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OPTIMAL MORREY ESTIMATE FOR
PARABOLIC EQUATIONS IN
DIVERGENCE FORM VIA GREEN’S FUNCTIONS

JUNJIE ZHANG AND SHENZHOU ZHENG

ABSTRACT. This paper presents a local Morrey regular-
ity with the optimal exponents for linear parabolic equations
in divergence form under the assumption that the leading
coefficient is independent of ¢ and not necessarily symmetric
based on a rather different approach. Here, we achieve it
by applying natural growth properties of Green’s functions
through the use of parabolic operators and the hole-filling
technique.

1. Introduction. Let Q = Q x [0,7] C R"™! be a cylindrical
domain with an open connected set Q@ C R” forn > 1and 0 < T < oo,
and let u(z,t) : Q — R be a Sobolev function in V,"°(Q) (see Definition
2.1 below). The main purpose of this paper is to consider the following
parabolic operator based on a rather different argument:

(1.1) Lu = wu; — Dj(a;j(x)D;u), i,j=1,...,n.

Here, we suppose that the coefficient A(z) = (a;;(v))7;-; is an n x n
matrix whose entries are real-valued measurable functions satisfying
the uniform boundedness condition and the strong ellipticity:

(1.2) aij(x) € L>(Q) and |lag|lLe@) <A,

(1.3) aij(x)&€; > NE|? for all 2 € Q C R™ for all ¢ € R”
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with some positive constants 0 < A < A < oco. It is worth noting that
the coefficients a;;(x) are assumed only to be time-independent due to
our main proof which includes an estimate of wu;.

It is well known that fundamental solutions and Green’s functions
play important roles in studying the qualitative theory of classical
partial differential equations. There is much literature on Green’s
functions of uniformly elliptic and parabolic equations of second order.
For example, it has been established that the Harnack inequality, the
existence of solution, the Wiener criterion of the regular boundary and
the representation formula point to the classical Laplacian and heat
operators defined in a bounded domain by way of using the properties
of Green’s functions, for details, see [3, 14]. To a uniformly elliptic
operator with bounded measurable symmetrical coefficients, various
estimates of Green’s functions compared with that of Laplacian and
its application to Wiener’s criterion on the boundary point have been
studied by Littman, et al. [20]. Later, Griiter and Widman [15]
generalized these estimates of Green’s functions to the uniformly elliptic
operators with non-symmetrical coefficients and Mazzoni [21] further
obtained local estimates of Green’s functions for X-elliptic operators
with non-regular coefficients. Recently, Hofmann, et al. [12, 16, 24]
gave a unified approach for studying Green’s functions for both scalar
equations and systems of elliptic type. Later, Choi and Kim [7]
also obtained similar properties of Green’s functions on the Neumann
boundary condition of second order divergence elliptic systems with
bounded measurable coefficients in a bounded Lipschitz domain or
a Lipschitz graph domain, which enjoys the assumption that weak
solutions of the system satisfy an interior Hoélder continuity.

As for the parabolic settings, in 1967, Aronson [2] proved Gauss-
ian upper and lower bounds for the fundamental solutions of parabolic
equations in divergence form with bounded measurable coefficients. In
fact, to establish the Gaussian lower bound, Aronson made use of the
Harnack inequality for nonnegative solutions, which was proven by
Nash in [22]. From then on, much research has been conducted on
this subject, see e.g., [5, 6, 8, 12, 16, 18, 19], and the references
therein. Compared to the investigation of Green’s functions for para-
bolic equations, there has been relatively little study on Green’s ma-
trices for parabolic systems. We observe that Cho, Dong and Kim [5]
established global estimates for Green’s matrix of second order diver-
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gence parabolic systems in a cylindrical domain, under the assumption
that weak solutions vanish on a portion of the boundary and satisfy
a certain local boundedness estimate as well as a local Holder conti-
nuity estimate. Recently, Dong and Kim [12] improved the results
in [5] by constructing Green’s functions of similar parabolic systems
in non smooth time-varying domains under the assumption that weak
solutions satisfy an interior Holder continuity estimate.

In this paper, we attempt to utilize these estimates of Green’s
functions from Cho, Dong and Kim’s papers [5, 6, 12] to present a
local Morrey regularity. It is our main aim of this paper to give a new
approach for attaining the local Morrey estimate and Holder continuity
of the weak solution with the sharp regularity index instead of the
classical argument of the De Giorgi, Moser, Nash iteration. Before
stating the main result, we recall the definition of a VMO space. We
say that a measurable function a;;(x) belongs to a VMO space if, for
any p > 0,

wp(ai;) = seu]é)n ]{3 lai;(y) —aij|ldy — 0 as p— 0,
Oir<p (@)

where @;; = f—BT(I)a'ij (y) dy.

