JOURNAL OF INTEGRAL EQUATIONS
AND APPLICATIONS
Volume 12, Number 1, Spring 2000

ON THE FREDHOLM INDICES OF ASSOCIATED
SYSTEMS OF WIENER-HOPF EQUATIONS

A. BOTTCHER, S.M. GRUDSKY AND I.M. SPITKOVSKY

ABSTRACT. Every matrix function A € Lg3 , (R) gener-
ates a Wiener-Hopf integral operator on L2 (R.), the direct
sum of n copies of L?(R4). The associated Wiener-Hopf in-
tegral operator is the operator W (A) where A(z) := A(—x).
We discuss the connection between the Fredholm indices
Ind W(A) and Ind W(A). Our main result says that if A has
at most a finite number d of discontinuities on R U {oco} and

both W (A) and W(A) are Fredholm, then

[Ind W(A) + Ind W(A)| < d(n —1);

conversely, given integers x and v satisfying |k +v| < d(n—1),
there exist A € L2, (R) with at most d discontinuities such

nxn
that W (A) is Fredholm of index x and W (A) is Fredholm of

index v.

1. Introduction and main results. Given a measurable subset €2
of the real line R, we denote by LY () and L?(£2) the n x n matrix

nxn
functions with entries in LP(§2) and the column vectors of height n with

components in LP(Q), respectively. For A € LSS, (R), the convolution
operator with the symbol A is the operator

C(A): LZ(R) — L2(R),  fr— F 'AFFf,
where F is the Fourier transform,
(Ff)(z) = / f(t)e=tdt, x€R.
R
Let R, = (0,00). The compression of C(A) to L2(R) is referred to
as the Wiener-Hopf operator with the symbol A and will be denoted
by W(A). Thus,

W(A): L:(Ry) — L} (Ry), fr— PF'AFJ,
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P being the orthogonal projection of L2(R) onto L?(R4). For A in
L., (R), we define A € L2, . (R) by

nxn nxn

Ax) = A(—z), z€R.

The Wiener-Hopf operator W(A) is called the associated operator of

W(A). A moment’s thought reveals that W (A) is unitarily equivalent
to the compression of C'(A) to L2(R_), where R_ = (—00,0).

If A is the Fourier transform of an L' matrix function, A = Fk with

ke L., (R), then W(A) and W(A) can be written in the form
WENW = [ Ke-9fe) ds. >0
WANE = [ ks 0f s, t>0.
The symbol A(x) = —signz (n = 1) induces the Cauchy singular
integral operator on R,
wnm=—= [ a0

T 0 s—t

and in the corresponding formula for W (A) we have to replace s — ¢ by
t — s. Finally, if A(x) = ¢e®® (n = 1), then

t—1) for 1,
av wwo= {0 S0
(1.2) (W(A)f)(t) = f(t+1) fort>0.

It is well known that the answers to many questions on the operator
W (A) depend not only on the properties of W (A) itself but also on
the properties of the associated operator W (A). This is, for instance,
the case when studying the finite section method for W(A), see [4, 6]
or the Fredholm determinants of the truncations of W(A), see [18].
Moreover, questions on the connection between left and right Wiener-
Hopf factorizations of the matrix function A are always questions on

the relation between certain properties of W(A) and W (A), see [5, 11].
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Recall that a bounded linear operator 7' : H — H is said to be
Fredholm if its range Im T is closed and the dimensions of the kernel
KerT :={f € H:Tf =0} and the cokernel CokerT := H/ImT are
finite. In that case the Fredholm index of T is

IndT := dim Ker T — dim Coker T'.

In the scalar case (n = 1), W(A) is the transpose operator of W(A)
and therefore W(A) is Fredholm of index & if and only if W(A) is
Fredholm of index —x. This paper concerns the connection between

the Fredholm indices of W(A) and W(A) in the matrix case, n > 2.
To be more precise, we consider the following questions:

(a) Does the Fredholmness of W(A) imply that W(A) is also Fred-
holm?

(b) If W(A) and W (A) are Fredholm, does it follow that Ind W (A)

is equal to —Ind W (A)?
The answers to both questions are known to be in the affirmative in
case A belongs to certain classes of symbols, for example, if

A€ [CR)+ HT R)lnxn U[CR) + HZ(R)lnxn UPQCnxn,

see [4, 5, 11]. Here C(R) stands for the continuous functions on
R with finite and equal limits at +o00, H3°(R) is the algebra of the
(nontangential) boundary values of analytic and bounded functions
in Cy = {z € C: £Imz > 0} and PQC denotes the piecewise
quasicontinuous functions.

We will show that the two questions nevertheless have negative
answers for general A € LSS . (R), n > 2.

nxn

Let AP be the C*-algebra of all continuous almost periodic functions
on R, that is, the smallest closed subalgebra of L>°(R) which contains
the set Uxer{ex} where ey (z) := e®.

Proposition 1.1. There exist A € APaya such that W(A) is

invertible but W (A) is not Fredholm.

Thus the answer to question (a) is negative within AP, x,, n > 2.
If F € AP,x,, and W(F) is Fredholm, then W(F) is automatically
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invertible, see [9] and [10]. Hence, for A € AP,x, the answer to
question (b) remains positive.

It is well known that much evil with Wiener-Hopf operators begins
with semi-almost periodic symbols, see, for example, [3, p. 61], that is,
with symbols in the smallest closed subalgebra SAP of L*°(R) which
contains AP U C(R), where C(R) stands for the continuous functions
on R which have finite limits at —oo and 4oo. This experience is
supported by the following result, which shows that the answer to
question (b) is already negative within SAP, x,, n > 2.

