* (cl A5, R™) N Ag A,
is open in C"™* (cl As,R"™), we conclude that there exists an open
neighborhood W of ¢ such that Eq [Wy] € C™ (c1 A5, R™) N A a;-
Properties (i) and (ii) hold by our choice of Fy and by (2.6). By a
simple topological argument, cf., e.g., Lamberti and Lanza [9, Lemmas
2.2, 2.4], to prove statement (iii), it suffices to show that Eo[¢] (Af)
is included in Z[¢]. By Lemma 2.6 and by Proposition 2.7 (ii), we
have @4 ((1—9)0B,) C Z[¢o]. Since the norm in C™* (0B,,R")
is stronger than that of the uniform convergence, possibly shrinking
Wy, we can assume that ®q ((1—96)0B,) C Z[¢] for all ¢ € W,.
Since Eg[¢] (Af) is an open connected subset of R™ \ {¢(9By,)},
we either have Eg[¢] (Af) C Z[g], or Eg[¢] (Af) C €[¢]. Since
9 (Eol¢] (AL)) = @9 ((1—6)0B,,) U ¢ (0B,,) C clZ[¢], we must have
Eo[¢] (Af) C Z[¢], and the proof of statement (iii) is complete. The
proof of statement (iv) is similar. u]

In the sequel, we shall also need the following, which can be proved
by a straightforward argument based on the connectivity of Af;t and on
Lemma 2.6, see also Lamberti and Lanza [9, Lemmas 2.2, 2.4].

Lemma 2.9. Let m € N\ {0}, a € [0,1], ¢f. (2.1), § € ]0,1[. Then
the following statements hold.

(i) If ® € Aca;, then ¢ = PpB, € Aps,, -
(i) The set Alj5, = {@ € Aun,: ®(A]) CT[®B,]} is open in
Aaa, and ®(Ay) C E[Qa, ] for all @ € A 4
(ili) If ® € C™* (cl A5, R") N Al A, then both ®(AT) and ®(A})
are open sets of class C™, and 0P (Af) = @ ((1 - 6)0B,)UP (0B,,),
0P (Ay) =@ ((1+6)0B,) U® (9B,).

We note that, by definition, the operator Eq|[-] of Proposition 2.8 has
values in C"™ (cl Ag, R™") N A 5,
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3. Introduction of a modified problem and real analyticity
of the layer potentials. Let S, be the function of R \ {0} to R
defined by

5u(6) = {Sgllog'ﬂ vEER"\ {0}, ifn=2,
"I n) s e YEe R\ {0}, ifn > 2,

where s,, denotes the (n — 1) dimensional measure of 0B,,. S, is well
known to be the fundamental solution of the Laplace operator. Clearly,
we have DS, (¢) = s, 1¢/|€]" for n > 2. We collect in the following
statement some known facts in classical potential theory.

Theorem 3.1. Let m € N\ {0}, a €]0,1[. Let Q be a bounded open
subset of R™ of class C"™*. Then the following statements hold.

(i) If p € C™=12(9RQ), then the function v of R™ to R defined by

()= [ Su(€—nun)do, VEER”
o0

is continuous in R™ and harmonic in R™ \ 0. The function vt =
Vi belongs to C™ (c1Q), and the function v~ = vgm\q belongs
to C™* (c1B,(0,R)\ Q) for all R > 0 such that c1Q C B,(0,R).
Moreover

(3.1) Dvt(€) - va(€) — Dv™(€) -va(§) = —u(§), VYEe€IQ,

where vo(z) denotes the exterior normal to 0 at x.

(i) If p € C™> (0R2), then the function w of R™\ 90 to R defined
by
0

32 w©)= [ S lsie-mlum)ds, YR\ 09

is harmonic. The restriction wyo can be extended uniquely to an
element wr of C™® (c1Q), and the restriction wirn\c1@ can be extended
uniquely to an element w™ of C™* (R™\ Q), and we have

(3.3) wh —w™ = p(é), Dw™t -vg(€)—Dw™ -vg(§) =0 V&€ oN.
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If € € 09, then

9 1
90 Ova(n) [Sn (& —n)] pu(n) doy, = w+(§) - 5#(5),

0 1
/(’)Q Ava(n) [Sn (& — )] do,, = 5

(iii) If u € C% (09), and w is as in (3.2), then we have

35) Z 361 o) st o,

(3.4)

for all £ = (&1,...,&,) € R™\ 00

(iv) If p € C™*(09), U is an open neighborhood of 092 in R™,
e C™(U), fipo = i, and w is as in (3.2), then the following holds

(3.6)
ow =9 Ofi ofi
%62 o] [t g2 (o)) g1 )] . =,

for all £ = (&1,...,&,) € R™\ 00Q.

Proof. Statement (iii) follows by differentiation under the integral
sign. We prove statement (iv) by the following argument of Kupradze
et al. [8, p. 315] for n = 3. Clearly,

(3.7) a% {i(m)j(n)a% <Sn(£ - n))}

=3 [tatn s~ 5] (5 (e =m) ),

for all £ = (&1,...,&,) € R*"\9Q and n = (m1,...,nn) € 00Q. Now
we fix a £ € R\ 99, and we take ¢ € D(R™), suppp C U, ¢ =1
in a neighborhood of 92, ¢ = 0 in a neighborhood of &, and we set
b(n) = @)ii(n)(9/0¢;) (Sn(€ —n)). Clearly ¢ € C* (R"), and thus
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by approximating 1 on cl§2 with smooth functions, and by applying
the Divergence Theorem, we can conclude that

a8 [ | - woin %" de, ~o.

