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INFLUENCE OF BOUNDED STATES IN
THE NEUMANN LAPLACIAN IN
A THIN WAVEGUIDE

CARLOS R. MAMANI AND ALESSANDRA A. VERRI

ABSTRACT. Let —Ag be the Neumann Laplacian oper-
ator restricted to a twisted waveguide €2. Our first goal is
to find the effective operator when 2 is “squeezed.” How-
ever, since, in this process, there are divergent eigenvalues,
we consider —Ag acting in specific subspaces of the initial
Hilbert space. The strategy is interesting since we find dif-
ferent effective operators in each situation. In the case where
) is periodic and sufficiently thin, we also obtain information
regarding the absolutely continuous spectrum of 7Ag (re-
stricted to such subspaces) and the existence and location of
band gaps in its structure.

1. Introduction and main results. The Laplacian operator in a
set with Neumann boundary conditions has been studied in various
situations [11, 12, 14, 15, 16, 18, 19, 20, 22]-[27]. In particular,
let —AY be the Neumann Laplacian operator restricted to a thin
waveguide Q in R?. An interesting question is to study the behavior
of —AX when the diameter of {2 tends to zero and to find the effective
operator T in this process. Since {2 shrinks to a spatial curve, it is
natural to associate T' with a one-dimensional operator. In fact, it
is known that T is the one-dimensional Neumann Laplacian operator;
in this case, its action is given by w — —w”, see, for example, [25].
This result holds even if 2 is a twisted or a bent waveguide, i.e., the
geometry of  does not influence the action of the effective operator.
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In this work, we study —AJ in the case where ) is a twisted
waveguide. When ) is “squeezed,” there are divergent eigenvalues
due to transverse oscillations. Then, we consider —AJ restricted to
specific subspaces of the initial Hilbert space. The interesting point is
that, when the diameter of 2 tends to zero, we find different effective
operators in each situation, namely, these operators depend on the
geometry of Q, see (1.9), (1.10), (1.11) and (1.12). The second goal of
this work is to consider the case where € is periodic in the sense that
the twisted effect varies periodically. In the case that 2 is sufficiently
thin, we find information regarding the absolutely continuous spectrum
of —AX (restricted to the chosen subspaces) and the existence and
location of band gaps in its structure. In the next paragraphs, we
explain the model and provide details of our main results.

Let I = Ror I = (a,b) be a bounded interval in R. Choose
S # () as an open, bounded, smooth, connected subset of R?; denote
by v := (y1,y2) an element of S. Let a : I — R be a C? function. We
suppose that o/, € L*(I) and «(0) = 0if I = R, or a(a) = 0 if
I = (a,b). For each ¢ > 0 small enough, we define the thin, twisted

waveguide
Q% = {T2(s)x", x=(s,y) € I x S},

where

1 0 0
(1.1) I¢(s):= |0 ecosa(s) —esina(s)
0 esina(s) ecosals)

Let —AJ. be the Neumann Laplacian operator on L?(2%), i.e., the
self-adjoint operator associated with the quadratic form

(1.2) B = [ IVuPdE, domd. = (@)

Since we shall use the I'-convergence technique (see Appendix A.2
and [7]), our analysis is based on the study of the sequence (b.)e.
In order to simplify the calculations, it is convenient to change the
variables. Using the change of coordinates described in Section 2, the
quadratic form EE becomes

N _ / ’ 2 |Vy1/)|2
) R = [ (10 @R+ F5E ) asay

3
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domb. = HYQ), Q := I x S. Here, ¢/ := d¢/ds, Vi := (d/
dy1,0¢/0ys), and R is the rotation matrix (¢ '). Denote by N

the self-adjoint operator associated with .

When the waveguide is “squeezed,” i.e., ¢ — 0, —Aga presents
divergent eigenvalues due to the transverse oscillations in QZ‘; this can
easily be seen by the presence of the term (1/£?) fQ |V, ¢¥)?dsdy in
(1.3). In order to control this divergent energy, we take the following
strategy. Let —AX be the Neumann Laplacian operator restricted to
S, i.e., the self-adjoint operator associated with the quadratic form

u|—>/|Vyu|2dy7 u € HY(S).
s

Denote by A, the nth eigenvalue of —A%Y and by u,, the corresponding
normalized eigenfunction, i.e.,

0:>\1<)\2<>\3<"',

—Agun:/\nun, n=123,....

We assume that each eigenvalue ), is simple; note that u; is a constant
function.

With n € N fixed, our strategy is to study the sequence
Te T An 2
bn(¥) = b(¥) =  [¥llz2(q)

domg‘; := H*(Q). Denote by T¢ the self-adjoint operator associated
with Bfﬂ this can be done since each quadratic form gfl is closed and
lower bounded in L2(Q), namely, 75 = —A® — (\,/e2)1, where 1
denotes the identity operator.

It is standard in the literature to consider only the case n = 1,
i.e., since \; = 0, the sequence of quadratic forms 55(1/)) may be
directly studied. The idea is to consider n # 1, based on [8]; the
author considered the Dirichlet Laplacian operator restricted to a thin
waveguide with the goal of finding the effective operator. In that case,
the action of the effective operator is the same for n =1 or n # 1 and
depends upon the geometry of the waveguide.
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Now, for each n € N, consider the closed subspaces
Lo = {w(s)un(y) s w € L*(I)}
and
Ko = {w(s)un(y) : we H' (1)}
of L?(Q) and H'(Q), respectively. We have the decompositions
LQ(Q) =L DL DL D,
H(Q) =Ki®K:®Ksd---,

and each KC,, is a dense subspace of L,,.

