ROCKY MOUNTAIN
JOURNAL OF MATHEMATICS
Volume 48, Number 8, 2018

EXISTENCE AND ROUGHNESS OF NONUNIFORM
(h, k, 1n,v)-TRICHOTOMY FOR NONAUTONOMOUS
DIFFERENTIAL EQUATIONS

CHUNMEI ZHANG, MENG FAN AND JIMIN ZHANG

ABSTRACT. The objective of this paper is to explore
the existence and roughness of the nonuniform (h,k,p,v)-
trichotomy for nonautonomous differential equations. We
first propose a more general notion of trichotomies called the
nonuniform (h, k, u, v)-trichotomy for linear nonautonomous
differential equations. Then, we give a complete character-
ization of the notion of nonuniform (h,k, p,v)-trichotomy
for linear nonautonomous differential equations and prove
that any linear nonautonomous differential equation admits a
nonuniform (h, k, p, v)-trichotomy if it has an (H, K, L) Lya-
punov exponent with different signs in a finite-dimensional
space. Finally, we establish the roughness of nonuniform
(h, k, pi, v)-trichotomies in a very concise manner, which im-
plies that the nonuniform (h, k, u, v)-trichotomy persists un-
der sufficiently small linear perturbations. This study ex-
hibits some new interesting findings in trichotomy that ex-
tend the corresponding results for uniform and nonuniform
trichotomies.

1. Introduction. Trichotomies describe stable, unstable, and neu-
tral subspaces of solutions of linear nonautonomous differential equa-
tions and have been proved to be powerful in characterizing the dy-
namics of nonautonomous differential equations. In 1976, Sacker and
Sell [18] first introduced the notion of exponential trichotomies and
established the existence of exponential trichotomies for linear time-
varying ordinary differential equations. In this context, different forms
of trichotomy were established and discussed, such as, stronger expo-
nential trichotomy [6, 7], generalized f-exponential trichotomy [13],
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nonuniform exponential trichotomy [2], p-nonuniform exponential tri-
chotomy [3], h-trichotomy [17], (h, k)-trichotomy [10, 12, 15], (u,v)-
trichotomy [9] and (a, b, ¢)-trichotomy [11]. In view of the above no-
tions of different trichotomies, an interesting problem is whether there is
a more general trichotomy to unify the existing notions of trichotomies
and characterize more trichotomous behaviors of linear nonautonomous
differential equations.

Our work is concerned with a new trichotomous behavior of the
following linear nonautonomous differential equation

(L.1) i=At)x

in a Banach space Z°. Here, we propose a more general notion of
trichotomy for (1.1), called the nonuniform (h, k, i, v)-trichotomy. This
new notion, mainly motivated by the nonuniform (h, k, i, v)-dichotomy
established in [24], not only unifies and extends the existing notions of
trichotomies in the literature, but also characterizes more reasonable
and general trichotomous behaviors of (1.1).

An interesting topic of the present paper is to establish the exis-
tence of nonuniform (h, k, 1, v)-trichotomy for (1.1). In the develop-
ment process of trichotomies, the existence of trichotomies is always
a fundamental problem and has been extensively studied in different
ways [3, 4, 6, 8, 14, 19, 20, 21, 22, 23, 25]|. The approach adopted
here is based on the construction of suitable Lyapunov exponents for
(1.1). This study reveals that the nonuniform (h,k, u, v)-trichotomy
widely exists and arises naturally in linear nonautonomous differential
equations. In addition, roughness, one of the most important properties
of trichotomies, describes the persistence of trichotomies under linear
perturbations and plays an important role in the study of trichotomy
theory and dynamical systems [1, 2, 3, 5, 6, 9, 16]. The roughness
of the nonuniform (h, k, i, v)-trichotomy is also well explored.

This paper is organized as follows. In Section 2, a new notion called
nonuniform (h, k, u, v)-trichotomy is formulated for (1.1), and the main
findings on the existence and roughness of nonuniform (h,k, u,v)-
trichotomy are presented. In Section 3, detailed proofs are provided
for the main conclusions.

2. Nonuniform (h,k, i, v)-trichotomy and main results. Let
B(Z") be the space of bounded linear operators on a Banach space 2
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and A : RT — B(Z) in (1.1). Denote by T'(t, s) the evolution operator
associated with (1.1) satisfying T'(¢, s)x(s) = =(t) and T(¢t,7)T(7,s) =
T(t,s) for any t,s,7 € RT.

2.1. Definition of nonuniform (h, k, u, v)-trichotomy. An increas-
ing function u : R* — [1,+00) is said to be a growth rate if u satisfies
u(0) =1 and lim_, 4 o u(t) = +00. Let A be the set of all growth rate
functions and h;(t), k;(t), pi(t), vi(t) € A, i = 1,2, throughout this
paper.

Definition 2.1. Equation (1.1) is said to admit a nonuniform (h, k, i, v)-
trichotomy in R if

(i) there exist projections P(t), Q(t), R(t) : £ — 2 such that

/—\
=
V2]

for any t,s € R*, where P(t) + Q(t) + R(t) = Id;

(ii) there exist constants a <0< b, ¢ <0< d, e >0,and K; >0
such that, for any ¢t > s > 0,

(2.1)

and, for any 0 <t <s,

)
e re) < 0 (20) 500,
)

(2.2)

By Definition 2.1, it can be verified that the nonuniform (h, k, u, v)-
trichotomy is much more general and includes the existing uniform
or nonuniform trichotomy as special cases: uniform exponential tri-
chotomy, stronger exponential trichotomy [6, 7], generalized ¢-expo-
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nential trichotomy [13], nonuniform exponential trichotomy [2], h-
trichotomy [17], (h, k)-trichotomy [10, 12, 15], (

and (a, b, ¢)-trichotomy [11].

