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EXISTENCE AND ROUGHNESS OF NONUNIFORM
(h, k, µ, ν)-TRICHOTOMY FOR NONAUTONOMOUS

DIFFERENTIAL EQUATIONS

CHUNMEI ZHANG, MENG FAN AND JIMIN ZHANG

ABSTRACT. The objective of this paper is to explore
the existence and roughness of the nonuniform (h, k, µ, ν)-
trichotomy for nonautonomous differential equations. We
first propose a more general notion of trichotomies called the
nonuniform (h, k, µ, ν)-trichotomy for linear nonautonomous
differential equations. Then, we give a complete character-
ization of the notion of nonuniform (h, k, µ, ν)-trichotomy
for linear nonautonomous differential equations and prove
that any linear nonautonomous differential equation admits a
nonuniform (h, k, µ, ν)-trichotomy if it has an (H,K,L) Lya-
punov exponent with different signs in a finite-dimensional
space. Finally, we establish the roughness of nonuniform
(h, k, µ, ν)-trichotomies in a very concise manner, which im-
plies that the nonuniform (h, k, µ, ν)-trichotomy persists un-
der sufficiently small linear perturbations. This study ex-
hibits some new interesting findings in trichotomy that ex-
tend the corresponding results for uniform and nonuniform
trichotomies.

1. Introduction. Trichotomies describe stable, unstable, and neu-
tral subspaces of solutions of linear nonautonomous differential equa-
tions and have been proved to be powerful in characterizing the dy-
namics of nonautonomous differential equations. In 1976, Sacker and
Sell [18] first introduced the notion of exponential trichotomies and
established the existence of exponential trichotomies for linear time-
varying ordinary differential equations. In this context, different forms
of trichotomy were established and discussed, such as, stronger expo-
nential trichotomy [6, 7], generalized ℓ-exponential trichotomy [13],
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nonuniform exponential trichotomy [2], ρ-nonuniform exponential tri-
chotomy [3], h-trichotomy [17], (h, k)-trichotomy [10, 12, 15], (µ, ν)-
trichotomy [9] and (a, b, c)-trichotomy [11]. In view of the above no-
tions of different trichotomies, an interesting problem is whether there is
a more general trichotomy to unify the existing notions of trichotomies
and characterize more trichotomous behaviors of linear nonautonomous
differential equations.

Our work is concerned with a new trichotomous behavior of the
following linear nonautonomous differential equation

(1.1) ẋ = A(t)x

in a Banach space X . Here, we propose a more general notion of
trichotomy for (1.1), called the nonuniform (h, k, µ, ν)-trichotomy. This
new notion, mainly motivated by the nonuniform (h, k, µ, ν)-dichotomy
established in [24], not only unifies and extends the existing notions of
trichotomies in the literature, but also characterizes more reasonable
and general trichotomous behaviors of (1.1).

An interesting topic of the present paper is to establish the exis-
tence of nonuniform (h, k, µ, ν)-trichotomy for (1.1). In the develop-
ment process of trichotomies, the existence of trichotomies is always
a fundamental problem and has been extensively studied in different
ways [3, 4, 6, 8, 14, 19, 20, 21, 22, 23, 25]. The approach adopted
here is based on the construction of suitable Lyapunov exponents for
(1.1). This study reveals that the nonuniform (h, k, µ, ν)-trichotomy
widely exists and arises naturally in linear nonautonomous differential
equations. In addition, roughness, one of the most important properties
of trichotomies, describes the persistence of trichotomies under linear
perturbations and plays an important role in the study of trichotomy
theory and dynamical systems [1, 2, 3, 5, 6, 9, 16]. The roughness
of the nonuniform (h, k, µ, ν)-trichotomy is also well explored.

This paper is organized as follows. In Section 2, a new notion called
nonuniform (h, k, µ, ν)-trichotomy is formulated for (1.1), and the main
findings on the existence and roughness of nonuniform (h, k, µ, ν)-
trichotomy are presented. In Section 3, detailed proofs are provided
for the main conclusions.

2. Nonuniform (h, k, µ, ν)-trichotomy and main results. Let
B(X ) be the space of bounded linear operators on a Banach space X
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and A : R+ → B(X ) in (1.1). Denote by T (t, s) the evolution operator
associated with (1.1) satisfying T (t, s)x(s) = x(t) and T (t, τ)T (τ, s) =
T (t, s) for any t, s, τ ∈ R+.

2.1. Definition of nonuniform (h, k, µ, ν)-trichotomy. An increas-
ing function u : R+ → [1,+∞) is said to be a growth rate if u satisfies
u(0) = 1 and limt→+∞ u(t) = +∞. Let ∆ be the set of all growth rate
functions and hi(t), ki(t), µi(t), νi(t) ∈ ∆, i = 1, 2, throughout this
paper.

Definition 2.1. Equation (1.1) is said to admit a nonuniform (h, k, µ, ν)-
trichotomy in R+ if

(i) there exist projections P (t), Q(t), R(t) : X → X such that

T (t, s)P (s) = P (t)T (t, s),

T (t, s)Q(s) = Q(t)T (t, s),

T (t, s)R(s) = R(t)T (t, s)

for any t, s ∈ R+, where P (t) +Q(t) +R(t) = Id;

(ii) there exist constants a ≤ 0 < b, c ≤ 0 < d, ϵ ≥ 0, and K1 ≥ 0
such that, for any t ≥ s ≥ 0,

(2.1)

|T (t, s)P (s)| ≤ K1

(
h1(t)

h1(s)

)a
µϵ1(s),

|T (t, s)R(s)| ≤ K1

(
h2(t)

h2(s)

)b
µϵ2(s),

and, for any 0 ≤ t ≤ s,

(2.2)

|T (t, s)Q(s)| ≤ K1

(
k1(s)

k1(t)

)c
νϵ1(s),

|T (t, s)R(s)| ≤ K1

(
k2(s)

k2(t)

)d
νϵ2(s).

By Definition 2.1, it can be verified that the nonuniform (h, k, µ, ν)-
trichotomy is much more general and includes the existing uniform
or nonuniform trichotomy as special cases: uniform exponential tri-
chotomy, stronger exponential trichotomy [6, 7], generalized ℓ-expo-
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nential trichotomy [13], nonuniform exponential trichotomy [2], h-
trichotomy [17], (h, k)-trichotomy [10, 12, 15], (µ, ν)-trichotomy [9]
and (a, b, c)-trichotomy [11].

The following example shows the generality of the nonuniform
(h, k, µ, ν)-trichotomy.

Example 2.2. Let ϵ1 > 0, α > 0, β > 0 and ĥi, k̂i, µ̂i, ν̂i, i = 1, 2,
be differentiable growth rates. Consider the following differentiable
equations in R3

(2.3)

.
x(t) =

(
− αĥ′1(t)

ĥ1(t)
+
ϵ1µ̂

′
1(t)

2µ̂1(t)
(cos t− 1)− ϵ1

2
log µ̂1(t) sin t

)
x,

.
y(t) = 0,

.
z(t) =

(
βk̂′1(t)

k̂1(t)
− ϵ1ν̂

′
1(t)

2ν̂1(t)
(cos t− 1) +

ϵ1
2
log ν̂1(t) sin t

)
z.

Let

P (t)(x, y, z)T = (x, 0, 0)T ,

Q(t)(x, y, z)T = (0, 0, z)T ,

R(t)(x, y, z)T = (0, y, 0)T

for t ≥ 0. Direct calculation shows that

T (t, s)P (s) = (X̂(t, s), 0, 0)T ,

T (t, s)Q(s) = (0, 0, Ẑ(t, s))T ,

T (t, s)R(s) = (0, Ŷ (t, s), 0)T ,

where

X̂(t, s)=

(
ĥ1(t)

ĥ1(s)

)−α

exp

(
ϵ1
2
log µ̂1(t)(cos t−1)− ϵ1

2
log µ̂1(s)(cos s−1)

)
,

Ŷ (t, s)=1,

Ẑ(t, s)=

(
k̂1(t)

k̂1(s)

)β
exp

(
− ϵ1

2
log ν̂1(t)(cos t−1)+

ϵ1
2
log ν̂1(s)(cos s−1)

)
.
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Then,

|T (t, s)P (s)| = |X̂(t, s)| ≤
(
ĥ1(t)

ĥ1(s)

)−α

µ̂ϵ11 (s), t ≥ s ≥ 0,

|T (t, s)R(s)| = |Ŷ (t, s)| = 1 <

(
ĥ2(t)

ĥ2(s)

)α
µ̂ϵ22 (s), t ≥ s ≥ 0,

|T (t, s)Q(s)| = |Ẑ(t, s)| ≤
(
k̂1(s)

k̂1(t)

)−β

ν̂ϵ11 (s), s ≥ t ≥ 0,

|T (t, s)R(s)| = |Ŷ (t, s)| = 1 <

(
k̂2(s)

k̂2(t)

)β
ν̂ϵ22 (s), s ≥ t ≥ 0.