Then statement (iv) follows by (3.7), by (3.8), and by differentiation
under the integral sign. We now turn to the first two statements. The
continuity of v in R™, and the validity of (3.1), (3.3) and (3.4) are well
known in classical Potential Theory, cf., e.g., Hackbusch [5, Theorems
8.1.9, 8.2.8, 8.2.13, 8.2.15]. Now let u € C™ =12 (9Q). Clearly,

w_ o

i Joq 0
Then by Miranda [19, p. 307], we can assert that Jv/d¢; € C™ 14 (clQ),
v~ /0& € CmTLe(R™M\ Q), for all i = 1,...,n, and the proof of
(i) is complete. The membership of w™ in C"™* (c1Q) and of w™ in

Cm (R™\ Q) for p € C™ (09) is an immediate consequence of state-
ments (i), (iii) and (iv). m

(Sn(§—m)) u(n) doy, VE= (€1,.--,6n) € R™\ 0N

We now show that the pair (v*,v™) is the unique solution of a coupled
boundary value problem by means of the following.

Theorem 3.2. Let m € N\ {0}, a € ]0,1[, 6 € |0,1[. Let
D e O™ (clAs, R") N A A, ¢ = PoB, . Let vy denote the exterior
normal to ¢ (0B,). If f € C™ L2 (0B,,), then the boundary value
problem

(3.9)
Avt =0 in ® (AY),
Av™ =0 in ® (A7),
vi—vT =0 on ¢ (0B,,),
DU+ v —Dv™ vy =—fop"V on ¢ (0B,,),
vt fqb(BBn) W(E—=n)foo=H(n)do, VEED((1-0)0B,),
v—@) Lo S(6—mf oot Doy V6 €D (14808,

where the Laplacian is understood in the sense of distributions, has one
and only one solution (vF,v™") € C™* (c1® (AF)) xC™* (c1® (A})).
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Furthermore, we have

ot () = / Su(€—m)fod V() do, VEed(AL),

(3.10) ¢(0Bn)

o () = / Su(6 —m)f ooV (n)do, VEe®(AS).
¢(0B,)

Proof. By known properties of layer potentials, see Theorem 3.1,
the boundary value problem (3.9) admits the solution defined by the
righthand side of (3.10). We now turn to prove the uniqueness.
Assume that (vf,v]) and (vy,vy) belong to C™ (c1® (A})) x
C™ (c1® (Ay)) and solve (3.9). Then we consider the function u of
cl® (As) to R defined by setting u = v —vy oncl® (Af), u= vy —v;y
on cl® (Ay) (note that v — v = vy — vy on ¢(8B,)). By (3.9),
u and Du - v, have zero jump across ¢ (0B,,). Then by a standard
argument based on the Divergence Theorem, one can easily show that
the continuous function u solves the Laplace equation in the sense of
distributions in ® (Ay). Since u vanishes on 9 (As), we conclude that
u=0. ]

Now the problem with (3.9) is that it is defined on a domain which
depends on ®. To transform such a problem into a problem defined
on the fixed domain As, we need to change the variable in (3.9) by
means of the function ®. To do so, we first of all need to know how
the normals and the hypersurface area elements change, and we see it
in the following Lemma 3.3. However, we will have to face another
problem. Namely, if m = 1, the map ® is only one time continuously
differentiable, and accordingly, we have to explain how we plan to
change the variables in the Laplace operators which appear in (3.9).
We do so by means of Lemma 3.4 below. Both lemmas are of immediate
verification.

Lemma 3.3. Let Q be a bounded open subset of R™ of class C'. Let
vq be the exterior normal to OQ. Let ® € C* (c1Q,R") N Auq. Let v
denote the exterior normal to O®(Q). Then we have the following.
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(i) ve(®(z)) = (DP(x)) " va(z)/| (D®(x) " vo(z)| for all € dN.
(i) If w € L' (®(09)), then

/ w(n) doy = / w0 B(y)0 (@] () do,
(8Q) a0

where 0, [®] = | det DB|| (DD) ™" - 1.
(iii) If u € Ct (c1® (Q)), = € 09, then we have

L (@) = D (o @) (&) - (D(a)) - P
z (DB o

for all x € 0N).

Lemma 3.4. Let m € N\ {0}, @ €]0,1[. Let Q be a bounded open
connected subset of R™. The set

ymohe(Q) = {(wl, e wp) € CMTRY (Al QR
;/ijaxjdz()v¢el)(9)}

is a closed linear subspace of C™ 4 (c1Q,R™). Let llg denote the
canonical projection of C™~ 12 (c1Q, R™) onto the quotient (Banach)
space

an—l,a (Q) = Cnb—l,a (CIQ7RH) /ym—l,a (Q) )

Let A[-,-] be the map of the set (C"™* (clQ,R™) N Acq) x C"™* (cl)
to the space C™~ 1< (c1Q, R") defined by

A[®,v] = Dv (D®) "' (D®) ™" |det DD
for all (®,v) € (C™*(clQR")NAq) X C"™*(clQ). Let (D,v)
belong to (C™* (clQ,R™") N Aqq) x C"™*(clQ), f = (f1,---,[n) €
Cm=ba (c1Q,R™). Then we have

(3.11) Mo A[®,v] = g f]
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if and only if
(3.12) A(vo®) = div { (fo#) (DB(#))'|det D(®) },

in the sense of distributions in ® (), i.e., in D' (P (Q)).

Proof. By exploiting a simple argument based on the convolution
with a family of mollifiers, one can easily see that equation (3.11) is
equivalent to equation

/QA[CIJ,v]~ (D(gooq)))td:c:/ﬂf~(D(cpo@))td:c V€ D(B(Q)).

Then one can easily conclude the equivalence of such an equation to
equation (3.12) by the rule of change of variables in integrals with the
function ®. i

By Theorem 3.2, and by Lemmas 3.3 and 3.4, we immediately deduce
the validity of the following.