The following example shows the generality of the nonuniform

(h, k, i, v)-trichotomy.

Example 2.2. Let ¢; > 0,a > 0,8 > 0 and fALi,Ei,ﬁi,ﬁi, 1 =1,2,

be differentiable growth rates. Consider the following differentiable

equations in R3

Let

P(t)(z,y,2)" = (2,0,0)",
Q(t)(z,y, Z)T = (0,0, z)T’
R(t) (.CE, Y, Z)T = (07 Y, O)T

for ¢ > 0. Direct calculation shows that

Rt 5)= <Bl(t >_ exp (621 log 7 (1) (cost—1) ~ % logﬁl(s)(coss—l)),

Z(t,5)= (gl(t))ix

T(t,5)P(s) = (X(t,5),0,0)",
T(t,5)Q(s) = (0,0, Z(t,5))",

75)
T(t,s)R(s) = (0,Y(t,5),0)7,

p

(cost —1) — —logm( )simt)a:7

(cost —1) + %1 log 71 (t) sin t) z.

i, v)-trichotomy [9]

(— %1 log 71 (t)(cos t—l)—i—%l log 71 (s)(cos s— 1)) .
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ha(s)
o
(1, 9)Q(s) = 12(t, )] < (’;Eti) Pa(s),  s>t>0,
1
~ L S B
IT(t,s)R(s)| = |Y(t,8)|=1< <E2((t))> Us2(s), s>t>0

This shows that (2.3) admits a nonuniform (h, &, i, v)-trichotomy in
RT.

2.2. Existence of nonuniform (h, k, 1, v)-trichotomy. In this sub-
section, for the linear nonautonomous differential equation (1.1) in
block form, we formulate a simple criterion to characterize the existence
of nonuniform (h, k, i, v)-trichotomy in a finite-dimensional space.

In (1.1), assume that A(t) has the block form

A(t) 0 0
(2.4) At = 0  A(t) 0
0 0 As(t)

for a decomposition R = E @ F @& G, where dimF = [, dim F = m,
dimG =n —1—m. For ¢ > 0, equation (1.1) transforms into

(2.5) zy = Ay (t)zy, Yy = Az(t)y1, 21 = Az(t)z,
and the corresponding adjoint equations are
(26) :CIQ = 7A1(t)*LE27 yl2 = 7A2(t)*y2a Zé = 7A3(t)*22a

where A (t)*, Aa(t)* and A3(t)* are the transpose of A;(t), A2(t) and
As(t), respectively.

Assume that log0 = —oo and H, K, L, H, K, L € A. Define
0,p: E—=RU{-0o0}, ¥, : F > RU{-o0}, ¢,0: G - RU{—00}
by
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, log |1 (t)] log |z2(t)|
0y — lim sup & 21| =i — =

() = limsup = Pla3) ey Tog H (1)

. log |y (1)| log |ya(t)]

. 0y _1 g1y t)| 0) =i —
(2.7 Y(y1) ?Bfgop log K(t) Vly2) 1I—r>l-igop logK(t)
_ log |21 (t)] — o log [22(t)]

=1 =1
olen) =lmsup o7y 9(e) =lmsupSo==" log L(t) '

1(t)) is a solution of (2.5) with (21(0),y1(0), 21(0)) =
yg(t) 2(t)) is a solution of (2.6) with (x2(0),
Then, it is not difficult to conclude that

( 23).
(i) 90(0) =(0) = w(0> = 1(0) = ¢(0) = ¢(0) = —oc;
(ii) p(cx) = p(x), B(er) = B(x), Y(ey) = ¥(y), ¥(

—~
H
—o
<
—o
’—‘O
:_/
&
5
@

&) = v(y),

#(cz) = ¢(2), p(cz) = p(z) forz € B,y € F, 2 € G and ¢ € R\ {0};
(iii) for ', 2" € E, y/,y" € F, 2/,2" € G, we have
p(z’ +2") < max{p(a’), p(2")},
P(a’ +2") < max{p(z'), p(«")},
Sy +y") < max{(y), ¥ (y")},
Py +y") < max{¥(y), v (y")},
¢(2' +2") < max{e(2), (")},
o(2' +2") < max{$(z), p(=") };
(iv)ifp(xt), ..., p(x") orp(xt), ..., B(z") are distinct for z*, ... 2!t

€ E\{0}, then 2!, ... x!t are linearly independent; if 1(y), ..., ¥ (y™)
or Y(yt),...,¥(y™) are distinct for y',...,y™ € F \ {0}, then
y',...,y™ are linearly independent; if ¢(z!),...,¢(2"1) or ¢(z'),
.., (2F1) are distinct for 2!,... 2" € G\ {0}, then z!,... 2" are
linearly independent;

(v) ©(®@) has at most r; < I (71 < ) distinct values in E \ {0},

say, —o0 < A <o < Ap, €400 (00 < Ay < o0 < A < F00);
(1) has at most ro < m (T2 < m) distinct values in F'\ {0}, say,

—00 < X1 <t < Xy S 400 (00 <Xy, <00 <X < +00); ¢(¢) has
at most r3 <n—1I0—m (T3 < n—1—m) distinct values in G \ {0}, say,
—00 <1y < v <y S 400 (—00 KTy < -0 < Tp < H00).
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If (i)—(iii) hold, then (¢, 1, ¢ ) (or (@, %, @)) is a Lyapunov exponent with
respect to (2. 5) (or (2.6)). For convenience, this Lyapunov exponent is
called the (H, K, L) (or (H,K, L)) Lyapunov exponent.

