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A NEW INTEGRAL EQUATION FORMULATION
FOR THE SCATTERING OF PLANE ELASTIC
WAVES BY DIFFRACTION GRATINGS

T. ARENS

ABSTRACT. The scattering of plane elastic waves by a
rigid periodic surface is considered. The Green’s tensor for
a half-space with a rigid surface is introduced and its prop-
erties, notably its asymptotic decay rate in horizontal layers
above the plane, are analyzed. The Green’s tensor is then
used to define single and double layer potentials for a periodic
surface, making use of the generalized stress tensor. Subse-
quently, a novel integral equation formulation for the scatter-
ing of plane waves by a diffraction grating is derived using
a Brakhage/Werner type ansatz for the solution. Employing
the Fredholm alternative, existence of solution is proved for
all angles of incidence and all wave-numbers.

1. Introduction. It is the object of this paper to derive a new
integral equation formulation for a certain scattering problem, namely
the scattering of a time harmonic plane elastic wave by an unbounded
periodic structure. The propagation of time harmonic waves with
circular frequency w in an elastic solid with Lamé constants pu, A
(4, A+ 1 > 0) and density p is governed by Hooke’s law

ou;  Ouy
1 k= Adiv ud; J i k=1,2,3
( ) Tik wvu jk?+,u<8 Tk + 81’3) 7 ) Ly Iy

and by the equation of motion

’ Q3

3
(2) Z a +w?pu; =0, j=1,2,3.

Here the vector field u denotes the displacements and 7 the stress
tensor. We will assume that the density p is constant throughout the

Received by the editors on November 2, 1998, and in revised form on February
16, 1999.

Copyright ©1999 Rocky Mountain Mathematics Consortium

275



276 T. ARENS

medium, say p = 1. Inserting the components of 7 as given by (1) into
the equations of motion (2) then yields the Navier equation

(3) pAu 4 (A + p) grad div u + w?u = 0.

All waves are assumed to be traveling in a half-space bounded by a
diffraction grating, given as xo = f(x1) with f smooth and 2z-periodic,
on which all displacements are assumed to vanish. As this special
geometry is invariant in the zs-direction, the system of equations (3)
separates into two parts, one describing compressional and vertically
polarized shear waves, the other describing horizontally polarized shear
waves. The second part is in fact a scalar Helmholtz equation, and the
solution of this problem has been studied in depth elsewhere, e.g., [14,
21] and the references contained therein. Here we will only consider
the first part; the scattering problem is treated as a problem of plane
strain.

The incident field is assumed to be a superposition of plane compres-
sional and shear waves given by

(4) u"(z) = apéeiki”"'é + asf)leiksx'é, ap,as € C.

Here 6 € (0,7) is the angle of incidence,  := (cosf, —sinf) T, 6+ =
(sinf,cos0) " and k,, ks denote the wave numbers for compressional
and shear waves, respectively. Thus, denoting the scattered field by u,
it is the object to solve equation (3) in Q := {x € R% xy > f(z1)}
subject to the boundary condition

(5) u(x) = —u¢(x) on IN.

In both the mathematical and engineering literature, integral equation
methods have been widely used to solve scattering problems for elastic
waves, the books by Kupradze et al. [16, 17] and Constanda [7] giving a
comprehensive mathematical introduction to the subject. Lately, work
has focused on crack [12, 13, 23] and inverse problems [10, 11, 15].
Some investigations on elastic wave scattering by periodic free surfaces
employing integral equation methods, including the formulation of a
radiation condition, were made in [9, 18]. However, to the author’s
knowledge, [1] contains the first rigorous proof of uniqueness and
existence of solution for the scattering of elastic waves by a diffraction
grating.
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Although [1] answers the question of uniqueness for the boundary
value problem (3), (5) completely, existence of solution could only be
proved for all but a discrete set of combinations of angle of incidence and
wave numbers of the incident field. Similar problems arise when consid-
ering scattering of acoustic waves by diffraction gratings [14] but recent
results by Chandler-Wilde/Ross [4] have shown how these difficulties
can be avoided by employing the Green’s function for a half-plane with
an impedance boundary condition; see also Szemberg [22] for a related
approach. The use of the simpler Dirichlet Green’s function for a half-
plane has recently been proposed by Zhang/Chandler-Wilde [24]. The
advantage of these fundamental solutions are their faster asymptotic
decay rates in vertically bounded strips. This ensures the existence
of corresponding quasi-periodic Green’s functions, which are used for
diffraction grating problems, for all combinations of wave-number and
angle of incidence and also makes extensions of these results to rough
surfaces possible.

In the theory of elasticity, however, the question of fundamental
solutions for half-space problems is a more delicate issue as, in general,
no representations in terms of standard special functions exist. Since
Lamb, in his classical paper [19], gave representations of Green’s
tensors for a number of free surface problems, much attention has been
given to this issue. However, the author is not aware of any published
work for the case of a rigid surface.