Let Tyw := —w” be the one-dimensional Laplacian operator with
domain dom Ty = H?(R) if I = R, or dom T} = {w € H*(I) : w'(a) =
w'(b) = 0} if I = (a,b). Denote by 0 the null operator on the subspace
L{. In the particular case n = 1, it is known that ff ~ T &0, as
e — 0, see [25]. As already noted, we can see that the effective operator
in this situation does not depend upon the geometry of the waveguide.

The main goal of this work is to study the sequence (fﬁ)g, for each
n > 1 fixed, and to characterize the effective operator in the limit ¢ — 0.
However, some adjustments will be necessary so that the limit exists in
some sense. The interesting point in this situation is that we find an
effective operator that depends on the geometry of the waveguide. To
our knowledge, this fact remains unknown.

In order to study the sequence (fﬁ)e, some considerations will be
necessary. If v(s,y) = w(s)u;(y) with w € H*(I), some calculations
show that

B (0) = / ' + (Vyu;, Ry)o! (s)wl2ds dy
Q

1
+ o [ (T =l P ofasdy

An)

A —
= [ 1wy Ty R (spuasay + B2 g,

ie., for j <mn,

(1.4) lim ¢ (v) = —o0.

e—0
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~

Then, the sequence (b5 (v)). is not bounded from below. Therefore, to
study (b5)e, it will be necessary to exclude some vectors of the domains

dom bZ,. Based upon (1.4), the procedure for this problem is as follows.
We define the Hilbert spaces

Lz(Q) n:]-a
1.5 Hy =
( ) {(ﬁl@»CQ@@ﬁnl)J— TL:273,...7

equipped with the norm of L?(Q). Then, we consider the sequence of
quadratic forms acting in H,,:

€

e Bw= | (1 + (@ Rl ) + 519,01 ) asa,

dom 5; = HY(Q)NH,, and we denote by —A¢ the self-adjoint operator
on H,, associated with it. Finally, define

€

_ A
(L.7) by, (¥) := by (¥) — gll%bl\%n,

dombd:, = HYQ) N H,. Denote by TS the self-adjoint operator
associated with b5, which is a positive and closed quadratic form; 77
acts in the Hilbert space H,,, namely, T = —AZ — (), /?)1.

Next, we study the sequence (T%). instead of (fﬁ)s As a note, let
U be the unitary operator defined by (2.1). The operator —A¢ =
TE + (A, /e%)1 is unitarily equivalent to the Laplacian operator with
domain U (dom T¢) in the Hilbert space U= !(H,,). In this sense, we
say that we work with the Neumann Laplacian operator restricted to
specific subspaces of the initial Hilbert space L?(Q2).

Let b, be the one-dimensional quadratic form
(1.8)  bu(w) := b5 (wuy,) = / |w'up, + (Vyun, Ry)a' (s)w]? ds dy,
Q

domb,, = H(I). In fact, b, is obtained by the restriction of bZ, to the
space K. Denote by T,, the self-adjoint operator associated with b,,.
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For each n € N, define the constants

CL(S) == / (V. Ry) Py,
(1.9) 5
C2(8) = /S (¥t Ry) dy,

and the real potential
(1.10) Va(s) == Cp(8)(a(s))? = CR(S)a (s);

note that C}(S) and C?(S) depend only upon the tube cross section
S. From Appendix A.1,
(1.11) Tow = —w" + V,(s)w,
where dom 7T}, = H?(R) if I = R, and
w'(a) = —C2(9)d/ (a)w(a
(1.12) domT, = we H*(I): (a) n(S)a’(ahuw(a)
w'(b) = —CR(S)a’ (b)w(b)

if I = (a,b). In the latter, for n > 1, we have the Robin conditions
in domT,,. On the other hand, for n = 1, C}(S) = C#(S) = 0 and
domTy; = {w € H*(I) : w'(a) = w'(b) = 0}, i.e., Ty is the one-
dimensional Neumann Laplacian operator. We emphasize that, for
n > 1, in both cases, I = R or I = (a,b), and the constants C}(S)
and C2(S) govern the effects of a(s) in T,.

Now, we present the first result of this work.

Theorem 1.1.

(A) For eachn € N fized, the sequence of self-adjoint operators (TF).
converges in the strong resolvent sense to T,, in L, as € — 0, that is,

lir% R_\(T;)¢ = R_A(Tn)P¢  for all ¢ € Hypy, A >0,
E—

where P is the orthogonal projection onto L,,.

(B) In addition, suppose that I = (a,b) is a bounded interval. Denote
by pj(e), respectively pj, the jth eigenvalue of —AS,, respectively T,

n’

counted according to its multiplicity. Then, for each j € N,

(1.13) s =1 (1y(2) - 23 ).

e—0 g2
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The proof of Theorem 1.1 is based on arguments of [4, 8]. In those
works, the authors considered the Dirichlet Laplacian restricted to a
thin waveguide. We perform the necessary adjustments in order to
work in the Sobolev space H(Q).

In the case n = 1, the operator 75 = —A7 is unitarily equivalent to
the Neumann Laplacian operator —AJ. on L2(Q2). Theorem 1.1 shows
that the effective operator in this case is the one-dimensional Neumann
Laplacian operator. This problem was studied in [25]. Therefore, our
main contribution is the case n > 1.

Here, we treat the periodic case. Consider the twisted waveguide
Q2 in the particular case where I =R and a: R — R is a C?, periodic
function, i.e., there exists an L > 0 so that a(s + L) = a(s) for all
s € R. One of the goals of this work is to find spectral properties of
—A? in this situation. We have:

Theorem 1.2. For each n € N and E > 0, there exists an eg > 0

such that the spectrum of —AS, is absolutely continuous in the interval
[0, E + \n/€?] for alle € (0,eR).

Theorem 1.3. Suppose that V;,(s) is not a constant function in [0, L].
For each n € N\ {1}, there exist j € N and €; > 0 so that, for all
e € (0,e5), the spectrum of the operator —AS, has at least one gap.