Let 01,...,0n, (1,-..,Cy and &1, ...,&, be three bases of R" and
(+,-) the standard inner product in R™. The above three bases are said
to be dual if (g;,¢;) = wij, (0i,&;) = wij, (¢, &) = wyj for every i,7,
where w;; is the Kronecker symbol. The regularity coefficient of ¢ and
@ is defined by

(28)  mle.?) = minmax{p(")) +5() 1< i <1,
5(1)

)91
ggl), . 6(1) of E. The regularity coefficient of 1 and ¢ is defined
by

(2.9 72(e,¥) = minmax{v () + PE ) : 1< i <m),

where the minimum is taken over all dual bases 551),... and

where the minimum is taken over all dual bases (5(2) 57(3) and
(5(2) (5(2) of F. The regularity coefficient of ¢ and ¢ is defined
by

(210)  73(6,9) = minmax{p(6) + $(5") : 1 <i <n—1—m},

where the minimum is taken over all dual bases 5%3) O

yeres 05, and

353),...7% i_m of G. Note that ¢,5,1,1,¢,$ takes only a finite
number of values, which means that (2.8), (2.9) and (2.10) are well

deﬁned7 and ’Yl(%a) > 07 72(7/}’@) > 07 ’Y3(¢7$) > 0.
Theorem 2.3. Assume that A(t) has the block form (2.4) fort > 0. If
Ar, <0, x1 <0, Xry > 0, t1 >0,

then, for any sufficiently small € > 0, (1.1) admits a nonuniform
(h, k, u, v)-trichotomy on RT with

a=XA, +6  b=xnp+6 c=—(u+e), d=-—(x1+6),
e = max{71(¢,%),72(¢,¥), y3(¢,d)} + €,
hi(t) = H(t), ha(t) = K (t), ki(t) = L(1), ka(t) = K(1),
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Theorem 2.3 suggests that any linear nonautonomous differential
equation admits a nonuniform (h, k, y, v)-trichotomy if it has at least
two negative (H, K, L) Lyapunov exponents. This fact reveals that the
nonuniform (h, k, u, v)-trichotomy widely exists and arises naturally in
linear nonautonomous differential equations.

2.3. Roughness of nonuniform (h,k, i, v)-trichotomy. Consider
the linear perturbed equation

(2.11) i = (A(t) + B(t))z.

The principle aim of this section is to investigate the roughness of
nonuniform (h, k, 1, v)-trichotomy and to prove that, if (1.1) admits
a nonuniform (h, k, p, v)-trichotomy, then (2.11) also has a similar
nonuniform (h, k, u, v)-trichotomy.

Let T(, s) be the evolution operator associated to (2.11), and assume
that

(Hy) (1.1) admits a nonuniform (h, k, i, v)-trichotomy on R* with
wi,vi € A(i=1,2) and p > 0,v] > 0;

(Hj) there exist constants ¢; > 0 and wy > 0 such that

sup
teR+

fori=1,2;
(Hs) Ty oo B () (£) = 0, limy oo KE(EVE(E) = 05

(Ha) B (ORSOE(E), R OROW5(0), K (k3 ()v5(t) are decreas-
ing;

{ B3 (0)ky “(Dks (0pg (1) | B0)|hG(0)k; (ks (v (1) } <
7 7 SC
wi(t) ’ vi(t)

(Hj5) there exist positive constants N7 and Na such that
A e G YA S Ve
0

/OOO uﬁ(r)u{“’lfl(T)V;(T) dr < Ny /2;

(Hg) c1 < [BK1(N1 + No) +wi 7L
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Theorem 2.4. If (1.1) admits a nonuniform (h, k, u, v)-trichotomy on
R,

(2.12) 3Kic1 < w

and (Hy)—(Hg) hold, then (2.11) also admits a nonuniform (h,k, p,v)-
trichotomy on R™, i.e., there exist projections P(t), Q(t) and R(t) for
t € R such that

PT(t,s) =T(t,s)P(s),
(2.13) QT(t,s) =T(t,5)Q(s),
R(T(t,s) = T(t,s)R(s)
and the following conclusions hold:
o KK )\ .
70,)P(0)] € 1 ( h1<s>> 15 (5)
2
N HOERAO)]
(2.14) =t i N
=~ = 1 2(t ‘
0,90 € Tt s (h (S)) 45(5)
: Z(u?(s) +v5(s))

fort>s2>0, and

o KK ki(s)\© .
O ( ) vi(s)

2

> (i (s) + Vi),

(2.15) . (o
9B < gt N2)< )) v5(s)
2
S35 (s) + vE(s))

i=1
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for 0 <t <s, where P(t) + Q(t) + R(t) = Id and

K,

2.16 K=— -
( ) 173K101/w1

Theorem 2.4 indicates that the nonuniform (h,k, u, v)-trichotomy
persists under sufficiently small linear perturbations. Moreover, it
also generalizes and extends some previous work in a certain range
for differential equations, such as [1, 2, 3, 5, 6, 9, 16].