Theorem 3.5. Let m € N\ {0}, a € ]0, [ 60 € ]0,1[. Let
D e O™ (clAs, R") NAY 5, Let f € C™ 1 (0B,). Then the pair
(vF,07) of C™2 (1@ (A])) x C™ (c1® (Ay)) satisfies (3.9) if and
only if (VT,V=) = (vF o ®,v" o ®) of O™ ( IA]) x C™* (cl Ay)
satisfies the boundary value problem

(3.13)
+ = : m—1,a +
My [A[®,VT]]=0 in Z (Af).
- = ; m—1,a —
My [Afe,vT]] =0 in Z (A),
Vt—v- =0 on 0By,

By [vt,v=, 8] =Dv*'. (De)"!

[(D2)"" - vp, /| (DD) " VBTL]—DV"(D@Y1

[( o) up, /[(DD) " v, [] = - on 9Bn,

V() = [y, Sn (2(z) — @(y)) ()Un (@] (y)doy V€ (1-0)0Bn,
V7 (2) = [yg,5Sn (B(z) — 2(y)) f(y)on [®] (y)doy V€ (1+6)0Bn,

where o, [], Al ], Myt My have been introduced in Lemmas 3.3 and
3.4.




156 M. LANZA DE CRISTOFORIS AND L. ROSSI

Now the boundary value problem (3.13) is actually defined on a fixed
domain. As we have announced in the introduction, our next step
will now be to recast (3.13) into an abstract equation in Banach space
and to analyze it by means of the Implicit Function Theorem. To
do so, however, we need to prove that the assumptions of the Implicit
Function Theorem are satisfied. In particular, we need to show that the
righthand sides of the last two equations in (3.13) depend analytically
upon ® and f. To do so, we introduce the following three technical
lemmas, which are variants of known results. The first lemma has the
purpose of reducing the problem on the manifold dB,, to a problem on
B,,_1 by means of the manifold parametrizations, and it can be proved
by exploiting the definition of norm in the space C™¢.

Lemma 3.6. Let X be a Banach space, O an open subset of X.
Let kkm e N,m>1,0<k <m, a €10,1]. Let M be a compact
manifold of dimension 1 < s <n and class C™% imbedded in R™. Let
N be a map of O to C** (M). Let {1);}i=1..., be parametrizations of
M with ¢; € C™* (c1Bs, R™) and Ul_11;(Bs) = M. Let Cy, be the
composition operator of C*< (M) to C** (c1By,) defined by

Cy[w=wory; Ywe P (M),

foralli=1,...,r. Let h € NU{oo}. Then N is of class C" or real
analytic if and only if the operators Cy,oN fori=1,...,r are of class
C" or real analytic, respectively.

We now have the following lemma on the analyticity of superposition
operators, which is just a variant of Bchme and Tomi [1, p. 10], Henry
(6, p. 29], Valent [24, Theorem 5.2, p. 44].

Lemma 3.7. Let k,m,n,ny, se N, m>1,0<k<m, n >1,
1 < s <mn, a€l0l. Let M be a compact manifold imbedded
in R™ of dimension s and of class C™*. Let £ be an open sub-
set of R™ and F a real analytic map of © to R. Then the set
O ={®eCh>(MR™): ®M)CQ} is open in C** (M,R™) and
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the superposition operator Tr of O to C* (M) defined by
Tp[®]=Fod VYdeO,

1s real analytic.

Proof. The set O is open because the norm of C%< (M,R™) is
stronger than that of the uniform convergence. Let {wj}jzl . be
local parametrizations of M as in the statement of Lemma 3.6. By

Lemma 3.6 it suffices to show that the operators Cy; o T defined by
Cd}JOTF[(I)]EFO@O’wJ V‘I’EO,

are real analytic. Now the map of C*® (M, R"™) to C*“ (cIBs,R™)
which takes ® to ®o1); is obviously linear and continuous. Then it suf-
fices to show that the composition operator of {\If € OF (c1Bs,R™) :
U(clB) C Q} to CF< (c1 By) which takes ¥ to F oW is real analytic, a
known fact, see Bohme and Tomi [1, p. 10], Henry [6, p. 29] and Valent
[24, Theorem 5.2, p. 44]. O

Then we have the following lemma on integral operators.

Lemma 3.8. Let k, m, n1, no, s1, ss € N,m >1,0 < k < m,
1 < s <np, 1< sy < ng, a €0,1]. Let My and My be two
compact manifolds of class C™< imbedded in R™ and in R™ and

of dimension s1 and so, respectively. Then the bilinear map K of
Cke (My x My) x L' (Ms) to C* (M) defined by

KI[G, fl(x) = . Gz, y)f(y)doy Vae M,

for all (G, f) € Ck* (M x My) x L' (M>), is continuous.

Proof.  Let {y;}i=1,.., be parametrizations of M; with ¢, €
cme (ClBSl,Rnl) and U;;lwl(Bgl/Q) = Ml. Let {’(/)j}j:17.__77«2 be
parametrizations of M, with ¢; € C™*(clB,,,R™) and M, =
UiZ,9(Bs,/2).  Let {0;}72, be a partition of unity as in (2.2)
for the atlas {t;};=1,..r,. Let m and my be the canonical projec-
tions of R** x R® onto R®' and onto R®?, respectively. Clearly,
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(i om1,9j 0ma) € C™* (cl By, 45,, R"T2). As is well known, and of
immediate verification, the collection of maps {(y; o 71,9 0m) : @ =
1,...,7m, 7 =1,...,m} is an atlas for My x Ms. Thus it suffices to
show that there exists a constant ¢ > 0 such that

sup [[K1G, flo @illgre(am,,)
1 T1

<c sup [G(pio 71, 9j 0 7T2>||ck,a(c1]3
1=1,...,m1
Jj=1,...,m2

' {Z/B |f(0;(w))0; (W5(w)|| (DYWL - D) (w)[/? dw},

51+52)

for all (G, f) € C** (M; x My) x L' (My). Now

g KIOoAEO =3 [ GO 00

| (DY - Dipj) (w)] M2 duw.