This shows that (2.3) admits a nonuniform (h, k, µ, ν)-trichotomy in
R+.

2.2. Existence of nonuniform (h, k, µ, ν)-trichotomy. In this sub-
section, for the linear nonautonomous differential equation (1.1) in
block form, we formulate a simple criterion to characterize the existence
of nonuniform (h, k, µ, ν)-trichotomy in a finite-dimensional space.

In (1.1), assume that A(t) has the block form

(2.4) A(t) =

A1(t) 0 0
0 A2(t) 0
0 0 A3(t)


for a decomposition Rn = E ⊕ F ⊕ G, where dimE = l, dimF = m,
dimG = n− l −m. For t ≥ 0, equation (1.1) transforms into

(2.5) x′1 = A1(t)x1, y′1 = A2(t)y1, z′1 = A3(t)z1,

and the corresponding adjoint equations are

(2.6) x′2 = −A1(t)
∗x2, y′2 = −A2(t)

∗y2, z′2 = −A3(t)
∗z2,

where A1(t)
∗, A2(t)

∗ and A3(t)
∗ are the transpose of A1(t), A2(t) and

A3(t), respectively.

Assume that log 0 = −∞ and H, K, L, H, K, L ∈ ∆. Define
φ,φ : E → R ∪ {−∞}, ψ,ψ : F → R ∪ {−∞}, ϕ, ϕ : G → R ∪ {−∞}
by
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(2.7)

φ(x01) = lim sup
t→+∞

log |x1(t)|
logH(t)

, φ(x02) = lim sup
t→+∞

log |x2(t)|
logH(t)

,

ψ(y01) = lim sup
t→+∞

log |y1(t)|
logK(t)

, ψ(y02) = lim sup
t→+∞

log |y2(t)|
logK(t)

,

ϕ(z01) = lim sup
t→+∞

log |z1(t)|
logL(t)

, ϕ(z02) = lim sup
t→+∞

log |z2(t)|
logL(t)

,

where (x1(t), y1(t), z1(t)) is a solution of (2.5) with (x1(0), y1(0), z1(0)) =
(x01, y

0
1 , z

0
1), and (x2(t), y2(t), z2(t)) is a solution of (2.6) with (x2(0),

y2(0), z2(0)) = (x02, y
0
2 , z

0
2). Then, it is not difficult to conclude that

(i) φ(0) = φ(0) = ψ(0) = ψ(0) = ϕ(0) = ϕ(0) = −∞;

(ii) φ(c̃x) = φ(x), φ(c̃x) = φ(x), ψ(c̃y) = ψ(y), ψ(c̃y) = ψ(y),
ϕ(c̃z) = ϕ(z), ϕ(c̃z) = ϕ(z) for x ∈ E, y ∈ F , z ∈ G and c̃ ∈ R \ {0};

(iii) for x′, x′′ ∈ E, y′, y′′ ∈ F, z′, z′′ ∈ G, we have

φ(x′ + x′′) ≤ max{φ(x′), φ(x′′)},
φ(x′ + x′′) ≤ max{φ(x′), φ(x′′)},
ψ(y′ + y′′) ≤ max{ψ(y′), ψ(y′′)},
ψ(y′ + y′′) ≤ max{ψ(y′), ψ(y′′)},
ϕ(z′ + z′′) ≤ max{ϕ(z′), ϕ(z′′)},
ϕ(z′ + z′′) ≤ max{ϕ(z′), ϕ(z′′)};

(iv) if φ(x1), . . . , φ(xl1) or φ(x1), . . . , φ(xl1) are distinct for x1, . . . , xl1

∈ E\{0}, then x1, . . . , xl1 are linearly independent; if ψ(y1), . . . , ψ(ym1)
or ψ(y1), . . . , ψ(ym1) are distinct for y1, . . . , ym1 ∈ F \ {0}, then
y1, . . . , ym1 are linearly independent; if ϕ(z1), . . . , ϕ(zκ1) or ϕ(z1),
. . . , ϕ(zκ1) are distinct for z1, . . . , zκ1 ∈ G \ {0}, then z1, . . . , zκ1 are
linearly independent;

(v) φ(φ) has at most r1 ≤ l (r1 ≤ l) distinct values in E \ {0},
say, −∞ ≤ λ1 < · · · < λr1 ≤ +∞ (−∞ ≤ λr1 < · · · < λ1 ≤ +∞);
ψ(ψ) has at most r2 ≤ m (r2 ≤ m) distinct values in F \ {0}, say,
−∞ ≤ χ1 < · · · < χr2 ≤ +∞ (−∞ ≤ χr2 < · · · < χ1 ≤ +∞); ϕ(ϕ) has
at most r3 ≤ n− l−m (r3 ≤ n− l−m) distinct values in G \ {0}, say,
−∞ ≤ ι1 < · · · < ιr3 ≤ +∞ (−∞ ≤ ιr3 < · · · < ι1 ≤ +∞).
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If (i)–(iii) hold, then (φ,ψ, ϕ) (or (φ,ψ, ϕ)) is a Lyapunov exponent with
respect to (2.5) (or (2.6)). For convenience, this Lyapunov exponent is
called the (H,K,L) (or (H,K,L)) Lyapunov exponent.

Let ϱ1, . . . , ϱn, ζ1, . . . , ζn and ξ1, . . . , ξn be three bases of Rn and
(·, ·) the standard inner product in Rn. The above three bases are said
to be dual if (ϱi, ζj) = ωij , (ϱi, ξj) = ωij , (ζi, ξj) = ωij for every i, j,
where ωij is the Kronecker symbol. The regularity coefficient of φ and
φ is defined by

(2.8) γ1(φ,φ) = minmax{φ(δ(1)i ) + φ(δ
(1)

i ) : 1 ≤ i ≤ l},

where the minimum is taken over all dual bases δ
(1)
1 , . . . , δ

(1)
l and

δ
(1)

1 , . . . , δ
(1)

l of E. The regularity coefficient of ψ and ψ is defined
by

(2.9) γ2(ψ,ψ) = minmax{ψ(δ(2)i ) + ψ(δ
(2)

i ) : 1 ≤ i ≤ m},

where the minimum is taken over all dual bases δ
(2)
1 , . . . , δ

(2)
m and

δ
(2)

1 , . . . , δ
(2)

m of F . The regularity coefficient of ϕ and ϕ is defined
by

(2.10) γ3(ϕ, ϕ) = minmax{ϕ(δ(3)i ) + ϕ(δ
(3)

i ) : 1 ≤ i ≤ n− l −m},

where the minimum is taken over all dual bases δ
(3)
1 , . . . , δ

(3)
n−l−m and

δ
(3)

1 , . . . , δ
(3)

n−l−m of G. Note that φ,φ, ψ, ψ, ϕ, ϕ takes only a finite
number of values, which means that (2.8), (2.9) and (2.10) are well
defined, and γ1(φ,φ) ≥ 0, γ2(ψ,ψ) ≥ 0, γ3(ϕ, ϕ) ≥ 0.

Theorem 2.3. Assume that A(t) has the block form (2.4) for t ≥ 0. If

λr1 < 0, χ1 < 0, χr2 > 0, ι1 > 0,

then, for any sufficiently small ϵ̃ > 0, (1.1) admits a nonuniform
(h, k, µ, ν)-trichotomy on R+ with

a = λr1 + ϵ̃, b = χr2 + ϵ̃, c = −(ι1 + ϵ̃), d = −(χ1 + ϵ̃),

ϵ = max{γ1(φ,φ), γ2(ψ,ψ), γ3(ϕ, ϕ)}+ ϵ̃,

h1(t) = H(t), h2(t) = K(t), k1(t) = L(t), k2(t) = K(t),

µ1(t) = H(t)H(t), µ2(t) = K(t)K(t),

ν1(t) = L(t)L(t), ν2(t) = K(t)K(t).
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Theorem 2.3 suggests that any linear nonautonomous differential
equation admits a nonuniform (h, k, µ, ν)-trichotomy if it has at least
two negative (H,K,L) Lyapunov exponents. This fact reveals that the
nonuniform (h, k, µ, ν)-trichotomy widely exists and arises naturally in
linear nonautonomous differential equations.

2.3. Roughness of nonuniform (h, k, µ, ν)-trichotomy. Consider
the linear perturbed equation

(2.11) ẋ = (A(t) +B(t))x.

The principle aim of this section is to investigate the roughness of
nonuniform (h, k, µ, ν)-trichotomy and to prove that, if (1.1) admits
a nonuniform (h, k, µ, ν)-trichotomy, then (2.11) also has a similar
nonuniform (h, k, µ, ν)-trichotomy.