3. Proofs of main results. This section constitutes the detailed
proofs of Theorem 2.3 and Theorem 2.4.

3.1. Proof of Theorem 2.3. Define U(t, s) := X (t)X ~1(s) for t > s,
where X (t) is a fundamental solution matrix of the first equation
of (2.5) with the columns z1(¢),...,x;(t). It is easy to show that
X(t) = (X(t)*)"! with the columns Zy(t),...,Z;(t) is a fundamental
solution matrix of the first equation of (2.6). For any sufficiently small
€> 0, set m{") = o(z;(0)) and n" = B(z;(0)) for j = 1,...,1, and
then, by (2.7), we conclude that there exists a positive constant M
such that

— (1) < +e
(3.1) |z (t)] < M H™: (1), z,(t)| < M, H" ; (t)
fort > 0 and 5 = 1,...,l. If one appropriately chooses the matrix
X(t), then

(e, p) = max{m§1) +al =10

Note that X(¢)*X(t) = Id, (x
Ult,s) = X)X 7'(s) = X(t
uik(t7 5) Zé 1 Lij (t)f ( ) B

E .13” xk]

z;(t),2;(t)) = wy; for each ¢ and j,
)X(s)*, and any entry of U(t,s) is
y (3.1), we have

Z | ()17 (s

luik(t, )| =

— = =i yE
< ZM?H’”E”“@H )
j=1
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[C NS
2 (H(t)\"™ e Wz, =niPye
M H™ +(s)H'"

1 H(S)) (8) (s)

<7479 " H P

Let e(ll),...,el(l) be the standard orthogonal basis of E and 7! =
Zl l(-l)egl) with |,7(1)|2 — Zl (l;l))2 = 1. Then,

J=17J Jj=1

2

so we have

12 H(t) ) )\T1+€(H(S)ﬁ(8))v1(@,¢)+€

where a = A, +€<0, hy(t) = H(t), p1(t) = HE)H(t) = h1(t)h1(2).
Let Y(t) be a fundamental solution matrix of the second equation

of (2.5) and mgz) = 9Y(y;(0)) for j = 1,...,m, where yi(t),...,ym(t)

are the columns of Y (¢). Then, Y(t) = (Y(#)*)~! is a fundamental

solution matrix of the second equation of (2.6). Let n;z) = 1(y,(0)) for
j=1,...,m, where 3, (t),...,¥,,(t) are the columns of Y (¢). By (2.7),

there exists a positive constant My such that

AT m'? e — A7 T
(32) ly; ()] < MaK™ 5(1),  [g;(t)] < MoK
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fort >0 and j = 1,...,m. On the other hand, since Y (¢)*Y (t) = Id,
we have (y;(t),y;(t)) = w;; for any 7 and j. Choosing the appropriate
matrix Y'(¢), we have

Yo (¢, 1)) = max{m;m + ﬂf) cj=1,...,m}.

Let V(t,s) = Y(t)Y 1(s) = Y(¢)Y(s)* for t > s, and the entries of
V(t,s) are vig(t, s) = Zm 1 Yij (£)Y;(s). From (3.2), we know

Ivzkt8|<2|yj )Nw;(s)l

_ (2) | ~— (2) 4 ~
MoK ()™ TR (s) T

K(t) my?+E @ @
TG TR

‘MS\

<
Il
—_

HNgE

22\ K (s)
— 9 (t) Xro+€ . o
<M K() K (s))2@¥)+e
() KERE)
Let e§2)7.. (2) be the standard orthogonal basis of F and n? =
Z;nzl l§2)e; ) with [p() |2 = Zj:1(1§2)) = 1. Then,
m m 2
WVt n@ P =33 1P vt s)e?
i=1 k=1
<> (LY i)
i=1 k=1 k=1
< szizk(tvs)a
1=1 k=1
whence m m 1/2
Vsl = (Y o)
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,8) =Y ()Y 1(s) =Y (#)Y(s)* for 0 <t < s, and the entries
of V(t,s) are Uix(t,s) = D7 ij(t)Ty,(s). From (3.2), we know that

:Ll —m?_z
SEM%?@ K ()™ R (s
2 S —(x1+€) B o
< M2 (?}(ti) (K(S)K(S))’Yz(w,w)_;re'

Let e?%...,eg) be the standard orthogonal basis of F and n(® =
Sy 176 with )2 = Y (1) = 1. Then,

Jj=1%
N m m 2
t,s)n = vik(t, s)e;
% (2)2 l}(f)A 52)

=1 k=1
<D (LW ) <3 Y )
and
m m 1/2
[V(t,s)| = (ZZﬁik(t,s)2>
i=1 k=1
s —(x1+%) o —
<im(35) KR
2 5 (ka(s)\?
< Msm (k (t)) vs(s),

where d = —(x1+¢€) > 0, ka(t) = K(t), va(t) = K(t)K(t) = ka(t)ka(t).

Let Z(t) be a fundamental solution matrix of the third equa-
tion of (2.5) and mg.g) = ¢(z;(0)) for j = 1,...,n — 1 — m, where
21(t), ..., 2n_1—m(t) are the columns of Z(t). Then, Z(t) = (Z(t)*)~*
is a fundamental solution matrix of the third equation of (2.6). Let
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) = ¢(z;(0)) for j = 1,...,n — I — m, where Z1(t),...,Zn—1—m(t)
are the columns of Z(t). By (2.7), we know that there exists a positive
constant M3 such that

[— m(_3)+g +€
(33) |50l < T4 and 500 < LTS )

for t > 0and j = 1,...,n — 1 —m. On the other hand, since
Z(t)*Z(t) = Id, we have (2;(t), z;(t)) = w;; for any ¢ and j. Choosing
the appropriate matrix Z(t), we have

Y3(, ) = maX{mgg) +n§-3) cj=1,...,n—1—m}.