By a standard differentiation theorem for an integral depending on a
parameter, and by the definition of norm in C* (M; x M>), one can
easily deduce the existence of ¢ > 0 as above. a

We are now ready to show that the lefthand sides of the last two
equations in (3.13) depend real analytically upon ® and f.

Lemma 3.9. Let m € N\ {0}, a« € ]0,1[, § € ]0,1], r €
[1—=6,1+0]\{1}. Let ® € O™ (cl A5, R")N A o, Then the map V.
of (C™ (cl A5, R") N AL o, ) xC™ 1 (8By,) to C™ (rdB,,) defined
by

V,[®, f(x) = /8 5,(8(2) = 9() ), 0] () do, Y € 10B,

Jor all (®,f) € (C™° (A5, R") N Al ,,) x C™ 1 (0By,) is real
analytic.

Proof. The map of O™ (cl A5, R")NA)j o, to C"™ ((rdB,,) x 0By,
R™\ {0}) which takes ® to the function ¥ of (rdB,,) x IB,, to R™\ {0}
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defined by ¥(z,y) = ®(z) — ®(y) for all (z,y) € (roB,,) x 0B, is real
analytic. By continuity of the pointwise product from (C’mfl"" (GBH)) 2
to L' (9By,), the map of (C™ (cl A5, R™) N Al 5. ) xC™ 12 (0B,,) to
L' (0B,,) which takes (®, f) to fo, [®]5p,, is real analytic. Then the

conclusion follows by Lemma 3.7 and by Lemma 3.8 with M; = r0B,,
MQ:BBH,M:MlXMQ,F:Sn,Q:R”\{O}. O

Finally, we have the following known technical lemma, which we will
exploit in the proof of our main statement, in order to show solvability
of the linearized problem of (3.13).

Lemma 3.10. Let m € N\ {0}, a €10,1[. Let Q be a bounded open
connected subset of R™ of class C™<. Let by, ... b, € C™ 1 (clQ),
g € C™*(9Q). Then there exists one and only one u € C™ (clQ))
such that

Au:;% in D'(Q), u=g on Q.

Proof. By Lemma 2.3, there exists g € C™ (clQ2) such that gjpo = g.
Then case m > 2 follows by Gilbarg and Trudinger [4, Theorems
6.14, 6.19], while case m = 1 follows by Gilbarg and Trudinger [4,
Theorem 8.34]. o

We now introduce some notation. We set

o, F1(6) = / Su(€—n)f 0 8V (n)do, VE e T[g),
$(0B,

(3.15)
v’[aﬁ,f](f)z/ Su(6 —m)f o 6D (n)do, VE € Elg),
¢(0By)

for each ¢ € C™ (9B,,, R") N Agp, , and f € C™~Le (9B, R"),

n?

(3.16)
oo = [ O 1SuE—m)fodtD(m)do, VEeTld
’ #(0B,,) g (n) " ! ’
w = — o= -
oA = [ Gy Sale £ o6 Voo, ve <l
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for each ¢ € C™* (0B,,,R") N ApB,,, and f € C™* (0B,,R"). Then
by Theorem 3.1, we know that v*[¢, f], wt[e, f], and v~ ¢, f], w™ [, f]
can be extended with continuity to clZ[¢] and to cl &[], respectively.
We denote the corresponding extensions by the same symbol. Then we
have the following proposition, which is preliminary to our main result,
cf. Theorem 3.12.

Proposition 3.11. Let m € N\ {0}, a €]0,1[, 6 €]0,1[. Then the
following statements hold.

(i) Let VT[®, f] and V~[®, f] denote the continuous extensions to
clAf and tocl Ay of vt [@|8Bn7f]0©‘Ag' and of v~ [®9B,, , f]O(I)|A5_’ re-
spectively, for all (P, f) € (C’m’“ (clAs,R™) N A’CIAS) xCm=La (9B,,).
Then the maps of (C™(clAs,R")NAL,,) x C™ 12 (9B,) to
C™ (c1A}) and to C™* (clAy) which take (®, f) to V*[®, f] and
to V7[®, f] are real analytic, respectively.

(i) Let WT[®, f] and W~ [®, f] denote the continuous extensions to
A} and to 1A} of wt[® s, , f] o<I>|A6+ and of w”[®sm,,, f] O(I)|Ag7
respectively, for all (@, f) € (C’”"X (clAs,R™) N AL A5) x C"™* (0B,,).
Then the maps of (C’m’“ (clAs,R™) ﬂA’ClAS) x C™<(9B,,) to
C™ (clAf) and to C™ (clAy) which take (@, f) to W[@, f] and
to W—[®, f] are real analytic, respectively.