Let T̂ (t, s) be the evolution operator associated to (2.11), and assume
that

(H1) (1.1) admits a nonuniform (h, k, µ, ν)-trichotomy on R+ with
µi, νi ∈ ∆(i = 1, 2) and µ′

i > 0, ν′i > 0;

(H2) there exist constants c1 > 0 and ω1 > 0 such that

sup
t∈R+

{
|B(t)|hb

2(t)k
−c
1 (t)kd2 (t)µ

ω1+ϵ+1
i (t)

µ′
i(t)

,
|B(t)|hb

2(t)k
−c
1 (t)kd2 (t)ν

ω1+ϵ+1
i (t)

ν′
i(t)

}
≤ c1

for i = 1, 2;

(H3) limt→+∞ ha1(t)µ
ϵ
1(t) = 0, limt→+∞ kc1(t)ν

ϵ
1(t) = 0;

(H4) h
a
1(t)k

c
1(t)ν

ϵ
1(t), h

a
1(t)k

d
2(t)ν

ϵ
2(t), k

c
1(t)k

−d
2 (t)νϵ2(t) are decreas-

ing;

(H5) there exist positive constants N1 and N2 such that∫ ∞

0

νϵi (τ)µ
−ω1−1
j (τ)µ′

j(τ) dτ ≤ N1/2,∫ ∞

0

µϵi(τ)ν
−ω1−1
j (τ)ν′j(τ) dτ ≤ N2/2;

(H6) c1 < [3K1(N1 +N2) + ω−1
1 ]−1.
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Theorem 2.4. If (1.1) admits a nonuniform (h, k, µ, ν)-trichotomy on
R+,

(2.12) 3K1c1 < ω1

and (H1)–(H6) hold, then (2.11) also admits a nonuniform (h, k, µ, ν)-

trichotomy on R+, i.e., there exist projections P̂ (t), Q̂(t) and R̂(t) for
t ∈ R+ such that

(2.13)

P̂ (t)T̂ (t, s) = T̂ (t, s)P̂ (s),

Q̂(t)T̂ (t, s) = T̂ (t, s)Q̂(s),

R̂(t)T̂ (t, s) = T̂ (t, s)R̂(s)

and the following conclusions hold :

(2.14)

|T̂ (t, s)P̂ (s)| ≤ K1K̂

1− 3K1K̂c1(N1 +N2)

(
h1(t)

h1(s)

)a
µϵ1(s)

·
2∑
i=1

(µϵi(s) + νϵi (s)),

|T̂ (t, s)R̂(s)| ≤ K1K̂

1− 3K1K̂c1(N1 +N2)

(
h2(t)

h2(s)

)b
µϵ2(s)

·
2∑
i=1

(µϵi(s) + νϵi (s))

for t ≥ s ≥ 0, and

(2.15)

|T̂ (t, s)Q̂(s)| ≤ K1K̂

1− 3K1K̂c1(N1 +N2)

(
k1(s)

k1(t)

)c
νϵ1(s)

·
2∑
i=1

(µϵi(s) + νϵi (s)),

|T̂ (t, s)R̂(s)| ≤ K1K̂

1− 3K1K̂c1(N1 +N2)

(
k2(s)

k2(t)

)d
νϵ2(s)

·
2∑
i=1

(µϵi(s) + νϵi (s))
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for 0 ≤ t ≤ s, where P̂ (t) + Q̂(t) + R̂(t) = Id and

(2.16) K̂ =
K1

1− 3K1c1/ω1
.

Theorem 2.4 indicates that the nonuniform (h, k, µ, ν)-trichotomy
persists under sufficiently small linear perturbations. Moreover, it
also generalizes and extends some previous work in a certain range
for differential equations, such as [1, 2, 3, 5, 6, 9, 16].

3. Proofs of main results. This section constitutes the detailed
proofs of Theorem 2.3 and Theorem 2.4.

3.1. Proof of Theorem 2.3. Define U(t, s) := X(t)X−1(s) for t ≥ s,
where X(t) is a fundamental solution matrix of the first equation
of (2.5) with the columns x1(t), . . . , xl(t). It is easy to show that
X(t) = (X(t)∗)−1 with the columns x1(t), . . . , xl(t) is a fundamental
solution matrix of the first equation of (2.6). For any sufficiently small

ϵ̃ > 0, set m
(1)
j = φ(xj(0)) and n

(1)
j = φ(xj(0)) for j = 1, . . . , l, and

then, by (2.7), we conclude that there exists a positive constant M1

such that

(3.1) |xj(t)| ≤M1H
m

(1)
j +ϵ̃(t), |xj(t)| ≤M1H

n
(1)
j +ϵ̃

(t)

for t ≥ 0 and j = 1, . . . , l. If one appropriately chooses the matrix
X(t), then

γ1(φ,φ) = max{m(1)
j + n

(1)
j : j = 1, . . . , l}.

Note that X(t)∗X(t) = Id, (xi(t), xj(t)) = ωij for each i and j,

U(t, s) = X(t)X−1(s) = X(t)X(s)∗, and any entry of U(t, s) is

uik(t, s) =
∑l
j=1 xij(t)xkj(s). By (3.1), we have

|uik(t, s)| =
∣∣∣∣ l∑
j=1

xij(t)xkj(s)

∣∣∣∣ ≤ l∑
j=1

|xj(t)||xj(s)|

≤
l∑

j=1

M
2

1H
m

(1)
j +ϵ̃(t)H

n
(1)
j +ϵ̃

(s)
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≤
l∑

j=1

M
2

1

(
H(t)

H(s)

)m(1)
j +ϵ̃

Hm
(1)
j +ϵ̃(s)H

n
(1)
j +ϵ̃

(s)

≤M
2

1l

(
H(t)

H(s)

)λr1+ϵ̃

(H(s)H(s))γ1(φ,φ)+ϵ̃.

Let e
(1)
1 , . . . , e

(1)
l be the standard orthogonal basis of E and η(1) =∑l

j=1 l
(1)
j e

(1)
j with |η(1)|2 =

∑l
j=1(l

(1)
j )2 = 1. Then,

|U(t, s)η(1)|2 =

∣∣∣∣ l∑
i=1

l∑
k=1

l
(1)
k uik(t, s)e

(1)
i

∣∣∣∣2

≤
l∑
i=1

( l∑
k=1

(l
(1)
k )2

l∑
k=1

u2ik(t, s)

)

≤
l∑
i=1

l∑
k=1

u2ik(t, s),

so we have

|U(t, s)| =
( l∑
i=1

l∑
k=1

u2ik(t, s)

)1/2

≤M
2

1l
2

(
H(t)

H(s)

)λr1+ϵ̃

(H(s)H(s))γ1(φ,φ)+ϵ̃

≤M
2

1l
2

(
h1(t)

h1(s)

)a
µϵ1(s),

where a = λr1 + ϵ̃ < 0, h1(t) = H(t), µ1(t) = H(t)H(t) = h1(t)h1(t).

Let Y (t) be a fundamental solution matrix of the second equation

of (2.5) and m
(2)
j = ψ(yj(0)) for j = 1, . . . ,m, where y1(t), . . . , ym(t)

are the columns of Y (t). Then, Y (t) = (Y (t)∗)−1 is a fundamental

solution matrix of the second equation of (2.6). Let n
(2)
j = ψ(yj(0)) for

j = 1, . . . ,m, where y1(t), . . . , ym(t) are the columns of Y (t). By (2.7),
there exists a positive constant M2 such that

(3.2) |yj(t)| ≤M2K
m

(2)
j +ϵ̃(t), |yj(t)| ≤M2K

n
(2)
j +ϵ̃

(t)
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for t ≥ 0 and j = 1, . . . ,m. On the other hand, since Y (t)∗Y (t) = Id,
we have (yi(t), yj(t)) = ωij for any i and j. Choosing the appropriate
matrix Y (t), we have

γ2(ψ,ψ) = max{m(2)
j + n

(2)
j : j = 1, . . . ,m}.

Let V (t, s) = Y (t)Y −1(s) = Y (t)Y (s)∗ for t ≥ s, and the entries of
V (t, s) are vik(t, s) =

∑m
j=1 yij(t)ykj(s). From (3.2), we know

|vik(t, s)| ≤
m∑
j=1

|yj(t)||yj(s)|

≤
m∑
j=1

M
2

2K(t)m
(2)
j +ϵ̃K(s)n

(2)
j +ϵ̃

≤
m∑
j=1

M
2

2

(
K(t)

K(s)

)m(2)
j +ϵ̃

K(s)m
(2)
j +ϵ̃K(s)n

(2)
j +ϵ̃

≤M
2

2m

(
K(t)

K(s)

)χr2+ϵ̃

(K(s)K(s))γ2(ψ,ψ)+ϵ̃.