Thus, in Section 2, we introduce a Green’s tensor for the elastic wave
propagation problem in a half space with a rigid surface. Emphasis will
be laid on a detailed analysis of its asymptotic decay rate in horizontal
strips as this is the critical property for its successful use in solving the
scattering problem for a diffraction grating for all wave-numbers and
incident direction combinations. In Section 3, corresponding results
for certain derivatives of the Green’s tensor are established. The
derivatives of interest are the generalized stresses as introduced by
Kupradze [16] and also used in [8, 20].

In Section 4 definitions of quasi-periodic single- and double-layer po-
tentials are given which will, in turn, by employed to prove existence
of solution to the scattering problem for a diffraction grating in Sec-
tion 5 through a Brakhage/Werner type ansatz for the solution [2].
As we make use of the generalized stress tensor, the operators in the
equivalent integral equation formulation are compact so that the Fred-
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holm alternative can be employed. However, the chosen ansatz limits
the method to scattering surfaces with rigid boundaries, i.e., to Dirich-
let boundary value problems. The final existence result holds for all
combinations of angle of incidence and wave numbers.

This first section will close with some notations and general assump-
tions. Vectors and vector fields shall always be denoted in bold type.
For y = (y1,2)", we define y' := (y1,—y2)". For any set M and
m € N, we define BC™(M) as the set of functions in C™ (M) that,
together with their derivatives up to order m, are bounded in M. If M
is compact, we denote by C™*(M), 0 < a < 1, the usual set of Holder
continuous functions. For unbounded M, we write ¢ € C™*(M) if
¢ € C™(N) for every compact subset A of M.

To abbreviate the differential operator in (3) we shall write

A*u = pAu+ (A + p) grad divu.

The upper half plane shall be denoted by R := {x € R? : 25 > 0}.
The Navier equation (3) is to be solved in the domain Q := {x € R?:
w3 > f(z1)}, where we assume f € BC?(R) to be strictly positive. We
finally set S := 99 and, for h > max f, call the sets

Spi={xeRY: f(x1) <z2 <h}

horizontal layers (of height h) above S.

2. The Green’s tensor. In the study of the Navier equation (3)
one usually makes use of the matrix of fundamental solutions which is
the Green’s tensor for free-field conditions, given by

7
T(x,y) = —H{" (ks|x — y)
(6) kad
(3
+ 1 VA Ve (kefx = 1) = HSY (kylx = y1)),

where Hél) () denotes the Hankel function of the first kind and of order
zero. Note the formulas

(7) ky =




A NEW INTEGRAL EQUATION FORMULATION 279

for the wave numbers.

With the help of the Bessel differential equation, it is easy to see that
the components of this matrix can be written as

(2 — ;) (xr — yk) }

Ix —yl?

i
i) = 1 B1lb = y)a+ 2ax - )
j7 k = 17 27
where, introducing the constant ™ = k,/ks,

1
(1) 1= Hy (kot) = = (H{ (kt) = H{ (1)),

S

Do(t) =

2
= T HY (kt) = HY (kt) = = 1D (kyt) + 72 HGY (k).
s s

As was pointed out in the introduction, the quasi-periodic Green’s
tensor corresponding to T’ that was employed in [1] does not exist for
all combinations of angle of incidence and wave-numbers. To avoid
this difficulty, the new integral equation formulation will make use of
the Green’s tensor for a half space with a rigid surface, i.e., Dirichlet
boundary conditions. Theorems 2.1 and 2.5 below, proved by Fourier
transform and other methods, show that this Green’s tensor is given
by

(8) FD(xa y) = F(Xv y) - F(Xa y/) + U(X, y)v

for x,y € Ri, x #y, where

) Ulxy)=—— /°°<Mp<t,vp,vs;x2,y2>

- 2
2mw? J_ o

+ Ms (ta Yps Vsr L2, y?))e_iXIt dtv

with

e (@2tyz) _ pi(ypratysyz) /42 43
Mp(tuwpuws;x27y2) = ( s )

Yp¥s + t2 tYpYs _tQ'Yp

Vs (@2ty2) _ pi(vsz2+vpy2) A
M ta ) ; 9 = ) y :
s (6 vps Vs T2, Y2) Yoys + 12 ( —3 )
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Here X :=z; — y1 and
/ 2 2
k;% — 12, ks >t
i/12 — k2, k2 <t?
VEZ =12, k2 >1¢?
Vs =
i12 — k2, k2 <t

The following theorem establishes that I'p possesses the properties of
a fundamental solution and satisfies the boundary conditions.

Yp =

Theorem 2.1. Fory € R? fized, I'p(-,y) —I'(-,y) € C*(RL) N
C(R2) and its columns are solutions to the Navier equation (3) in

R2\{y}. Furthermore, I'p(x,y) =0 for x € OR%.

