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ASYMPTOTIC BEHAVIOR OF POSITIVE SOLUTIONS
OF THE HENON EQUATION

BIAO WANG AND ZHENGCE ZHANG

ABSTRACT. We investigate the radial positive solutions
of the Hénon equation. It is known that this equation has
three different types of radial solutions: the M-solutions
(singular at r = 0), the E-solutions (regular at r = 0)
and the F-solutions (whose existence begins away from
r = 0). For the M-solutions and E-solutions, by virtue
of some prior estimates, we adopt a circulating iterative
method, step-by-step, to derive their precise asymptotic
expansions. In particular, the M-solution has an extremely
plentiful structure, and its asymptotic expansions are more
complicated. In contrast to previous research [2, 9], our
results are more accurate.

1. Introduction. In this paper, we consider the radial positive
solutions to the following semilinear elliptic equation

(1.1) Ap+|z|7¢? =0, xRN,

wherep > 1, 0 > =2, N >3, A = %N ,02/02? and |z| = (N ,22)/2.
Equation (1.1) arises both in physics and geometry and is a model of
semilinear problem. Since the radial positive solutions are of particular
interest, we mainly study those of equation (1.1), which fulfill

1
(1.2) (N 7P =0, p>1,0>-2 N>3,
T
where r = |z| and ’ denotes differentiation with respect to the vari-

able r.
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In the past three decades, the positive solution of (1.1) has been
investigated by many authors. For instance, Gidas and Spruck [9]
showed that, if 1 < p < (N +0)/(N —2), any positive solution of (1.1)
with 0 < |z| < R either has a removable singularity at @ = 0, or there
exist positive constants ¢y, co such that

C1 C2
WS¢($)SW near z = 0.

If (N+0)/(N=-2) <p< (N4+2)/(N—2),but p # (N+2+420)/(N—-2),
every positive solution of (1.1) has either a removable singularity at
z=0,or

2|/ PV p(z) — ¢35 as || — 0

for some constant ¢z > 0. For the case of p > (N +0)/(N —2), Bidaut-
Véron and Véron [4] demonstrated that, if there is some constant ¢4 > 0
such that |2|(°*+2/(P=Dp(z) < ¢4 in 0 < |z| < R, then the positive
solution of (1.1) either has a removable singularity at = = 0, or

||/ =D () — w(z) as || = 0

uniformly in 6 = % e SN-1
x
where w(x) solves
2 2
ASN—IUJ_O——"_ N — pto wH+wP=0 onSN7L
p—1 p—1

In the exterior region |z| > R, under the same conditions, the positive
solution of (1.1) either satisfies

|z| N "2p(z) — 5 as |z| — oo for some ¢5 > 0,
or
|x|(0+2)/(17*1)¢(x) — w(z) as|z] — oo

uniformly in § = % e SN-1
x
Recently, Bidaut-Véron and Véron’s results have been generalized to
the more general domain for p by Dance, et al., [5]; more relevant works
regarding equation (1.1) can be found in [8, 23].

It is well known (see, e.g., [2]) that the solutions of equation (1.2)
with N = 3 can be divided into three different types: the M-solutions
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(singular at r = 0), the E-solutions (regular at » = 0) and the F-
solutions (whose existence begins away from r = 0). The existence
and uniqueness of the E and F-solutions has been established by Ni
and Yotsutani [22] and Kwong and Li [12] in an annular region,
respectively. The asymptotic behavior of the M-solutions near the
origin was studied by Gidas and Spruck [9] and Batt and Pfaffelmoser
[2] with N = 3. In [27], Yanagida investigated the positive radial
E-solutions of the Matukuma equation

L [ oy s w0,

$(0)=a>0 ¢'(0)=0

His result indicates that, when 1 < p < (N +2)/(N — 2), there exists
a unique o > 0 such that, if & > a*, (1.3) has finite zero; if a = o*,
(1.3) has a finite total mass solution; if & < «*, (1.3) has an infinite
total mass solution. Recently, by virtue of Yanagida’s method, Sha
and Li [24] extended the above results to the radial F-solutions of
the generalized Matukuma equation. Deng, et al., [6] considered the
stability of the radial solutions of

(1.4) 5 = Ao+ K(lal)gr (w,t) € RV x (0,T),
' ¢(x,0) = o(|x]) z e RV,

where p > 1, T'> 0, ¢ # 0 is a nonnegative continuous function. If K
satisfies the following conditions:

lim 7K (r) = Ko > 0, lim r7K(r) = Ke >0,

r—0 T—00

o>-2, (r/?K(r)) <0,

then the positive radial solution of (1.4) is stable with respect to some
defined norm provided p > p., where

2
b {(N—Q) —2(04+2)(N+0)+2(0+2)y/(N+0)2—(N—2)2 N > 10 + 4o,

(N—2)(N—10—40)
+00 3 <N <10+ 4o.

For more research regarding the positive radial solutions of general
semilinear equations, the interested reader is referred to [7, 11, 14,
15, 16, 17, 18, 19, 20, 21, 26, 28].
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In [1], Batt and Li developed a comprehensive theory of positive
radial solutions ¢(r) of the Matukuma equation

|x|)\72

=0, p>1, A>0

in R3. Their results reveal that the three different types of solutions
known for the Hénon equation (1.2) with N = 3 also exist for the
Matukuma equation (1.5). Moreover, with the aid of an asymptotic
expansion method [13], they obtained accurate asymptotic expansions
for the M- and E-solutions. Recently, Wang, et al., [25] investigated
the M-solution of the Matukuma equation (1.5) in higher-dimensional
space (N > 3) and obtained the precise asymptotic expansion of the
M-solutions. In this paper, by employing the methods and ideas of
[1, 13, 25] used to discuss positive radial solutions of the Matukuma
equation (1.5), we systematically restudy the positive radial solutions
of (1.1). We pay attention to asymptotic expansions of the M- and
E-solutions near the origin. In comparison with the preceding results
about the asymptotic expansions of the M- and E-solutions of (1.1)
[2, 9], our outcome appears to be more precise.