Proposition 1.2. There are A € SAPyyxo such that W(A) is

Fredholm of index 0 and W (A) is Fredholm of index 1.

This proposition suggests to sharpen question (b) as follows:

(c) Given two integers x and v, is there a matrix function A such that

W (A) is Fredholm of index x and W (A) is Fredholm of index v?

An answer is given by the following theorem, which is the main result
of this paper. Notice that A € L9, (R) is said to have at most k
discontinuities on R U {oco} if there are z1,...,2, € R U {00} such
that A is continuous on (R U {oco})\{z1,... ,zx}. We call a point
zo € RU {0} a harmless discontinuity of A if the matrix function A
is discontinuous at xy and if there exist an open neighborhood U of xg

and a matrix function

Be[C(R)+ HY (R)]nxn U[CR) + HZ(R)]nxn
@] PQCnxn U APan

such that B is continuous on U\{zo} and A|U = B|U. A discontinuity
which is not harmless will be called a severe discontinuity.

Theorem 1.3. If A € L3 ,(R) has at most a finite number m

nxn
of harmless discontinuities and at most a finite number d of severe

discontinuities on R.U {oco} and both W(A) and W(A) are Fredholm,
then

IInd W (A) + Ind W (A)| < d(n —1).
Conversely, given integers k and v satisfying |k + v| < d(n — 1), there

exist A € L., (R) with at most d severe discontinuities and no other
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discontinuities on RU{oo} such that W(A) is Fredholm of index r and
W (A) is Fredholm of index v.

Here is an obvious consequence of Theorem 1.3.

Corollary 1.4. Given any natural number n > 2 and any two

integers k and v, there exist A € L, (R) with at most finitely many

discontinuities such that W(A) is Fredholm of index x and W(A) is
Fredholm of index v.

As functions in SAP have at most a discontinuity at oo, we also
arrive at the following straightforward consequence of Theorem 1.3,
which shows that Theorem 1.2 cannot be “improved.”

Corollary 1.5. There is no A € SAPayo such that W(A) is

Fredholm of index 0 and W (A) is Fredholm of index 2.

Of course, Theorem 1.3 even implies that if A € SAP,x,, W(A) is

Fredholm of index k and W(A) is Fredholm of index v, then necessarily
|k 4+ v| <n —1. This leads to the following question:

(d) Given integers k and v satisfying |k +v| < n—1, is there a matrix
function A € SAP,x, such that W(A) is Fredholm of index x and
W (A) is Fredholm of index v?

The answer is yes.

Theorem 1.6. If k and v are any integers subject to the condition
|k +v] < n—1, then there exist A € SAP,x, such that W(A) is

Fredholm of index k and W (A) is Fredholm of index v.

The rest of the paper is devoted to the proofs of the results quoted
above. The simple proof of Proposition 1.1 is in Section 2. To prove
Theorem 1.3, we will have recourse to Wiener-Hopf factorization, and in
this context passage from the real line to the unit circle makes things
more comfortable. In Section 3 we therefore translate Theorem 1.3
into the language of Toeplitz operators, and then we give a proof of the
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Toeplitz analogue of the first assertion of Theorem 1.3.

The paper contains two proofs of the second part of Theorem 1.3. The
first of these proofs is given in Section 4. The approach of Section 4 is
based on the well-known Fredholm criterion for Wiener-Hopf operators
with piecewise continuous symbols. Proposition 4.4 in conjunction with
a few standard arguments implies the second part of Theorem 1.3. This
proposition does even more: it shows that we can find symbols A which
are analytic in the plane minus a finite number of points such that
W (A) and W (A) have prescribed indices. In other words, the symbols
we are looking for are in fact not as exotic as one might expect at the
first glance.

In Section 5 we first cite a Fredholm criterion and an index formula
for Wiener-Hopf operators with “Wiener” SAP symbols. This result
is then used to prove Theorem 1.6. Clearly, Theorem 1.6 and standard
localization techniques yield a second proof of the second assertion
of Theorem 1.3. Notice, however, that the machinery employed in
Section 5 is much heavier than the tools we are using in Section 4.
Finally, Proposition 1.2 is an obvious consequence of Theorem 1.6.

2. Almost periodic symbols. This short section contains the
proof of Proposition 1.1. We remark that this proposition is in fact a
triviality and that it is certainly known to specialists. However, we have
not found it explicitly in the literature, although it is already noted in
[16, p. 1736] that there are A € LS 5(R) such that W(A) is invertible

and W (A) is not Fredholm.

It is well known and easily seen that

(2.1) W(F_GFy) = W(F_)W(G)W(F})
whenever Fy € [H(R)]nxn and G € LY ,,(R). The collection of all

Fi € [HP(R)]nxn for which Fi! also belongs to [H(R)]nxn will
be denoted by G[H (R)]nxn. From (2.1) we infer in particular that
W (FL) is invertible if Fly € G[H®(R)]nxn-

Proof of Proposition 1.1. Put
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Then A= A_A, with

ey a@=(L ). aw=(7 o)

and since A1 € G[H(R)]2x2, we see that W(A) is invertible. On the
other hand, A = H_DH, with

m@=(g 7).
e = ().
H+(x)_((1) ‘f)

As Hy € G[H®(R)]2x2, the Fredholmness of W(A) would imply that
W (D) is Fredholm. However, from representations (1.1) and (1.2) we
infer that W (D) has infinite kernel and cokernel dimensions. O

3. Toeplitz operators and Wiener-Hopf factorization. Our
proofs of Theorems 1.3 and 1.6 make use of Wiener-Hopf factorization,
and therefore it is convenient to pass from the real line R to the complex
unit circle T or, equivalently, from Wiener-Hopf integral operators to
Toeplitz operators.