Theorem 1.1. Let (q,s,n) € ((n+2)/2,00) X (n + 2,00) x N and
uwe L=(Q)NV,"%(Q) be any weak solution of linear parabolic equations

(1.4) ZD (aij(xz)Dju) = g(z,t) — ZD}“

,j=1

with the coefficients a;j(x) satisfying (1.2), (1.3) and belonging to the
VMO space. Assume that g(z,t) € L1(Q,R) and f(x,t) € L*(Q,R").
Then, we have

Du e L*(Q,R)

loc

for every 0 < A < n+ ay with

aO:min{2— 20+2) 2(’”2)} € (0,2).

S q

Indeed, our argument for obtaining the local optimal Morrey es-
timate of (1.4) is inspired by some applications of Green’s functions
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to elliptic problems from the recent papers [13, 25]. In addition, an
important idea comes from Huang and Wang’s paper [17], in which
they applied the Riesz potential with the parabolic metric to prove the
Cl%regularity of heat flow of harmonic maps.

As an immediate consequence, by the Morrey lemma, we obtain a
local Holder continuity with an optimal Holder exponent. As is well
known, it does not reach the optimal Holder index, based upon the
argument of the De Giorgi, Moser, Nash iteration.

Corollary 1.2. Let u € L=(Q) N Vy"°(Q) be any weak solution of
linear parabolic equations (1.4) with coefficients a;j(z) and data f(x,t)
and g(x,t) satisfying the same assumptions as Theorem 1.1. Then, we
have

u € C;:;YN(QJOC)

with an optimal Holder index v = «p/2, where ag is as shown in
Theorem 1.1.

Remark 1.3. As a local estimate of the weak solutions, we do not
require the base Q of the cylinder Q@ =  x [0,7] to be bounded or to
have a regular boundary.

Remark 1.4. If the coefficient a;; is a bounded, measurable function
in z and t, then we can only obtain the Holder continuity of Green’s
function with respect to the time variable due to De Girogi, Moser and
Nash’s iteration, as follows.

|G(X’ Y) - G(X/,Y)| < Cd(Xa XI)MU(s(Xa Y)iniuov Xa ley € Qa

where (19 is a constant in (0,1), and d(-, -) is the parabolic distance (see
below). Therefore, the pointwise estimate of D;G is absent. However,
if the coefficient a;; is time-independent, Green’s function of parabolic
operators (1.1) is often called the heat kernel, studied by many authors,
see Davies [9, 10] or Alexander and Andras [1]. In this case, the
pointwise estimate of D;G is present (see Lemma 2.6 below).

The remainder of this paper is organized as follows. In Section 2,
we recall some related notation and basic facts, as well as some natural
growth properties of Green’s function. In Section 3, we provide a proof
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of Theorem 1.1 by the hole-filling technique based on Green’s function
as a part of test functions. Finally, we provide a brief conclusion.

2. Preliminaries. We denote by X = (x,t) any point in Q C R**!
with x = (z1,...,2,) in @ C R™. Similarly, we write Y = (y,s),
Xo = (zo,tp), - ... We denote the parabolic distance between the points
X =(z,t) and Y = (y, s) by

0(X,Y) i= max{lz — yl, V[t = sl},

where | - | denotes the usual Euclidean norm. Hence, we can easily
see that there are positive constants Cy and Cs such that the double
inequality

C1R < §(X,Xo) < CyR  for all X € P(Xo,2R) \ P(Xo,(1/2)R)
holds. For a cylinder @ = Q x [0, 7], we set
5Q = 00 x [0, T,
Q@ = (092 x [0, T]) U (2 x {t =0}),
9pQ = (02 x [0, T]) U (@ x {t = T}),
and define a distance function to the parabolic boundary 8,Q by
dist(X, 9,Q) := inf {6(X7Y) for all Y € apQ}.
Set
Pr(X) = P(X,R) = B3%(X) = Br(z) x [t — R®,t + R*] cC Q,
P_(X,R) = Bgr(z) x [t — R? 1],
P, (X,R) = Br(z) x [t,t + R,

and, if no confusion arises in the context, we will simply write Pr =
Pr(Xo). By C(n, A A,...), we denote a universal constant depending
only upon prescribed quantities and possibly varying from line to line.

Let 7 denote the Hausdorff dimension of R**! with respect to the
parabolic distance §. Then, we have 7 = n + 2. Throughout this
paper, we denote the time derivative of u by w; = Dyu = Ou/dt,
the spatial gradient of w by Du = D,u = (Dyu,...,D,u), where
Diju = Dy,u=0u/0x; fori=1,...,n.
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The Sobolev space W°(Q) is the class of all functions u € L?(Q)
with its weak derivative Du € LP(Q) obeying

[ullwrogy = lullLe@) + 1PullLr(q) < oo

Let VV21 1(Q) denote the Hilbert space with the inner product

(u, V)1 () = /

uvdX+Z/ DiuDivdX—l—/ uvy d X,
Q =1 7@ Q

and let V5(Q) denote the set of all u € W, °(Q) satisfying
lullvy gy := {||Du||22 + esssup ||u(-, 1)) %2 } ? < 0.
2(Q) L2(Q) ocicT ULz ()

Furthermore, V,"°(Q) stands for the set of all functions u € V5(Q) such
that

hm||u(7t+h)_u(at)||L2(Q) 207 t7t+h€ [O7T]7

h—0

with the norm [Jul|y,(g). Clearly, Wy (Q), Va(Q) and V,"%(Q) are all
Banach spaces, and they have the relations:

Wy (Q) € Va(Q) € V2 °(Q).