The rest of this paper is organized as follows. In Section 2, we
include some preliminaries which shall be used throughout the entire
paper. In Section 3, we present the E-solutions. Section 4 is devoted to
the asymptotic expansion of the M-solutions. In Section 5, we establish
a uniqueness theorem of the F-solutions.

2. Preliminaries.

2.1. Classification of positive solutions. Let K be a positive func-
tion in C(RT) with 2K (r) bounded away from zero for r — oo and
p > 1. Assume that ¢ : (R_, R) — (0, 00) is a maximal radial solution
of

@1) (PN = —K()er, N >3,

where 0 < R_ < R < o0. Let 79 € (R—, R) and

(2.2)  H(r):= ¢ (ro)rd ' = /T' sV UK (s)P(s)ds  in (R_, R).

To
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Then, ¢'(r) = H(r)/rN=1 and H'(r) = —rN"1K(r)¢P(r) < 0 in
(R_, R). Hence,
Hy:= lim H(r) € (—oo, +0]

r—R_

exist. Indeed, if Hy > 0, then R_ > 0. Furthermore, there exists
some Ry € (R_, R) such that H(Ry) = ¢'(Ro) = 0. If Hy < 0, then
R_ = 0. Consequently, R_ = 0, ¢’ < 0 in (0,R), and the limit
lim, 0 ¢(r) € (0, 00] exists. In this case, we define Ry := 0, and have

Ry :=inf{r € (R_,R) | ¢'(r) < 0}
for all solutions, see [25, subsection 2.1] for more details.
The solutions are classified as follows:
Hy>0<+= Ry >R_ >0,
where we call ¢ an F-solution. Moreover,
Hy<0<«<= Ry=R_=0:

if lim, 0 ¢(r) < 0o, we call ¢ an E-solution, and, if lim,_ ¢(r) = oo,
we call ¢ an M-solution.

For the sake of convenience, we give a lemma which can be used to
demonstrate the existence and uniqueness of E-solutions. The proof of
Lemma 2.1 with dimension N > 3 can be found in [22].

Lemma 2.1. Let « € R and f(r,¢) : (0,00) x R — R satisfy the
following conditions:

(i) f(r,¢) € C'((0,00) x R);
(i) rf(r,a) € LL [0, 00);

loc

(iii) there ezist a constant § > 0 and a function
Lo 2 (0,0) = [0,00]  with rLy(r) € L0, 4]
such that, for every r € (0,6) and ¢1,¢2 € [a — §, a0 + 0],
|f(r,d1) = f(r, ¢2)| < La(r)|d1 — ¢al.

Then, the initial value problem

Tlel (TN_1¢/)/ = f(?", (b)v (;5(0) =,

admits a unique solution.
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2.2. Transformation to Lotka-Volterra systems. In this section,
we consider solutions ¢ of (2.1) in their intervals J, := (R, R). Define

o) e L
R R

Then, ¢ := (u,v) : I, = RT x R*, I, := In Jy is a maximal solution of
the system

- K@ _ . _
(2.4) o= u (N —u ).
O=v(—N+2+u+v),

(2.3) u(t) :=rK(r)

where - denotes differentiation with regard to the variable t. RT x RT is
an invariant set of this system (the positive u- and v- axes are invariant).
The inverse is

u(lnr)v(lnr)

(2:5) o) = |1l

In particular, for K(r) = 9, we get

i =u(N+o0—u—pv),
0=v(-N+2+u+w).

} 1/(p—1)

(2.6)

In the sequel, unless otherwise stated, ¢(r) always represents a
solution of (2.1) in (Ro,R) with 0 < Ry < R < o0, and ¢ = (u,v)
is the associated solution of (2.6) in (Tp,T") with —oo < Ty =In Ry <
T =In R < co. In addition, it is always assumed that p > 1, 0 > —2
and N > 3.

2.3. Linearization of autonomous system (2.6). Clearly, system
(2.6) has the following stationary points: P, = (0,0), P, = (0, N — 2),
Py = (N +0,0); for p > (N +0)/(N — 2),

((N—Q)p—N—a U+2>
Py = ) )
p—1 p—1

where 0 > —2 and N > 3. Denote the stationary point by P = (u*,v*).
Then, the Jacobian matrix of system (2.6) is

__ (N+o—2u" —pv* —pu*
T e L)
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For P;, we have eigenvalues Ay = N +0 >0, \gs = —-N +2 <0 and
corresponding eigenvectors & = (1,0), & = (0,1), and P; is a saddle.

For P, we have \y = N+ o0 — (N —2)p, A2 = N — 2 and
&= (N+o—(N=2)(p+1),N=2),& = (0,1). If p < (N+0)/(N-2),
then A\; > 0, P» is an unstable improper node; if p < (o +2)/(N — 2),
then 0 < Xy < Ay, P is a 2-tangential improper node; if p =
(0 +2)/(N —2), then 0 < A2 = A, P, is a 1-tangential node; if
(c+2)/(N=2)<p<(N+o0)/(N—2),then 0 < A\ < Az, Py is a
2-tangential improper node; if p = (N + 0)/(N — 2), then \y = 0, Py
is an unstable 2-tangential node; if p > (N +0)/(N — 2), then A\; <0,
P is a saddle.

For Ps, we have A\ = —(N+0) <0, A2 =042 >0 and & = (1,0),
& =(—(N+o0)p/(N+2+20),1), and P is a saddle.

Ifp>(N+o)/(N—-2),

(N=-2)p—N—-0 0+2 .
P = =
4 ( pf]. 7p71 (u4av4)7
we have ;o = v} — (N —2)/2 & 1/2,/A(v}), where A(k) = 4pk?
—4(N —2)pk + (N — 2)? with two distinct roots k12 = (N — 2)/2(1 &
V1=1/p). It
N+2+4+20 .. N—2

<——F— =V > ——
p N — 2 Uy 9 ’

then ReA; > 0, 7 = 1,2, and P; is unstable. In particular, if x; <
vy < N —2, P, is an improper node, and (N —2)/2 < v} < K is a
spiral point. If

 N+42+42 ., N-2
T N2 R
then Ay o = £(N — 2)/2y/p — 1i, and Py is a center. If

N+2+20 . N-2
N -2

—= 0<yy < 5

then Re); < 0, j = 1,2, and P; is stable. In particular, for ky < v} <
(N —2)/2, P, is a spiral point, and, if 0 < v} < k2, Py is an improper
node.
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3. E-solutions. The following theorem characterizes E-solutions,
which also imply their existence.