Let G be a matrix function in L33, (T). Denote by G € C™*",
k € Z, the Fourier coefficients of G. Further, let [?(Z,C") stand for
the C"-valued [? space over Z, :={0,1,2,...}. The operator induced

on [?(Z,,C") by the matrix

Gy G_1 G_,
(3.1) Gi Go G

Gy, Gi1 Go

is called the Toeplitz operator with the symbol G and is denoted by
T(G).

Given A € L

nxn

(R), define A# € L3, (T) by

nxn

A# (1) = A<ii - i) t e T\{1}.
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Rosenblum and Devinatz were probably the first to observe that there
exists an isometric isomorphism U of L?(R,) onto I?(Z,,C") such
that

W(A) = U 'T(A*)U,
see, e.g., [4, p. 400]. This implies the following,.

Lemma 3.1. The Wiener-Hopf integral operator W(A) is Fredholm
of index k if and only if the Toeplitz operator T(A¥) is Fredholm of
index K.

If Ae L%

nxn
associated operator of the Toeplitz operator T'(G) is defined as T'(G)
with G(t) := G(1/t), t € T. Notice that if T'(G) is given by the matrix
(Gj—k)$%=0» then T'(G) has the matrix (Gi—;)5%—0-

The following two theorems summarize a few basic and well-known
properties of Toeplitz operators. Theorem 3.2 (a) is due to Gohberg and
Krein, and Theorem 3.2 (c) is a version of the so-called local principle of
Simonenko. Theorem 3.3 is known from the work of Gohberg, Krupnik,
Douglas, Sarason, Coburn, Feldman and Karlovich. Full proofs are in
4, 5, 11].

(R), we have (A)#(t) = A#(1/t) for t € T. Thus, the

Theorem 3.2. (a) If G € [C(T)|nxn, then T(G) is Fredholm if and
only if det G has no zeros on T. In that case, Ind T(G) is minus the
winding number of det G about the origin.

(b) If G,H € L., (T) and if at each point of T at least one of the

matriz functions G and H is continuous, then T(GH) — T(G)T(H) is
a compact operator.

(c) Let G € LS, ,(T) and suppose for each 7 € T there exist an open

subarc T C T containing T and a matriz function G, € LSS, (T)

such that G = G on Ty and T(G,) is Fredholm. Then T(G) is also
Fredholm.

A matrix function G € L, (T) is said to have m harmless and d
severe discontinuities on T if G = A# where A has m harmless and d

severe discontinuities on R U {oo}.
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Theorem 3.3. If G € LSS, ,,(T) has at most finitely many harmless

nxn

discontinuities and both T(G) and T'(G) are Fredholm, then Ind T(G) =

—IndT(G).

Let LP(T), 0 < p < oo, be the usual Lebesgue space of complex
valued functions. Put

D, :={zeC:|z| <1},
D_:={ze€C:|z| > 1} U{oco}.

The Hardy space HY (T), 0 < p < oo, is defined as the set of all analytic
functions f in Dy for which

1 271‘ 0
fll5:= sup —— |f(re™)[P df < oo.
P o<rEi<t 2T Jo

We remark that || - ||, is a norm for p > 1. As usual, we identify
functions in HY (T) with their (nontangential) boundary values on T.
We denote by G[HY (T)|,x»n the matrix functions Fy in [HY (T)]nxn
for which F_! also belongs to [H% (T)]nxn-

Let R be the rational functions without poles on T. We think of R
as a subset of L?(T). For f € R, the Cauchy singular integral
1 [ /)

- ——~dr, teT
m JpT—1

(SF)(t) =

exists in the principal value sense, and it is well known that S extends
to a bounded operator on L?(T).

A right Wiener-Hopf factorization in L?(T) of a matrix function
G € LY., (T) is a representation

G(t) = G_(OM®)GL(t),  M(t) = diag (t, ... o)

for almost all ¢ € T such that o1,...,0, are integers, G+ are in
G[HZ2(T)]sxn and the operator G;'SG,I is bounded on L2(T). No-
tice that if f € R,, then G;18G+f is a well-defined element of
LL(T). That G7'SG.T is bounded on L2(T) means that the map
f— G;lSGJrf is actually a map of R,, into L2(T) which extends
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to a bounded linear operator of L2 (T) into itself. In what follows we
abbreviate “right Wiener-Hopf factorization in L?(T)” simply to “L?
factorization.” The sum g1 + --- + 0, is referred to as the total index
of the given L? factorization.

The following theorem goes back to Gohberg and Krein [7] and to
Simonenko [13, 14, 15]. Full proofs are also in [5] and [11].

Theorem 3.4. Let G € L, (T). The operator T(G) is Fredholm
of indez K if and only if G is invertible in L, (T) and G has an L?

nxn
factorization with the total indexr —k.

The next two results provide us with refinements of Theorem 3.4.
These results are also well known, see, e.g., [17], and we give proofs
only for the reader’s convenience.

Proposition 3.5. Let G be a matriz function in LSS, (T) and

nxn
suppose that G extends to an analytic matrix function in some open set

UcCCsuchthat UNT # @. If G = G_MG, is an L? factorization,
then G+ and G1' are analytic in U\{0}.

Proof. We have G, = M~'G~'G almost everywhere on T. Define
¥(z) = G4 (2) forre (DL UT)NU,
TAM )G (2)G(2) for z€ (D_UT)NU.
The assertion will follow once we have shown that ¥ is analytic in
U\{0}.