Proof. We first prove statement (i). Let X = C™ (cl As,R™) x
Cm=L(9B,,), Y = C™* (c1Af) x C™ (clAy). Let A be the non-
linear operator of U = (C™ (cl As, R") N Al 5 ) x C" 1 (0B,,) x Y
to the Banach space

zZ = mel,a (A;-) % mel,a (A(s_) x Mo (aBn) % Cmfl,a (8Bn)
x O™ (1 — §)9B,) x C™ ((1 + 5)0B,),

defined by
MA@, f,VHV] = (HA; (Ao, v*]] T, [A[0,V7]],
V+ - V_aBl [V+7V_7(I)] +f7
‘/]a,g)aBn - ‘/175[(1)7 f]a ‘/‘(1+5)3Bn - ‘/1+5[®7 f]) )
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for all (@, f,VT,V~) € U, where By [VT,V~,®] and Vi44[®, f] have
been introduced in (3.13) and in Lemma 3.9, respectively. By Theo-
rem 3.5, the graph of the operator (V*[-,-],V~[,]) of (C™ (cl As,
R")NA,,) x C 1 (8B,,) to Y coincides with the set of ze-
ros of A. Thus we can deduce the real analyticity of the operator
(V*[,-],V~[,:]) by showing that we can apply the Implicit Func-
tion Theorem for real analytic operators, cf., e.g., Prodi and Am-
brosetti [20, Theorem 11.6] to equation A [®, f, VT, V=] = 0 around
(q)l, fl, V+[(I)1, fl]; V_[(I)l, fl])7 for all ((I)l, fl) € (Cm,a (Cl A5, Rn) N

lia,) X C™71e(9B,). The domain U of A is clearly open in
X x Y. By definition, II A II A; are linear and continuous. Then
by Lemma 2.1 A[®, V*] and B[V, V~,®] + f depend real analyti-
cally on (®, f,V*, V7). Then by Lemma 3.9, and by the linearity and
continuity of the trace on the boundary, see Lemma 2.3, we deduce
that A is real analytic. Thus it suffices to show that the differential
div+ v M@y, f1, VT [®1, f1] ,V7[®1, f1]] is a linear homeomorphism.
Since diyv+ v—)A [@1, f1, VT[®1, f1],V7[®y, f1]] is continuous, then by
the Open Mapping Theorem it suffices to show that it is a bijection.
Thus we now turn to show that for all (F*, F~,g,g1,hT,h™) € Z there
exists one and only one (X, X~) € Y such that the following system
holds

Mye [A[1, XH]) = F+ in 2mte (A]),

I, - [A[®,X7]]=F inZm b (A7),
(3.17) Xt —-X"=g on 0B,

B[ XT, X, 1] =g on 0B,

X+ = nt on (1 — 8)9B,,

X" =h" on (14 6)0B,,.

By the surjectivity of HA; and of HAgv there exist an element f* in
cm—ba (clA:{,R"), and an element f~ in C™ L@ (cl Ag,R”) such
that HA;[fJ”] = F*t, HA;[f_] = F~. Now we set ¢ = ®1pp,. By
changing variables with the map ®;, see Lemmas 3.3 and 3.4, we can
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easily see that (3.17) is equivalent to the following system
(3.18)

A(xtoal V) =Xy af/og i D (01 (A))),
A(Xx-oa{ ™) =Xy o /o in D (01 (A7),
Xtod{ ™ x- 0™ =g0a{™" on ¢, (0B,),

D (X+ 0 @5*1)) Ve,

-D (X— ° q>§*1>) v, =g 00 on ¢y (0B,),

Xtod(™V =ptoap{™V on &y ((1—6)0B,,),
X—od{™ =p-oal™V on & ((1+ 6)B,,).

where

br=(bf,..., b)) = { <f+ ° <1>§*1)) (D@l@g*%)t\ det (D(@Y”)) ’}
and

b= (b],....b7) = { (f— o @5*”) (D@l(@f”))t’ det (D(cbf“)) ‘}

We first show existence for system (3.18). Let (F*, F~,g,g91,hT,h7) €
Z. By Lemma 2.1, we can easily see that b € C™m~ 1@ (cl@l (A;r) ,R”),

and b~ € C™ 1 (c1®; (A ),R"), and go &\ € O™ (¢ (9B,,)),
and g10®{ "V € Cm=La (¢, (9B,,)), and hto® (™" € C™ (D1 ((1 - 6)
0B,,)), and h=od{"" € C™@ (&, (1 + 6)0B,,)). Thus, by Lemma 3.10,
there exist elements a~ of C™ (cl®; (Ay)) such that

Aa~ = Z;—lzl 8b;/8§j in D’ ((I)l (Ag)),
a”~=h"o (I)gfl) on &1 ((146)0B,,),
and a® € C™ (c1®; (Af)) such that
Aa* = Z?:l 8bj/8§] in D’ ((I)l (A;)),

at=a +go q)gfl) on @1 (0B,,) = ¢1 (0B,,),
at =hto @gfl) on ¢ ((1—10)0B,,),
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Obviously, g1 o@ifl) —Dat vy, +Da” vy, € C™ 12 (¢1 (0B,,)), and
Theorem 3.2 implies that
vt 61,91 = (Da* vy, — Da™ -vg,) 0 1] € C™ (1 @1 (A])),
v [¢1,91 — (Da® -vy, — Da™ -v4,) 0 ¢1] € C™* (cl @y (A})).

Clearly, system (3.18) admits a solution (X, X ™) € Y if and only if
system

(3.19)
AXT =0 in D’ (@1 (A})),
AX™ =0 in D' (@1 (A})),
Xt-X"=0 on ¢1 (0Bn),
D)~('+-1/¢1 - DX~ vy, =0 on ¢1 (0Bn),
Xt =yt [¢1,gl — (DaJr vy, — Da” - l/d)l) o q&l} on @1 ((1 —6)0Bn),
X =v" [¢1,g1 - (Da+ vy, — Da” ~1/¢1) o ¢1} on @1 ((1+0)0By)

admits a solution (X, X7) € C™* (c1®; (A])) x O™ (c1 @ (Ay)),
and in case of existence, we have

1

X~ =X"00{ Y —a +v [p1,01 — (Da* vy, — Da~ - vy,) 0 1]

Xt=X* o<I>§_1) —at +v" 1,91 — (Da® vy, — Da™ -vg,) 0 ¢1)
1

Thus we now show existence for system (3.19). By the third and
fourth equation of (3.19), and by a standard argument based on
the Divergence Theorem, system (3.19) is equivalent to the following
system for X € O™ (c1®; (As))

(3.20)
AX =0 in D' (®1 (Ay)),

X =vt[¢1,01 — (Dat vy, — Da~ -vg,) 0 p1] on @ ((1-8)0B,,),

X =v" [¢p1,91 — (Da™ - vy, — Da™ -vg,) o ¢1] on @1 ((1+8)0B,,) .