In fact, V;°(Q) is obtained by completing the set of W,"'(Q) in the
norm of |lully, ). In any case, we also define WQI(Q),‘/Q(Q) and
10/21’0(Q), respectively, to be the sets of all functions in V[/Ql’l(Q)7 V2(Q)
and V,%(Q) with u(-,t)|aq = 0 for almost every ¢ € [0,T7.

Now, we understand the weak solution of equation (1.4) in the
following distributional sense:

Definition 2.1. Let (g,s) € ((n+2)/2,00) x (n+2,00) and g(X) €

L1(Q,R), f(X) € L*(Q,R™). A real-valued function u(X) is called a

bounded weak solution of (1.4) if u € L(Q) N V;"°(Q) such that

(2.1) —/ u¢th+/ aijDiuqubdX:/ g¢dX—|—/ fiD;pdX
Q Q Q Q

for any ¢ € ‘0/21’0(Q,R).
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For the parabolic operator £ of (1.1), its adjoint operator 'L is

introduced by
n
tﬁ = —Ut — Z Dj (Eiij (x)DZu) ,
i,j=1

where (Eij)ﬁjzl is the transpose of (a’ij)?,jzl with @;; = aj. It is
obvious that the coefficients a,; satisfy (1.2) and (1.3) with the same
constants A, A.

Next, we recall the definitions of Green’s functions associated with
L and 'L, cf., [5, 6, 12].

Definition 2.2. We say that a function G(X, Xy) = G(z,t,xo,t0),
defined on the set {(X, Xy) € Q@ x Q : X # X}, is a Green’s function
of £ in @, if it satisfies the following properties:

(i) G(-, Xo) € V;3"°(Q \ Pr(Xy)) for each fixed point X, € @, small
R > 0, and G(-, X() vanishes on SQ.

(i) G(-, Xo) € W2 (Q), and LG(-, Xo) = bx, for all X, € Q is

1,loc
understood in the weak sense
Q Q

for all ¢ € V,"°(Q, R).
(iii) For any h € L2°(Q), the function u, given by
uw(X) = /QG(X7 Xo)h(Xo) dXo,
belongs to V;°(Q) and satisfies ‘Lu = h in the sense that

/ugzﬁth—i-/EijDiuDj(bdX:/ h¢dX for all ¢ € V3°(Q, R).
Q Q Q

Definition 2.3. Similarly, we say that a function C:'(X, Xo) = é(x,t,
xo, to) is a Green’s function of *£, defined on the set {(X, Xo) € @ xQ :
X # Xo}, if it satisfies the following properties:

(i) G(-, Xo) € V3" (Q \ Pr(Xy)) for each fixed point X, € Q, small

R > 0, and G(-, X() vanishes on SQ.
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(ii) G(-, Xo) € W}'0.(Q) and LG(-, Xo) = dx,, for all Xo € Q in the
following sense:

(2.3) / G(-, Xo)dr dX+/ 4, DiG(-, Xo) D¢ dX = $(Xo)
Q Q
for all ¢ € V,"°(Q, R).
(iii) For any h € L°(Q), the function u, given by

u(X) :/ G(X, Xo)h(Xo) dXo,
Q
belongs to V;°(Q) and satisfies Lu = h in the sense of (2.1).

Remark 2.4. Definition 2.3 (iii), combined with the uniqueness of
weak solutions of ‘Lu = h and Lu = h in V,"°(Q) for any h € L2°(Q),
implies that Green’s functions G(X, Xo) and G(X, X) are unique.

Let us recall that the weak-LP spaces LY (Pg) comprise the class of
all functions f € LP(Pg) such that
1l = 0E (Ol (X € Pre | F(X)]| >} 2 <C for all >0} <0
for all p > 1. In particular, for any 1 < ¢ < p, the following hold:
1]

LY (PRr) < Hf”LP(PR)

and

1/q
@0 Wl < (522) 1Rl iz,
pP—q

cf., [14]. According to [12, Corollary 4.9], we know that the assump-
tion that coefficients a;;(z) belong to VMO implies that the weak so-
lution of Lu = 0 enjoys interior Holder continuity, which in turn guar-
antees that the Green’s function of £ exists and satisfies the following
natural growth properties, cf., [6, Theorem 2.7], [12, Theorem 3.1],
[23, Lemma 5].