Proof. From the definition of U(-,-), it is clear that I'p — T is in-
finitely often continuously differentiable in R? with respect to both
arguments. Furthermore, I'p — I' and all its derivatives can be contin-
uously extended to Ri. Thus, I'p — T has the required regularity.

Introducing the functions

. 1 et p(T2Fy2) _ oi(vpTatysy2)
OV (z9:y9, t) 1= —(—t ,
( 25 Y2, ) O.)2( 78) ’Yp’}/s'i'tz

R 1, etvs(@atua) _ pi(vsm2tpy2)
T (9392, t) 1= _gtz 2 )

w YpYs T 1
R 1 ivp(z2+y2) _ pi(vpT2+ysy2)
(I)(Q)('rQ;yZat) = _2t26 - 2 )

w Yp¥s Tt

1 etvs(@2ty2) _ pi(vsm2+7py2)

@(2)(:1;2;3;2,15) = Et’Yp

)

Yp¥s + t?

we further observe that the kth column of U(:,:), k¥ = 1,2, can be
written as

LN 0 -
oo (_Zt)q’(k)(%;y2at)+a—x2‘1’(k)($2;y2,t)

1
v =5 [ |5 o
— W (295 ya, t) — (—it) W) (22592, 1)

al‘g

e Xt gt
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d*) and U®) are also seen to satisfy the differential equations

62 5 (k 2 2\ & (k
6(2 T (k 2 2\, (k

This means that ®*) and ¥(*) are Fourier transforms of Lamé poten-
tials with respect to Xy and Ug/(+,y) is a solution to (3).

It remains to show that I'p .x(x,y) = 0 for z2 = 0. This is done in a
straightforward way by computing the Fourier transform of the Hankel
functions with respect to X;. ]

The main advantage of using I'p over I is its faster asymptotic decay
rate as |z1]| — oo in horizontal layers above S for fixed y. For the first
two terms in its representation, this is shown in the following lemma.

Lemma 2.2. Forx,y € R%, [x —y| > 1, the estimate

h(z2,y2)
I —T. N < A2 ge)
j71k11_3f2 | jk(x7 Yy ) ]k(xv Yy )| = | ‘3/2 )

holds, where h € C(R?).

Proof. Using the notations r = |x —y| and ' = [x —y’|, the following
holds

Pk, y)-T(x,y') = ﬁ{@lm N
( 0 —2ya (21 — y1)> Dy(r)
=2y (1 — Y1) 0 r2
(21 —11)? (1 —y1)(z2 + y2)
M <(9U1 —y1)(z2 + y2) (22 +y2)? )

(-2

So it obviously suffices to show the estimate for the functions

(z1 —y1)P2(r)

Dy (r) — @1(r), 2

)
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and

(z1 —1)” <¢2(T) - @ig’))'

r2

Using the mean value theorem yields

4x
[@1(r) = @1(") < |r = '] max [@ (1) =~ max [®) ()],

r4 7 r<e<r

and thus the asymptotic decay rate of Hankel functions and their
derivatives as, e.g., given in [6] yields the asserted estimate in the
first case because of the assumption |x —y| > 1. In the second case,
(1 —y1)/7 is bounded and (®2(r)/r) has the required decay rate. For
the last function, we rewrite

P B () - @)+ ).

72 /2 72 + 4x9ys9

Now (21 —y1)?/(r?+422y2) is bounded, ®5(r)—Po(r’) can be estimated
in the same way as ®1(r) — ®1(r') above and (®5(r)/r?) decays even
faster than required. ]

To prove a similar estimate for U, a more detailed analysis is re-
quired. To obtain alternative representations of the integrals used in
the definition of U, v, and 7, need to be extended to analytic functions
in the complex plane. To this end, branch cuts from £k, and £k,
respectively, to £k, + 700 and £k, & oo are introduced. Further, note
that the integrands in the definition of U do not have any singularities
on the chosen branches of v, and vs. Restricting ourselves to the case
21 > yp for the moment, we deform the path of integration into the
lower half plane as illustrated in Figure 1.

It is easily seen that the integrals over the arcs vanish as their radius
tends to infinity, so only the branch line integrals remain. Denoting
the paths of integration along the branch cuts by C; UCy and C3 U Cy,
as indicated in Figure 1, and introducing the function

M(tarYparYs) = (Mp(tvp)/pvﬁ)/s; Z2, y2) + Ms(tvﬁypvﬁys; Z2, y2))a

2mw?
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FIGURE 1. The path of integration.

we rewrite U as

Ux,y) = M(tvﬁva”Ys)eiiXIt dt
C1UC>

+ M(t77p773)67iX1t dt
C3UCy

o0
= (—Z)/O {M(_ks - ’L.S,’Yp|C27’Ys|C2)
- M(_ks - i877P|C1778|CI)
() [ My = ey ule,)
0

- M(—pr - is’vp|c3’vs|C3)}

}€7X15+7'X1ks ds

e—Xls-‘rinkp dS.