By Lemma 3.10, such a system has a unique solution X.

We now show uniqueness for system (3.17). If (F*, F~, g, g1,h",
h™) = 0 for some (X, X7) € ), then system (3.18) holds with b+ = 0,
b~ =0. Then we set X = X+t o @g_l) oncl®; (Af), X=X "o @g_l)
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on cl®; (Ag). The function X is harmonic in P, (A;) U ®, (Ag),
and continuous on ¢l ®; (As). Thus by exploiting the third and the
fourth equation of (3.18) with g = g1 = 0 and by a standard argument
based on the Divergence Theorem, X can be shown to be harmonic on
®;(As). By the fifth and the sixth equation of (3.18) with h* =0, X

vanishes on 0®;(As). Hence, X = 0, and (X, X ) must be zero.

We now turn to the proof of statement (ii). We first consider the
map W[, -]. We observe that the linear map I' of C™ (clA}) to
Cm=be (clAY) x ™1 (1A, R") defined by

Llg] = (9,00,9:- -+ 02,9) VgeC™ (A]),

is a linear homeomorphism of C"¢ (cl A;r) onto the image space
ImT, a subspace of C™ 1 (clAf) x C™ b (c1Af,R™). Thus it
suffices to show that the nonlinear maps W[-,:] and (9/0x;)W ™[, ]
for ¢ = 1,...,n are real analytic from (C"W (clAs,R™) ﬂA’ClAE) X
C™ (0B,,) to C™ 1 (c1Af). Now let R > 1+ 6. By Lemma 2.3
(ii), (iii), there exists a linear and continuous extension operator F
of C™*(0B,,) to C™* (c1B,(0, R)) such that F[f]sg, = f, for all
f e C™*(0B,). By Theorem 3.1, and by Lemma 3.3, we have the
following identities

(3.21) W*[®, f]

and

= 2. a3z VT2 Ml, @) ((D2)7),,
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foralli=1,...,n, where

—1

Myl @) = | (D®) " - g, |

A (97, om0 ]|

=1

M:

YEUD ((pa)), ]

81)[ lj

~

n
=

3 (0, ][ 25 (0w, ]}

1

By the real analyticity of F[-], and of the trace operator, by Lemma 2.1,
by the real analyticity of V[, ], by equations (3.21) and (3.22), we con-
clude that W[, -], (9/0z;)W ™[, ] are real analytic from (C™* (cl As ,
R") NAL 5, ) xC™* (0By,) to C™ 1 (c1Af). Similarly, we can show
that W[+, -] depends real analytically on (@, f). o

We are now ready to prove our main result.

Theorem 3.12. Let m € N\ {0}, o € |0,1[. Then the following
statements hold.

(i) The map V[-,-] of (C™ (0B,,,R") N Asg, ) x C™ 1< (dB,,) to
the space C™* (0By,) defined by (1.1) is real analytic.

(ii) The map W, -] of (C™* (0B,,R™) N Asm, ) x C™(0B,,) to
the space C™% (0B,,) defined by (1.2) is real analytic.

Proof. We first consider statement (i). It clearly suffices to show that
if (¢o, fo) € (C™* (0B,,, R") N Ags,) x C™ 12 (B,,), then V-, ] is
real analytic in a neighborhood of (¢o, fo). Now let Wy, d, Eg be as
in Proposition 2.8. By Theorem 3.1 and (3.15), we have Vi[¢, f] =
vF[p, flod = VT [Eg[¢], f] on OB, for all (¢, f) € Wy x C™ 1 (§B,,).
Thus it suffices to prove that the pair (v*[@, flog,v™[@, f]o¢) depends
real analytically on (¢, f) around (¢, fo), a fact which is an immediate
consequence of Propositions 2.8 and 3.11. We now turn to the proof of
statement (ii). By Theorem 3.1 (ii), we know that w™[¢, f] defined as
in (3.16) satisfies the following equality

(323) Wip, fl=w'[6./]o 6~ L f = W*[Bolo], fl — yf on OB,
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Then we can conclude by invoking Propositions 2.8 and 3.11 as in the
proof of statement (i). O

We now compute the differentials of V' and W by exploiting an argu-
ment of Lanza and Preciso [13, Section 4]. To do so, we first introduce
some notation. If m € N\ {0}, a €]0,1], ¢ € C"™* (6B,,,R") N Asg,,
then by combining Proposition 2.7 and Lemma 3.3, we can see that
there exists a positive function G,[¢] € C™~ 1 (9B,,) such that

[ o, = [ wostlwids, Ywels@B.).
¢(0By) 9B,

Then we set
Tn[d] = (V¢ © @) Fn(d],

where vy denotes the unit exterior normal to Z[¢]. Obviously,

&n[¢] = |7~'n[¢“~
By Proposition 2.8 and Lemma 3.3, we deduce that the following holds.

Proposition 3.13. Let m € N\ {0}, @ € ]0,1]. Then the maps
Tul] and 6,[-] of C™* (0B, R™) N Ass, to C" 1> (6B, R"), and
to C™=1 (0B,,), which map ¢ to 7,[P] and to &,[¢], respectively, are
real analytic.

We now compute the differentials of V', W in the following proposi-
tion. Since V and W are linear in the second variable, it suffices to
consider the differentials with respect to the first variable ¢.

Proposition 3.14. Let m,k € N\ {0}, a € ]0,1[. Let G, denote the
group of bijections of {1,...,k} to itself. Let d*S,(n)[-] denote the kth
order differential of S,, at n € R™\ {0}. Then the following statements
hold.