Lemma 2.5. For any fized point Xo € Q, the Green’s function G(X,
Xo) of L has the following properties:
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(i) 0 < G(X,Xp) < C6(X,Xo)™™, whenever 0 < (X, Xy) <
(1/2) dist(Xo, 9,Q) and X, Xo € Q;

(ii) there exist fized constants C1 and Cy depending on n, A and A
such that

1 5
GX,Xy) > —m8M8Mm— —Cslz—x0| /t—t().
( ’ 0) - C](t —to)n/2 €

(i) |G(X, Xo)llrv(@(xo,r)) < CR™™HHD/Y for any 0 < R <
dist(Xo, 0,Q), and v € [1, (n + 2)/n);
(iv) G(X, Xp) € LE(Q) for k = (n+ 2)/n, with

IG(X, Xo)llzrg) < C(n, A A);

(v) IDG(X, Xo)l|zr(@(x0,r)) < CRT"HOFD/P for any 0 < R <
dist(Xo,0,Q), and p € [1,(n+2)/(n + 1));

(vi) DG(X, Xyp) € LL(Q) for = (n+2)/(n+ 1), with
DG (X, Xo)llzr @) < C(n, A\ A).

The above natural growth properties are also valid for the Green’s
function G of the adjoint operator L.

In what follows, we state the pointwise estimate of D;G to parabolic
equations, provided by Alexander and Andras [1, Corollary 5.7] via an
argument for the heat semigroup. More precisely, we have

Lemma 2.6. For any fized point Xg € Q, the derivative of the Green’s
function G(X, Xy), with respect to time variable t, satisfies

|D,G(X, Xp)| < C6(X, Xo)~("+2)

for any 0 < §(X, Xo) < oo and some positive constant C = C(n). The
above estimate is also valid for the Green’s function G of the adjoint
operator 'L in Q.

The next lemma states that the weak solution of (1.4) satisfies a
Poincaré-type inequality, cf., [6, Lemma 2.4], [23, Lemma 3].
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Lemma 2.7. There exists a positive constant C = C(n, A\, A) such that,
if u is a weak solution of equation (1.4) in Pg, then

(2.5) / lu —up?dX < C’R2/ |Dul?dX
PR PR

+ CRM (2 =2/0) | g7 (Pr)
1(Pr
+ CR2+(n+2)(1—2/s)||f|

2
LS(PR)’

where up = JCPRU dX.

The following iteration lemma will be needed later; its proof may be
found in [14].

Lemma 2.8. Let w be a non-decreasing function defined on the interval
(0, R], which satisfies inequality

w(rr) < Ow(r) + Kre,

where 0 < 0, 7 < 1. Then, for § € (0,«a), we have

w(r) < 0(2)5 (w(R) + KR“) ,

where both C' = C(7,0) and § = §(7,0, o) are positive constants.

Finally, we introduce a version of Morrey space from [3], which is
slightly stronger than the standard Morrey space.

Definition 2.9. Let (p,A) € [1,00) x (0,7). A real-valued function
u(X) € LP(Q) belongs to the Morrey space LP**(Q) if and only if

] (/ [ul? dX)l/p

ul|Lpr(g) ;= sup —_— < 00,
@ xeca g 3(X, Xo)A

0<p<d

where Q(Xo, p) = P(Xo,p) N Q and d = diam(Q).
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3. Proof of the main theorem.

Proof of Theorem 1.1. For any given point Xy = (zg,%9) € @ and
a constant 0 < Ry < (1/4)dist(Xo, 9,Q), let n(X) € C§°(Par) be a
cut-off function such that n(X) =1 for X € Pg/, and

0<n(X)<1,

(3.1 |Dn| < —
K
[n:| < R—; for all X € Pap;

where 0 < R < Ry and K; and K> are two positive constants. We
denote up to be an integral average of u over Por \ Pr/o with

1

= —_ U(X) dX for all Py C Q
|P2Fi \ PR/2| P>r\Pr/2

UR

Since ¥(X) = 2G(X, Xo) € V3"*(Pyg,R) and u € L®(Q) N V5°(Q),
we derive that ¢(X) = (X)(u—ug) € Va(Pag, R) satisfying ¢(X) =0
on OpPor and
flzli% ||¢(7 t+ h) - ¢(a t)”L2(Q)
< llullpe lim fl9(,t +h) = 9,2 (9) = 0,
—0
t,t+he€0,7T].

This implies that ¢(X) € V;"°(Pyg, R); thus, we can take ¢(X) as a
test function of (2.1), yielding

Oy = nQDté(u —ug)+ 2né(u —ur)n: + nQGDt(u — uR)

and
D;¢p = YDju+ Ditp(u —ug), i=1,...,n.