Note that vs|c, = —7slc, and Yple, = Yple,; corresponding relations
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hold on C3 and C4. Using the mean-value theorem, we thus conclude

M(_ks - i377p|02775‘C2) - M(_ks - iS, ’7p‘C1775|Cl)
oM
=2R s I _ks — 1 ’ ’

e(v |c2)6%( i, Yple, s €)
for some £ € (Vsley, Vsle,) Now (OM/0vs)(—ks — is,Yple,,€) is seen
to be continuously dependent on s in [0, 00), and for some constant C
continuously dependent on 2 and yo, |s7/2 Re (Vs|c, ) (OM/0ys) (—ks—
s, Yplci»€)| < C holds for s € [0,1]. Analogous results hold for the
second integral. Therefore, we can estimate the asymptotic decay rate
of U by employing the following lemma with r = (1/2).

Lemma 2.3. Assume q € C([0,00)) so that Cy == [ |q(s)|e™* ds
exists. For X > 1, set

I(X):= /000 q(s)e X ds.

Further assume that for some r > —1 there exists Co > 0 with
[s7"q(s)| < Cy for all s € [0,1]. Then for X > 1+ (r+1)log X,

1

Proof. We can estimate

1
‘ / q(s)e”**ds
0

On the other hand, we have

/ q(s)e X% ds
1

for all X > 1+ (r + 1)log X. Adding these two estimates yields the
assertion. ]

I'(r+1)

1
r —Xs
SCQ/O S e dSSCQW

o0 c
—(X-1 —s 1
<e )/1 la(s)le ds < <t
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An identical analysis also yields this decay rate for 1 < y;. The
only difference is that the path of integration has to be deformed into
the upper half plane. Thus, also recalling Lemma 2.2, the following
theorem is proved.

Theorem 2.4. Forx,y € R%, |z1 — y1| > e, the estimate

I'p,; <
max, [Up jr(x,y) < P—

holds, where h € C(R?).

The Green’s tensor I'p also satisfies the radiation condition often
used in elastic scattering problems, Kupradze’s radiation condition. Let
I‘%)) = —k;Q grad xI'p denote the longitudinal and I‘g) =Ip — I‘%))
the transversal part of I'p. Then the following theorem holds.

Theorem 2.5. Let r:= |x|. Fory € R? fized,

I (x,y) = O(r~1/?),

or'y) , -
52-(xy) — ik, T (x.y) = o(r /),

rp(xy) = 0612,

or'y) I _

S, y) — kT (5, y) = o /2)

uniformly in x/r as r — oo.

Proof. As the assertion is a well-known fact for I', it suffices to
show it for U. Observe that terms in (9) involving M), represent the

longitudinal and the term involving My the transversal part of U. For

fixed y, an entry U](Z)(-, y), 4,k = 1,2, of the transversal part satisfies

the scalar Helmholtz equation

AXU;? (x,y) + 2UP(x,y) =0 in R2

P~ gk
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and the boundary condition

U (x,y) = g(x) == —Ti(x,¥) + Ti(x,y") = UL (x,y)
on {zg = 0}.
From (9) we see that U ;Z) satisfies the upward propagating radiation
condition of [5], see [3] for details. Reviewing the proof of Theorem 2.4,

we see that g(x) = O(|z1|7%/?) as |z1| — co. We can thus use the
argument presented in Section 5 of [5] to conclude

U (x,9)| < C(1+ @)1 +7) %2

and )
oy, . |
L (x,y) = ik U (x,y) = o /2)
The same argument can be applied to U®). a

3. Derivatives of the Green’s tensor. In this section we
will investigate the properties of certain derivatives of I'p. Recalling
Hooke’s law (1), we follow Kupradze [16] in introducing a generalized
stress tensor P = (mj) by

Ouy |,k
aIk 8$j ’

Mk 1= bdiv U.(Sjk; + u
where a,b are real numbers satisfying a + b = A + u. Given a curve
A C R? with a normal n, the generalized stress vector is defined by

n <8u2 8u1>

,(Qv2 0w
ox1 0

Pui—Pn = (u+a) 2% + bndiva +a oo

on Jui _ Ouy
m 8.22 81'1

Where it is important to distinguish between derivatives taken with
respect to x and y, the notations P™ and P®) will be used. The
choice of a and b is left open for the moment. In the case a = u and
b = X, Pu reduces to the standard stress vector or traction across A.
In the case a = u(A + p)/(A +3u) and b = (A + 2p) (A + 1) /(A + 3u),
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Pu is called the pseudostress vector and will also be denoted by Nu.
The significance of this choice will become clear in Section 4.