To show that ¥ is analytic in U\{0}, we employ Morera’s theorem.
Thus, let § be the positively oriented circumference of a triangle
A Cc U\{0}. If 6 € Dy or § C D_, then [;¥(z)dz = 0 because
¥ is analytic in Dy NU and D_ NU. If § intersects T, we can write
0 =64 UJ_, where

o4 =(6ND4)Un, o-=(@ND_)U (=),
v is the union of positively oriented subarcs of T and —+ is v with the
opposite orientation. Clearly,

(3.2) /5+ U(2)dz = /6+ G () d=.
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The matrix function G4 € [H2(T)]nxn C [H(T)]nxyn can be approx-
imated by analytic polynomials P} in the Hi(T) norm as closely as
desired, and because
/ Pl(2)dz =0,
s

it follows that (3.2) also equals zero. Analogously,

(3.3) / U(z)dz = : M~ (2)G=H2)G(2) dz,

and G=' € [H2(T)nxn C [H(T)]uxn can be approximated in
[HY(T)]nxn by matrix functions of the form

Po(z)=po+pizt + 4+ pmz™

as closely as wanted. As M~!'P, G is analytic in U\{0}, we get

M~ (2)P,, (2)G(2) dz = 0,

m
o

which implies that (3.3) is also zero.

In summary, [5¥(z)dz = 0 for every triangle curve § = JA with
A C U\{0}. Hence, by Morera’s theorem, ¥ is analytic in U\{0}.
O

Every real number o« > 0 can be uniquely written in the form
a = [a] + {a} where [a] is an integer and {a} € [0,1). We denote
by C* the [o] times continuously differentiable function on T whose
[a]th derivative satisfies a Holder condition with the exponent {«a}.

Proposition 3.6. Let G € LS, (T), letT' C T be an open arc, and
suppose G is C*, a >0, on T. If T(GQ) is Fredholm, then G possesses
an L? factorization G = G_MG such that G+ and G3" are also C*

onT.

Proof. The result is well known in the case where I' = T. So assume
that T' is a proper subarc of T, that is, I' = {e? : < § < 3} with
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B —n < 2nr. Let v C T be any arc of the form v = {e? : g < 6 < By}
with n < 19 < By < 8. We must show that G has an L? factorization
G = G_MG, such that Gi,G;1 are C'* on 7.

Since T'(G) is Fredholm, the matrix function G is invertible in
L%, (T). Hence, we can find an n x n matrix function H whose entries
are C* on all of T such that H|y = G|y and det H has no zeros on
T. As T(H) is Fredholm and as the proposition is true for I' = T,
there is an L? factorization H = H_NH, with Hy, H;" in C* on T.
Theorem 3.4 gives us an L? factorization G = G_MG . with G, G;l

in H3(T). Because H = G on 7, it follows that
(3.4) MG H'=G-'H_N on~.
Put

U(z) = M(Z)G-s-(Z)H_:l(z) for z € D4 \{0},
: G Y(2)H_(2)N(z) for z € D_\{oo},

and let ¥ be given by (3.4) on 7.

The matrix functions G, GZ*, H;l, H_ can be approximated in L?
by matrix functions of the form

Pnt z :pg+pi~'z++p;2m7

(2)
Po(z)=py +pi2z 4+ 4oz,
QL) =af +afz+-- +qhz™,
Q) =qy +aqr 27+ + gz ™,

respectively, as closely as desired. Since M P} Q; and P, Q,, N are
analytic in D \{0} and D_\{cc} and converge in L' to MG H "
and GZ'H_N, respectively, we can employ Morera’s theorem as in the
proof of Proposition 3.5 to conclude that ¥ is analytic in C\{0}.

Because Gy = M~1WH, on v, we see that Gy is C* on v. Since G
cannot have zeros on v (Theorem 3.2), it follows that G ' is also C*
on 7. Finally, since G_ = GG_T_IM —1 we arrive at the conclusion that
G* are C* on 7. O

The following proposition is the Toeplitz analogue of the first part of
Theorem 1.3. Recall that G(t) = G(1/t) for ¢t € T.
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Proposition 3.7. If G € L, (T) has at most a finite number

nxn
m of harmless discontinuities and at most a finite number d of severe

discontinuities on T and if T(G) and T(G) are Fredholm, then

Ind T(G) + Ind T(G)| < d(n — 1).

Proof. By Theorem 3.3, there is nothing to prove for d = 0. Let us
now assume that G has exactly one discontinuity on T, namely a severe
discontinuity at ¢y € T. We can approximate G in L35 ,,(T) as closely
as desired by matrix functions which are C* on T\{to}. Since both the
Fredholmness and the index are stable under uniform approximation,
we may a priori assume that G is C* on T\{to}. Applying Theorem 3.4

and Proposition 3.6 to G and G, we get factorizations
(3.5) G=G_MGy=H.NH_
where GflaH-ﬁi-l € [H-%-(T)}nxna GflaHfl € [Hg(T)]nXm

M(t) = diag (t°',... ,t®"),  g:=o01+ -+ on = —IndT(G),

N(t) = diag (t",... ™), A=A 4+ A, = Ind T(Q),

and Gf,Hfl,Gfl,Hfl are C1 on T\{to}. Taking the determinant
of (3.5), we obtain

det G_(t)t?det G (t) = det H (t)t* det H_(t),
whence

det G det H_
. Ao, (1) = ¢_(t = + = .
(3.6) o4 (t) = p-(t), P QL @ vl

Obviously, det Gfl € Hi/"(T) and det H*! € HE/"(T). This shows

that po € HY/™(T). Since ¢4 (z) # 0 for z € D and ¢4 are nonzero

and continuous on T\{¢p}, there are functions ¢4 such that

(3.7) (Y+(2)" = px(2) for z€ D1 U(T\{to})
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and 11 are analytic in Dy and continuous on T\{tp}. Because
Yt € Hi/n(T) and hence

27 27
sup / [y (re®)|df =  sup / o (re?)|V/™ df < oo,
0 0

o<r¥l<l o<r¥l<l

it results that ¢o € HL(T). Analogously, one can show that i)' are
in H'(T).