Substituting the above formula into (2.1), we deduce
/ Uf¢dX +/ aijD,;uDjuzb dX +/ aijDiUDjQZJ(U — UR) dX
Q Q Q

_ / (- ug) dX + / (', D) dX + / (', Datb(u — um)) dX,
Q Q Q
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which can be rewritten as
(3.2) /Q ai; DiuDjup dX = 1411,
with
I= —/thSdX - /aijDiuDjw(u —ug)dX =1L +1

Q Q

and

H:/gw(u —ug)dX +/(fi,wDiu) dX +/(fi, Ditp(u — ug)) dX.
Q Q Q
In the sequel, we focus on the estimates of |I| and |II|, respectively. In

order to estimate |I|, by employing integration by parts and substituting
¢ into I;, we have

(3.3) L = f/Dt(ufuR)gbdX = /(ufuR)ét dX
Q Q

= /nQDté(u —ug)?dX
Q
+ 2/né(u —ug)*n, dX + /Dt(u —uR)pdX
Q Q
= % /UQDté(u —ug)?dX + /né(u —ug)*n; dX.
Q Q
Note that _ ~
Djip = 20GDjn +1° D; G,
and substituting into I, it follows that
(3.4)
I, =— /aijDiuDjé(u —up)n?dX — 2/aijDiué(u —ugr)DjnmdX.
Q Q
Now, we insert (3.3) and (3.4) into the formula I. This yields
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1 ~ ~
=3 /nQDtG(u —up)?dX + /nG(u —ug)*n dX
Q Q
/aUD uD; G(u —up)n?dX — 2/aijD¢uC~;(u —ug)D;mmdX
Q Q
1 ~ ~
—— { -5 /UQDtG(u —upg)?dX + /aijDiuDjG(u - UR)T]ZCZX:|
Q
+ /né(u —ug)*n dX — Q/aijDiué(u —ug)D;nmmdX
Q Q
= — {/D,{?(;(UUR)QT]Z) dXJr/ajiDjéDi (;(uuR)ZUQ) dX}
Q Q
+ /aﬂD GDin(u —ug)’*ndX + /né(u —up)?n; dX
Q Q
- 2/a-jDiu(~;(u —ur)DjnmdX
1Q
= —5(u(Xo) — ur)*n*(Xo) + /ajiDjGDin(U —ug)’ndX
Q
+ /né(u —ug)’n dX — Q/aijDiué(u —ug)D;nmmdX
Q Q
< /ZijiDjéDm(u —ug)?*ndX + /né(u —ug)*n dX
Q Q

- 2/(ZZJDZU6(U - UR)D]'"I]T] dX.
Q

In the fourth equality above, we use a;; = a;; as well as equality (2.3),
which yield the Green’s function of the adjoint operator *£. Therefore,

(3.5) u|SA/uXmDmW—um%dX

+/ﬁéW—umﬂmwx
Q
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4 2A/ |Du|Glu — ug|| Dl dX

= A1 + A+ As.

Estimate of A1. Using Young’s inequality with an arbitrary €; > 0,
we find that

A :A/|Dé||Dn|\u—uR\2ndX

~ D
<a (u—uR|Dn|Gl/2>(n|u—uR|' G)dX

1/2
P2r\Pr/2
<e / lu— up| DG dX + C(A, e1)
P2r\Pr/2
G 2
/ 772| |2| | ax
G

P2\ PR/
= A+ A

By virtue of Lemma 2.5 (i), (3.1) and Lemma 2.7, we deduce

2
~ u—u
A11 =£&1 / |U—UR|2|D7’]|2GdX < 061 de
P>\ PR/ P>r\ PR/ ’
Ceq Ceq
<oty [ wewpax <G [ pupax
P2r\Pg/2 P>pr\Pr/2

+ Ce R0 g|1 2, ) + Car RE OV £ .

Then, it remains to estimate Ajs. We introduce a new, smooth cut-off
function, satisfying:

for X € P
€(X) _ 0 or S R/Ql,
n(X) for X e R"™1\ Pgs.

For the Green’s function G, defined by (2.3), we take ¢ = G~/2(u —
uR)?&? € C5°(Par \ Pr/2, R) as the test function. Note that ¢(Xo) = 0,
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and
Dy = ~2G/2D, Gl — up) € + 26 2(€(u — up)|[D,(€(u — un)].

By substituting ¢(Xo) and D;¢ into (2.3), we find that

1 / EijDiCNQ’Djééfgﬂ(u - ’U,R)2§2dX

2
P2r\Pr/2
(3.6) =— / D,GGV?(u — up)?e2dX
P2r\Pr/2
2 [ 0,66 e~ un)]ID, (el — un)] X,
Par\Prys

Now, combining (1.2), (3.6) and (1.3), we have
(3.7)
% / |DGIPG3/? (u—ug)?€2dX < / | D, GG ju—ug|?2dX

P2r\Pr/2 P2r\Pr/2

20 / IDGIG € u — up| Dy (€(u — ug))| dX.