Theorem 3.1. Assume that 0 > —2 and p > 1. Then the following
conclusions are equivalent:

(i) ¢(r) is an E-solution.

(ii) There exists some constant o > 0 such that

(3.1) {(b(r) =o— g5 o L= ()N 2] s P (s) ds,

¢'(r) = ==t Jo VT 9P (s)ds  for any r > 0.

(iii) There exists some constant o > 0 such that

() = o= A

o2p—1

+ 2(N+0)(c+2)2(N+2+20)

,r,20+4 4 O(T20+4) ,

_ P ot 2p—1 2043
V() = -7t ez
+0(r2‘7+3) r — 0.

(iv) There exists some constant o > 0 such that

u(t) = (N + U) |:1 — me(oﬁ‘?)t
+O(e(0+2)t)} ,
_ aPlelot)t N+2420—(N+0o)plaP™! (o
v(t) =< N€+g [1 + [(N+a)(o+(2)(N+12)]+26) elot2)t
+o(el7 )] t — —oo.

(v) p(t) = P3, t = —o0.

Proof.
(i) — (ii). Follows from [22, Proposition 4.1].

(if) — (iii). The existence and uniqueness of E-solutions can be es-
tablished by application of Lemma 2.1. From the second equality of
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(3.1), we obtain

1" ~
S ==y [ SV ds
r 0
1 7 e
- rN—l/O Mool (1 + o(1)] ds
=Y et o)
N +o
Integration yields
oP

d(r) =a— N1t 2>r"+2 +o(r°t?), r—0.

We will use a stepwise method to improve the asymptotic expansions.
By virtue of (3.1), again, we have

) == [ s
0

:_/T N+o-1 a_a—psa+2+0(sa+2) pds
(N+o0)(c+2)
-1
SN Nto-1|y_ __PO" o4 a+2y| 4
: / g { Wiy )|
1 paP~! N42420
N+U ~ (N+0)(0+2)(N+2+20)

=+ O(T‘N+2+20):|

¢/( ) aP o+l 4 paP~! T20+3+0(r20+3)
r)=——"—r :
N+o (N+0)(c+2)(N+2+20)
Therefore,
ol
ry=uo— —TU+2
o(r) (N 1o)(o+2)
p—1
T pbo p2otd 4 0(7,20+4).

2(N +0)(o+2)2(N +2+20)
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(iii) — (iv). Recalling the previous transformation (2.3), we get

_ o+l ¢P(r)
u(t) =r 50
o+1 aP[1—aP~! /(N+0)(0+2))r7*?
l[aP /(N+o)]reti[1—paP—1/[(642)(N+2+20)]rc+2+o(ro+2)]
b peP (N o) (0 42)? (N+2+20)r7 H o(r?7 )]
[ [(NFo)]re T [1=par=1 /(o + 2) (N+ 2301 P F o(roF7)]

p71TU+2

(N +0) |1~ Byt

| PPN 42430) p(N +2+20)]a?—2r2o +0(r20+4)i|

=T

2(N+0)2(c+2)2(N+2+20)

aP ™1 o+2 o+2
'[1+(J+2ﬁz\r+z+%)r P to(rt )}

_ P 1 o+2 o+2

= (N +0) |1 - b2 + o).
Furthermore,
v(t) = r_(f(r(;")

aPr°tt/(N+o)

=r a[l—aP~1/((N+oc)(c+42))ret24+pa?P—2/[2(N+0)(0+2)2(N+2+420)]r20 td+to(r2o+4)]

, [L—pa?~*/[(o42) (N+2+20)]r" > £o(r7+2)]
all=aP T/((N¥a)(0+2))r" 7 +pa?p 2 /[2(N+0) (0 +2)? (N+2+20)[r27 FTFo(r20 F1)]

= %‘:;ro—ﬂ[l — pal’—l/[(a +2)(N+2+ 20)]ra+2 + 0(r‘7+2)]
. [1 + apfl/[(N + O’)(U + 2)}7’0+2 + O(ra+2)]
= poH2[] L[N 42420 — (N + o)pla?™!/

~ N+4o
(N +0)(o 4 2)(N + 2+ 20)]r° T 4 o(r"+2)].

(iv) — (v) is trivial.
(v) — (i). Rewrite the equation of v in (2.6), we have
b =v(=N +2+u) +v°.
Let y = v~ '. Then, the above equation reduces to
g=y(N-2-y)-1

By some simple computations, we find

¢
y(t) = y(tg)er® — eF(t)/ e T g

to
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with some ¢y € I, and
t
I'(t) :/ (N —2—u)ds.
to

Since u(t) - N 4+ 0 as t — —oo, we see that I'(t) = O(—(o + 2)t),
which also implies that y(t) = O(e~(?T2)t) as t — —o0, in other words,
we have v(t) = O(el7T2)t),

By the inverse transformation (2.5), we obtain

—1 u(lnryo(lnr)  w(lnr)[Crot2 + o(ro+2
o) = <r2f)(((r) i - () o2 ( )

— (N+0)C:=a?!, r—0,

where C is some positive constant independent of ¢. The proof is
complete. O

4. M-solutions. In this section, let p > 1, ¢ > =2, N > 3. We
consider solutions ¢ in (0, R) with 0 < R < oo, and corresponding
¢ in (=00,T), T = In R. In order to obtain more precise asymptotic
expansions of the M-solutions, we investigate by distinguishing among
the four different cases:

(i) 1 < p < (N+o0)/(N—2) (three subcases with ¢ > N — 4:
l<p<(o0+2)/(N=2),p=(0+2)/(N=2), (0 +2)/(N—-2)<p<
(N+0)/(N—2)), the case —2 < 0 < N —4 can be found in Remark 4.1;

(ii) p = (N +0)/(N - 2);
(iif) p > (N 4+ 0)/(N — 2); however, p # (N + 2+ 20)/(N — 2);
(iv)p=(N+2+20)/(N —2).