(i) If (¢o, fo) € (C™*(0B,,R™) N Ass,) x C™ 1 (0B,,), then
the kth differential of V[-,] at (¢o, fo) with respect to the variable ¢ is
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delivered by the formula

IV [¢o, follha, ..., ] (x)

k 1
:/aB Zj!(k—j)!

n ]:0
(3.24) Y @S (bo(x) = do(®)) [hy1)(x) = ho1y (),
YEGK

s () (@) = Ty (V)]
' dki]&n[ﬁaO] [h’v(jJrl)a CERE h’y(k)]fo(y) dayv

for all z € OB,,, and for all (hy, ..., h) € (C™ (6B, R™))*.

(ii) If (¢o, fo) € (C™* (0B,,,R™) N Asm, ) x C"™*(IB,,), then the
kth differential of W1[-,-] at (¢o, fo) with respect to the variable ¢ is
delivered by the formula

OEW (9o, follhn, - .., ] ()
oo
- ‘/aBn ; JI(k=3)!

3 @S, (do(x) — do(y)) [y (@) = hay (),

vEGK
by (@) = Ry (),
A7 [0l (41)s - Py )] (foly) = folw) doy,

(3.25)

for all z € OB,,, and for all (hy,..., k) € (C™ (6B, R™))".

Proof. We first consider statement (i). Since k-linear symmetric
functions are uniquely determined by their values on the diagonal, we
start by computing 8§V[¢0,f0] [h,...,h] for h € C"™*(0B,,,R"). To

k terms
. . k .
shorten our notation, we write h* instead of h,...,h. By standard
calculus in Banach spaces, and by (1.1) and by definition of &,[], we
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have
(3.26)
k
5V lou 10 = gz { [ Sul(6ula) — dulw) + ethio)

—fmyﬂ)énWm—+ahKy)ﬂﬂy)d0y}

Ve dB,,

and now we would like to take the differentiation inside the integral.
To justify such a step, one could exploit the local parametrizations of
0B,, or extend the functions involved in the integrand in the vicinity
of 0B,,. We choose the latter method. Thus we introduce W, §, Fy,
Eq of Proposition 2.8, and the trace operator R of C"™¢ (cl A;r) to
C™ (0B,,). By Theorem 3.1 and by (3.15), we have

Vig, f]=v* (6, flo 6 = R[v* (6, f] 0 Bold] o o |

for all (¢, f) € Wo x C™~ 1.2 (9B,,). By standard calculus in Banach
space, and by Lemma 3.3, we obtain

oo (0710 fol 0 Bol6) ax ) ¥]()

k
B = am,f [ S (Bl + ehle) — Bolo+ehi)

o [Bolo+<h]| (1) Folfo](v) doy} Vre A},

Obviously, the righthand side of (3.26) is just the restriction to 0B,
of the righthand side of (3.27). Now we note that for z € Af, the
integrand of the righthand side of (3.27) is not singular. Then standard
results on differentiation for integrals depending on a parameter imply
that

(3.28)
Oy (v¥16: fol o Bol) ar ) [¥](a)

k
= 22 () (05 Bl o) Bl (o)~ B
b=

5y Lo Eoloo] + Fo )W)} Folfol(w) o, ¥ € AT
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By Proposition 2.8, and by Lemma 3.3, the map o,[Eo[]] is real
analytic from Wy to the space C™1“(cl As), and thus the function
d* =9 {o,[Eo[¢o] + eFo[h]](y)} /de* 9 .o is continuous in y € IB,,. As
is well known, cf., e.g., Gilbarg and Trudinger [4, p. 17], for all integers
Jj >1,n> 2, there exists c(n, j) > 0 such that

| Sn(W)lvr, -, vl < eln D)yl ol o]

3.29
( ) Vye R"\ {0}, v1,...,v; € R™

By Lemma 2.1 (ii), Fo[h] is Lipschitz continuous on clAf, and by
Proposition 2.8, [ Al [Eo[¢o]] > 0. Then by Vitali’s convergence

theorem, one can easily show that the righthand side of (3.28) depends
continuously on z € clAf. Since the lefthand side of (3.28) is
continuous for z € cl A5+, we deduce that

5@—%‘/[%, follP*)(x)
(3.30) /aB Z( > {@ 8 (d0(2) = do(w) [(A(=) = h())]}

n o= 0
dF—J -
’ dek—i le=0 {Un[¢0 + €h](y)} fO(y) day Va € 0B,.
By inequality (3.29) and by the Lipschitz continuity of hy, ... h,,

and by inequality lsm, [¢o] > 0, we deduce that the righthand side of
equality (3.24), which we denote by Hlh1,...,h,](z), defines a k-linear
symmetric form on (C™ (§B,,,R™))" for each z € 8B,. Obviously,
8"; 50V %0, fol[h*¥] = HI[h*] for all b € C™*(0B,,,R"). Since k-
linear symmetric forms are uniquely determined by their values on the
diagonal, we can deduce the validity of statement (i).

We now prove statement (ii). As for statement (i), we first compute
KW b0, fo][h*](z) for h € C™* (0B,,,R"), and we face the problem
of differentiating an integral similar to that of (3.26). To circumvent
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such a problem, we note that by Theorem 3.1 (ii) and (3.16), we have
Wi, f] = w16, /106~ 31
= R [w" (6, f]o Bold]  ax — Folfluas] +
= R [w* [, f] 0 Bo[g] o+
— (w16, 110 Eoldlay ) Folflaat] + 5/
for all (¢, f) € Wo x C™(9B,,). For the sake of brevity, we set
7al6] = det (D (Bo[o]))| (D (Bole]) ™" vs,) V6 € Asm,.