P2r\Pr/2

Applying Lemma 2.5 (i), Lemma 2.6, (3.1) and Lemma 2.7, the first
term on the right-hand side of (3.7) satisfies
X, Xo)n/2

DG|G V2 lu—ug|??dX < C / o
I e I s
Pyr\Pr/2 Pyr\Pr/2

|u —ug|?
<C / 5 X XO S(X X.\n/2+2 ax

|u—ug|*dX

(3.8) Par\Pg/2

< CR™™*? / lu — ug|?dX
Pyr\Pr/2
< CR™™/? / |Dul?dX + CR* /2= Cntd/ag2,

P3r\Pr/2
+ CR2+n/2 (2n+4)/s
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Using Young’s inequality with arbitrary e, > 0, Lemma 2.5 (i) and
Lemma 2.7, the second term on the right-hand side of (3.7) satisfies
(3.9)

20 / IDGIG 26 — ug|| Dy (E(u — up))| dX
Pyr\Pr/2
—2A / 1DGIG3/ ¢l — up||[GY4|D; (E(u — ur))|) dX
P>r\ PR/
< ey / |IDGPG3/2|u — ug|?€2dX + C(A, £2)
Par\Pg/2

[ G~ unf + €|Du) dx

P2r\ PR/

< ey / |DGPG3/?|u — ug|?€2dX + CR~"™/?
P2r\Pr/2
[ (D€P1u = unf? + £1Dup) ax

P>r\Pr/2

< ey / |DGPG—3/?|u — ug|?€2dX + CR™™/?
P>r\Pr/2

|u — uR|2

/ (RQ + |.D’LL|2 dX

Pyr\Pr/2

< ey / |DG2G3?|u — ug|*¢2dX + CR™"/? / |Dul?dX
P>r\Pr/2 P3r\Pr/2

+ OR4+n/2—(2n+4)/qHgH%q(Pm) + CR2+n/2—(2n+4)/sHfH%S(P?R).
Letting €2 < A/2, from (3.8) and (3.9), inequality (3.7) becomes
(3.10) / |DGPG~3?|u — up|?¢2dX

P>r\Pr/2
< CR™ / |Dul?dX + CR*™/2=Crt0/a)ig)12, p, )

2

AV
+CR AT (o)
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Again using Lemma 2.5 (i), together with (3.10), we deduce

|2
A =C / 772|u—uR|2|ngX

Por\Pr/s
e / G2\ DGI2G—5/2u — up|?€2dX
Por\Pr /2
< CR™™? / |DG?PG~3?|u — ug|?€2dX
Por\Pr/s

<CR™" / |Dul?dX + CR* 974 g|[7,
P3gp\ PR/

+ CR* G| £112. by -

Thus, the estimates of Aj; and Ao imply

AL < CR™ / DufPdX + CRY- G d/ag)2,
P3p\PRr/2

+ ORQ*(2n+4)/s ||f||2LS(P2R) )

Estimate of A. We use (3.1), Lemma 2.5 (i) and Lemma 2.7 to
deduce

Ay = [ 9Glu — ug|?|n|dX

> O~

<=2 / Glu — ug|?dX

Pr\ PR/

|u — ug|?
———dX
/ 6(X7 Xo)n
Pyr\Pr/2

C
< Rn+2 / |U—’U,R|2dX
P>\ PR/

3

IA
I
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C
< / |Dul?dX + CR*- /9| g)12, p
P3r\Pr/2

+ CR2 (2n+4)/s

s(P2r)"

Estimate of As. By (3.1), Young’s inequality with arbitrary 3 > 0
and Lemma 2.5 (i), we can derive

(3.11)
As = 2A/ |Du|G|u — ug||DnlndX

< 2KiA / (77|Du|él/2)<m_ﬁél/2) dxX

P>r\Pr/2

<es / n?|Dul*?GdX + C(A,es) /

P2r\Pr/o2 P>r\Pr/2

|Du|2
< . R
Ces / 5( ) 0)" dX

|u — ur|?

dX
2 G

P3r\Pr/2

+C / GdX,

Pr\Pr/2

and the second term in (3.11) satisfies

c / le—unPegy < o / u—unf
R25(X, Xo)»
P2r\Pr/2 P>pr\Pr/2

C

2
P>\ PR/

/ |Dul?dX + CR*=Cr+/a|g2,
P3r\ PR/

+ CR2—(2n+4)/s

C
< =
S o
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whence

As < CR™ / DufdX + CR- G 0/a g2,
P3r\ PR/

+ CR27(2n+4)/s||f|

2
Ls(P2Rr)"

Now, placing the estimations of A;, As and As into (3.5), we obtain

B12)  <CR™ [ IDuRAX + CRCEg p,
P3r\Pr/2

+ CR>Cr VY £ Ty -
Next, we are ready to derive

| < / 19/l — gl ] X + / |1l D[] dX
Q
Q
(3.13) + [ 151l url|De|ax
Q
=: By + By + Bs.