4.1. The case 1 <p < (N +0)/(N —2).

Theorem 4.1. Suppose that 1 < p < (N +0)/(N —2). Then, the
following conclusions are equivalent:

(i) ¢(r) is an M-solution.
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(ii) There exists some constant ¢ > 0 such that

{¢<r> = [l +o0(1)],
¢'(r) = =221 4 o(1)] r—0.

(iii) There exists some constant ¢ > 0 such that

u(t) = (N — 2)cP~telN+o=(N=2)plt[] 4 o(1)],
v(t) = (N — 2)[1 + o(1)] t — —oo.

(iv) o(t) = Py, t = —o00.
In addition, ¢(r) satisfies

(4.1) PNl (r) = —(N — 2)c — /T sNTUK (s)@P(s) ds,
0

where ¢ > 0 is uniquely determined.

Proof.

(i) — (ii). This conclusion can be established by the method of
(2, 3].

(i) — (iii), (iii) — (iv). Trivial.

(iv) = (i). ¢(r) must be an M- or E-solution. For the latter case,
¢(t) — P3 by Theorem 3.1, which contradicts (iv).

Finally, (4.1) follows from integration by parts. |

In the sequel, we will show that the M-solution ¢(r) has a splitting
form:

(4.2) p=5+6,

where S is a singular term of the form S = (c¢/r¥~2)P(r) with an
elementary, explicitly given function P of r with P(r) = 1 + o(1),
r — 0, whereas O is a regular solution of the initial value problem
(4.3)
(rN-1e) [rNTl = —K(r)(0+8)P—(rN718) /rN-1 0 <r < R,
0(0)=p R
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In terms of P, we have

(4.4)
1 _ c P c N-3)c
N (N 1@')’:—K(r)<rN2P+@) _TN72PN+(TN—1 P
cP ’I”N_Q p
_ _ Y pp _
= K(T)T(N—Q)PP (l—i— P @) 1}
+ |:_ ]Vc_2 P// + (JZ];_?I)CP/ _cpra—(N—Q)pPp:|
=: f1(r,©) + fa(r).
Since
K(r) = pr(r) = O(r7~(N=2p)
T(N_Q)P
and

T,N72 p
<1+ P @) —1=00""?), r—o,

we see that fi(r, ©) satisfies the hypotheses of Lemma 2.1. Hence, it
suffices to verify that fo(r) also fulfills the assumptions of Lemma 2.1.
Then, we can conclude that (4.3) has a unique solution. In the following
three subsections, we shall divide into three subcases: 1 < p < (0 +
2)/(N=2),p=(0+2)/(N-2) and (04+2)/(N—-2) <p < (N+0)/(N—-2)
with ¢ > N — 4 to derive the different forms of S and asymptotic
expansions for ©.

4.1.1. The case 1<p< (0+2)/(N —2).

Theorem 4.2. Assume that 1 <p < (0 +2)/(N —2). Then:

(i) every M-solution ¢(r) has the form ¢ = S + ©, where

S(r) =~
and © solves the initial problem (4.3). Moreover,
Prot2—(N-2)p
[N+o0—(N-2)p|]lc+2— (N —2)p]
pﬂcpflTNﬂf*(N*?)p

2N 40— (N—=2)p—2|[N+0—(N-2)p

O(r) =5 -
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+o(rNFto-(N=2py -

for some uniquely defined constants ¢ >0, p € R.

(ii) Conversely, given any ¢ > 0 and 8 € R, there exists a unique
solution © of (4.3) with S(r) = ¢/rV=2, and ¢ = S+ O is an M-
solution. In addition,

(4.5)
r s\N—2 c
0 =6 - 55 Jy [1-(2)" ] sK(9)[H=+Os)Pds 0<r <R,
P 1[N+o—(N=2)p]t 5 (N— (o+2) P—1[N+o—(N—=2)p]t
u(t)= N-2 [H_p et (N72)[o+2i(Ni2)p][N+rff(Nf2)p]
+p(p2012) e(2N—4)t _|_O(emax{NJrUf(N*Q)p,2N74}t) ’
v(t)=N —2 — (N—c2)/5e(N72)t + 0+2i'p(;V1_2)pe[N+o—f(N72)p]t
+(N—C§)ﬁ’26(2zv—4)t+o (emax{N+a—(N—2)p,2N—4}t) F s oo
Proof.

(i) Let ¢ > 0 be determined by Theorem 4.1. Since 1 < p < (¢ +2)/
(N — 2), we see that

o [T R0 (6) ds = 0
r 0

is integrable at r = 0. It follows from (4.1) with ro € (0, R) that

olr) = s~ s o) = [ it [ )

r

=W%+Bo—/t]v1/ SN ()07 (5) ds

:rN s +0O(), 0<r<R

ﬂzﬂo—/OtN 1/ VUK ()67 (5) ds

and S(r) = ¢/rN=2. Tt is not difficult to see that © satisfies (4.2) and
(4.3) with (rV=18") = 0. Integrating by parts, we can obtain the first
part of (4.5). Any equation

Let

C2
TN 5 +01(r) = m—i—@z(r)
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means ¢; = ¢ and O1(r) = O2(r), which demonstrates the uniqueness
of ¢,® and . Recall that © = 5+ o(1). Then,

@oo:_w&lllrgv1K@)L;32+@@ﬂpds

T N-2 p
_ cP / SN+U*(N72)p*l |:1 + S @(S):| ds
0

T pN-1 c
_ ]\C[]il / gN+o—(N=2)p-1 {1 + ]LBSN—Q + O(SN—Z):| ds
r 0 c

CPTU+1_(N_2)p pﬁcp—er+o—(N—2)p—1

:_N+07(N72)p_ 2N+o0—(N—-2)p—2
+O<TN+07(N72)p71)'

The expansion for © follows by integration.