Let e
(2)
1 , . . . , e

(2)
m be the standard orthogonal basis of F and η(2) =∑m

j=1 l
(2)
j e

(2)
j with |η(2)|2 =

∑m
j=1(l

(2)
j )2 = 1. Then,

|V (t, s)η(2)|2 =

∣∣∣∣ m∑
i=1

m∑
k=1

l
(2)
k vik(t, s)e

(2)
i

∣∣∣∣2
≤

m∑
i=1

( m∑
k=1

(l
(2)
k )2

m∑
k=1

v2ik(t, s)

)

≤
m∑
i=1

m∑
k=1

v2ik(t, s),

whence

|V (t, s)| =
( m∑
i=1

m∑
k=1

v2ik(t, s)

)1/2

≤M
2

2m
2

(
K(t)

K(s)

)χr2+ϵ̃

(K(s)K(s))γ2(ψ,ψ)+ϵ̃

≤M
2

2m
2

(
h2(t)

h2(s)

)b
µϵ2(s),

where b = χr2 + ϵ̃ > 0, h2(t) = K(t), µ2(t) = K(t)K(t) = h2(t)h2(t).
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Let V̂ (t, s) = Y (t)Y −1(s) = Y (t)Y (s)∗ for 0 ≤ t ≤ s, and the entries

of V̂ (t, s) are v̂ik(t, s) =
∑m
j=1 yij(t)ykj(s). From (3.2), we know that

|vik(t, s)| ≤
m∑
j=1

|yj(t)||yj(s)|

≤
m∑
j=1

M
2

2K(t)m
(2)
j +ϵ̃K(s)n

(2)
j +ϵ̃

≤
m∑
j=1

M
2

2

(
K(s)

K(t)

)−m(2)
j −ϵ̃

K(s)m
(2)
j +ϵ̃K(s)n

(2)
j +ϵ̃

≤M
2

2m

(
K(s)

K(t)

)−(χ1+ϵ̃)

(K(s)K(s))γ2(ψ,ψ)+ϵ̃.

Let e
(2)
1 , . . . , e

(2)
m be the standard orthogonal basis of F and η(2) =∑m

j=1 l
(2)
j e

(2)
j with |η(2)|2 =

∑m
j=1(l

(2)
j )2 = 1. Then,

|V̂ (t, s)η(2)|2 =

∣∣∣∣ m∑
i=1

m∑
k=1

l
(2)
k v̂ik(t, s)e

(2)
i

∣∣∣∣2
≤

m∑
i=1

( m∑
k=1

(l
(2)
k )2

m∑
k=1

v̂2ik(t, s)

)
≤

m∑
i=1

m∑
k=1

v̂2ik(t, s),

and

|V̂ (t, s)| =
( m∑
i=1

m∑
k=1

v̂ik(t, s)
2

)1/2

≤M
2

2m
2

(
K(s)

K(t)

)−(χ1+ϵ̃)

(K(s)K(s))γ2(ψ,ψ)+ϵ̃

≤M
2

2m
2

(
k2(s)

k2(t)

)d
νϵ2(s),

where d = −(χ1+ ϵ̃) > 0, k2(t) = K(t), ν2(t) = K(t)K(t) = k2(t)k2(t).

Let Z(t) be a fundamental solution matrix of the third equa-

tion of (2.5) and m
(3)
j = ϕ(zj(0)) for j = 1, . . . , n − l − m, where

z1(t), . . . , zn−l−m(t) are the columns of Z(t). Then, Z(t) = (Z(t)∗)−1

is a fundamental solution matrix of the third equation of (2.6). Let
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n
(3)
j = ϕ(zj(0)) for j = 1, . . . , n − l − m, where z1(t), . . . , zn−l−m(t)

are the columns of Z(t). By (2.7), we know that there exists a positive
constant M3 such that

(3.3) |zj(t)| ≤M3L
m

(3)
j +ϵ̃(t) and |zj(t)| ≤M3L

n
(3)
j +ϵ̃

(t)

for t ≥ 0 and j = 1, . . . , n − l − m. On the other hand, since
Z(t)∗Z(t) = Id, we have (zi(t), zj(t)) = ωij for any i and j. Choosing
the appropriate matrix Z(t), we have

γ3(ϕ, ϕ) = max{m(3)
j + n

(3)
j : j = 1, . . . , n− l −m}.

LetW (t, s) = Z(t)Z−1(s) = Z(t)Z(s)∗ for 0 ≤ t ≤ s, and the entries

of W (t, s) are wik(t, s) =
∑n−l−m
j=1 zij(t)zkj(s). From (3.3), we know

that

|wik(t, s)| ≤
n−l−m∑
j=1

|zj(t)||zj(s)|

≤
n−l−m∑
j=1

M
2

3L(t)
m

(3)
j +ϵ̃L(s)n

(3)
j +ϵ̃

≤
n−l−m∑
j=1

M
2

3

(
L(s)

L(t)

)−(m
(3)
j +ϵ̃)

L(s)m
(3)
j +ϵ̃L(s)n

(3)
j +ϵ̃

≤M
2

3(n− l −m)

(
L(s)

L(t)

)−(ι1+ϵ̃)

(L(s)L(s))γ3(ϕ,ϕ)+ϵ̃.

Letting e
(3)
1 , . . . , e

(3)
n−l−m be the standard orthogonal basis of G and

η(3) =
∑n−l−m
j=1 l

(3)
j e

(3)
j with |η(3)|2 =

∑n−l−m
j=1 (l

(3)
j )2 = 1, then we

have

|W (t, s)η(3)|2 =

∣∣∣∣ n−l−m∑
i=1

n−l−m∑
k=1

l
(3)
k wik(t, s)e

(3)
i

∣∣∣∣2

≤
n−l−m∑
i=1

( n−l−m∑
k=1

(l
(3)
k )2

n−l−m∑
k=1

w2
ik(t, s)

)

≤
n−l−m∑
i=1

n−l−m∑
k=1

w2
ik(t, s)
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and

|W (t, s)| =
( n−l−m∑

i=1

n−l−m∑
k=1

w2
ik(t, s)

)1/2

≤M
2

3(n− l −m)2
(
L(s)

L(t)

)−(ι1+ϵ̃)

(L(s)L(s))γ3(ϕ,ϕ)+ϵ̃

≤M
2

3(n− l −m)2
(
k1(s)

k1(t)

)c
νϵ1(s),

where

c = −(ι1 + ϵ̃) < 0, k1(t) = L(t), ν1(t) = L(t)L(t) = k1(t)k1(t),

ϵ = max{γ1(φ,φ), γ2(ψ,ψ), γ3(ϕ, ϕ)}+ ϵ̃.

3.2. Proof of Theorem 2.4. In order to establish the roughness of
nonuniform (h, k, µ, ν)-trichotomies, we establish a series of lemmas and
then present the proof of Theorem 2.4.

First, we define

Ω := {Φ(t, s) ∈ B(X ) : Φ(t, s) is continuous

and |Φ(t, s)|i <∞, (t, s) ∈ R+ × R+},

where i = 1, 2, 3, 4, and

|Φ|1 = sup

{
|Φ(t, s)|

(
h1(t)

h1(s)

)−a

µ−ϵ
1 (s) : t ≥ s

}
,

|Φ|2 = sup

{
|Φ(t, s)|

(
h2(t)

h2(s)

)−b

µ−ϵ
2 (s) : t ≥ s

}
,

|Φ|3 = sup

{
|Φ(t, s)|

(
k1(s)

k1(t)

)−c

ν−ϵ1 (s) : t ≤ s

}
,

|Φ|4 = sup

{
|Φ(t, s)|

(
k2(s)

k2(t)

)−d

ν−ϵ2 (s) : t ≤ s

}
.

It is not difficult to show that (Ω, | · |1), (Ω, | · |2), (Ω, | · |3), and (Ω, | · |4)
are all Banach spaces. Set Ωi := (Ω, | · |i), i = 1, 2, 3, 4.
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Lemma 3.1. Assume that (H1) and (H2) hold. If

(3.4) 3K1c1 < ω1,

then, for any s ∈ R+, t ≥ s, there exists a unique solution U ∈ Ω1 of
(2.11) satisfying

(3.5)

U(t, s) = T (t, s)P (s) +

∫ t

s

T (t, τ)P (τ)B(τ)U(τ, s) dτ

−
∫ ∞

t

T (t, τ)(Q(τ) +R(τ))B(τ)U(τ, s) dτ.

Proof. It is not difficult to show that U(t, s)t≥s satisfying (3.5) is a
solution of (2.11). Define an operator J1 on Ω1 by

(J1U)(t, s) = T (t, s)P (s) +

∫ t

s

T (t, τ)P (τ)B(τ)U(τ, s) dτ

−
∫ ∞

t

T (t, τ)(Q(τ) +R(τ))B(τ)U(τ, s) dτ.

For t ≥ s, by (H1) and (H2), we have

A1 :=

∫ t

s

|T (t, τ)P (τ)||B(τ)||U(τ, s)| dτ

+

∫ ∞

t

|T (t, τ)(Q(τ) +R(τ))||B(τ)||U(τ, s)| dτ

≤ K1c1

(
h1(t)

h1(s)

)a
µϵ1(s)|U |1

·
(∫ t

s

h−b2 (τ)kc1(τ)k
−d
2 (τ)µ−ω1−1

1 (τ)µ′
1(τ) dτ

+

∫ ∞

t

(
k1(τ)

k1(t)

)c
ν′1(τ)ν

−ω1−1
1 (τ)h−b2 (τ)kc1(τ)k

−d
2 (τ)

(
h1(τ)

h1(t)

)a
dτ

+

∫ ∞

t

(
k2(τ)

k2(t)

)d
ν′2(τ)ν

−ω1−1
2 (τ)h−b2 (τ)kc1(τ)k

−d
2 (τ)

(
h1(τ)

h1(t)

)a
dτ

)
≤ 3K1c1

ω1

(
h1(t)

h1(s)

)a
µϵ1(s)|U |1.