Estimate of By. Recalling v = 772@ and using Young’s inequality
with arbitrary ¢4 > 0, we have

B, = / 9w — ug|Gn?dX
Q

~ — G1/2
< [ e (M Yax

Pp\ PR/
~ _ 2 __
< 0(54)R2/ 192G dX +54/ %G dX
P>r\Pr/2 P>r\Pr/2 R
=: 811 + 812.

For By, Lemma 2.5 (iv) tells us that ||C~¥||Lf < C(n, A\, A) with
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k = (n+ 2)/n. Hence, by the Holder inequality and (2.4), we have

By = R2/ l9]2G dX
P2r\ PR/

_ 1/v , 1/v
ol ()
P>r\Pr/2 P>r\Pr/2

< OR2|P2R|(1/V71/K) Hé| p2R|(1/V,*2/¢1) 9112

L

< CR?|Pyg| Y5201 e |97

Lz
< QR+ +2)(1-1/r=2/q),
where the exponent of R is positive due to ¢ > (n +2)/2, and v’ is the
Hoélder conjugate number of v with 1 <v < (n+2)/n.
For Bys, by Lemma 2.7, it follows that

_ 2
B2 = 54/ MG dX
P>\ PR/ R
054 / 2
<o |lu —ugl°dX
Rn+2 Par\Pr/2
C€4
<

< |Duf?dX + Cey R n0/a|jg|2,
P3r\Pr/2

+ C€4R27(2n+4)/s||f|

2
L*(PyR)"
Combining the estimates of By and B2, we obtain
B < C—? |Dul*dX + CR*H(n+2)(1=1/r=2/a)
R Psp\Pr/»

+ 054R47(2n+4)/q||g||%q(P2R) + C€4R27(2n+4)/8||f|

2
LS(PzR) .

Estimate of By. Note that ¢ = 7726:' and supp(n) = Pyg. From
Lemma 2.5 (iv), it follows that

(3.14)

. ~ 1/v , 1/v
/ IfIPGdX < (/ G”dX) (/ Fiks dX)
P2\ PR/ Pr\Pr/2 Par\Pr/2

< C|Pr| V=% G| s | Por| V=29 113

Lz
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< C|P2R|(1_1/K_2/S)||é||L:||f“%s

< CR(n+2)(l_1/H_2/S),

where the exponent of R is positive due to s > n + 2. Then, using
(3.14) and Young’s inequality with arbitrary e5 > 0, we have

6. = [ 7IDulGiax
Q

< 0(55)/ |f|2€:dx+s5/ |Du*n*G dX
P>\ PR/ P>r\Pr/2

SCR(nJrz)(1—1/;-;—2/5)Jr%/ |Du|2dX.
" P3r\ PR/

Estimate of Bs. Since

Bs < 2/\f||u—uR|é|Dn|77dX+/|f||u—uR|n2|DC~?\dX =: B3 +Bsa,
Q Q

it suffices to estimate B3y and Bss, respectively. Similar to the estimate
of By, we find that

By = 2 / \Fllt — url|G|Dnln dX

Q

<c / [f2G2dX +C / lu— wgl?| D2 dX
P>r\Pr/2 P2r\Pr/2

<C / |f?PGdX +CR "2 / lu — up|?dX
P2r\Pg/2 Pyr\Pr/2

< QR(H2(=1/k=2/5) L o p—n / |Dul?dX
P3r\Pr/2
4 CR4*(2"+4)/q||g||2Lq(Pm) + ORQ*(2n+4)/st|

2
Ls(P2r)"
We use Young’s inequality with arbitrary eg > 0 to see that

(3.15) Bay = / fllu— ugli?| DG dX
Q
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~ _ ~1/2
. /<|f||pG|R><|u up|G )dX
G1/2 R

Par\Pgr/2
2 |f*DG? u — ug|*G
P>gr\ PR/ P>\ PR/

Looking at the first term in (3.15), from Lemma 2.5 (vi), we know that
|DG||rr < C(n, A\, A) with 7= (n+2)/(n +1).

21 |2
(3.16) R? / m'ngX
P>\ Pr/2

< CR? / 5(X, Xo)"| f P DG X

P>r\Pr/2

< CR™? / F12[DGRAX

P>r\ PR/
1/6 1/6’
<OR"+2< /Dé|25dx> ( / |f|25’dX>
Par\Pr/2 P2r\Pr/2

< CRn+2|P2R‘(1/672/T)HDé‘ LT
< CRn+2|P2R‘(172/772/s) HDG«
< CRn+2+(n+2)(1—2/7'—2/s)’

Pap|M 2| £ 12
fl

2
Ls

Lt

where ¢’ is the Holder conjugate number of § with 1 < 6 < (n+2)/
(n+1). Since s > n + 2, direct calculation gives

2 2
n+2+(n—|—2)<1——s) > 0.