Let W(t,s) = Z(t)Z(s) = Z(t)Z(s)* for 0 <t < s, and the entries
of W(t,s) are wir(t,s) = Y"1 ™ 2;;(t)Zx; (s). From (3.3), we know

Jj=1
that
n—Il—m
win(t5)] <D 12075 ()]
j=1
n—l—m
< Z MgL(t)m(3)+EL( )n(3)+€
j=1
n—l—m —mP 43
52 L(S) ’ m(.s)—',-g* n,(v?’)-‘,-g
<y M3<L(t)> L(s)™" L)
Jj=1
— (1)
. L _ -
<Hn-t-m)(Te)) T

Letting 6(13), L, e® be the standard orthogonal basis of G and

T n—l—
n® = Yol §3> with [n®[2 = S P)2 = 1, then we
have
2

Wt )y = D wi(t, s)el?

k=1
n— n—Il—m n—Il—m
3)
< (z WP Y i)
i=1 k=1 k=1
n—l—-mmn—Il—m
< wzzk(tvs)
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9 s (t1+€) . _
< Ms(n—1—m)? (i((t))) (L(s)L(s))($9)+e

< M- - (1) )

where

= (148 <0, Kalt) = L(t), wi(t) = LOT() = by (0 1),
e = max{71(¢, ), 72(¥, %), 13(¢,9)} + &

3.2. Proof of Theorem 2.4. In order to establish the roughness of
nonuniform (h, k, u, v)-trichotomies, we establish a series of lemmas and
then present the proof of Theorem 2.4.

First, we define

Q:={®(t,s) € B(Z) : ®(t,s) is continuous
and |®(t,s)]; < oo, (t,s) € RT x RT},

where : = 1,2, 3,4, and

= s {lo (128 ) 02 o),
o1 = sup { (e, ng?))b/«tze(s) 02},
o= s { o)l (F2 ) oo < s,
ol =sup {2(1.5) (’,j((t)))m <)
(]l (] |s) and (<12

It is not difficult to show that (€2, |- |1),
are all Banach spaces. Set ; :=
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Lemma 3.1. Assume that (Hy) and (Hs) hold. If
(34) 3chl < wi,

then, for any s € RY, t > s, there exists a unique solution U € Q1 of
(2.11) satisfying

Ul(t,s) =T(t,s)P(s) +/ T(t, 7)P(T)B(T)U(T,s)dr
(3.5) N s
- / T(t,7)(Q(r) + R(r))B(r)U (7. s) dr.

Proof. Tt is not difficult to show that U(t, s);>s satisfying (3.5) is a
solution of (2.11). Define an operator J; on £y by

(LU)(t,5) = T(t, 5)P(s) + / T, )P B(U (ry5) dr
- /t T T)(Qr) + RF)B()U (. 5) dr.
For ¢ > s, by (Hy) and (Hs), we have
/\Ttr BT (r, )] dr
/t IT(t, 7)(Q(7) + R(7))|[B(T)|U(7, s)| dr
< e (20 ) oo

RN g ()Y
[T e o ok e ) (F) ) ar

‘) m<<];22((?)))>dyé(%2% Dy Pk (ks () (211((;) adT)
3Kicr [ hi(t
w1 hy(s) 15 (s)|U]x-

<

Then

)
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((iU)(t,9)| < T(t,5)P(s)| + A

< 10 (10 ) i + 20 (WO 0,

which implies

3K
(3.6) LU < K 4 2219

Ul <

Therefore, J,U is well defined and J1 : Qy — Q. Moreover, for
Uy,Us € Qq and t > s, we have

/ Tt 7)P()||B(r)|[U (7, 5) — Ua(7, 8)| dr

/t T(t, 7)(Q(T) + R(T))[|B(T)[|Ur(7, 5) = Ua(7, 5)| dT

< 3K (Ziég) pi(8)|Ur — Ualy,

whence,

(LU (¢, s) — (JUa)(t, s)| < 3Kic (hl(t)

e () k(oo - Uah

and 3K
c
|J1U1 — J1Uz]q < e

Uy — Usls.
Hence, the operator J; is a contraction. By the principle of contraction

mapping, there exists a unique U € {2y such that J;U = U. The proof
is complete. (|

Lemma 3.2. IfU(t,s) is the unique solution of (2.11) in Qy satisfying
(3.5), then U(t,0)U(c,s) = U(t,s) fort > o > s.

Proof. From (3.5), it follows that
U(t,o)U(o,s) =T(t,s)P(s) + /J T(t, 7)P(T)B(T)U(T,s)dr
+/ T(t, 7)P(T)B(1)U(7,0)drU(0,s)

- /too T(t,7)(Q(r) + R(7))B(T)U(T,0) drU(0, 5).
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Define the operator H; by

(Hll)(t,a):/ T(t, 7)P(1)B(1)l(7,0)dr

- [ TEn@QE + REDBEIr ) dr
t
for I € Qf and t > o, where ) is obtained from ; by replacing s

with o. By carrying out similar arguments to the above, we have
3Kic 3K

w1

|Hil|i <

11, |Hily — Hilo|1 <

|l —l2]1
for any I, 11, Iy € Qf. Hence, there exists a unique [ € 27 such that
H,l = 1. On the other hand, we have H1(U(t,0)U(o,s) — U(t,s)) =
U(t,o)U(o,s) —U(t,s), HHO =0 for t > o > s and U(t,0)U(0o,s) —
Ult,s), 0 € Qf. Therefore, U(t,0)U(0,s) — U(t,s) = | = 0 for
t>o0>s. O
Lemma 3.3. Assume that (Hy), (Ha) and (Hy) hold. If (3.4) holds,
then, for any s € RY, t > s, there exists a unique solution V € Qg of
(2.11) satisfying
¢