Then,
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|(J1U)(t, s)| ≤ |T (t, s)P (s)|+A1

≤ K1

(
h1(t)

h1(s)

)a
µϵ1(s) +

3K1c1
ω1

(
h1(t)

h1(s)

)a
µϵ1(s)|U |1,

which implies

(3.6) |J1U |1 ≤ K1 +
3K1c1
ω1

|U |1 <∞.

Therefore, J1U is well defined and J1 : Ω1 → Ω1. Moreover, for
U1, U2 ∈ Ω1 and t ≥ s, we have

A2 :=

∫ t

s

|T (t, τ)P (τ)||B(τ)||U1(τ, s)− U2(τ, s)| dτ

+

∫ ∞

t

|T (t, τ)(Q(τ) +R(τ))||B(τ)||U1(τ, s)− U2(τ, s)| dτ

≤ 3K1c1
ω1

(
h1(t)

h1(s)

)a
µϵ1(s)|U1 − U2|1,

whence,

|(J1U1)(t, s)− (J1U2)(t, s)| ≤
3K1c1
ω1

(
h1(t)

h1(s)

)a
µϵ1(s)|U1 − U2|1

and

|J1U1 − J1U2|1 ≤ 3K1c1
ω1

|U1 − U2|1.

Hence, the operator J1 is a contraction. By the principle of contraction
mapping, there exists a unique U ∈ Ω1 such that J1U = U . The proof
is complete. �

Lemma 3.2. If U(t, s) is the unique solution of (2.11) in Ω1 satisfying
(3.5), then U(t, σ)U(σ, s) = U(t, s) for t ≥ σ ≥ s.

Proof. From (3.5), it follows that

U(t, σ)U(σ, s) = T (t, s)P (s) +

∫ σ

s

T (t, τ)P (τ)B(τ)U(τ, s) dτ

+

∫ t

σ

T (t, τ)P (τ)B(τ)U(τ, σ) dτU(σ, s)

−
∫ ∞

t

T (t, τ)(Q(τ) +R(τ))B(τ)U(τ, σ) dτU(σ, s).
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Define the operator H1 by

(H1l)(t, σ) =

∫ t

σ

T (t, τ)P (τ)B(τ)l(τ, σ) dτ

−
∫ ∞

t

T (t, τ)(Q(τ) +R(τ))B(τ)l(τ, σ) dτ

for l ∈ Ωσ1 and t ≥ σ, where Ωσ1 is obtained from Ω1 by replacing s
with σ. By carrying out similar arguments to the above, we have

|H1l|1 ≤ 3K1c1
ω1

|l|1, |H1l1 −H1l2|1 ≤ 3K1c1
ω1

|l1 − l2|1

for any l, l1, l2 ∈ Ωσ1 . Hence, there exists a unique l ∈ Ωσ1 such that
H1l = l. On the other hand, we have H1(U(t, σ)U(σ, s) − U(t, s)) =
U(t, σ)U(σ, s) − U(t, s), H10 = 0 for t ≥ σ ≥ s and U(t, σ)U(σ, s) −
U(t, s), 0 ∈ Ωσ1 . Therefore, U(t, σ)U(σ, s) − U(t, s) = l = 0 for
t ≥ σ ≥ s. �

Lemma 3.3. Assume that (H1), (H2) and (H4) hold. If (3.4) holds,
then, for any s ∈ R+, t ≥ s, there exists a unique solution V ∈ Ω2 of
(2.11) satisfying

V (t, s) = T (t, s)R(s) +

∫ t

s

T (t, τ)P (τ)B(τ)V (τ, s) dτ(3.7)

−
∫ ∞

t

T (t, τ)(Q(τ) +R(τ))B(τ)V (τ, s) dτ.

Proof. It is not difficult to show that V (t, s)t≥s satisfying (3.7) is a
solution of (2.11). Define an operator J2 on Ω2 by

(J2V )(t, s) = T (t, s)R(s) +

∫ t

s

T (t, τ)P (τ)B(τ)V (τ, s) dτ

−
∫ ∞

t

T (t, τ)(Q(τ) +R(τ))B(τ)V (τ, s) dτ.

For t ≥ s, by (H1), (H2) and (H4), we have

B1 :=

∫ t

s

|T (t, τ)P (τ)||B(τ)||V (τ, s)| dτ

+

∫ ∞

t

|T (t, τ)(Q(τ) +R(τ))||B(τ)||V (τ, s)| dτ
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≤ K1c1

(
h2(t)

h2(s)

)b
µϵ2(s)|V |2

·
(∫ t

s

(
h1(t)

h1(τ)

)a
µ′
1(τ)µ

−ω1−1
1 (τ)h−b2 (t)kc1(τ)k

−d
2 (τ) dτ

+

∫ ∞

t

(
k1(τ)

k1(t)

)c
ν′1(τ)ν

−ω1−1
1 (τ)h−b2 (t)kc1(τ)k

−d
2 (τ) dτ

+

∫ ∞

t

(
k2(τ)

k2(t)

)d
ν′2(τ)ν

−ω1−1
2 (τ)h−b2 (t)kc1(τ)k

−d
2 (τ)dτ

)
≤ 3K1c1

ω1

(
h2(t)

h2(s)

)b
µϵ2(s)|V |2.

Then

|(J2V )(t, s)| ≤ |T (t, s)R(s)|+B1

≤ K1

(
h2(t)

h2(s)

)b
µϵ2(s) +

3K1c1
ω1

(
h2(t)

h2(s)

)b
µϵ2(s)|V |2

and

(3.8) |J2V |2 ≤ K1 +
3K1c1
ω1

|V |2 <∞.

Hence, J2V is well defined and J2 : Ω2 → Ω2. Moreover, for any
V1, V2 ∈ Ω2 and t ≥ s, we have

B2 :=

∫ t

s

|T (t, τ)P (τ)||B(τ)||V1(τ, s)− V2(τ, s)| dτ

+

∫ ∞

t

|T (t, τ)(Q(τ) +R(τ))||B(τ)||V1(τ, s)− V2(τ, s)| dτ

≤ 3K1c1
ω1

(
h2(t)

h2(s)

)b
µϵ2(s)|V1 − V2|2.

Hence,

|(J2V1)(t, s)− (J2V2)(t, s)| ≤
3K1c1
ω1

(
h2(t)

h2(s)

)b
µϵ2(s)|V1 − V2|2

and

|J2V1 − J2V2|2 ≤ 3K1c1
ω1

|V1 − V2|2.
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Then, J2 is a contraction, and there exists a unique V ∈ Ω2 such that
J2V = V since (3.4) holds. �

Lemma 3.4. If V (t, s) is the unique solution of (2.11) in Ω2 satisfying
(3.7), then V (t, σ)V (σ, s) = V (t, s) for t ≥ σ ≥ s.

Proof. From (3.7), we have

V (t, σ)V (σ, s) = T (t, s)R(s) +

∫ σ

s

T (t, τ)P (τ)B(τ)V (τ, s) dτ

+

∫ t

σ

T (t, τ)P (τ)B(τ)V (τ, σ) dτV (σ, s)

−
∫ ∞

t

T (t, τ)(Q(τ) +R(τ))B(τ)V (τ, σ) dτV (σ, s).

Define the operator H2 by

(H2 l̃)(t, σ) =

∫ t

σ

T (t, τ)P (τ)B(τ)l̃(τ, σ) dτ

−
∫ ∞

t

T (t, τ)(Q(τ) +R(τ))B(τ)l̃(τ, σ) dτ

for l̃ ∈ Ωσ2 and t ≥ σ, where Ωσ2 is obtained from Ω2 by replacing s with
σ. By arguments similar to the above, we have

|H2 l̃|2 ≤ 3K1c1
ω1

|l̃|2, |H2 l̃1 −H2 l̃2|2 ≤ 3K1c1
ω1

|l̃1 − l̃2|2

for any l̃, l̃1, l̃2 ∈ Ωσ2 . Hence, there exists a unique l̃ ∈ Ωσ2 such

that H2 l̃ = l̃. On the other hand, H2(V (t, σ)V (σ, s) − V (t, s)) =
V (t, σ)V (σ, s) − V (t, s), H20 = 0 for t ≥ σ ≥ s and V (t, σ)V (σ, s) −
V (t, s), 0 ∈ Ωσ2 . Then, V (t, σ)V (σ, s) − V (t, s) = l̃ = 0 for t ≥ σ ≥ s;
hence, V (t, σ)V (σ, s) = V (t, s). �

Similarly, we have

Lemma 3.5. If (H1), (H2), (H4) and (3.4) hold, then, for any s ∈ R+,
there exists a unique solution W ∈ Ω3 and another unique solution

V̂ ∈ Ω4 of (2.11) satisfying
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(3.9)

W (t, s) = T (t, s)Q(s) +

∫ t

0

T (t, τ)P (τ)B(τ)W (τ, s) dτ

−
∫ s

t

T (t, τ)(Q(τ) +R(τ))B(τ)W (τ, s) dτ,

V̂ (t, s) = T (t, s)R(s) +

∫ t

0

T (t, τ)P (τ)B(τ)V̂ (τ, s) dτ

−
∫ s

t

T (t, τ)(Q(τ) +R(τ))B(τ)V̂ (τ, s) dτ

for t ≤ s and W (t, σ)W (σ, s) = W (t, s), V̂ (t, σ)V̂ (σ, s) = V̂ (t, s) for
t ≤ σ ≤ s.