T

With the same argument as for Bis, we have

— ug|?G C
(3.17) &6 / %dXS% /lDu\QdX
P>r\Pr/2 P3r\Pr/2

+ 056R4_(2"+4)/q||9||2Lq(P2R) + CEGRQ_(%H)/SHf”ZLS(PQR)'
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Hence, combining (3.15), (3.16) and (3.17), we obtain

B32 < C€6R_n / |D’U,|2dX + CRn+2+(n+2)(1—(2/7-)—(2/3))
P3r\Pgr/2

+ CeaRA 1|3, ) + CoaRE 0/

2
LS(PQR)'
This estimate, together with the estimate of B3y, implies

B; <CR™ / |Dul?dX

P3r\Pr/2
+ C«R(n+2)(171//<72/s) + CRn+2+(n+2)(172/772/s)

+ CR4—(2n+4)/Q||g||%q(P2R) + CRz_(2n+4)/S”f”%éf(PgR)’
Now, combining the estimates of By, Bo and B3, we obtain
(3.18) | < CR™ / |Dul?dX + CR™,

P3r\Pr/2

where

aozmin{2+(n+2)<1—i—z>7(n+2)(l—i—§>,

2 2 Mm+d _ 2n+4
n—|—2—|—(n—|—2)<1——),4— ntd, It }
T s q s
mm{22(n+2)7 2(n+2)} 0.2)
5 q

Combining (3.2), (3.12) and (3.18), it follows that

A/én2|Du|2dX <CR™ / |Dul?dX + CR™.

Q P3r\Pr/2
In accordance with Lemma 2.5 (ii), we have
A/én2|Du|2dX
Q
1 2

> A D 2 —CQ‘X—XO‘ /t—todX
= / | U| Cl<t_t0>n/26

Pryso
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[e’e] 1 ,
3.19 = Dul2 = ~CalX—Xo|*/t—togx
(3.19) > [
= PR/QJ\PR/2j+1
2 )\Z / ‘Du|2%G_CQ(R/zj)z/(R/QjJrl)de
j=1 , !
PR/QJ \PR/2J+1
)\6_402 e )
= 2" Dul?dX
C1R™ 32:21 / | u|

R/z]\ R/2J+1
_402 o)

Can Z / |Dul?dX

\ \/

R/z]\ RrR/2J+1
—4C9

_ ACB - / | Duf2dX.
1

Pry2

Thus, there is a basic estimate for positive constants Ky and C, which
only depends upon n, A and A such that
R‘"/ |Dul?dX < KoR™" / |Dul?dX + CR*
Prys P3r\Pr/>
< KOR*”/ |Du\2deK0R’”/ |Du|?*dX +CR™,
P3gr Prjo

that is,

K
R™" / |Dul?dX < O )R / |Dul?dX + CR*, ag > 0.
Ko+1
Pr/2 P3gr

Since Ko/(Kp+ 1) < 1, Lemma 2.8 implies
(3.20) / |Du|?dX < CR™" o,
Pr
By virtue of the hole-filling technique [11], we conclude that Du €

loc (Q R™) for every 0 < A < n + «p, and this completes the proof of
Theorem 1.1. O
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The following is a parabolic version of the Morrey lemma, and Corol-
lary 1.2 follows as a direct consequence of Theorem 1.1.

Lemma 3.1 (Morrey lemma [14]). Suppose that u € Wpl,ﬁ)c(Q) with

Q C R"! satisfies the following inequality. There exist a constant
M >0 and some B € (0,1) such that

/ |DuPdz < MPRH2-ptpB
Pr

for any P C Q. Then, u € 057’5/2(62,100). Moreover, for any
Q' CC Q the following holds

[u(X) —u(Y)]
7 P CO(M P ,
aplult s =sre vy < G @)
YeqQ'
XAY

where M = supg|u| and C = C(n,3,Q',Q) > 0.
Proof of Corollary 1.2. Since (3.20) holds, we can easily derive that
/ |Dul?dX < CR™ 0,
Pr

Therefore, following from Lemma 3.1, the proof of Corollary 1.2 is
complete. 0

4. Conclusions. In this paper, we first reviewed some natural
growth properties of Green’s functions to linear parabolic operator
(1.1), including the estimate of the derivative with respect to the time
variation t. Then, as an application of these estimates, we derived a
local regularity in Morrey spaces for the weak solution of equation (1.4)
by employing Green’s functions as a part of test functions and the hole-
filling technique. We also gave an alternative proof of a locally Holder
continuity with optimal Holder exponent to the weak solution of linear
parabolic equations with time-independent coefficients.

Acknowledgments. We would like to express our gratitude to the
referee for his valuable suggestions.
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