(ii) Given c, 3, we define S(r) = ¢/rV~2. Lemma 2.1 indicates that
(4.3) (where (r¥=15")" = 0) has a unique solution ©, and ¢ = S+ O is
an M-solution.

Finally,

ult) = 7o+ PP(r) _ po+ [e/rN 72+ ©(r)]P
—¢'(r) (N = 2)c/rN=1 —©/(r)

P! pN+o—(N=2)p [1+ (N2 /e)O(r)]P

N2 - (FV-1/(N —2)00'(r)
_ cp—1 pNF+o—(N=2)p _1 + ETN72@(T) + O(TN’QG(T))Z
N -2 I c
N N=1g/(,.\\2
_ Z\Cfp712rN+gf(N72)p _1 + ZLBTN72
] pcpfl,r,NJraf(NfQ)p
[N+ o—(N=2)pllo+2— (N —2)p]
+ p(p - ;)BQ ,,,2N—4 + O(Tmax{N+U—(N—2)p,2N—4})
2c
) Cpfl,,,NJraf(NfQ)p

(N =2)[N+0o—(N-2)]
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pﬂcp727,.2N+af(N72)p72
(N—=2)2N+0— (N —2)p—2]

+ O(T2N+O'(N2)p2):|

p—1
¢ pN+o—(N=2)p |1 4 pfﬂrzvfz
N -2 c
(0. + 2)Cp717.N+07(N72)p
(N=2)[N+0—(N-2)pllo+2— (N -2)p]
+ p(p - 1)62 T2N74 + O(Tmax{N+a’f(N72)p,2N74})
2c? '
Similarly,

o(t) = r—d)’(r) _ 7‘(N —2)e/rN"1 —0/(r) _N-2- (rN=1/c)0'(r)
¢(r) ¢/rV=2+06(r) L+ (rV=2/c)0(r)

N-1 N-2 N—2

o] o)

Cp—er+a'—(N—2)p N
—IN—9 +o—(N—-2)p
{ +N+J—(N—2)p+O(T )
p—1,.N+oc—(N—-2)p
N éTN_Q n P
c [N+o—(N-=2)pllc+2— (N —2)p]

2
+ %r2N74 _|_O(,rmax{N+J(N2)p,2N4}):|

(N —2)prN=2  p=lpNto=(N=2)p (N _ 2)p2p2N—4
o+2— (N — 2)p c2
+ O(Tmax{N+o—(N—2)p,2N—4}). O

=N-2-

4.1.2. The case p= (0 +2)/(N —2).

Theorem 4.3. Suppose that p = (0 + 2)/(N — 2). Then:
(i) every M-solution ¢(r) has the form ¢ = S + ©, where

c cP
——Inr,

(4.6) S0 = <~ 73

and © solves (4.3) with the following expansions



POSITIVE SOLUTIONS OF THE HENON EQUATION 2733

pc2p71 N_2 | 3p02p71

AN 3 nr774(N_2)37’N*2+0(7*N*2), r—0

for some uniquely defined constants ¢ > 0, [ € R.

(ii) Conversely, given any ¢ > 0 and 8 € R, there exists a unique so-
lution © of (4.3) with S given by (4.6), and ¢ = S+© is an M-solution.
Moreover, © satisfies (4.4) with fo(r) = (cP/r?) — Pr=2PP(r) =
O(rN=%Inr).

(N—2)t

. 4p71 ‘(N—Z)t p—1 N—2)¢ ﬁ
u(t) = o L BN g 2R

L ety

v(t) = N =2+ P 1teW-2t 1 75\7;:12 — 7(]\[;2)'8]156(1\”2)’5
+o(eN=2)1) t — —oo.

Proof.
(i) Let ¢ > 0 be determined by Theorem 4.1. Then,

cP SN72 p
PR () =0 (e ) = s S o)

s(N*Q)p C

By virtue of (4.1), we find

N1 (r) = —(N = 2)c — /T sNTLK (5)¢P (s) ds,
0

i (N=2)c cP 1
or) = - rN—-1 _(NQ)T—’_O(r)7
o(r) = TNC,Q {1 - ]\c[ijTN_Q In7 + o(rV2In r)}

Clearly, the expansions for ¢(r) are all singular. Hence, we have to
apply the above iterative process once more. Again,

=1

sNTLK (5)pP (5) = PsN 73 {1 B )

P
s¥2Ins + o(sN 21n s)}

_ p.N-3 pPt N—2
=cPs 1—N 55 Ins+o(s*“Ins)|.
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Therefore,
N (N —2)c _ c? A
C == T v Tan oo
2p—1
pc N-3 N-3
clnr — ——— .
nr 4(N—2)3T + o(r )
Set N9 .
S/(’F) — _( B )C C

rN-1 (N -2)r
and ©'(r) = ¢'(r) — S'(r). Since ©' is integrable, © fulfills (4.3), and
©(0) =: 3 exists. Hence,

o cP pc?P~t o,
(;5(7”) —m N — 21n7“+ﬁ+ mr

3170 -2 4 O(TN—2>

gy — 22
nr 4(N—2)3T

(ii) Given c and §, we define

S(T) = m — mlnr.

Then,

1
rN—1

p p
= —cPr~ (1 - hTN_Q 1nr) +cPr—2

= 0N 41nr).

falr) = _CPTU*(N*Q)ppp(T) _ (erls’)’

It is not difficult to verify that the assumptions of Lemma 2.1 are
satisfied; thus, (4.3) admits a unique solution ©. Then, ¢ = S + O is
an M-solution.

Finally,

pot+l PP (r) — potl C/TN_2 —cPlnr/(N —2)+0O(r)?
50 " -2 (N - 2 - o)
P N=2 0 1 — P N2y /(N = 2) + (rV =2 /)0 (r))?