(3.7) V(t,s) =T(t,s)R(s) —|—/ T(t,7)P(T)B(T)V (T, s)dr

- [ Ten@m) + REOBEV ()

t

Proof. It is not difficult to show that V (¢, s);>5 satisfying (3.7) is a
solution of (2.11). Define an operator J; on {2y by

(JaV)(t,8) = T(t, s)R(s) + / T(t,7)P(r)B(r)V (7, s) dr

- / T, 7)(Q(r) + R(r)B(r)V (7, 5) dr.
For t > s, by (Hy), (Hz) and (Hy), we have
B = [ 2 P@IBO|Y (o) dr

+ /too T, 7)(Q(7) + R(T)[|B()|[V (7, s)| dr
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Then
[(2V)(t,s)| < |T(t, s)R(s)| + B'

<m(?“§im@+3““(“@)ﬁa@vz

and

3K
(3.8) [ BV]y < Ky + 21

V]2 <

Hence, JoV is well defined and Js : QQ — s. Moreover, for any
Vi, Vo € Q9 and t > s, we have

/WtT DNB@Vi(r, ) — Va(r, s)] dr

+/t T(t, 7)(Q(r) + R(T))[[B(T)|[Vi(T; s) = Va(r, )| dr

3K1 C1 h2 (t)
<2t

b
)@@m—%2

w1

Hence,

|(J2‘/1)(t73) - (J2‘/2)(tas)‘ <

and

3K101

|J2Vi = JaVala < Vi = Vala.



2770 CHUNMEI ZHANG, MENG FAN AND JIMIN ZHANG

Then, J5 is a contraction, and there exists a unique V' € Q5 such that
JoV =V since (3.4) holds. O

Lemma 3.4. IfV(t,s) is the unique solution of (2.11) in Qo satisfying
(3.7), then V(t,0)V (0,8) =V (t,s) fort > o > s.

Proof. From (3.7), we have
V(t,0)V (0, 5) = T(t ) R(s) + / "D, P BV (7, ) dr
+ L T, ) P() BV (r,0) drV (0, )
- /t T D7) (Q(F) + R(P) BV (7, 0) drV (o, 5).
Define the operator Hy by

(Hgf)(t,a):/ T(t,T)P(T)B(T)T(T,O’) dr

- T 7)(Q) + ()BT 0) dr

for | € Qf and t > o, where 29 is obtained from {25 by replacing s with
o. By arguments similar to the above, we have

3K101

w1

3K101

|Hall2 < |22, |Haly — Hala|z < llh = la]2

for anyz l~17 Iy € Q9. Hence, there exists a unique l e Qg such
that Hyl = I. On the other hand, Hy(V(t,0)V(o,s) — V(t,s)) =
V(t,o)V(a,s) = V(t,s), HLO =0 fort > o > s and V(¢,0)V(0,s) —
V(t,s), 0 € Qf. Then, V(t,0)V(0,s) — V(t,s) =1=0fort > o > s
hence, V(t,0)V(0,s) =V (t,s). O

Similarly, we have
Lemma 3.5. If (Hy), (Ha), (Hy) and (3.4) hold, then, for any s € R,

there exists a unique solution W € Q3 and another unique solution
V € Q4 of (2.11) satisfying
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Wi(t,s) =T(t,s)Q(s) —|—/0 T, 7)P(T)B(T)W (r,s)dr

_ / () (Q(r) + R(P)BW(r, s) dr,
(3.9) ' t
Tt ) = T(t, $)R(s) + /0 T(t,7)P(r)B(r)V (. 5) dr

- / CT(,7)(Qr) + R()B(r)V (. s) dr

for t < s and W(t,0)W(o,s) = W(t,s), V(t,0)V(o,s) = V(t,s) for
t<o<s.

~

Let U(t,8)i>s, V(t,8)i>s, W(t, $)i<s, V(£,8)i<s be the unique so-
lutions characterized by Lemmas 3.1, 3.3 and 3.5, respectively. Given
v € RT, note that Uy (t,v) = U(t,7)P(y) and Vi(t,v) = V(t,7)R(7)
satisfy (3.5), (3.7) with s = v and Wi (t,7) = W(t,7)Q(y), Vi(t,7) =
V(t,’y)R(v) satisfy (3.9) with s = 7, by the lemmas proved above, we
have

Ut,7)P(v) =U(t,y), V(RO =V(E7),

~

W(t,7)Q() =W(t,y),  V(t,y)R()=V(tA).

Define the linear operators

P(t) == T(t,)U(v,7)T(7.1), Q(t) = T(t, )W (v, M)T(y.t),
Ri(t) =Tt )V NT(v,1),  Ra(t) :=T(t, )V (v, 1) (7.1)
and B
o Rl (t) t 2 S,
R(t) = {EQ(t) s>t

for any ¢t € RT. From Lemmas 3.2, 3.4, 3.5 and
(3.10)

P(o) = Ulr) = PO) - [ T m)(Q() + R) B (1) dr,

Ri(y) =V(v,7) = R(y) - /OO T (v, 7)(Q(7) + R(7))B(r)V(7,7) d,
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3() = W) = Q) + / T, 1) P() B (7,7) dr,

Fo(y) = V(va7) = R(y) + / T, 7)) BV (7. 7) dr,

it follows that
(b1) P(t),Q(t), R(t) are projections for each t € R*;

~ ~ ~ ~ ~ ~ ~ ~

(b2) P(t)T(t7 S) - T(tv S)P(S)7 Q(t)T(ta 5) - T(ta S)Q(S)7 E(t)f(ta 5)

o~ ~

=T(t,s)R(s) for each t,s € RT;