Let U(t, s)t≥s, V (t, s)t≥s, W (t, s)t≤s, V̂ (t, s)t≤s be the unique so-
lutions characterized by Lemmas 3.1, 3.3 and 3.5, respectively. Given
γ ∈ R+, note that U1(t, γ) = U(t, γ)P (γ) and V1(t, γ) = V (t, γ)R(γ)

satisfy (3.5), (3.7) with s = γ and W1(t, γ) = W (t, γ)Q(γ), V̂1(t, γ) =

V̂ (t, γ)R(γ) satisfy (3.9) with s = γ, by the lemmas proved above, we
have

U(t, γ)P (γ) = U(t, γ), V (t, γ)R(γ) = V (t, γ),

W (t, γ)Q(γ) =W (t, γ), V̂ (t, γ)R(γ) = V̂ (t, γ).

Define the linear operators

P̃ (t) := T̂ (t, γ)U(γ, γ)T̂ (γ, t), Q̃(t) := T̂ (t, γ)W (γ, γ)T̂ (γ, t),

R̃1(t) := T̂ (t, γ)V (γ, γ)T̂ (γ, t), R̃2(t) := T̂ (t, γ)V̂ (γ, γ)T̂ (γ, t)

and

R̃(t) =

{
R̃1(t) t ≥ s,

R̃2(t) s ≥ t

for any t ∈ R+. From Lemmas 3.2, 3.4, 3.5 and

P̃ (γ) = U(γ, γ) = P (γ)−
∫ ∞

γ

T (γ, τ)(Q(τ) +R(τ))B(τ)U(τ, γ) dτ,

(3.10)

R̃1(γ) = V (γ, γ) = R(γ)−
∫ ∞

γ

T (γ, τ)(Q(τ) +R(τ))B(τ)V (τ, γ) dτ,
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Q̃(γ) =W (γ, γ) = Q(γ) +

∫ γ

0

T (γ, τ)P (τ)B(τ)W (τ, γ) dτ,

R̃2(γ) = V̂ (γ, γ) = R(γ) +

∫ γ

0

T (γ, τ)P (τ)B(τ)V̂ (τ, γ) dτ,

it follows that

(b1) P̃ (t), Q̃(t), R̃(t) are projections for each t ∈ R+;

(b2) P̃ (t)T̂ (t, s) = T̂ (t, s)P̃ (s), Q̃(t)T̂ (t, s) = T̂ (t, s)Q̃(s), R̃(t)T̂ (t, s)

= T̂ (t, s)R̃(s) for each t, s ∈ R+;

(b3) P (γ)P̃ (γ) = P (γ), Q(γ)Q̃(γ) = Q(γ), R(γ)R̃(γ) = R(γ);

(b4) P̃ (γ)P (γ) = P̃ (γ), Q̃(γ)Q(γ) = Q̃(γ), R̃(γ)R(γ) = R̃(γ).

Lemma 3.6. If (H1)–(H4) and (3.4) hold, then

(3.11)

|T̂ (t, s)|ImP̃ (s)| ≤ K1

1− 3K1c1/ω1

(
h1(t)

h1(s)

)a
µϵ1(s), t ≥ s,

|T̂ (t, s)|ImR̃(s)| ≤ K1

1− 3K1c1/ω1

(
h2(t)

h2(s)

)b
µϵ2(s), t ≥ s

and

(3.12)

|T̂ (t, s)|ImQ̃(s)| ≤ K1

1− 3K1c1/ω1

(
k1(s)

k1(t)

)c
νϵ1(s), t ≤ s,

|T̂ (t, s)|ImR̃(s)| ≤ K1

1− 3K1c1/ω1

(
k2(s)

k2(t)

)d
νϵ2(s), t ≤ s.

Proof. First, it is trivial to verify that z1(t)t≥s and z2(t)t≥s are
bounded solutions of (2.11), where

(3.13)

z1(t) = T (t, s)P (s)z1(s) +

∫ t

s

T (t, τ)P (τ)B(τ)z1(τ) dτ

−
∫ ∞

t

T (t, τ)(Q(τ) +R(τ))B(τ)z1(τ) dτ,

z2(t) = T (t, s)R(s)z2(s) +

∫ t

s

T (t, τ)P (τ)B(τ)z2(τ) dτ

−
∫ ∞

t

T (t, τ)(Q(τ) +R(τ))B(τ)z2(τ) dτ.
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Let z1(t) = T̂ (t, s)P̃ (s)ξ be a solution of (2.11) for t ≥ s and each given

ξ ∈ X. Note that T̂ (t, γ)U(γ, γ) and U(t, γ) are solutions of (2.11),
which coincide for t = γ. Then,

z1(t) = T̂ (t, s)P̃ (s)ξ = T̂ (t, γ)P̃ (γ)T̂ (γ, s)ξ

= T̂ (t, γ)U(γ, γ)T̂ (γ, s)ξ = U(t, γ)T̂ (γ, s)ξ

is a bounded solution of (2.11) with the initial value z1(s) = P̃ (s)ξ
since U(t, γ) is bounded for t ∈ R+. Similarly, we also have

z2(t) = T̂ (t, s)R̃(s)ξ = T̂ (t, γ)R̃(γ)T̂ (γ, s)ξ

= T̂ (t, γ)V (γ, γ)T̂ (γ, s)ξ = V (t, γ)T̂ (γ, s)ξ,

which is a bounded solution of (2.11) with the initial value z2(s) =

R̃(s)ξ for t ≥ s, ξ ∈ X. It follows from (3.13) that

T̂ (t, s)P̃ (s)ξ = z1(t) = T (t, s)P (s)P̃ (s)ξ

+

∫ t

s

T (t, τ)P (τ)B(τ)P̃ (τ)T̂ (τ, s)ξ dτ

−
∫ ∞

t

T (t, τ)(Q(τ) +R(τ))B(τ)P̃ (τ)T̂ (τ, s)ξ dτ

and

T̂ (t, s)R̃(s)ξ = z2(t) = T (t, s)R(s)R̃(s)ξ

+

∫ t

s

T (t, τ)P (τ)B(τ)R̃(τ)T̂ (τ, s)ξ dτ

−
∫ ∞

t

T (t, τ)(Q(τ) +R(τ))B(τ)R̃(τ)T̂ (τ, s)ξ dτ

for t ≥ s. Combining (H1), (H2) and (H3) leads to

A3 :=

∫ t

s

|T (t, τ)P (τ)||B(τ)||P̃ (τ)T̂ (τ, s)ξ| dτ

+

∫ ∞

t

|T (t, τ)(Q(τ) +R(τ))||B(τ)||P̃ (τ)T̂ (τ, s)ξ| dτ

≤ K1c1

∫ t

s

(
h1(t)

h1(τ)

)a
h−b2 (τ)kc1(τ)k

−d
2 (τ)
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· µ−ω1−1
1 (τ)µ′

1(τ)|P̃ (τ)T̂ (τ, s)||P̃ (s)ξ| dτ

+K1c1

∫ ∞

t

(
k1(τ)

k1(t)

)c
h−b2 (τ)kc1(τ)k

−d
2 (τ)

· ν−ω1−1
1 (τ)ν′1(τ)|P̃ (τ)T̂ (τ, s)||P̃ (s)ξ| dτ

+K1c1

∫ ∞

t

(
k2(τ)

k2(t)

)d
h−b2 (τ)kc1(τ)k

−d
2 (τ)

· ν−ω1−1
2 (τ)ν′2(τ)|P̃ (τ)T̂ (τ, s)||P̃ (s)ξ| dτ

≤ K1c1

(
h1(t)

h1(s)

)a
µϵ1(s)|P̃ T̂ |1|P̃ (s)ξ|

∫ t

s

µ−ω1−1
1 (τ)µ′

1(τ) dτ

+K1c1

(
h1(t)

h1(s)

)a
µϵ1(s)|P̃ T̂ |1|P̃ (s)ξ|

·
∫ ∞

t

(
k1(τ)

k1(t)