Our aim is to prove that |0 — A] < n — 1. Contrary to what we want,
let us assume that |0 — A\| > n. For the sake of definiteness, suppose
0 — A =n+ « with an integer o > 0 (the case p — A < —n can be
reduced to the case considered here by passage to adjoint operators).
Let t*/™ be any branch of the function which is continuous on T\{tg}.
From (3.6) and (3.7) we obtain

(¢ 127"y ()" = (Y- (£)" for t € T\{to}.

Taking into account that t #*/“¢(t) and v_(t) are continuous on
T\{to}, we therefore get

¢t/ (1) = cp_(t) for t € T\{to},

where ¢ € C satisfies ¢ = 1. We now employ an old trick, namely, we
write

toz/n — (t _ to)a/n(l _ to/t)_a/n,

which is valid with appropriately chosen branches of (¢t — to)o‘/ ™ and
(1 —to/t)~/™. Tt follows that

(3.8)  t(t—to)* ™y (t) = c(1 —to/t)*"p_(t) for t € T\{to}.
Since ¢+ € HL(T) and

(t—to)*/" € HE(T), (t—to/)*/" € HX(T),
we see that the lefthand side of (3.8) belongs to Hi(T), while the
righthand side of (3.8) is a function in H! (T). As H}(T)N H(T) is

the set of all constant functions, the function

t(t — to)*/" ¢y (t) € HL(T)
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must be constant. This function vanishes at the origin, whence
t(t —t0)*/" Py (8) =0 for ¢ € T\{to},

which is impossible because 1/111 € Hi(T). This contradiction com-
pletes the proof in the case where G has exactly one severe discontinuity
and no other discontinuities.

If G has exactly d severe discontinuities and exactly m harmless
discontinuities T, we can write

G=G1 GaGar1- Gasm

where each G; has exactly one discontinuity on T, which is a severe
discontinuity for 1 < j < d and a harmless discontinuity for d + 1 <
J < d+m. A simple application of Theorems 3.2 and 3.3 shows that
all T(G;) and T(G) are Fredholm together with T'(G) and T(G). Also
by Theorem 3.2, the operators

d+m d+m

- [[ 7@, and T(CG HT(;
j=1
are compact. Consequently, from what was already proved, we get

d
G;)+ > IndT(G;)

IndT(G) + Ind T(G

d+m d+m
+ Z md7T(G;)+ > WdT(G
j=d+1 j=d+1

d
= md7T(G +ZIndT
=

d
<> MmdT(G5) + Ind T(G))|
=

<d(n-1). o

Combining Lemma 3.1 and Proposition 3.7 we obtain the first asser-
tion of Theorem 1.3.
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4. Bounded symbols with prescribed total indices. We now
proceed to the proof of the second part of Theorem 1.3.

A matrix function F' € L2, (R) is said to be uniformly positive
definite if there is an € > 0 such that (F(z)¢,¢) > €||¢||? for all ( € C™

and almost all z € R.

Theorem 4.1. A matriz function F' € LS, (R) is uniformly positive

definite if and only if it can be represented in the form F' = H{ HY with
Hy € GIH(R)]nxn-

For a proof of this well-known fact, see [5] or [11].

Recall that C'(R) is the set of all continuous functions g on R which
have finite limits g(+o0) at +oo. The following well-known theorem
provides us with a Fredholm criterion and an index formula for Wiener-
Hopf operators with symbols in [C(R)],xn-

Theorem 4.2. Let F € [C(R)]nxn- For W(F) to be Fredholm it is
necessary and sufficient that det F(x) # 0 for all x € RU {£o0} and
that none of the eigenvalues &1, ... ,&, of F~1(—o0)F(+00) is located
on (—o00,0]. If W(F) is Fredholm, then

1 - 1 &
(4.1) IndW(F) = —%{argdet F}*  + or ;argﬁj,

where {arg det F'}>°_ stands for the increment of any continuous branch
of the argument argdet F'(z) of det F'(z) as © moves from —oo to +00
and where arg &; is the argument of &; taken in (—m,m).

Proofs can be found in [4, 5, 11].
We know from Lemma 3.1 and Theorem 3.3 that if A € [C(R)]nxn

and W(A) as well as W(A) are Fredholm, then

(4.2) Ind W(A) + Ind W(A) = 0.

It should be mentioned that this can also be easily deduced from
Theorem 4.2. Indeed, let &; be the eigenvalues of A~!(—00)A(+00).
Since

A7 (=00)A(+00) = A7 (+00) A(=00),
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the eigenvalues éj of A= (—00)A(+00) are éj = 1/¢;, whence argé; =
—arg¢;. From Theorem 4.2 we therefore obtain

1 1 <
IndW(A) = —%{arg det A} + Py Zargﬁj,

Jj=1

1 1 <
IndW(A) = %{arg det A} — Py Z arg&;,
j=1

and addition of these two equalities gives (4.2).

The third main ingredient of our proof is the following beautiful result
by Ballantine [1, 2], also see [8, p. 295].