TUN—2 1— (e (N—22)N2 = (7N-1/(N = 2)0)0'(r)

u(t) =
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P—1pN=2 pcP I N=21np  ppN-2
T N2 [1_ N2 T ¢ o0
Ly N=21np pN-2
—|—0< ) - @(r))}
P—1,pN—2 PN-1
1— o'
[ R CET AL

PIpN=2T =1 N=2]p . pgpN-—2 .
= 1-— _
N-2 | N -2 c +of )]
Cp_l’rN_2 B
' {1—(N_2)2+0(TN 2)]
SO PO G pBriVN=2  cpipN-2 N
= 1_ — 1 _ o
N=2 | N—2" S (N—2)2 +o(r )},
and
o(t) = =80 _ (N = De/rV "L+ /(N = 2)r — ©/(r)
¢(T) C/TN72—CPIHT’/(N—2)+®(T)
cp*1 TNfl
=|N-2 N-2_° o
MR
b1 pN-2
[ TN nr———06(r)
A P2
+0<— N_3" Inr+ . @(T))]
! (N-2)p
= p—1,N-2 N_2 N_2
=N-2+c Inr+ {N 5 c }r +o(r ). O

4.1.3. The case (0 +2)/(N—-2)<p< (N+o0o)/(N-2).

Theorem 4.4. Let (0 +2)/(N —2) <p < (N +0)/(N —2). Define
uw:=N+oc—(N—-2)p e (0,N—2), and choose ky € N such that
kop < N—2 < (ko + 1u. Then, there exist some constants @;,
7=1,2,... ko + 3, depending on ¢, o, p, N such that:

(i) every M-solution ¢(r) has the form ¢ = S + ©, where
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C .
e (L 3250 @) N —2< (ko + 1),
C .
S(r) = ot (1 + 250:1 a;r’t 4 ak0+1r(ko+1)ﬂ In 7«)

N —2=(ko+ 1)u,
and © is a solution of (4.3) with the expansions
B+Cak0+1r(k?0+1)qu+2 _’_O(T(ko+1)qu+2)
O(r) = N —2 < (ko + 1)u,
B+ g2t Inr + cag, 437" +o(r*) N —2=(ko+ 1)
for uniquely determined constants ¢ > 0, 8 € R.

(ii) Conversely, given any ¢ > 0, B € R, there exists a unique
solution © of (4.3) with S given by (i), and ¢ = S+0O is an M-solution.
Furthermore, © satisfies (4.4) with

far) = O(rkotDp=N+2) N —2< (ko+1)u,
5 (r) =
O(r*=21Inr) N —2=(ko+ 1)u,
and
p—1 o cP—1
u(t) = = [1 - (N_(Q)JLQ(L—N+2) et +o(e!)]
v(t)=N -2+ pr];lze“t + o(er?) t — —o0.
Proof.

(i) Let ¢ be determined by Theorem 4.1. We have
sNTLK (5)pP (s) = Ps*71[1 + o(1)].

By virtue of (4.1), we obtain

PNl (r) = =(N — 2)c — /T sNTUK (s)@P(s) ds,

0
N -2 P
QZ)/(T') — 7( N_l)c o ng—N+1 + 0(7"“7N+1),
r [
P
(b(?”) _ c & T/L_N+2 +0(,,,,/L—N+2) +C

PN (=N +2)

- - ¢ rt + o(r*)
SN2 (e - N+ 2) ’

where (' is some constant.
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Repeating the above iterative process, we find

N-1 -1 pe~!

s K(s)¢P(s) = cPst {1—5“—1—05“},
()67 (s) g o)

, (N —2)c cP
P'(r) = — er - N1
s” 1[ e s"+0(s“)] ds
0 p(p—N+2)
N 2 Pp—N+1 2p—1,.2pu—N+1
_ 7( — 70 r erc T +0(T2M7N+1).

r p P2 (p—N+2)

If kg =1, ie., p < N — 2 < 2p, there exists some constant 5 € R such
that, for p < N — 2 < 2p,

c P 1pp pe2P 220 9 }
r)=p5+ 1- + +o(r<H)|.
A=+ 3= { plp—N+2)  2p2(u—N+2)(2u—N+2) e
For the case N — 2 = 2, we obtain
c cPlpl pc?PT2p2 n g
o(r) = rQM{ " 2 243 +o(r* In7)|.
Similarly, we must apply the above process once more; thus,
N—1 1 pcP~lst p2e?P252 Ins 9
sYTEK (8)@P(s) = PstT [1 + e 503 +o(s**1ns)
and
, (N —2)c c?
¢'(r) = — FN—1 pN-1
T p—1 . 2 2p—2 2#1
/ Su—l |:1+pC 28 _pC 283 n8+0(82u1n8):|d8
0 H H
(N =2)c cPri—N+L pe2p—lp—l N p2c3P 23— N41 ]y o
- rN-1 L 243 6,&4
P22y N+1

T +O<TSH*N+1).
I

Integration gives
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c P lpn pczp*zrz“ Inr
= — 1 —
Or) =P+ |1+ I 20
p2e3P 33t ny 2p2c3P3p3e 34
o - WG +o(r°H)|.
I Ju

Now, the singular term S and the regular term © can be read off exactly.

By induction, we may assume that, for ko < N — 2 < (ko + 1)p,

ko
¢(r) = 7741\;12 [1 + D@+ 0(7“'“0”)] ,

j=1

where @;, j =1,2,..., ko, are some constants depending on ¢, o, p and
N. Tt follows from similar arguments as before that

ko
SN (s)6(s) = s [1 e o<sw)} ’

Jj=1

ko
= Pstt [1 + Z?ijsj" + O(Sko‘u):|
j=1
for some appropriate constants @; depending upon ¢, o, p, N and ky.
Hence,

ko

¢’(r) :7(1\;]\7_?)0 . r]\c[p_l/ gh— 1|:1+Zaj81#+0( k‘()p):|d
0

7j=1

(N —2)c cPrr=N+L
FN—1 1

0 pg i+ DE—N+1

k
J (ko+1)p—N+1
- . +o(r ),
; (7 +1)u (

c P~ lpn
= 1 —
o) =+ | Ve
1
_ Z ’/‘(J+ Iz n O(r(k0+1)ﬂ)
[+ Dpu—N+2|

ko+1
[1 n Z a4 o(rUotOm)|
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where @3 = —cP 71 /(u(p — N +2)), @jp1 = —cP71a; /(G + Dpl(G+ p
—-N+2]], j =1,2,...,kp. Now, the singular term S and regular
term © can be precisely obtained again. We can handle the case
(ko + 1)p = N — 2 similarly.