By applying P- to I'p, the matrix-functions Hg) and Hg) are intro-
duced:

Theorem 3.1. Theorems 2.4 and 2.5 hold with I'p replaced by Hg)
and Hg) respectively.

Proof. The theorem follows from Lemma 7.2 in [1]. o
A standard result is the third generalized Betti formula.

Lemma 3.2. Let B C R? be a bounded_domain in which the
divergence theorem holds. Then, for v,w € C?(B) the third generalized
Betti formula holds

(10) /B(V~A*W—W'A*V)dX:/BB(V‘PW—W~PV)d8.

Via an application of (10), it is possible to prove the following
reciprocity relation for I'p.
Lemma 3.3. Let x,y € R2, x #y. Then

FD(X’y) = PD(y’X)T'

Proof. Let B.(z) denote the open ball with radius ¢ and center z,
and set Q. :={z € R% : |z| < R,z ¢ B.(x) U B:(y)}. Using (10), it
then follows that

0= / I'p,.j(z,x) - ATp k(z,y) —T'p,k(z,y) A;Tp . (2z,x)dz
QR,E
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= [ Tex) 1)) T ay) 1) 0. ds(a)
R,e
—>FD’kj(y,X)—FD’jk(X,y) €—>O,R—>oo

as the integrals over {|z| = R} vanish for R — oo by Theorems 2.5 and
3.1, and it can be seen by a standard argument from potential theory
that the integrals over 0B.(x) and 0B.(y) converge to —I'p jx(x,y)
and I'p 1;(y,x), respectively. o

Theorem 3.4. (a) For y € R%, the columns of Hg)(-,y) are
solutions to the Navier equation (3) in R \{y}.

(b) For x € R%, the rows of HS)(X,~) are solutions to the Navier
equation (3) in R3\{x}.
(c) For x,y € R2, x #y, the following holds:

15 (x,y) = 115 (v, x) T

(d) Let B C Rﬁ_ be a bounded domain in which the divergence theorem
holds. Then any solution u to the Navier equation can be represented
as

u(x) = / T'p(x,y)Pu(y) — I (x, y)u(y) ds(y)
OB

for allx € B.

Proof. Part (c) is an immediate consequence of Lemma 3.3. Part (a)
follows from Theorem 2.1 and the definition of the generalized stress
vector. Part (b) follows from parts (a) and (c). Part (d) holds because
of the corresponding relation for T', see, e.g., [7, 16] together with
Theorem 2.1 and (10). O

4. Single- and double-layer potentials. In the following, assume
¢ € BC(S) to be a vector valued density. The normal n on S will be
assumed to be pointing into 2. We define a single-layer potential by

(11) v(x):= /SI‘D(x,y)qS(y) ds(y) forxe Ri\S,
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and a double-layer potential by

(12) w(x) = [S 1% (x,y)é(y) ds(y) for x € R2\S.

Remark 4.1. As a consequence of Theorems 2.4 and 3.1, for a vector
field ¢ € BC(S), the integrals

erxwwwww>

and

Lﬂgmwmw@wszLz

exist as improper integrals for all x € R%\S.

From now on, we will assume that f is 27-periodic (in the case of a
different period, this can always be achieved through a simple change
of variables). The following periodicity property, see also [9, 14], will
be of some importance in the following.

Definition 4.2. A vector field u : D — C2, where either D = Q or
D =S, is called quasi-periodic with phase-shift « # 0 if

02T

u(xy + 2w, x9) = e *“Tu(xy,x2) for all x = (x1,22) € Q.

Set A:={x€5:0<x; <2r}. The integrals over S in the definition
of the single- and double-layer potentials can then be reduce to integrals
over A.

Lemma 4.3. Assume ¢ to be quasi-periodic with phase-shift o and
K t.o be a compact subset of R x R3.. Then, with p = (27m,0) ", the
series

Tpp(x,y) = Y e ™ T'p(x+np,y),
nez

9 (x,y) = Y e ™ 0Y) (x +np,y), j=12
neZ
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converge absolutely and uniformly on K\{(x,y) : x —y € pZ}.
Furthermore,

/ T'p(x,y)(y) ds(y) = / T oy (%, ¥)(y) ds(y),
S A
/ 9 (x, y)é(y) ds(y) = / %) (%, y)6(y) ds(y),
S A
j=12, forx e R%.

Proof. The absolute and uniform convergence of the series is implied
by Theorems 2.4 and 3.1. The second part of the lemma is a direct
consequence of the dominated convergence theorem. ]

From now on it will be assumed that ¢ is quasi-periodic. The
following theorem then lists some standard results for the two layer
potentials.

Theorem 4.4. (a) v and w are quasi-periodic solutions to the Navier
equation (3) in Q and in R3\Q.