Theorem 4.3 (Ballantine). A matriv M € C™*™ is the product of
four positive definite matrices in C™*" if and only if

det M >0 and M ¢ U{Afn},
A<0

where I, is the n X n identity matrix.

The following result is the key to the proof of the second assertion of
Theorem 1.3.

Proposition 4.4. Let n > 2 be a natural number, and let v €
{=(n—=1),...,n—1}. Then there exists an A € L, (R) which is

nxn
continuous on R and extends to an analytic function in C\{—i,i} such

that W (A) is invertible and W (A) is Fredholm of index v.

Proof. Without loss of generality, assume v € {1,... ,n—1}; the case
v = 0 is trivial and the case v € {—1,...,—(n — 1)} can be disposed
of by passage to adjoint operators. Let k := n — v, and let M be the
n x n diagonal matrix

M := diag (e~ 2mk/m . e2mik/my,

By Theorem 4.3, there are four positive definite matrices B(+00),
C(=£00) such that

M = C~ ! (+00) B~ (4+00) B(—00)C(—0).
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Define B, C € [C(R)]nxn by

B(z) = (1 - u(®))B(~00) + u(x) B(+00),
Oa) = (1 - u(@))C(~00) + ul@)C(+00),

where u(x) := (7/2+arctanz)/m. Clearly, B and C extend to analytic
functions in C\{—i,i}. Since 0 < u < 1 on R, we also see that there is
an € > 0 such that

(B(2)¢,¢) > ell¢|® and  (C(x),¢,¢) > ell¢]?

for all z € R and all ( € C". From Theorem 4.1 we therefore deduce
the existence of By ,C € G[H(R)]nxn such that B = By B} and
C = C, (7. Taking into account Lemma 3.1 and Proposition 3.5, it is
easily seen that By, Cy extend to analytic functions in C\{—i,:}.

For a real number § € (0,1/2), define A € [C(R)]nxn by

Ny NE)
. x—1 x—1
A(z) ::dmg((x_'_i) ’”"<x—|—i) ), x € R.

The branch of ((x —i)/(z +1))° is chosen so that

A(—o0) =1, and A(+oo0) =e2™],.

The operator W (((z—1)/(z+1))?) is known to be invertible, and hence
W (A) is also invertible.

Put A := BYAC,. Clearly, W(A) = W(B% )W (A)W(Cy) is invert-
ible, A is continuous on R, and A extends to an analytic function in
C\{—i,4}. Since

W (B )W (AW (Cr) = W(By )W (BLACL)W(CY)
=W(B4+B;AC,CY)
= W(BAC),
W (A) is Fredholm if and only if W (BAC) is Fredholm, in which case
both operators have the same index.
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As BAC € [C(R)]nxn, the Fredholm properties of W(B/&Cl)}:im be
studied with the help of Theorem 4.2. It is clear that det(BAC) does
not vanish on R U {£o0}. Moreover,

—%{argdet(é[&é)}‘f’m = %{arg det(BAC)}>,
(4.3) = %{arg det B} + %{arg det A}
+ %{arg det C'}2
:0—&—%7%2%5—1—0:715.
We have
(BAC) ™ (—o0)(BAC) (400)
= (BAC) ™! (+00)(BAC)(—)
= O™ (400) A" (+00) B~ (400) B(—00) A(—00)C(—00)

= C 7Y (400)e 2™, B~ (4+00) B(—00)I,,C'(—0)
— 672771'5M — dlag (6271'1'(716/n7§)7 o 7627ri(7k/n75)).

The eigenvalues of this matrix are

51 = ... = é’n — 62777;(—/9/1'7,—6).

Now choose ¢ € (0,1/2) so that —1 < —k/n —d < —1/2 (recall that
ke{l,...,n—1}). Then 0 < 2n(—k/n — &) + 27 < , and hence the
argument arg§; lying in (—m,7) is 2n(—k/n — §) + 2. This together
with (4.3) and Theorem 4.2 yields that W (BAC) is Fredholm and that

Ind W (BAC) =nd +n(—k/n—08)+n=n—k=w. o

We are now in a position to complete the proof of Theorem 1.3.
Combining Proposition 4.4 and Lemma 3.1, we get matrix functions
G € LSS, (T) with at most a discontinuity at ¢y = 1 such that T(G) is
invertible and thus Fredholm of index zero, whereas T'(G) is Fredholm

with any prescribed index in {—(n—1),... ,n—1}. On replacing G(t)
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by G(t/tg) with ty € T, which amounts to replacing the matrix (3.1)
by

Go toG—-1 3G _,
to'Gr Gy teG4
t,%Gy t5'G1 Gy

Go G_1 G_o
- p;! G Gy G, Dy,

Gy G Gy

with Dy, := diag(1,tp,t3, ), we can achieve that G has its dis-
continuity at an arbitrarily given point tg € T. Using Lemma 3.1
to go back to the real line, we obtain A € L2, (R) with at most
a discontinuity at a given point zp € R U {co} such that W(A) is
Fredholm of index zero and W(A) is Fredholm of prescribed index
ve{-(n-1),...,n—1}. Considering products A := A;--- A4 in
which each A; has at most one discontinuity and A;, A, have no com-
mon discontinuity for j # k£ and taking into account Theorem 3.2, we

arrive at A € L2, (R) with at most d discontinuities on R U {oo}

nxn

for which W(A) is Fredholm of index zero and W (A) is Fredholm of
prescribed index v € {—d(n —1),... ,d(n — 1)}. Replacing A(z) by

A(x) diag((x—i—l,) 1, 71),
x—1

we get the desired A’s with

IndW(A) ==k

and

IndW(A) e {-k—d(n—1),...,—k+d(n—1)}.