(ii) To show that (4.3) has a unique solution ©, it suffices to
show that fo(r) satisfies the hypotheses of Lemma 2.1. For the case
N — 2 < (ko + 1), we have

o—(N— 1 _
fo(r) = —cPr (N 2)ppp(7a) S (TN 151)/
ko ) D ko .
=V (1 ) 3t N+ 2y
Jj=1 j=1

ko
= —cPprN [1 + Zajrj“ + o(rko”)]
j=1
ko
=Y iulip = N +2)cayrit =N = O(rkotDu=),
j=1

Here, we have used the relations between @; and @;. The other case
can be investigated similarly.

Finally,

wlt) = rot! PP (r)
=50

— potl {(C/HH) (1 +j'§1ajrw> + @(r)r /

[(N2)c/er+cpr“N+1/u

k |
+ 3 Ut (1)) +0(r(k0+1)“_N+1)}
P

cp—l pcp—l cp—l

e e R | e

_ ! nl1 _ (0 +2)cPt n I
e e I |

4 o(r“)}
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and
—¢'(r)
o(r)
(N—2)c/rN=1q-cpprp=N+1/y,
(c/rN=2)(1 + 252 @jrin) + ©

Sy IO N[ 4 1)y oy b DR

v(t)=r

+
(e/rN=2)(1+ L5 @rin) +©
N 9 CP—l “ ( M):| |:1 cp—l i ( M)
= -2+ " +o(r)| - |1+ ——————F=7r" +olr
0 p(p — N +2)
Neog— L g o O
= -2+ m’r + O(T )

Remark 4.5. For the case —2 < 0 < N —4, since (0+2)/(N —2) <1,
we have one case only: 1 < p < (N + 0)/(N — 2). Here, the a priori
estimate (Theorem 4.1) of the M-solutions still holds. If the hypotheses
(04+2)/(N—-2)<p<(N+o0)/(N—2)in Theorem 4.4 is replaced by
1<p< (N+o0o)/(N—2), then, we can also obtain similar conclusions
as in Theorem 4.4.

4.2. The case p= (N +0)/(N —2).

Theorem 4.6. Suppose that p = (N+0)/(N —2). Then, the following
conclusions are equivalent:

(i) ¢(r) is an M-solution.
(i) &(r) fulfills

o) = (222) 7 (Churyed i)
q[)/(r) _ (%)(1/17*1) (_lnT)l/(p_l) . %[14_0(1)} r— 0.
(iil) u(t) and v(t) satisfy
() = ~ =1+ o(0).
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v(it)=N -2+ [1+0(1)], t— —oc.

_
(p—1)t

(iv) p(t) = Py, t » —c0.

Proof.

2741

(i) = (iv). By [1, Theorem 3.1], we see that C'~(¢) is bounded. By
the Poincaré-Bendixson theorem for autonomous systems, ¢(t) must
converge to a stationary point of (2.6). Moreover, the convergence to Ps
is impossible by Theorem 3.1, and the convergence to P; is impossible,

too. Therefore, p(t) — Py as t — —o0.

(iv) — (iii). Set z = (N — 2 — v)/u, and differentiate it with respect

to t. We have

—ud — (N =2 —0)u
)
N-2—u- N-2-
_ u=v) _ U(N+o—u—pv)
u u
=[(p+v+u—N —o0]z—w.

Define .
I'(t) ::/t ~v(s) ds

for some t5 € I,, which indicates that

¢
2(t) = z(ts)el'® — er(t)/ v(s)e T ds

ts

¢
2(t5)el® 4 @ / [v(s) —v(s)]e T ds + 1 — '@

ts
211+IQ+1+I3

Since (t) - N — 2 as t — —oo, we see that I'(t) - —oo as t - —o0,
which implies that I;,Is — 0. Clearly, v(t) - N — 2 as t — —o0.

Hence, for any § > 0, we can select ¢5 € I, such that, if s < t5,

[7(5) = v(s)| < o7(s).

It follows that |I2| < §. Therefore, we have z(t) — 1 as t — —o0.
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Through some simple calculations, we obtain
1 1 N+o—
(> S et
u U u
=—-pz(t)+1— —p+1, ast— —oo.
Then, the expansions for u and v follow.
(iii) — (ii). By the inverse transformation (2.5), we see that

o) — [u(lnr)v(lm} Ve (N _ 2>1/(p_1)(—lnr)1/(p1)

ro+2 p—1

sl o))

_ 9\ V(1) (N _
)= (322) e S8 o)

(ii) — (i) is obvious. O

4.3. Cases p> (N+0)/(N—2) and p# (N +2+20)/(N —2).

Theorem 4.7. Suppose that p > (N +0)/(N —2) andp # (N +2+
20)/(N — 2). Then, the following conclusions are equivalent:

(i) ¢(r) is an M-solution.
(ii) ¢(r) satisfies
¢(r) = Cr= (/=11 4 o(1)],

42
o) = 0T (1)), 70,
where o1 — (N —2)p— N —ol(0c+2)

(p—1)2

(iii) w and v fulfill
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Proof. The proof follows by similar arguments to those of Theo-
rem 4.5. (Il

4.4. The case p = (N+2+20)/(N—2). For this case, we see that the
real part of complex conjugate eigenvalues of (2.7) is zero. By means
of the Hopf bifurcation theory [10], we can derive more accurate forms
of (u,v), respectively. Then, the form of ¢(r) follows from an inverse
transformation (2.5).