(b) v can be continuously extended to a function on R_i and

v(x) = /S T'p (%, ¥)(y) ds(y)

for x € S where the integral exists as an improper integral.

Proof. Part (a) of the theorem is obvious as it is possible to exchange
differentiation and integration for x ¢ S. The quasi-periodicity of v
and w is easily verified directly.

To prove part (b), set

N .
v = 30 [ eI y)oly) ).

n=—N

For vy with T'p replaced by T, the assertion is a well-known result [7].
However, from the properties of I'p — I, as listed in Theorem 2.1, it is
easily seen that it also holds for v .
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Further, let £, := {x € Q:0 < x7 < 27,29 < h}. From Lemma 4.3
it follows that |v — vn|lco.z, — 0. Thus (b) holds for x on A. But as
v is quasi-periodic, the assertion follows for x € S. O

At this stage it is advantageous to make a special choice for the two
real numbers a and b in the definition of the generalized stress vector. In
general, H(j)(x7 ¥), j = 1,2, has a strong singularity at x = y. However,
when using the pseudo stress vector, i.e., a = pu(A + u)/(A + 3p) and
b= (A+2u)(A+ u)/(A+3p) all but the normal derivatives cancel [16]
so that only weak singularities have to be dealt with.

Theorem 4.5. Assume a = p(A+pu)/(A+3p) and b= (A+2u) (A +
1)/ (A +3u). Then the following statements hold.

(a) The vector field wy = w|q can be extended continuously to Q
and the relation

we ) = 5000 + [ T3 y)oly) dsy)

holds on S.
(b) ﬁ € C%(8), then vy :=v|g € C1*(Q) and v_ := v‘(Ri\ﬁ) €
Ch2(R2\Q). The relations

Nv. (x) = ~ 2000 + /S ) (x, y)e(y) ds(y)

and )
Nv_(x) = 3060 + [ 1) y)oty) ds(y)
hold on S.
(c) For ¢ € BC(S), the following holds

/ T y)é(y) ds(y), / M9 (,y)é(y) ds(y) € C%(S).
S S

Proof. The method of proof of (a) is essentially the same as for
Theorem 4.4 (b).
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For (b), we first note that the assertion holds for vy as defined in the
proof of Theorem 4.4. This can be shown in essentially the same way as
in [11, 16] for the three-dimensional case. Furthermore, the sequence
(vn) is Cauchy in CH%(By) where B_ :={x € R?: 0 <z < 47,0 <
Ty < f(z1)} and By = {x € R? : 0 < 21 < 4m, f(z1) < 22 < h}
with h > max f. This can easily be proven with an argument similar
to that employed in the proof of Lemma 4.3 together with Lemma 7.2
in [1]. The assertion then follows for Q and R%\Q because of the
quasi-periodicity of v.

Part (c) is shown in the same way as part (b). O

5. Scattering by diffraction gratings. We are now finally able
to derive the new integral equation formulation for the problem of
plane elastic wave scattering by a diffraction grating. Throughout
this section it will be assumed that a = p(A + p)/(A + 3u) and
b=(A+2)(A+ p)/(A+ 3p).

In the following, we will only consider plane incident waves of the
form

une (X) _ éeikpx-é 7

i.e., incident compressional waves. However, this is done only for
technical simplicity and it is shown in [1] that all arguments can easily
be generalized to hold for incident shear waves and incident plane waves
of the general form (4).

We will thus consider the scattering problem:

A*u+w?u=0 inQ,

u=-u" onlés.

(13)

To ensure uniqueness of solution to (13), a radiation condition has to
be imposed. The condition we will use is similar to the one employed
in solving diffraction grating problems for acoustic waves [14] and has
been used successfully for elastic wave scattering in [1, 9, 18].

Definition 5.1. A bounded vector field u : Q — C?, quasi-periodic
with phase-shift «, is called radiating if, for xo > max f it has an



A NEW INTEGRAL EQUATION FORMULATION 293

expansion of the form

u(x) = Z {uw (gZ) gilomaitBuz) 4y (—vofn) ez‘(anzlﬂnzz)}’

nez

where up p, Us;n € C, n € Z, oy := a+n,

k2 — a2 a2 < k2 2 2

5, = P ns n = fp - VE2—a2, an <kZ
n +— . no- ./ 2 2
’L,/Oz%—k%, Oéi>k§, ? a%_k§7 an>ks'

The space of admissible solutions to the scattering problem will be
denoted by

. 9 —. uis quasi-periodic with phase-shift o,
QR(a):= {uEC’ (@) nc@): bounded, radiating and solves (3) ’

Remark 5.2. Tt is shown in [1] that the scattering problem (13) has
at most one solution in the set QR(kp61).