)c
ν−ω1−1
1 (τ)ν′1(τ)

(
h1(τ)

h1(t)

)a
dτ

+K1c1

(
h1(t)

h1(s)

)a
µϵ1(s)|P̃ T̂ |1|P̃ (s)ξ|

·
∫ ∞

t

(
k2(τ)

k2(t)

)d
ν−ω1−1
2 (τ)ν′2(τ)

(
h1(τ)

h1(t)

)a
dτ

≤ 3K1c1
ω1

(
h1(t)

h1(s)

)a
µϵ1(s)|P̃ T̂ |1|P̃ (s)ξ|

and

B3 :=

∫ t

s

|T (t, τ)P (τ)||B(τ)||R̃(τ)T̂ (τ, s)ξ| dτ

+

∫ ∞

t

|T (t, τ)(Q(τ) +R(τ))||B(τ)||R̃(τ)T̂ (τ, s)ξ| dτ

≤ K1c1

∫ t

s

(
h1(t)

h1(τ)

)a
h−b2 (τ)kc1(τ)k

−d
2 (τ)

· µ−ω1−1
1 (τ)µ′

1(τ)|R̃(τ)T̂ (τ, s)||R̃(s)ξ| dτ

+K1c1

∫ ∞

t

(
k1(τ)

k1(t)

)c
h−b2 (τ)kc1(τ)k

−d
2 (τ)

· ν−ω1−1
1 (τ)ν′1(τ)|R̃(τ)T̂ (τ, s)||R̃(s)ξ| dτ
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+K1c1

∫ ∞

t

(
k2(τ)

k2(t)

)d
h−b2 (τ)kc1(τ)k

−d
2 (τ)

· ν−ω1−1
2 (τ)ν′2(τ)|R̃(τ)T̂ (τ, s)||R̃(s)ξ| dτ

≤ K1c1|R̃T̂ |2
(
h2(t)

h2(s)

)b
µϵ2(s)|R̃(s)ξ|

·
∫ t

s

(
h1(t)

h1(τ)

)a
h−b2 (t)µ−ω1−1

1 (τ)µ′
1(τ) dτ

+K1c1|R̃T̂ |2
(
h2(t)

h2(s)

)b
µϵ2(s)|R̃(s)ξ|

·
∫ ∞

t

(
k1(τ)

k1(t)

)c
h−b2 (t)ν−ω1−1

1 (τ)ν′1(τ) dτ

+K1c1|R̃T̂ |2
(
h2(t)

h2(s)

)b
µϵ2(s)|R̃(s)ξ|

·
∫ ∞

t

k−d2 (t)h−b2 (t)ν−ω1−1
2 (τ)ν′2(τ) dτ

≤ 3K1c1
ω1

(
h2(t)

h2(s)

)b
µϵ2(s)|R̃T̂ |2|R̃(s)ξ|.

Then,

|P̃ (t)T̂ (t, s)P̃ (s)ξ| ≤ K1

(
h1(t)

h1(s)

)a
µϵ1(s)|P̃ (s)ξ|+A3

≤ K1

(
h1(t)

h1(s)

)a
µϵ1(s)|P̃ (s)ξ|

+
3K1c1
ω1

(
h1(t)

h1(s)

)a
µϵ1(s)|P̃ T̂ |1|P̃ (s)ξ|

|R̃(t)T̂ (t, s)R̃(s)ξ| ≤ K1

(
h2(t)

h2(s)

)b
µϵ2(s)|R̃(s)ξ|+B3

≤ K1

(
h2(t)

h2(s)

)b
µϵ2(s)|R̃(s)ξ|

+
3K1c1
ω1

(
h2(t)

h2(s)

)b
µϵ2(s)|R̃T̂ |2|R̃(s)ξ|,
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i.e.,

|P̃ T̂ |1 ≤ K1 +
3K1c1
ω1

|P̃ T̂ |1, |R̃T̂ |2 ≤ K1 +
3K1c1
ω1

|R̃T̂ |2,

which implies that the inequality (3.11) holds. Similarly, the inequality
(3.12) holds for t ≤ s. �

Lemma 3.7. Let S(γ) = P̃ (γ) + Q̃(γ) + R̃(γ) and (H1)–(H6) hold.
Then, S(γ) is invertible for any fixed γ ∈ R+.

Proof. By (b3) and (b4), we have

(3.14) P̃ (γ) + Q̃(γ) + R̃(γ)− Id

= Q(γ)P̃ (γ) +R(γ)P̃ (γ) + P (γ)Q̃(γ) + P (γ)R̃(γ).

By (3.10), we have

P (γ)(Q̃(γ) + R̃(γ)) = P (γ)(W (γ, γ) + V̂ (γ, γ))

=

∫ γ

0

T (γ, τ)P (τ)B(τ)(W (τ, γ) + V̂ (τ, γ)) dτ,

and

(Q(γ) +R(γ))P̃ (γ) = (Q(γ) +R(γ))U(γ, γ)

= −
∫ ∞

γ

T (γ, τ)(Q(τ) +R(τ))B(τ)U(τ, γ) dτ.

By (2.16) and Lemmas 3.1, 3.3 and 3.5, we obtain

(3.15)

|U(t, s)| ≤ K̂ (h1(t)/h1(s))
a
µϵ1(s),

|V (t, s)| ≤ K̂ (h2(t)/h2(s))
b
µϵ2(s), t ≥ s,

|W (t, s)| ≤ K̂ (k1(s)/k1(t))
c
νϵ1(s),

|V̂ (t, s)| ≤ K̂ (k2(s)/k2(t))
d
νϵ2(s), t ≤ s.

From (3.15) and (H3)–(H5), it follows that

A4 :=

∫ γ

0

|T (γ, τ)P (τ)||B(τ)||W (τ, γ) + V̂ (τ, γ)| dτ(3.16)

≤ K̂K1c1

∫ γ

0

(
h1(γ)

h1(τ)

)a
µ−ω1−1
1 (τ)µ′

1(τ)h
−b
2 (τ)
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· kc1(τ)k−d2 (τ)

(
k1(γ)

k1(τ)

)c
νϵ1(γ) dτ

+ K̂K1c1

∫ γ

0

(
h1(γ)

h1(τ)

)a
µ−ω1−1
1 (τ)µ′

1(τ)h
−b
2 (τ)

· kc1(τ)k−d2 (τ)

(
k2(γ)

k2(τ)

)d
νϵ2(γ) dτ

≤ K̂K1c1

(∫ γ

0

νϵ1(τ)µ
−ω1−1
1 (τ)µ′

1(τ) dτ

+

∫ γ

0

νϵ2(τ)µ
−ω1−1
1 (τ)µ′

1(τ) dτ

)
≤ K̂K1N1c1

and

B4 :=

∫ ∞

γ

|T (γ, τ)(Q(τ) +R(τ))||B(τ)||U(τ, γ)| dτ(3.17)

≤ K̂K1c1

∫ ∞

γ

(
k1(τ)

k1(γ)

)c
ν−ω1−1
1 (τ)ν′1(τ)h

−b
2 (τ)

· kc1(τ)k−d2 (τ)

(
h1(τ)

h1(γ)

)a
µϵ1(γ) dτ

+ K̂K1c1

∫ ∞

γ

(
k2(τ)

k2(γ)

)d
ν−ω1−1
2 (τ)ν′2(τ)h

−b
2 (τ)

kc1(τ)k
−d
2 (τ)

(
h1(τ)

h1(γ)

)a
µϵ1(γ) dτ

≤ K̂K1c1

(∫ ∞

γ

µϵ1(τ)ν
−ω1−1
1 (τ)ν′1(τ)dτ

+

∫ ∞

γ

µϵ1(τ)ν
−ω1−1
2 (τ)ν′2(τ) dτ

)
≤ K̂K1N2c1.

Then, we have

|P̃ (γ) + Q̃(γ) + R̃(γ)− Id| ≤ A4 +B4 ≤ K̂K1(N1 +N2)c1.

This means that the operator S(γ) is invertible if (H6) holds. �
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We are now in the right position to prove Theorem 2.4.

Proof of Theorem 2.4. Let

(3.18)

P̂ (t) = T̂ (t, γ)S(γ)P (γ)S(γ)−1T̂ (γ, t),

Q̂(t) = T̂ (t, γ)S(γ)Q(γ)S(γ)−1T̂ (γ, t),

R̂(t) = T̂ (t, γ)S(γ)R(γ)S(γ)−1T̂ (γ, t)

for any t ∈ R+. Obviously, P̂ (t)+ Q̂(t)+ R̂(t) = Id, and (2.13) is valid.