Theorem 4.8. Suppose that p = (N 4+ 2 + 20)/(N — 2). Then, the
following conclusions hold.

(i) ¢(r) is an M-solution with the form

m
o) = BB

where Y(Inr) is a strictly positive function with small oscillations about
Yo = (N = 2)/2)N-2/7+2),

(ii) There exists some sufficiently small € such that u(t) and v(t) can
be described by the following forms, respectively:

u(t) = 82 + ecos(2nt/T.) + O(€),
w(t) = -2 4 ;%[(p* — 1) sin(2nt/T,)
—(p« + Vs — 1) cos(27t/T,)] + O(€%),

where
_ N+2+20
Pe= "N
and
4 Dx+3 9 4
T. = 1+ e +0(e™)].
I e O

Proof. From subsection 2.3, we see that

M) =i — S A = ap) + i)

if kKo < v} < k1. Obviously,
N -2

wo = w(ps) = T\/p* —-1>0
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with p, = (N + 2+ 20)/(N — 2). By some simple computations, we
obtain

N -2 N —2)
o(p) =—5—= <0,  W(p)= u\/p* —1>0.

2(p. — 1) 4
Set
1 0
B = (Rety, ~Im¢y) = <_1/p* W/m)’
where

T
1 «— 1.
o= (1L BT
Px DPx

is the eigenvector of the matrix corresponding to the eigenvalue
A1(ps) = iwg. Applying a change of variables

()= () = (2)

i = _% VPl D — Tyya = FY y1, y2),

(4.7) Y2 = (N_2)2 Pe=lyy — Z;*:lyf - p%yly2

+¥ERy3 = F2 (g1, o).

we have

The Jacobian matrix 9F"/dy;(0), i,j = 1,2,..., of (4.7) will have the
real canonical form

or om
ayl 33/2 _ ( 0 —WO)
OF?  OF? —w 0 )

ayl 31/2 (0,0)

In view of the formulae of [10, Chapter 2], we have

1[02FY  92F'  (0*F%  O%F?
g11(ps) = 4{ ay? T 2 Z( oy} * o3 ﬂ -

1 aZFl 82F1 aze . 32F2 82F2 82F1
go2(p«) = 4{ ay% - 8y§ — 001 0F, +Z( ayf - Byg +28y15y2>]

2]1)* (2 — (P« +2)y/Ps — 1i],
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( )71 82F175'2F1+ 922 . 82F2782F27 A2F1
g20\Px) = 4 (')y% 6y§ 0y10F, ! ayf 8y§ 0y10y2
1 :
Ty [—2+ (ps — 2)v/Ps — 1i],

921(px) = G21(ps) =0,

7 1
c1(pe) = =— | 920(ps) 911 (p+) — 2lg11(p)* = = g02(pe)[?
20.)0 3
4 g21(p+) _ P« t 31,.
2 24,
Consequently,

H2 = 7R601 (P*)/Oé/(}?*) - 0, ﬁZ = 2R601 (P*) - Oa
Dx +3

> 0.
24w?

72 = —[Imer (py) + paw’ (p4)]/wo =

Unfortunately, the result puo = 0 does not imply the direction of bi-
furcation, and B2 = 0 does not indicate the stability of the bifurcation
periodic solution either. We do know that the periods of the oscillations
increase as their amplitudes grow. For all sufficiently small ¢, if we pose
the initial conditions y1(0) = €,y2(0) = 0, the solution of (4.7) must
exist for at least 27 /wp units of time and must cross the line y, = 0 for
some time near 7/wy. Since the symmetry of the y;, y2 phase plane,
the trajectory backwards in time from the same initial conditions is
the reflection in the line yo = 0 of the forwards trajectory, and the
trajectory meet at yo = 0, y3 = —e + O(€2). Hence, there exists a
family of periodic solution at p = p,. Moreover, this family of periodic
solutions is described by

yi(tse)) _ € ps cos(2mt /T,) .
(yz(t;6)> ey (\/p*i—lsin(%rt/Te) - COS(QWt/TE)> + O(e?),

where the period is

2m Pxt+3 5 4
T.=""(1 o(eh ).
w0< Tzt (¢ )>
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In cylindrical coordinates, the family of bifurcating tori, belonging
to the system (2.6), is characterized by

u(t) = 82 + ecos(2nt/T.) + O(€?),
o(t) = 2 4 27 (pe — 1) sin(2t/Te)
—(px + VDx — 1) cos(2mt/T.)] + O(€?).
With the aid of the inverse transformation (2.5), we have

o (r) = M)

_ {N;? + ecos(2t/T,) + o<62)]

. {sz + é [(p* — 1) sin(2nt/T:)

—(ps + Vs — 1) cos(27rt/T€)] + 0(62)}T—J_2

_ {<N2 2>2 L= 26[@* 1) sin(2nt/T0)

2p?

+ (2 —pe — \/ﬁ) cos(27rt/T6)} + 0(62)}70—0_2.

Therefore,

P(r)= {(N; 2) 2+ ]\;29_326[(]7* — 1) sin(2nt/T.)

1/(p*_1)
+ (P2 —pu— \/ﬁ) COS(Qﬂ't/TE):| + 0(52)} p—(e+2)/(p-—1)

=1(Ilnr)r~ (V=272

)

where ¢(Inr) is strictly positive with small oscillations about g =
(N —2/2)(N=2)/(e+2)  The proof is complete. O

5. F-solutions. By the definition of F-solutions, we see that the
F-solution ¢(r) fulfills

I R L R R I
’ ¢(R0) =Q, ¢/(RO) =0.
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The following results can be established by similar arguments to
those of [24, 27].

Theorem 5.1. Assume that ¢(r) is a solution of (5.1). Then, there
exists a unique constant o > 0 such that:

(i) if @ > a*, ¢(r) has a finite zero and finite total mass;
(i) if @« = a*, ¢(r) has an infinite zero and finite total mass;

(iii) if 0 < a < a*, ¢(r) has an infinite zero and infinite total mass.
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