Remark 5.3. Using Lemma 4.3 the methods employed in the proof
of Theorem 7.1 in [1] can be used together with Theorems 2.1, 2.4,
2.5 and 3.1 to prove that the layer potentials v and w are elements of
QR(a) provided the density ¢ is quasi-periodic with phase-shift «.

We now make an ansatz for the solution u to the scattering problem
which was first proposed by Brakhage and Werner [2]:

(14)  u(z) = / 12, (x, y)(y) ds(y) — in / by, ¥)6(y) ds(y)

where ¢ € C(5) is a quasi-periodic density with phase-shift k'pél and
7 a complex number satisfying Re (1) # 0. From Remark 5.3 it follows
that u € QR(k‘pél). From Theorems 4.4 and 4.5 we thus conclude that
u is a solution to the scattering problem (13) if ¢ satisfies the integral
equation

(15) %(b(X) + /A(Hg;(x, y) —inTp,(x,y))o(y) ds(y) = _ui'ILC(X)

on A.
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Theorem 5.4. The integral equation (15) has a unique quasi-periodic
solution ¢ with phase-shift k,0,.

Proof. The method of proof follows closely along the lines of the exis-
tence proof in [1]. Let Cy, denote the space of 2w-periodic continuous
functions. For ¢ € (s, we define the integral operators Sél,K 0 and
K. as

Sp(t) =2 / T GOT (1 F(8),5, £(5))

V1 [1(s)%0(s) ds,
Kg () =2 / T e OR (, £(0), 5, £(5)

N1+ [1(s)%0(s) ds,
K} (1) =2 / T et o011 1, 7(0) 5, 5)

N1+ [1(5)%0(s) ds,

with ¢ € [0,27]. As was remarked earlier, the kernels of these integral
operators are weakly singular and the integral operators themselves are
thus seen to be compact in Co,. Furthermore, Sél and S g, are adjoint
with respect to the duality

27
<¢aw>:: 0 gf)il)vl—l-f/(t)th,
as are K(_;l and Kiél'

By multiplying (15) by e~#»%1%1 and setting ¢(z1) = e kvhrz
¢(z1, f(x1)) (note that 1 € Car), we obtain the equivalent equation
(16) (1) + K, (1) — inS, (1) = —2e= M ui™ (1, £ (1)),

t € [0,2n].

The Fredholm alternative can be applied to (16). In fact, we will
complete the proof by showing that the equation

(17) VA Ky —inS_s =0
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only admits the trivial solution.

Assume 99 € Car to be a solution to (17). Setting ¢o(x) :=
e~ HFr01714)0(21) and

v(x) == /A T pp(x,y)do(y) ds(y), x € RZ\S,

we know from Theorem 4.4 and Remark 5.3 that v is continuous in R—?H

a solution to the Navier equation in both 2 and R% \Q and radiating in
Q. From Theorem 4.5 (c) and (17) we further conclude ¢y € C%(S).
Thus, by Theorem 4.5 (b),

2eMr N INV_ = + K/ tho

and from (17) we conclude Nv_ —inv_ = 0 on S. On the other hand,
v_ = 0 holds on {z3 = 0} because of the properties of the Green’s
tensor. Thus, setting Ag := {x € R?: 0 < 21 < 2w, x5 = 0}, we have

1
Ro() [ v-Pds =5 [ v Nv_ —v Nv_ds
A tJa

1
20y,
=0

v_ -Nv_ —v_-Nv_ds

by the third generalized Betti formula (10) as the integrals over {z; =
0} and {1 = 27} cancel out because of the quasi-periodicity of v_.
Thus Nv_ = v_ =0 on A. Consequently, as v is continuous, vy =0
also holds on S. From this, recalling Remark 5.2, we conclude that
vy =0in Q. Thus, Nv, = 0 on S; consequently, o9 = Nv_—Nv, =0
and therefore also 1y = 0. o

Thus the unique solvability of the scattering problem for all combi-
nations of wave-numbers and angle of incidence is proved. Recalling
that this result can easily be extended to general incident plane waves,
we state our final theorem.

Theorem 5.5. Given an incident plane wave of the form

u¢(z) = a, 00 4 a0t 0 o, a, € C,
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the scattering problem

pAu + (A + p) graddiva +w?u=0 in Q,

ut+u™=0 onsS

has a unique solution in the space QR(ky01) + QR(k40;).

Acknowledgments. Work on this paper was supported by the Ger-
man Academic Exchange Service (DAAD) through a “DAAD Dok-
torandenstipendium im Rahmen des gemeinsamen Hochschulsonder-
programms III von Bund und Lé&ndern” and by the UK Engineering
and Physical Sciences Research Council. The author would also like to
thank Dr. S.N. Chandler-Wilde and Dr. J.B. Lawrie for their sugges-
tions and critical remarks during the process of writing this paper.

REFERENCES

1. T. Arens, The scattering of plane elastic waves by a one-dimensional periodic
surface, Math. Methods Appl. Sci. 22 (1999), 55-72.