(b3) P(1)P(7) = P(7), Q(Q(7) = Q(Y), R(YR(7) = R();
(ba) P(1)P() = P(7), Q()Q() = Q(v), R(YR(7) = R(7).
Lemma 3.6. If (H1)—(Hy) and (3.4) hold, then
=~ 5 Ky ha()\" .
oy PO T (125) w1
' - ~ K ha(t) )" .
IT(t, s)[ImR(s)| < 173K1101 T ( hj(s)) ps(s), t>s
and
IT(t, s)ImQ(s)| < . ?j((lc T (Zl((;)> vi(s), t<s
(3.12) Kl 1/wW1 kl( | )
= = 1 2(s ¢
|T(t, s)|ImR(s)] < 3K/ (kz(t)> vs(s), t<s

Proof. First, it is trivial to verify that z;(t)i>s and za(t)¢>s are
bounded solutions of (2.11), where

21(t) =T (t,s)P(s)z1(s) +/ T(t, 7)P(1)B(1)2z1(7) d7
- [ 1@+ RE)BEA

(3.13) ¢ .

zo(t) = T(t,s)R(s)z2(s) + / T(t, 7)P(T)B(7)z2(7) dT

_ /t T )(Q(r) + R(7)B(r)2a(r) dr
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Let 21 (t) = T(t s)P ( )¢ be a solution of (2.11) for ¢ > s and each given
¢ € X. Note that T(t,7)U(y,v) and U(t,~) are solutions of (2.11),
which coincide for ¢ = v. Then,

21(t) = T(t, ) P(s)€ = T(t,7) P(1)T (7, 9)¢

=T(t.NU (T (v, 8)E = U(t,7)T(7,5)é

is a bounded solution of (2.11) with the initial value z;(s) = P(s)¢
since U (t, ) is bounded for t € RT. Similarly, we also have

25(t) = T(t,5)R(5)€ = T(t,7)R(v)T (7, 5)€
=TtV (7,7 (7,8)€ = V(t, 1T (7, 5)€,

which is a bounded solution of (2.11) with the initial value z3(s) =
R(s)¢ fort > s, £ € X. It follows from (3.13) that

T(t,s)P(s)€ = z1(t) = T(t, s)P(s)P(s)E
+ / T(t,7)P(r)B(t)P(r)T(r, s)¢ dr
- /t N T(t,7)(Q(r) + R(r))B(r)P(r)T (7, s)€ dr

— | T(t,7)(Q(7) + R(7))B(r)R(7)T (7, )¢ dr

t

for t > s. Combining (H;), (Hz) and (Hgs) leads to
# = [ PEIBEIPET (e ar
+/t IT(t,7)(Q(7) + R())I[B()||P(7)T (7, 5)¢| dr

< fer [ (18 b kit
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TN O ()P T (7, 5) || P(s)€] dr

wrie [ () mtemie o)

T O (DIPET(,9)|| P(s)€] dr

+ K /too (’Z((;)) hy P () kS (1) ey ()
)| P

vy T ()| P(T)T (7, 5) || P(s)€] dr

\_/

)T
d

smcl(’"‘j“) 15 () P, | P(s)e] / W ()l (r) dr

#Krer (720 ) 1 0PI PG
[ R oo 25 o
+ e (720 ) 1 )PTLIP ()
L) oo (R o

< e (’““)) S ()| DT, | P(s)e]

and

B ::/ IT(t,7)P(r)||B(r)|| R(T)T (7, 5)¢| dr
+ \T(t 7)(Q(7) + RIOD|IB()|R(7)T (7, 5)€] dr

< Ki (le j_)) ah b(
Sy 1( N’1(T |R(T)f(T s)||R(s)¢| dr

) 15O
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0o d
i [T (0 ORER @)
T O RE T, )1 R(5)e] dr

~ o~ b ~
< i BTl (1200 ) (o)
K h (t) ¢ — —w1—1 !
+ K1 |RT
./OO (kl(T)
t kl(t)
b
+ Ko BT (1200 ) (o)
[ wtons

b
= 3151101 (Z;g) 15 (5)| RT || R(s)¢].

c

N~
=
N
=
—~
=
N
=
&
_
—~
3
~—
N
=~
—~~
2
U
)

Then,

@mﬂwﬁ@ggm(mw 15(5) [ P(s)e] + A3

2775
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ie.,

3Ky

. K
|PT|, < Ky + |PT|;,  |RT|»< Ky +

which implies that the 1nequahty (3.11) holds. Slmllarly, the inequality
(3.12) holds for ¢ < s. O

Lemma 3.7. Let S(v) = P(y) + Q(v) + R(y) and (H,)~(Hg) hold.
Then, S(v) is invertible for any fized v € RT.

Proof. By (b3) and (by4), we have

(3.14) P(7) +Q(7) + R(v) - Id
= Q()P(y) + R(Y)P() + P()Q() + P(y)R(~).
By (3.10), we have

P(y)(Q() + R(v)) = P (W (v,7) + V(7,7))

/0 (4, r) P B() (W (r,) + V(r,7)) dr,

and

(Q(y) + R(7))P(7) = (Q(7) + R()U(v,7)
_ / T(7,7)(Q(r) + R(r)B(r)U (r.7) dr.