Furthermore, in Theorem 4.7 in subsection 4.4, we find a location in
o(—A:Z) where Theorem 1.3 holds true.

The proof of Theorem 1.3 is based on the fact that V,,(s) is not a
constant function in [0, L]. For this reason, we eliminate the case n = 1
since Vi(s) = 0. As already noted, this latter situation refers to the
Neumann Laplacian operator —AY, on L2(Q%). Our strategy for study
does not provide conditions to guz;rantee the existence of gaps in the
spectrum J(—Ag?). Therefore, in this case, we only obtain information

regarding the absolutely continuous spectrum of —Aga (Theorem 1.2).

The reader is referred to [12, 19] for spectral properties of the Neu-
mann Laplacian operator in periodic domains. In [12], under the
condition of symmetry s — —s in the waveguide build, the abso-
lute continuity of o(—Aj.) is proven. In [19], the author discussed
the existence of gaps in O'(E—Agg). For other situations, such as twisted
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waveguides with Dirichlet boundary conditions, we recommend [5, 6,
9, 10].

This work is organized as follows. In Section 2, we perform the
change of variables to obtain (1.3), and, in Section 3, we prove Theo-
rem 1.1. Section 4 is dedicated to the periodic case and is separated
into subsections. In subsection 4.1, we present some preliminary re-
sults, and, in subsection 4.2, we prove Theorem 1.2. Subsection 4.3 is
dedicated to proving Theorem 1.3, and, in subsection 4.4, we study the
location of band gaps. Throughout, the symbol K is used to denote
different constants, and it never depends upon 6.

2. Geometry of the domain. Recall that the quadratic form gs
is defined by (1.2). In this section, we perform a standard change of
variables so that the domain domgg becomes independent of . Here,
we consider the mapping

F.:Q— Q2
(s,91,92) — F?(S)(&yl»yz)t,

where I'%(s) is given by (1.1); F. will be a (global) diffeomorphism for
€ > 0 small enough.

In the new variables, the domain domb. turns out to be H(Q).
On the other hand, the price to be paid is a nontrivial Riemannian
metric G = G¢, which is induced by F; i.e., G = (Gyj), Gij = (ei, €j),
1 <i,j <3, where e; = OF./0s, ea = OF./0y; and e3 = OF./0ys.
Calculation shows that

€1 1 —ea/(s)(2y(s),y) ed/(s)(2a(s),y),
J=1e] =10 € cos s) esin as) ,
es 0 —esino(s) € cos as)
where
2o (8) := (cosa(s), —sin a(s)), 25 (s) := (sina(s), cos a(s)).

The inverse matrix of J is given by

L ad(s)y2 —a'(s)y
J = 8 (cosa(s))/e —(sina(s))/e

(sina(s))/e  (cosa(s))/e
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Note that JJ* = G and det J = |det G|'/? = £2 > 0. Thus, F. is a
local diffeomorphism. In the case that F. is injective (for this, merely
consider € > 0 small enough), a global diffeomorphism is obtained.

Introducing the unitary transformation

. T2/ 2
o) U L2(92) — 1(Q)
¢’—>E¢OF€7

we obtain the quadratic form
b () = b-(US 1) = 177Vl 72q)

v 2
= /Q (I«b’ + (Vyb, Ry)d/ () + |g;”> dsdy,

domb. = H'(Q). Recall that R is the rotation matrix (%%), and

—§E denotes the self-adjoint operator a/s\sociated with 35. We have
—Ap = UE(—AgEa)UE’W), where dom(—A,) = Us(dom(—Agg)).

3. Preliminary results and proof of Theorem 1.1. This section
is dedicated to the proof of Theorem 1.1. The strategy is based on the
study of the sequence ()., see (1.7). Some preliminary results will
be necessary. We begin with the following considerations. Denote by
[U1,us, ..., us] the subspace of L2(S) generated by {uj,us,...,ux}.
Since the subspace Wy := [uj,us,...,u;]" is invariant under the
operator —Ag , the restriction —Ag |w, is well defined, and its first
eigenvalue is Ag11. Denote by ¢ the quadratic form associated with
—AXY|w,. We have

(3.1) qr(v) > )\k+1||v||2L2(5) for all v € Wy N H'(S).

In order to study the sequence (b,)., we shall use the I'-convergence
technique, see Appendix A.2. It is necessary to extend each b5, on #,
by setting (we denote by the same symbol)

b () = be(v) if v € dom s,
" ] 400 otherwise.
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In a similar manner, we extend b,, on H.,:

b (0) by (w) if v = wu, with w € dom by,
n\V) =
400 otherwise;

recall the definition of b,, by (1.8) in Section 1.

Lemma 3.1. Ifv. — v in H, and (5 (v:)): is a bounded sequence,
then (v.)e and (Vyve)e are bounded sequences in H,,. Furthermore, v €
HY(Q) and there exists a subsequence of (v.)e, denoted by the same
symbol (ve)e, so that vl — v and Vv, — Vyv.

Proof. Since (ve)e and (b5 (ve))e are bounded sequences, there exists
a number K > 0 so that

lim sup/ [vl 4+ (Vyve, Ry)a/(s)]2ds dy < limsup b (ve) < K,
Q e—0

e—0
and
limsup/ |V ve|?ds dy
e—0 Q
(3.2) = lim sup </ (Vv * — )\n\v5|2)dsdy+/ An|ve|ds dy)
e—0 Q Q

e—0 e—0

< limsup Ke? + hmsup/ An|vePdsdy < K.
Q

These estimates along with the fact that o’ and Ry are bounded func-
tions show that (v.). and (V,v.). are bounded sequences in L?(Q).
Therefore, (v.). is a bounded sequence in H'(Q). Thus, there exists
¥ € H'(Q) and a subsequence of (v.)., also denoted by (v.)e, so that
ve — 1 in HY(Q) (recall that this Hilbert space is reflexive). Since
ve — v in H,, it follows that v = ¥, v, — v/, Vv, = Vv in H,,
ve HY Q). O

Lemma 3.2. If v. — v in H, and the limit lim._,q b5 (v:) < +00 ex-
ists, then v(s,y) = w(s)u,(y) with w € HY(I), i.e., v € K,,.