5. Semi-almost periodic symbols. In this section we prove
Theorem 1.6. For this purpose we have to recall some well-known
results on Wiener-Hopf operators with almost and with semi-almost
periodic symbols.
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Let APW denote the collection of all almost periodic functions f
with absolutely convergent Fourier series:

f(l'):ijei)\jxa >‘j€Ra Z|f]| < oo.
J J

For FF € APW,xn, the matrix coefficient corresponding to A; = 0 is
referred to as the mean value of F' and is denoted by M(F); in other
terms,

A matrix function F' € APW,,«,, is said to possess a right canonical
APW factorization if it can be represented in the form F' = F_F}
where

FyFt € APW,sn N [HS (R)]nxn,

and is said to have a left canonical APW factorization if it can be
written in the form F = H{ H_ where

HiH' € APW, 5 N [HE (R)]psn-

It is well known that if a right canonical APW factorization of F'
exists, then the factors F_, Fy are uniquely determined up to the
transformation F_ +— F_C, F, — C7!'F, with an arbitrary in-
vertible matrix C' € C**". Thus, if F' has a right canonical APW
factorization F' = F_F,, then the so-called right geometric mean
d,(F) := M(F_)M(F}) is well defined. Analogously, in case F has
a left canonical APW factorization F' = HyH_, the left geometric
mean is the well-defined matrix d;(F) := M(H;)M(H_).

Theorem 5.1. For F' € APW, «, the following are equivalent:
(i) W(F) is Fredholm
(ii) W(F) is invertible;
(iil) F has a right canonical APW factorization.
We denote by SAPW,,«,, the set of all matrix functions F' of the form

F(z) = (1 —u(z))Fi(z) + uw(z) F () + Fo(z)
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where u € C(R) is a fixed function such that 0 < u < 1, u(—o0) = 0,
u(+00) = 1, where Fj, F,. € APW,, ., and where F; € [C(R)]nxn is
a matrix function for which Fj(oo) is the zero matrix. The matrix
functions F; and F, are called the almost periodic representatives of
F at —oo and +o0, respectively. One can show that SAPW,, «, is a
dense subset of SAP, «p,, see [12].

Theorem 5.2. Let F € SAPW,,«,,. The operator W (F) is Fredholm
if and only if the following three conditions are satisfied:

(a) det F'(z) # 0 for all x € R;
(b) Fy and F, have right canonical APW factorizations;
(

c) none of the eigenvalues &1, ... ,&, of (d,.(F))~*d,.(F,) lies on
(—00,0].

In that case the index of W(F') is given by formula (4.1).

The scalar versions of Theorems 5.1 and 5.2 are due to Coburn,
Douglas, Gohberg, Feldman and Sarason. In the matrix case, these
theorems were established in [9] and [10].

We remark that Theorem 5.2 immediately gives the SAP version of
the first assertion of Theorem 1.3, that is, the inequality

lInd W (A) +Ind W(A)| <n —1.
Indeed, since SAPW,,«,, is dense in SAP, ., it suffices to prove the

inequality for A in SAPW,, «,. In that case we obtain from Theorem 5.2
that

1 1 o
IndW(A) = —%{arg det A} + Py Zargfj,
j=1

- 1 1 & -
IndW(A) = %{arg det A} + by Z argé&;,
j=1

where arg&; and arg éj are certain numbers in (—7, 7). Adding these
two equalities we get

[Ind W (A) + Ind W(A)| < %(nﬂ' +nm) =mn,
T
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which completes the proof.

If F € APW,, «, is uniformly positive definite, then F' has both a left
and a right canonical APW factorization, the geometric means d;(F)
and d,.(F') are positive definite matrices and, obviously,

21

1 T ;
detd;(F) = detd,(F) = exp (— / log det F'(e*) d9).
The following result shows that the equality of the determinants is the
only general relation between the left and right geometric means of

uniformly positive definite matrix functions in SAPW,,«n.

Lemma 5.3. Given any two positive definite matrices D; and D, in
C™ ™ for which det D; = det D,., there exists a 2m-periodic uniformly
positive definite matriz function F in APW, «, such that

(5.1) d)(F)=D; and d,(F)=D,.

Proof. It is again more convenient to pass from the real line to the
unit circle T. Let W denote the Wiener algebra of all functions g on
T with absolutely convergent Fourier series,

gt) =Y ga(t"), teT with > |ga| < oo,

nez neZ

and put W+ := W N HX(T). A right, respectively left, canonical W
factorization of G € W,,«,, is a representation G = G_G, respectively
G = K,K_, with G,G7" in WZ,,, respectively with Ki, K" in
WZ,,. Given a right canonical W factorization of G = G_G, we
define the right geometric mean d,.(G) as G_(00)G 1 (0). Notice that
the functions in W¥ extend to analytic functions in Dy. We also
remark that the definition of d,(G) is independent of the particular
W factorization G = G_G4. Analogously, if G = K. K_ is a
left canonical W factorization, the left geometric mean is defined by

di(G) = K4 (0)K_(o0).

We will construct a positive definite matrix function G € W,,«,, which
has left and right canonical W factorizations G = K1 K_ = G_G such
that

(52) d(@)=K (0)K ()=Di,  d.(G)=G_(s0)G4(0)=D,.
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Letting F(z) := G(e™), we get a 27r-periodic and uniformly positive
definite matrix function F' € APW,,«,. Clearly,

F(z) = K4 (69)K_(€%) = G_ ()G 4 (¢')

are canonical APW factorizations of F', and since

we arrive at (5.1).