2. H. Brakhage and P. Werner, Uber das Dirichletsche Aufenraumproblem fir
die Helmholtzsche Schwingungsgleichung, Arch. Math. 16 (1965), 325-329.

3. S.N. Chandler-Wilde, The impedance boundary value problem for the Helmholtz
equation in a half-plane, Math. Methods Appl. Sci. 20 (1997), 813-840.

4. S.N. Chandler-Wilde and C.R. Ross, Scattering by rough surfaces: The Dirich-
let problem for the Helmholtz equation in a non-locally perturbed half-plane, Math.
Methods Appl. Sci. 19 (1996), 959-976.

5. S.N. Chandler-Wilde, C.R. Ross and B. Zhang, Scattering by rough surfaces,
in Proc. of the Fourth Internat. Conf. on Mathematical and Numerical Aspects of
Wave Propagation (J. DeSanto, ed.), STAM, Philadelphia, 1998, 164-168.

6. D. Colton and R. Kress, Inverse acoustic and electromagnetic scattering theory,
Springer, Berlin, 1992.

7. C. Constanda, A mathematical analysis of bending of plates with transverse
shear deformation, Pitman Res. Notes Math. Ser., 1990.

8. J. Elschner and O. Hansen, A collocation method for the solution of the first
boundary value problem of elasticity in a polygonal domain in R2, WeierstraB-
Institut fiir Angewandte Analysis und Stochastik, Preprint 354 (1997).

9. J.T. Fokkema and P.M. van den Berg, Elastodynamic diffraction by a periodic
rough surface, J. Acoust. Soc. Amer. 62 (1977), 1095-1101.

10. P. Hahner, A uniqueness theorem in inverse scattering of elastic waves, IMA
J. Appl. Math. 51 (1993), 201-215.

11. P. Hahner and G. Hsiao, Uniqueness theorems in inverse obstacle scattering
of elastic waves, Inverse Problems 9 (1993), 525-534.



A NEW INTEGRAL EQUATION FORMULATION 297

12. G.C. Hsiao, E.P. Stephan and W.L. Wendland, An integral equation for-
mulation for a boundary value problem of elasticity in the domain exterior to an
arc, in Singularities and constructive methods for their treatment (P. Grisvard, W.
Wendland and J.R. Whiteman, eds.), Lecture Notes in Math. 1121 (1985), 153-165.

13. G.C. Hsiao, E.P. Stephan and W.L. Wendland, On the Dirichlet problem in
elasticity for a domain exterior to an arc, J. Comput. Appl. Math. 34 (1991), 1-19.

14. A. Kirsch, Diffraction by periodic structures, in Inverse problems in math-
ematical physics (L. Pavéarinta and E. Somersalo, eds.), Springer, Berlin, 1993,
87-102.

15. R. Kress, Inverse elastic scattering from a crack, Inverse Problems 12 (1996),
667—684.

16. V.D. Kupradze, Potential methods in the theory of elasticity, Israeli Program
for Scientific Translations, Jerusalem, 1965.

17. V.D. Kupradze, et al., Three-dimensional problems of the mathematical
theory of elasticity and thermoelasticity, North-Holland, Amsterdam, 1979.

18. A. Lakhtakia, V.K. Varadan, V.V. Varadan and D.J.N. Wall, The T-matriz
approach for scattering by a traction-free periodic rough surface, J. Acoust. Soc.
Amer. 76 (1984), 1839-1846.

19. H. Lamb, On the propagation of tremors over the surface of an elastic solid,
Philos. Trans. Roy. Soc. London Ser. A 203 (1904), 1-42.

20. D.B. Meade, Applications of generalized stress in elastodynamics, Quart.
Appl. Math. 49 (1991), 121-145.

21. R. Petit, ed., Electromagnetic theory of gratings, Springer, Berlin, 1980.

22. B. Strycharz-Szemberg, A direct and inverse scattering transmission problem
for periodic inhomogeneous media, Ph.D. Thesis, Univ. Erlangen-Niirnberg, 1996.

23. G.R. Wickham, The diffraction of stress waves by a plane finite crack in two
dimensions: uniqueness and existence, Proc. Roy. Soc. London Ser. A 378 (1981),
241-261.

24. B. Zhang and S.N. Chandler-Wilde, An integral equation approach for rough
surface scattering, in Proc. of the Fourth Internat. Conf. on Mathematical and
Numerical Aspects of Wave Propagation (J. DeSanto, ed.), SIAM, Philadelphia,
1998, 473-475.

DEPARTMENT OF M ATHEMATICS AND STATISTICS, BRUNEL UNIVERSITY, UXBRIDGE,
MippLESEX, UB8 3PH, UNITED KINGDOM
E-mail address: Tilo.Arens@brunel.ac.uk