Proof. From Lemma 3.1, passing to a subsequence if necessary,
Vv = Vv in L3(Q). By weak lower semi-continuity of the L?-norm,
inequality (3.2) and the strong convergence of (v¢)., we have
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/ \Vyv|2dsdygliminf/ |V ve|?ds dy
Q e—0 Q

< limsup)\n/ [ve|?ds dy = /\n/ |v|2ds dy.
e—0 Q Q

Now, define the function f,(s) := [4(|Vyv(s,y)[> = Anlv(s,y)?) dy.

The latter inequalities show that f,(s) < 0. However, (3.1) ensures

that f,(s) > 0. Then, f, = 0 almost everywhere. We conclude that

v(s,-) € W1 N HY(S), and v(s,-) is an eigenfunction of the operator

—AX|w, , whose associated eigenvalue is A,,. Since ), is simple, v(s, -)

is proportional to u,. Thus, we can write v(s,y) = w(s)u,(y) with
w e HY(I), as v e HYQ). O

Proposition 3.3. For each n € N, the sequence of quadratic forms
(b%)e strongly T'-converges to by, as € — 0.

Proof. We must prove items (i) and (ii) according to the definition
of strong I'-convergence in Appendix A.2.

Let v € H, and v. — v in H,,. Ifliminf. o b5 (ve) = +00, then by, (v)
< liminf. b5 (ve). Now, assume that liminf._,q b5 (v.) < +00. Pass-
ing to a subsequence, if necessary, we can suppose that lim inf. ¢ b5 (v,)
= limg_,0 b5 (ve) < +00.

Lemma 3.1 ensures that v, — v/, V,u. = Vv in L3(Q), v € HY(Q).
Since o is a bounded function,

vl 4+ (Vyve, Ry)a' — o' + (Vyu, Ry)a’
in L?(Q). Then,

/Q|v/+<vyv, Ry)a/(s)|?ds dy < hgnjglf/QWH v(Vyve, Ry)d/(s)|*ds dy
< ligr;iglf bs (ve).

By Lemma 3.2, we can write v(s,y) = w(s)u,(y) with w € H(I).
Thus,
bp(w) = by (v) < liminf b, (ve),
e—0

and item (i) is proven.

In order to prove (ii), we shall show that, for each v € H,,
there exists a sequence (v). in H, such that v. — v in H, and
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limg 0 b5 (ve) = bp(v). First, consider the particular case v(s,y) =
w(s)u,(y) with w € HY(I). Take v. := v for all ¢ > 0. Note that
be (v) = by (w), for all € > 0, and
lim b7, (ve) = bn(v)-

On the other hand, if v € H,, \ {w(s)u,(y) : w € H*(I)}, we have
by (v) = +o00. Let (ve): be an arbitrary sequence so that v. — v in
H,. In this case, liminf. ,ob5(ve) = +oo. In fact, if we suppose
that liminf. ¢ b5 (ve) < 400, by Lemmas 3.1 and 3.2, we should have
v = wuy,, with w € HY(I); however, this is not true. Therefore,
+oo = liminf. o b5 (v.) = lim. b5 (v:) = by(v). Hence, item (ii)
is satisfied. O

Proposition 3.4. For each n € N, the sequence of quadratic forms
(b5)e weakly I'-converges to by, as € — 0.

Proof. First, we shall show the condition (i) of the definition of weak
I-convergence, i.e., b,(v) < liminf._,q b, (v:), for the sequence v. — v
in ‘H,. Thus, assume the weak convergence v. — v. Consider the case
where (v:). does not belong to H, N H'(Q). Then, b5 (v.) = +oo,
for all € > 0, and the inequality is proven. Now, assume that
(ve)e € Hn N HY(Q). Suppose that v = wu,, with w € HY(I). By
definition, b,(v) < 4oco. If liminf. ,ob%(ve) = 400, the inequality
is proven. Now, suppose that liminf. b5 (v.) < +oo. Passing to
a subsequence, if necessary, we can suppose that liminf. (05 (v.) =
lim,_, b5, (ve) < +00. As in the proof of Proposition 3.3,

lim b5 (ve) > / [v" + (Vyv, Ry)d(s)|*ds dy = by, (w).
e—0 Q

Now, suppose that v does not belong to the subspace {wu, : w €
H(I)}. We show, necessarily, that lim inf. ¢ b5 (ve) = +o0. In fact, let
P, 41 be the orthogonal projection onto #H,,4+1. We have || P,4+1v]| > 0.
Since v. — v in H, N HY(Q), it holds that P,;1v. — P,41v and

(3.3) liminf | Ppy1ve|| > || Pot1v]] > 0.
e—0
Due to the inequality

1
(34) b(0) 2 7 [ (el = Al dsdy

the strategy is to estimate its term on the right side.
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For v € H'(S) N W, _1, denote by ™ the component of ¥ in [u,]
and by Q,+1 the orthogonal projection onto W,, in H'(S). Thus,

1
5 [ (90 = AafoeP) dscy
Q
1
=3 /(IIVyve(s, Wiz = Anllve (s, )lIZa(s)) ds
T
1 2 2
T2 ([lve(s, ')||H1(S) = (An + Dlve(s, ')||L2(5))d5
T
1 n
= 2 [UQnrrv=(s, M () +IIvZ (5, )l ()~ A Dllve (5, ) 172 (5)) ds
T
1
= = [ (IVy@nrave(s, Mia(s) + [1Qnirve(s, Izas)
T
+ I Vav (s, ) 72(s) + 10 (5, )12 (5) = A+ Dllve(s, )72(s)) ds
1 n
2 g/(AnHHQnHUe(S, -)Hiz(sﬁknllvg (s, ')||%11(S)—)\n||”s(37 ')||%2(S))d3
T
1 2
= 22 ()‘n-i-l - )\n)lQn-‘rlUE‘ dsdy
T
Antl — An A+l — An
= ot 2y ez Qo Ay e

This estimate, (3.3), (3.4) and the fact that A\,41 > A, imply that lim
inf. b5 (ve) = +00.