In order to establish (2.14) and (2.15), we first show

(3.19)

|T̂ (t, s)P̂ (s)| ≤ K̂

(
h1(t)

h1(s)

)a
µϵ1(s)|P̂ (s)|,

|T̂ (t, s)R̂(s)| ≤ K̂

(
h2(t)

h2(s)

)b
µϵ2(s)|R̂(s)|

for t ≥ s, and

(3.20)

|T̂ (t, s)Q̂(s)| ≤ K̂

(
k1(s)

k1(t)

)c
νϵ1(s)|Q̂(s)|,

|T̂ (t, s)R̂(s)| ≤ K̂

(
k2(s)

k2(t)

)d
νϵ2(s)|R̂(s)|

for t ≤ s. It follows from (b4) that

S(γ)P (γ) = (P̃ (γ) + Q̃(γ) + R̃(γ))P (γ) = P̃ (γ),

S(γ)Q(γ) = (P̃ (γ) + Q̃(γ) + R̃(γ))Q(γ) = Q̃(γ),

S(γ)R(γ) = (P̃ (γ) + Q̃(γ) + R̃(γ))R(γ) = R̃(γ).

Note that S(t) = T̂ (t, γ)S(γ)T̂ (γ, t) for t ∈ R+. Then,

P̂ (t)S(t) = T̂ (t, γ)S(γ)P (γ)S(γ)−1T̂ (γ, t)T̂ (t, γ)S(γ)T̂ (γ, t)

= T̂ (t, γ)S(γ)P (γ)T̂ (γ, t)

= T̂ (t, γ)P̃ (γ)T̂ (γ, t)

= P̃ (t).

On the other hand, we have

Q̂(t)S(t) = T̂ (t, γ)S(γ)Q(γ)T̂ (γ, t) = T̂ (t, γ)Q̃(γ)T̂ (γ, t) = Q̃(t),
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R̂(t)S(t) = T̂ (t, γ)S(γ)R(γ)T̂ (γ, t) = T̂ (t, γ)R̃(γ)T̂ (γ, t) = R̃(t).

Then, S(t) is invertible and

Im P̂ (t) = Im P̃ (t), Im Q̂(t) = Im Q̃(t), Im R̂(t) = Im R̃(t).

By Lemma 3.6, we have

|T̂ (t, s)P̂ (s)| ≤ |T̂ (t, s)|P̂ (s)||P̂ (s)| ≤ |T̂ (t, s)|P̃ (s)||P̂ (s)|

≤ K̂

(
h1(t)

h1(s)

)a
µϵ1(s)|P̂ (s)|,

|T̂ (t, s)R̂(s)| ≤ |T̂ (t, s)|R̂(s)||R̂(s)| ≤ |T̂ (t, s)|R̃(s)||R̂(s)|

≤ K̂

(
h2(t)

h2(s)

)b
µϵ2(s)|R̂(s)|

for t ≥ s, and

|T̂ (t, s)Q̂(s)| ≤ |T̂ (t, s)|Q̂(s)||Q̂(s)| ≤ |T̂ (t, s)|Q̃(s)||Q̂(s)|

≤ K̂

(
k1(s)

k1(t)

)c
νϵ1(s)|Q̂(s)|,

|T̂ (t, s)R̂(s)| ≤ |T̂ (t, s)|R̂(s)||R̂(s)| ≤ |T̂ (t, s)|R̃(s)||R̂(s)|

≤ K̂

(
k2(s)

k2(t)

)d
νϵ2(s)|R̂(s)|

for t ≤ s.

Next, we establish norm bounds for the projects P̂ (t), Q̂(t), R̂(t).
For any ξ ∈ X, set

z1(t) = T̂ (t, s)P̂ (s)ξ, z2(t) = T̂ (t, s)R̂(s)ξ, t ≥ s,

z3(t) = T̂ (t, s)Q̂(s)ξ, z4(t) = T̂ (t, s)R̂(s)ξ, t ≤ s.

By (3.13), (3.19) and (3.20), it follows that (z1(t))t≥s, (z2(t))t≥s,
(z3(t))t≤s and (z4(t))t≤s are bounded solutions of (2.11),

P̂ (t)T̂ (t, s)ξ = T (t, s)P (s)P̂ (s)ξ

+

∫ t

s

T (t, τ)P (τ)B(τ)P̂ (τ)T̂ (τ, s)ξ dτ

−
∫ ∞

t

T (t, τ)(Q(τ) +R(τ))B(τ)P̂ (τ)T̂ (τ, s)ξ dτ,
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R̂(t)T̂ (t, s)ξ = T (t, s)R(s)R̂(s)ξ +

∫ t

s

T (t, τ)P (τ)B(τ)R̂(τ)T̂ (τ, s)ξ dτ

−
∫ ∞

t

T (t, τ)(Q(τ) +R(τ))B(τ)R̂(τ)T̂ (τ, s)ξ dτ,

and

Q̂(t)T̂ (t, s)ξ = T (t, s)Q(s)Q̂(s)ξ

+

∫ t

0

T (t, τ)P (τ)B(τ)Q̂(τ)T̂ (τ, s)ξ dτ

−
∫ s

t

T (t, τ)(Q(τ) +R(τ))B(τ)Q̂(τ)T̂ (τ, s)ξ dτ,

R̂(t)T̂ (t, s)ξ = T (t, s)R(s)R̂(s)ξ

+

∫ t

0

T (t, τ)P (τ)B(τ)R̂(τ)T̂ (τ, s)ξ dτ

−
∫ s

t

T (t, τ)(Q(τ) +R(τ))B(τ)R̂(τ)T̂ (τ, s)ξ dτ.

Taking t = s leads to

(Q(t) +R(t))P̂ (t)ξ = −
∫ ∞

t

T (t, τ)(Q(τ) +R(τ))B(τ)P̂ (τ)T̂ (τ, t)ξ dτ,

P (t)(Q̂(t) + R̂(t))ξ =

∫ t

0

T (t, τ)P (τ)B(τ)(Q̂(τ) + R̂(τ))T̂ (τ, t)ξ dτ.

Similarly to (3.16) and (3.17), by applying (3.15), (3.19), (3.20) and
(H3)–(H5), we obtain

|(Q(t) +R(t))P̂ (t)| ≤ K̂K1N2c1|P̂ (t)|,

|P (t)(Q̂(t) + R̂(t))| ≤ K̂K1N1c1|Q̂(t) + R̂(t)|,

|(Q(t) + P (t))R̂(t)| ≤ K̂K1N2c1|R̂(t)|,

|R(t)(Q̂(t) + P̂ (t))| ≤ K̂K1N1c1|Q̂(t) + P̂ (t)|,

|(R(t) + P (t))Q̂(t)| ≤ K̂K1N1c1|Q̂(t)|,

|Q(t)(R̂(t) + P̂ (t))| ≤ K̂K1N2c1|R̂(t) + P̂ (t)|.

Since

|P (t)| ≤ K1µ
ϵ
1(t), |R(t)| ≤ K1µ

ϵ
2(t),
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|Q(t)| ≤ K1ν
ϵ
1(t), |R(t)| ≤ K1ν

ϵ
2(t),

we have

|P̂ (t)| ≤ |(Id− P (t))P̂ (t)− P (t)(Id− P̂ (t))|+ |P (t)|

≤ K̂K1N2c1|P̂ (t)|+ K̂K1N1c1|(Q̂(t) + R̂(t))|+ |P (t)|

≤ K̂K1(N2 +N1)c1(|P̂ (t)|+ |Q̂(t)|+ |R̂(t)|) +K1µ
ϵ
1(t),

|R̂(t)| ≤ |(Id−R(t))R̂(t)−R(t)(Id− R̂(t))|+ |R(t)|

≤ K̂K1N2c1|R̂(t)|+ K̂K1N1c1|(Q̂(t) + P̂ (t))|+ |R(t)|

≤ K̂K1(N2 +N1)c1(|P̂ (t)|+ |Q̂(t)|+ |R̂(t)|) +K1µ
ϵ
2(t),

and

|Q̂(t)| ≤ |(Id−Q(t))Q̂(t)−Q(t)(Id− Q̂(t))|+ |Q(t)|

≤ K̂K1N1c1|Q̂(t)|+ K̂K1N2c1|(P̂ (t) + R̂(t))|+ |Q(t)|

≤ K̂K1(N1 +N2)c1(|P̂ (t)|+ |Q̂(t)|+ |R̂(t)|) +K1ν
ϵ
1(t),

|R̂(t)| ≤ |(Id−R(t))R̂(t)−R(t)(Id− R̂(t))|+ |R(t)|

≤ K̂K1N2c1|R̂(t)|+ K̂K1N1c1|(Q̂(t) + P̂ (t))|+ |R(t)|

≤ K̂K1(N2 +N1)c1(|P̂ (t)|+ |Q̂(t)|+ |R̂(t)|) +K1ν
ϵ
2(t).

Therefore,

|P̂ (t)|+ |Q̂(t)|+ |R̂(t)| ≤ 3K̂K1c1(|P̂ (t)|+ |Q̂(t)|+ |R̂(t)|)(N1 +N2)

+K1(µ
ϵ
1(t) + µϵ2(t) + νϵ1(t) + νϵ2(t)).

The proof is complete. �
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