Now by the same argument of the proof of (i), we have

(3.31)
8{25:(150 (w+ [d)a f] © EO [QS]\CI A;r

— (*6,1] 0 Eo[¢] oy o )Fol s a2 ) [1](2)

1
5/

[ 3 (B) s ol - Bt

[(Boltlie)Folil ) s _ (rlon+tl)] }

- (Fo[fol(y)—Fo[fol(x)) doy, Vaxe Af.

Since the map of Wy to C™~1:2(9B,,, R") which takes ¢ to 7,[¢] is real
analytic, then the function d*~7 (7,,[¢o + €h]) /de*7|._¢ is continuous
on 0B,. By Lemma 2.1 (ii), (iii), Fo[h] is Lipschitz continuous on
cl A:{, and Fy[fo] is Holder continuous with exponent « on cl Agr, and
by Lemma 2.8, ZCIA; [Eo[¢o]] > 0 and (D (Eo[¢o])) " -vp, is continuous
and bounded. Then by (3.29), and by Vitali’s convergence theorem, one
can easily show that the righthand side of (3.31) depends continuously
on z € clAf. Since the lefthand side of (3.31) is continuous for
z € clA}, we deduce that (3.31) holds also for x € 9B,,. The same
argument also implies that the righthand side of (3.25) defines a k-
linear symmetric form on (C™ (9B,,, R"))" for each z € B,,. Thus
we can conclude as in statement (i). O
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As we have seen in Proposition 3.14, in order to compute the differ-
entials of V., W, one needs to know the differentials of the functions
Gnl], Tnl[]. Thus we now present a different way of writing &,[-], T[]
which makes it easy to compute such differentials explicitly.

We denote by A the standard vector product of n—1 vectors in R", cf.,
e.g., Schwartz [22, p. 250]. If ¢ € App,,, then we can consider ¢(0B,,)
as oriented by the exterior normal field vy, and 0B,, as oriented by
vsB, - Then we shall say that ¢ has index 1 if ¢ is orientation preserving,
and that ¢ has index —1 if ¢ is orientation reversing. We formalize the
known properties of such an index in the following lemma.

Lemma 3.15. Let {e1,...,e,} denote the canonical basis of R™.

Let v1(y), ..., va—1(y) be an orthonormal basis of the tangent space
Ty,0B,, to 0B,, at y such that

v, (y) = (v1(y) - e2)er — (vi(y) -er)e2 if n=2,

(3:32) ve, (y) =v1(y) A Avp_1(y) if n>2,

for ally € 0B,,. If ¢ € Agm,,, then there exists ind [¢p] € {—1,1} such
that

(3.33)
ind [¢] = sgn {v4(o(y)) - ((de(y)[v1(y)] - e2)er — (do(y)[v1(y)] - e1)e2)}
if n=2,
ind [¢] = sgn {v4(o(y)) - (do(y)[vr (Y] A -+ A dd(y)[vn—1(y)])}
if n>2,

for all y € 0B,,, where we set sgn(t) =1 fort > 0, sgn (t) = —1 for
t < 0. Moreover, the function ind [] of Agm, to {—1,1} which takes ¢
to ind [@] is continuous.

Proof. Let ¢g € Agm, . Let Wy, d, Eg be as in Proposition 2.8. Let
n > 2. By linear algebra, and by (3.32), we have

dop(y)[vr(] A - Adp(y)[vn—1(y)]
=det( (Eo[¢])(y)) D(E O[¢])_t(y)V8B (y)
= |D(Eo[¢]) " (y)vom, (v)| det (D(Eo[¢])(y)) vo © d(y),
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and thus the righthand side of (3.33) equals sgn (det (D (Eo[¢)]) (v)))
for all y € 0B,, and ¢ € W,. Similarly, we can argue for n = 2. Then
by Proposition 2.8 and by the continuity of sgn(-) from R\ {0} to
{-=1,1}, we conclude that the righthand side of (3.33) is independent
of y € 0B, and that ind [] defines a continuous function of Agp, to
{-1,1}. o

Then we have the following.

Proposition 3.16. Let ey,...,e,, and vi(y), ..., vn—1(y) for all
y € 0B, be as in Lemma 3.15. Then we have

Tnl#l(y) = ind [¢] {(do(y)[v1(y)] - e2)er — (do(y)[vi(y)] - e1)ea}

Zf n = 27
O3 2 010) = nd (6] Lo W] A - A do)lonr ()]}
if n>2,

for all y € OB,,, and for all ¢ € Asm,, .

Proof. Let d, ® be as in Proposition 2.7. As in the previous proof, one
can easily check that (det D®(y)) (D®) ™" (y) - v, (y) equals the term
in braces of (3.34). By definition of 7,[¢], and by Lemma 3.3, we can
see that 7,[8](y) equals |det D®(y)| (D®)~" (y) - v, (y). As pointed
out in the proof of Lemma 3.15, ind [¢] equals sgn (det D®(y)) for all
y € 0B,,. Then we conclude that (3.34) holds. o

We note that the differentials of 7, of order & > n vanish identically
and that in order to obtain the differentials of order less than k one
can use Leibnitz rule. In particular, we note that, for k = 1, we obtain

d2[][h](y) = ind [¢] {(dh(y)[v1(y)] - e2)er — (dh(y)[vi(y)] - e1)e2}
dn[0][R](y) :ind[ ] {dh(y)[v1(y)] A dp(y)[va2(y)]
A de(y)[vn-1(y)]
+ - de(y) oY) A
A do(y)[vn—2(y)] Adh(y)[vn-l(y)]} ifn > 2,
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for all h € C"™* (0B, R™). Finally, we note that
do[g][R] = (vy © §) - dTn[¢][H]
for all h € C"™* (0B, R").
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