Finally, condition (ii) of the definition of weak I'-convergence can be
proven in a similar manner to the proof of Proposition 3.3. (|
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Proof of Theorem 1.1.

(A) This item follows from Propositions 3.3 and 3.4 of this section
and Proposition A.1 in Appendix A.2.

(B) We must verify Proposition A.2 (a), (b), (c). Item (a) follows
by Propositions 3.3 and 3.4. It is known that the operator 7T, has a
compact resolvent. Thus, (b) is satisfied. It remains to find (c¢). Con-
sider the subspace K := {K1®---®K,,_1 }*+. By the Rellich-Kondrachov
theorem, K is compactly embedded in H,,. Thus, if (v:). is a bounded
sequence in H,, and (bg (ve)). is also bounded, a similar proof to Lemma
3.1 shows that (ve) is a bounded sequence in K. Thus, item (c) is
satisfied. From Proposition A.2, T converges in the norm resolvent
sense to T, in £,. By [13, Corollary 2.3], we have the asymptotic
behavior of the eigenvalues given by (1.13). |

4. Spectral properties in the case of the periodic waveguide.
Consider Q¢ as in Section 1 in the particular case where I = R and
a: R — R is both C? and a periodic function, i.e., there exists an
L > 0so that a(s+ L) = a(s) for all s € R. In this context, the goal of
this section is to find spectral information about the spectrum of —A?,
for each n € N, namely, we study the absolutely continuous spectrum
Tac(—A%) and the existence and location of band gaps in o(—A%).

4.1. Preliminary results. Due to the periodic characteristics of
—AZ, to prove Theorems 1.2 and 1.3, we shall use the Floquet-Bloch
reduction under the Brillouin zone C = [—n/L,w/L). More precisely,
define Qr, == (0,L) x S, LE := {w(s)u,(y) : w € L*(0,L)}, n €N,

HL — LQ(QL) n= 17
" l\rectie-oLk )t n=23,....

Consider the family of quadratic forms acting in HZ:
(4.1)

~ V. 0|2
bi(@)(gp):/ <|go’+i0cp+<vyg0,Ry>a’(s)|2+|€‘y;0|>dsdy, fecC,

dom Bz (0) = {p € HY(Qr) NHE; 0(0,-) = (L, -) in L*(S)}. Denote by
—AZ () the self-adjoint operator associated with b5 (6).
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Lemma 4.1. For each n € N, {—=AZ(0),0 € C} is an analytic family
of type (B).

Proof. First, note that domgfl(ﬁ) does not depend upon 6. For each
0 € C, write bZ (0) = bS(0) + ¢, (0), where, for ¢ € dom ¥ (0),

& (0) () =15, (0) () — b5,(0) ()

—2re | T S R ) ds W)

+ 02/@ lo|?ds dy.

We affirm that ¢ (6) is b%(0)-bounded with zero relative bound. In
fact, given 0 > 0,

[ (0)(P)] < 2/ " + <Vys0,Ry>0/(8)|Ii9¢|dsdy+92/ |io[*ds dy

QL QL
<6[ 16+ (V0 Ryl (o) Pds dy+6(1/5+1) [ [Pdsdy
QL Qr
< 30,(0)(9) + (m/L)*(1/8 + Dl ell3e
for all ¢ € domai(O), for all # € C. Since 6 > 0 is arbitrary, the affir-
mation is proven. By [17, Chapter 7, Theorem 4.8], {b5(0) : 0 € C}

is an analytic family of type (A). Consequently, {—A¢(0),6 € C} is an
analytic family of type (B). O

Lemma 4.2. There exists a unitary operator U, : H, — fc® H,]; de
such that:

3}
U (-85, = [ a5 0) a6,
c
Proof. For (0,s,y) € C x Qr, define

Unf)(O,5.9) = 3" oee PO (s 4 L), domih, = Hy,

kEZ

which is a unitary operator onto féB HE d6; the definition of U, is based
on [2, 21] .
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Recall the quadratic form BZ, see (1.6). Consider
¢(p) == b, (U p),  domg’ :=Uy(domb;,).

Note that ¢, is a closed, bounded from below, quadratic form in the
Hilbert space fc® HEdO, and U, (—AE)U, is the self-adjoint operator
associated with it.

For (s,y) € Qr and k € Z,

— L % is
WU o)+ L) = [\ 5oe 000, 5.1) 00

— L % i5 -
W) s+ L) = [ G2 I 0.5.9) + i00(6.5.9)) 0,

and
—1 L ik LO+1s6

Since o' is an L-periodic function, by Parseval’s identity and Fubini’s
theorem, we have:

a5 () = b, U, )
—/<I(U1s0)’+<V U '), Ry)a'(s)|2+W)dsdy

-y / (U o) (5 L)+ (¥, (U ') (s+ Lk, y), Ry (s)*ds dy
kEZ
QL

+Z/ |V, U, Yo)(s + Lk, y)|>ds dy

kEZQL
/\/ ”“LOJ”SG (0, s,y) +i0p(0, s,y)

2
dsdy

QL kEZ

+ (Vyp(0, 5,y), Ry)a'(s)) do

/ | = sz19+190v 30 9 s y) de

ds dy

/262

keZ
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= /(/I(s@’(evsyy)+i9w(9,s,y)+<Vy<ﬂ(9,8,y)7Ry>a’(8))l2d9>dsdy

QL C

1
+/ (/52|Vyg0(0,5,y) d9|2d9>dsdy

QL ~C

=/< ﬁ(@’(9,s,y)+i9¢(9787y)+<%¢(9,8,y),Ry)@'(S))Fdsdy)d@

C QL

1
+/</2|Vy90(9a5,y)d9|2dsdy>d9
C
C/

Then, ¢ € dom ¢, if, and only if, p € féB HEAD and p(0) € domgfl(e),

almost everywhere 6.