By (2.16) and Lemmas 3.1, 3.3 and 3.5, we obtain

Ut )| < K (7 (t)/ 7 (s))" S (s),
~ b .
(3.15) V(t ) < ff(hz(’f)/h2(8)) ps(s), t=s,
(W (t,s)| < K (ka(s)/ R (8)) vi(s),
V(t,s)] < f?(kz( )/ka (D) v5(s), t<s.
From (3.15) and (Hg) (Hs), it follows that
(3.16) P(7)|[B(T)||W (7,7) + V(7,7)| dr

R / (’;ﬁ;)am1<T>ua<f>h;b<r>
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w0 (£ ) vtar

N ¥
+KK101/ <h1(7)
0

) e (k)

Then, we have
|P(v) + Q(v) + R(y) — Id] < A* + B* < KK, (Ny + Ny)ey.

This means that the operator S(v) is invertible if (Hg) holds. O
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We are now in the right position to prove Theorem 2.4.

Proof of Theorem 2.4. Let

P(t) = T(t,7)S()P(®)S() " T(,1)
(3.18) Q) = T(t,7)S(MQMS() T (7,1)
R(t) = T(t,7)S(V)R()S(v) "' T(v,1)

for any t € R*. Obviously, P(t)+Q(t)+ R(t) = Id, and (2.13) is valid.

(
In order to establish (2.14) and (2.15), we first show

- TP < & (1) ur(s1Po
3.19
TR < & ( ng)buasnﬁ(s)
for t > s, and
7900 < K () w1
(3.20) A I
TR < K (20 IRo)
for t < s. It follows from (by) that
S(P() = (P(7) + Q) + R()P(y) = P(~)
S(RM) = (P(v) +Q() + R(7)Q() = Q(7)
SMAR(y) = (P(7) +Q() + R(7)R(7) = R(7)

On the other hand, we have
Q)S(t) = T(t,7)S(NQMT(v,t) = T(t,NQMT (7. 1) = Q(t),
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R(t)S(t) = T(t,7)S(RMT (v, t) = T(t,)R(y)T(7,t) = R(t).
Then, S(t) is invertible and
ImP(t) =Im P(t), ImQ(t) =ImQ(t), ImR(t)=ImR(t).

By Lemma 3.6, we have

for t > s, and

IT(t,5)Q(s)| < [T(t, 9)|Q()|Q(s)| < |T(t,5)|Q(s)]|Q(5)]

~
=
=
=)
S
IA
E>
ff/
§>
E
IA
=
=
&
E
=

for ¢t < s.

Next, we establish norm bounds for the projects P(t), Q(t), R(t).
For any ¢ € X, set

21(t) = T(t,s)P(s)€, z(t) = T(t,s)R(s)¢, t>s,
23(t) = T(t,$)Q(s)€, za(t) = T(t,s)R(s)E, t<s.

By (3.13), (3.19) and (3.20), it follows that (21(t))i>s, (22(t))i>s,
(23(t))i<s and (24(t))i<s are bounded solutions of (2.11),

P(O)T(t,s)¢ = T(t,s)P(s)P(s)¢
+ / T(t,7)P(r)B(r)P(r)T (1, s)¢ dr

—/tOOT(t,T)(Q(T)JrR(T)) (1)P(1)T (7, 5)¢ dr,
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R()T(t, s)¢ = T(t,s)R(s)R(s)¢ + / T(t,7)P(r)B(r)R(T)T(r,s)¢ dr

Taking t = s leads to
(Q(t) + R(t)P(t)€ = — / Tt 7)(Q(r) + R(r)B(r)P(r)T(r. )¢ dr,

(1) + R(t))e = / T(t, 7)P(r)B(r)(Q(r) + B(r)T(r, € dr.

Similarly to (3.16) and (3.17), by applying (3.15), (3.19), (3.20) and
(H3)—(Hs), we obtain

(Q(t) + R(1)) P(t)| < KK1Nyey |P(t)],
IP()(Q(t) + R(t)| < KK N1e1|Q(t) + R(t)]
(Q(t) + P()R(t)| < KK Naey|R(1)],
IR()(Q(t) + P(t)| < KK N1e1|Q(t) + P(t)]
(R(t) + P(£)Q(t)] < KK1N:1e1|Q(1)],
QE)(R(t) + P(t))| < KK1Naar|R(t) + P(t)]

Since
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Q)| < Kivi(h), [R(H)] < Kivs(t),

we have
|P(t)| < |(Id— P(t))P(t) — P(t)(Id — P(t))| + |P(t)|
sfleNzcllﬁUHKKlNlcll( Q(t) + R(t)| + | P(®)]
< KK (N2 + N)er([P(8)] + Q)] + | R(2)]) + Ky pes (1),
[R(t)| < |(Id— R(t))R(t) — R(t)(Id — R(t))| + |R(t)]
<KK 1Nzc1|R<t>|+f?K1Nlol|< Q)+ P)| + [R()]
< KK1(Na + Ni)er([P(t)] + Q1) + [ R(1)]) + Kips(2),
and
Q)] < |(Id — Q(1)Q(t) — Q(t)(Id — Q(t))] + |Q(1)]
< KK1N1c1|Q(t)] + K K1 Naci|(P(t) + R(t))| + |Q(t)]
< KK1(Ny + No)er (JP()] + |Q(1)] + [R(1)]) + K1 (t),
|R(t)] < |(Id — R(t))R(t) — R(t)(Id — R(t))| + | R(t)]
< KK Noc1 |R(t)| + KK Nied [(Q(1) + P(t))| + | R(t))|
< KK (Na+ Nyern(|P(8)] + Q)| + |R(1)]) + K1vs(t).
Therefore,

[P+ Q)] + |R(1)] < 3BKK1e1(|P(1)] + Q)] + [R(D)) (N1 + Na)
+ Ko (i (1) + pa(t) + vi(E) + v5(1)).

The proof is complete. ]
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