To construct G, let U be a unitary matrix diagonalizing the marix
DD, D2 that is,

D;V?p,.D;? = U AU
Suppose we have a positive definite matrix function R for which
(5.3) d;(R) =1, d.(R) = A.

Then G := Dll/zU*RUDll/2 is a positive definite matrix function
satisfying (5.2). Indeed,

(@) = DU d(R)UD,”* = DU U = D,
d,.(G) = D;*U*d,(R)UD,"* = D*U*AUD,"?
= D;?p,; "D, D;*D}"* = D,.

In other words, it suffices to construct a positive definite matrix
function R having property (5.3).

Observe that A = diag (A1,...,A,) with A; > 0 and
A+ An = det A = det (D, V/?D,.D;?) = 1.

We will be looking for R in the form

(5.4) R(z) =T +zA)(I+zA4)", |z| =1,
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where A is a matrix all eigenvalues of which belong to D,. Then, of
course, (5.4) is a left canonical W factorization of R and d;(R) = I.
Suppose that at the same time

(5.5) R(z) = (AY? + 2B)*(AY2 + zB), |z| =1,

and A~'/2B has all its eigenvalues in D . Then (5.5) delivers a right
canonical W factorization of R with d,.(R) = A/2AY/2 = A.

For (5.4) and (5.5) to hold simultaneously it is necessary and sufficient
that
I+AA*=A+B*B and A=A'/?B,

which in turn leads to the equation
(5.6) I+ AY?BB*AY? = A + B*B.

Let B be the matrix of a weighted shift transformation,

0 b 0 -+ 0
0 0 by -~ 0

B = :
0 0 0 - by
by 0 0 -+ 0

with positive weights b; to be specified later. Then

BB* = diag (b?,... ,b%),  B*B=diag (b2,b%,... ,b2_,),

n—1
so that (5.6) takes the form

1—|—)\j+1b§+1:>\j+1+b§, j:l,...,n—l,

5.7
57 T4+ M\b2 =\ + 12,

Choose a number ¢ € (0,1) smaller than all the products H?:z Ajs
k =2,...,n, and define b; by the recursive relation

by = (1—¢)/2,
(5.8) 1=(1-¢)

biyr = (L= A L(1=b3)"2 j=1,...,n
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An easy induction argument shows that, with our choice of ¢ we have
1- b? < Ajt1. Therefore, formula (5.8) indeed defines a sequence of
positive weights b;. Also (5.8) implies the first n — 1 equalities in (5.7);
the last equality in (5.7) holds because 1 — b2 = (Ag---\,)"1(1 — b?)
and Aj--- Ay, = 1.

Thus, we have found a solution B of (5.6). Letting A = AY2B, we
get the two factorizations (5.5) and (5.6).

It remains to show that the eigenvalues of A*'/2B are all located in
D, . To this end, notice that A*'/2B are weighted shifts simultaneously
with B and that

det (A*Y/2B) = det B = (=1)""'by - - - by,.
Therefore, the eigenvalues of AT!/2B lie on the circle centered at the

origin and having radius r = (b - - - b,)'/™. But, according to (5.8), all
b; are smaller than 1. Hence, r < 1 as well. ]

Proof of Theorem 1.6. Pick any k € {—(n—1),... ,n—1}. Let J; = J,
be the n x n Jordan block with the eigenvalue e’™*/™. By Ballantine’s
Theorem 4.3, there are four positive definite matrices Hy, Ho, H3, Hy
such that

J1Jo = Hy 'HoHy ' Hy.

Clearly,
1 = det (J1J2) = det Hy *det Hodet Hy 'det Hy.
This implies that we can find o > 0 and 8 > 0 such that
det (aH;) = det (GHy), det (aHy) = det (GH3).
Put Dy = aHy, Dy = aHy, D3 = BH3, Dy = 3H4. We then have
(5.9) JiJo = D;'DyD3 Dy, det Dy =det Dy, det Dy = det Dj,
and letting X := D3_1D4J2_1, we therefore get

(5.10) Ji=D7'DyX,  Jo=X"'D;'D,.
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As the matrices D1, Do, D3, D4 are positive definite, we deduce from
the last two equalities of (5.9) and from Lemma 5.3 that there are
2m-periodic Fy, F. € APW,, «, such that

d,(F) =Dy, d;(F))=Ds, di(F,) =D, d,(F.)=Ds.

Put A; = F}, A, = F,. X, choose any Ay € [C(R)]nxn such that Ag(co)

is the zero matrix, and consider
Alz) = (1 = u(x)) Ai(z) + u(@)Ar(z) + Ao(x).

It is easily seen that Ay can be chosen so that det A(z) is nonzero for
all z € R. By construction and by (5.10),

(dr(Al))_ldr(Ar) = D;1D2X =J
(d(A) e (Ar) = (di(An) T di(A) = XD Dy = .

The eigenvalues &; of J; and éj of J, are all equal to €™/ Thus,

Theorem 5.2 implies that W (A) and W(A) are Fredholm and that

- 1 1 O
IndW(A) +Ind W(A) = —2—{arg det A} + o E arg&;
T T
i=1

1 - 1 & -
+ %{argdet A+ o Zlargfj
i=

I N SR
TRt Ty T, T

Consequently, Ind W(A) +Ind W (A) may assume any prescribed value
k between —(n — 1) and n — 1. On replacing A(z) by

—_ i\ "
A(z)diag <(§+z> i ,1)

with appropriate integers u we can finally obtain A in SAP, «,, and

even in SAPW,, «n, such that Ind W(A) and Ind W (A) are any integers
k and v subject to the constraint |k + v| <n — 1. O
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