Now, consider the self-adjoint operator

- /j A (0) db

dom Q5 := {cp :p(0) € dom(—A; (6)) almost everywhere 6;

where

1= 820600 < +oc}.
For each ¢ € dom¢: and 7 € dom Q<
dalen) = [ B 0)el0).0(0) a0 = [ ((0). =55 0)0(0)) 0
= [0 (@O0 = (0. Q).

Therefore, )5, is the self-adjoint operator associated with ¢5, and, by
uniqueness, Q5 = U, (—AZ) U O
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4.2. Proof of Theorem 1.2. Since each —AS(f) is compact re-
solvent and lower bounded, its spectrum is discrete. We denote by
E, (e,0) the jth eigenvalue of —AZ (6), counted with multiplicity, and
by 1, ;(e,0) the corresponding normalized eigenfunction, i.e.,

—AS (0)n, j(€,0) = E, j(€,0)¢n (€,0), 7=1,2,3,..., 0€C.
We have
En,l(e,ﬂ)SEn,g(e,G)g---SE,LJ(@,G)..., QEC,

o(=45) = (J{Ews( 0,

j=1
where
E, (e, C):={FE, (s,0):0 €C};
each E, ;(¢,C) is called the jth band of o(—AS%).

Lemma 4.1 ensures that the functions E,, ;(e,§) are continuous and
piecewise analytic in C; consequently, each E,, ;(e,C) is either a closed
interval or a one point set. The goal is to find an asymptotic behavior
for the eigenvalues E,, ;(e,0), as € — 0.

Based on the discussion in Section 1, now we study the sequence:
N A
(4.2) by.(0)(¥) = b5, (0)(v) — gnwuiﬁ,

dom b% (0) = domgfl(ﬁ). The self-adjoint operator associated with
b (0) is TE(0) := —AS(0) — (M, /e?)1. We define the one-dimensional
quadratic form

b (0)(w) := b5, (0) (wu,)
= / |y, + iOwuy, + (Vyu,, Ry)a! (s)w|?ds dy,
QL
dom by, (0) := {w € H*(0,L) : w(0) = w(L)} and denote by T,,(6) the
self-adjoint operator associated with it, namely,
T, (0)w := (—ids + 0)*w + V,w,

domT;,(0) = {w € H?(0,L) : w(0) = w(L),w'(0) = w'(L)}, where V,,
is defined by (1.10).
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Theorem 4.3. For each n € N and each 0 € C fized, the sequence of
self-adjoint operators (Tr;(0)). converges in the norm resolvent sense to
T.(0) in LE, ase — 0. Furthermore, forn €N, j € N and 0 € C fived,
we have

lim (Ew-(e,e) — 2;) = k:n,](ﬁ)

e—0

The proof of Theorem 4.3 is very similar to the proof of Theorem 1.1;
it will be omitted here.

Denote by ki, ;(6) the jth eigenvalue (counted with multiplicity) of
T,(0). As a consequence of Theorem 4.3, we have

Corollary 4.4. For eachn € N and each j € N fized, we have

(4.3) lim (En,j(a,e) - 2;) =k (0)

e—0

uniformly in C.

Proof. For n € N fixed, extend b¢ (6) by formulas (4.1) and (4.2) for
all @ € C. Theorem 4.3 holds if we consider C instead of C. Then, (4.3)
holds for each j € N and # € C. On the other hand, if £; < €, then
be2(0)(¢) < b1 (0) (%) for all 1 € dom b (6), and for all @ € C. Thus,
for each j € N and 0 € C, the sequence (E, ;(c,0) — A\, /e%) decreases
in €. Now, the result follows by Dini’s theorem. ([l

Proof of Theorem 1.2. Let E > 0 and, without loss of generality,
we can suppose that, for all § € C, the spectrum of —A¢(6) below
E+ X, /€? consists of exactly jo eigenvalues {E,, (¢, 0) ;(’:1 Lemma 4.1
ensures that there exists a finite partition P of C so that the functions
{En,;(e,0)}72, are analytic in each of its intervals.

The functions k, ;(#) are nonconstant by [21, Theorem 13]. By
Corollary 4.4, there exist eg > 0, K(¢) > 0, so that |E, ;(e,0) —
(An/e?) — kn;(0)] < K(¢) for all 8 € C, e € (0,eR), j = 1,2,..., jo,
and K(¢) — 0 as ¢ — 0. Consequently, the functions E, ;(e,0) are
nonconstant in each interval of partition P. Note that eg > 0 depends
on jg, i.e., the thickness of the tube depends upon the length of the
energies to be covered. Now, by [21, Section 13.16], the conclusion
follows. |
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4.3. Existence of band gaps. In this section, we shall prove Theo-
rem 1.3. Consider the one-dimensional operator

Tow = —w" + Vyw, dom7T,, = H?(R).

We have denoted by ky, j(#) the jth eigenvalue (counted with multipli-
city) of the operator T,,(#). For each j € N, k,, ;(0) is a continuous and
piecewise analytic function in C. From [21, Chapter 13.16], we have
the following properties:

(a) kn;(0) =k, ;(—0) foralldeC, j=1,2,3,....

(b) For j odd, respectively even, kj, ;(6) is strictly monotone increas-
ing, respectively decreasing, as 6 increases from 0 to 7/ L. In particular,

kn,l(o) < kml(ﬂ'/L) < k’mg(ﬂ'/L) < knvg(O) < .-
< kn2j-1(0) < kp,2j-1(7m/L)
< kin2j(m/L) < kp25(0) < -

For each j € N, define

B . [kn,;(0), kp j(m/L)] for j odd,
" [knj(7/L), kn;(0)] for j even,

and
(knj(m/L), ky jy1(m/L)) for j odd
so that ky j(7/L) # ky j+1(7/L),
Gn,j = { (kn;(0), kn j4+1(0)) for 7 even
so that ky, ;(0) # kn, j+1(0),
1] otherwise.

Then, by [21, Theorem 13.90], we have o(T},) = U322, By,j, where By,
is called the jth band of a(fn). If G,; # 0, Gy, j is called the gap of
o(Ty).

By Corollary 4.4 and, since E,, ;(e,6) is a decreasing sequence, for
each j € N, e > 0,

An/e% + ky ;(m/L) for j odd,

En 1 70 S
e (£.6) {/\n/e2 + kn,;(0) for 7 even.
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If G, ; # 0, again by Corollary 4.4, there exists an €; > 0 so that, for
all e € (0,¢5),

>\n/52 + kn7j+1(ﬂ'/L) — ‘Gn,]‘/2 for 7 odd,

inkE, ii1(e,0) >
bec at1(e:6) {)\n/52 + k. j+1(0) — |Gr j1/2 for j even,

where | - | denotes the Lebesgue measure. Thus, we have:

Corollary 4.5. If G, ; # 0, there exists an £; > 0 so that, for all ¢ €

(0,€j), . 1
IerlelgEn,j+1(579) - I(glélg(En,j(&e) 2 §‘Gn,j ~

Another important tool used to prove Theorem 1.3 is the following
result due to Borg [3].

Theorem 4.6 ([3]). Suppose that W is a real-valued, piecewise, con-
tinuous function on [0, L]. Let ,u;t be the jth eigenvalue of the following
multiplicity counted operator

d2

T = -2
ds?

+W(s) in L*(0,L),
with domain
{we H*(0,L) : w(0) = +w(L),w' (0) = +w'(L)}.

We suppose that
,uj = ujﬂ for all even j,

and
B =iy for all odd j.

Then, W is constant on [0, L].

Proof of Theorem 1.3. Take W(s) = V,(s) in Theorem 4.6. The
operator T, (0), respectively T, (m/L), is unitarily equivalent to 7", re-
spectively T~ in fact, merely consider the unitary operator (ugw)(s) :=
e~ sw(s) with § = 0, respectively § = /L. Recall that {k, ;(0)};en,
respectively {k, ;(m/L)};en, are the eigenvalues of T,,(0), respectively
T,(m/L).
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Since V,,(s) is not a constant function in [0, L], by Borg’s theorem,
without loss of generality, we affirm that there exists a j € N so that
ky ;(0) # ky,_i41(0). Now, the result follows from Corollary 4.5. O

4.4. Location of band gaps. In this section, we find a location in
o(—A%) where Theorem 1.3 holds. For this purpose, we use the scaling

(4.4) a— ya,

where v > 0 is a small parameter. Thus, we obtain the Wavegulde
Qg = Q2% Consider nga instead of AQQ. Denote by b.,” and
35;“’(9) the quadratic forms obtained by replacing (4.4) in (1.6) and
(4.1), respectively. The self-adjoint operators associated with these
quadratic forms are denoted by —AS7 and —AS7(6), respectively.
Denote by E, j(7,¢,6) the jth eigenvalue of —A%7(6) counted with
multiplicity. Define W,,(s) := C(S)(a/(s))%. Write W, (s) as a Fourier

series, i.e.,

Z —wl e/l in [2)0, L.
\/7 b

j=—00

The sequence {w, 52 _ oo is called the Fourier coeflicients of W,. Since

W, is a real function, wﬁl = w;j for all j € Z. We have:

Theorem 4.7. Suppose that V,,(s) is not a constant function in [0, L]
and W, (s) is non null. Let j € N so that w), # 0. Then, there exists
ay > 0 small enough, €, 41 > 0 and Cy j(y) > 0 so that, for all
€€ (Oagn,j-‘rl)’

19n€1(rl'l En,j+1(77 g, 9) - %1638( En,j('% €, 9) > C’n,j (’Y)

In order to prove Theorem 4.7, we shall use a strategy adopted in
[28]. Some steps will be omitted here, and a more complete proof
can be found in that work. In addition, our problem requires further
adjustments, which will be explained next.

Technical details. Let W € L?[0, L] be a real function. For 8 € C,
consider the operators

Tiw=—w"+pW(sjw and Tyw=—w"+ W (s)w
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with domains given by
(4.5) domTy = {w e H?*(0,L) : w(0) = w(L),w'(0) = w'(L)},
(4.6) domTy = {w e H?*(0,L) : w(0) = —w(L),w'(0) = —w'(L)},

respectively. Denote by {l;‘ (B)}jen and {l; (8)}jen the eigenvalues of
Tg and T}, respectively. For § € R and j € N, define

57 (B) :=13;11(B) = 15;(B) and  &; (B) :=Iy;(B) — ly;_1(B).
Now,

d2j-1(8) == 6; (8) and d9;(B) := 6, (B).

Let {w?}7>° __ be the Fourier coefficients of W:

j=—00
+oo 1
W(s) = ——w’e? s/ in 120, L],
0= % 7 0.1
where w/ = w7 for all j € Z.
The next theorem gives asymptotic behavior for 6;(5), as 8 — 0, in
terms of the Fourier coefficients of W.

Theorem 4.8. For each j € N,

5(8) = —~

j 2
ﬁ|wj\|5|+0(|ﬁ\ ), B—0, BeR.

A detailed proof of Theorem 4.8 may be found in [28].

Auziliary problem. For each v > 0 and 0 € C, consider the one-
dimensional quadratic form

L
SO = [ (' + il W () ds,
0
dom s} (0) := {w € H*(0,L) : w(0) = w(L)}. The self-adjoint operator
associated with s)(0) is given by
SY(O)w = (—ids + 0)*w + ¥* W, (s)w,

dom S) () := {w € H%(0,L) : w(0) = w(L),w'(0) = w'(L)}. Denote
by vy ;(7,0) the jth eigenvalue of S} () counted with multiplicity.
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Now, consider
L
b3(0)(w) := b7 (0) (wun) = / (Jw' +i0w|* + V) (s)|w]*) ds,
0

domb)(0) = {w € H'0,L) : w(0) = w(L)}, where V;Y(s) :=
V2Wo(s) — vC2(S)a’(s). The self-adjoint operator associated with
b () is

T (0)w := (—ids + 0)*w + VY (s)w,
dom T (0) := {w € H?(0,L) : w(0) = w(L),w'(0) = w'(L)}. Denote
by ky ;(7,0) the jth eigenvalue of T,Y(#) counted with multiplicity.
Take ¢ > max{||Va|loos |[Wnlleo}. Straightforward calculations show
that K > 0 exists so that
4.7)  |03(0) + ) (w) = (s3(0) + o) (w)| < K [(b,(0) + c)(w)],

for all w € dom b} (0),

0 € C and v > 0 small enough.

Inequality (4.7), [1, Theorem 2] and [13, Corollary 2.3] imply the
following.

Corollary 4.9. For each j € N, there exists a v; > 0 so that, for all
7 € (0,7),
kni(7,0) = vni(7,0) + O(7),

uniformly in C.

FEstimates I. We define

Gn,j (’7)
(knj(v, /L), kn j41(7, /L)) for j odd so that
knj(v, /L) # knjy1(v,7/L),

=9 (kn,;(7,0), kn j+1(7,0)) for j even so that
kmj (77 O) 7& kn,j+1(77 O)a
0 otherwise,

namely, if G, ;(y) # 0, it is called the gap of the spectrum o(7T}),
where
Thw:= —w" + VY (s)w, domT]) = H*(R).

n
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Similarly to the considerations of subsection 4.3 and Corollary 4.5, we
have:

Corollary 4.10. If G, j(v) # 0, there exist v; > 0 and €; > 0 so that,
for all v € (0,7;) and € € (0,¢;),

'En' 0) — En'379> n,j .
min B j41(7,,6) = max By (7.2,6) 2 5|Goy ()

Estimates 11. Now, consider

én,j (7)
(Un,j(v,m/L),vp j41(v,m/L)) for j odd so that
Vn,j (v.m/L) # Vn,j+1 (v, m/L),

(Vn,i(7,0), v j41(7,0)) for j even so that
Un,j (’75 0) 7é Vn,j+1(7, 0)7
0 otherwise;

if CNJn’j (7) # 0, it is called the gap of (S))), where

Shw = —w" +*W,(s)w, domS) = H*(R).

Similarly to the proof of Theorem 1.3, consider the unitary op-
erator (upw)(s) = e w(s). We define the self-adjoint operators
S7(0) := upSy(0)uy* and S} (n/L) := uﬁ/LSg(W/L)u;/lL, whose eigen-
values are given by {v,, ;(7,0)}jen and {v, ; (v, 7/L)} en, respectively.
Furthermore, the domains of these operators are given by (4.5) and
(4.6), respectively. Thus, we can see that |G, ;(v)| = ;(v?) for all
j € N, if we consider 8 =% and W (s) = W, (s) in Theorem 4.8.

With the previous information at hand, we now have the necessary
conditions to prove the main theorem of this section.

Proof of Theorem 4.7. Recall that we have denoted the Fourier co-
efficients of W,, by {w?, ;fioo Since W, is not a constant function in

[0, L], there exists a j € N so that w’ # 0. From Theorem 4.8,

- 9 .
|G, ()] = 777 lwi|+O0(y*), ~—0.
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This estimate and Corollary 4.9 imply that |Gy, ;(v)| > 0, for all v > 0
small enough. By Corollary 4.10, Theorem 4.7 is proven by taking

Cni(y) = 1Gni(v)/2>0. O

Remark 4.11. Since we suppose that V,,(s) is a non null function in
[0, L], if W,,(s) = 0 for all s € R, we can consider W, (s) := C2(5)a”(s)
instead of W,,(s) in this subsection. All of the previous results also hold
in this case; the proofs are similar and will not be presented here.

APPENDIX

A.1. The self-adjoint operator associated with b,. Recall the
quadratic form

ba(w) = / 0t + (Vs Ryl (s)e[ds,
Q

domb,, = H'(I). The goal is to show that the operator T}, defined by
(1.9), (1.10), (1.11) and (1.12) is the self-adjoint operator associated
with b,,.

Consider the specific case where I = (a,b) is a bounded interval.
Some calculations show that

bolw) = [ (' 5 Val)u?) s
4-(102(5)&(17)|w(b)|2 — Ca(8)d (a)|w(a) .
Let by, (w, u) be the sesquilinear form associated with b, (w). We have
bp(w,u) = (w, Tu) for all w € domb,, v € domT,.

Then, T, is self-adjoint operator associated with b,. The case I = R
can be proven in a similar way.

A.2. I'-convergence. Let H be a (real or complex) Hilbert space and
R = RU {+o00}. The sequence of quadratic functionals f. : H — R

strongly I-converges to f : H — R, that is, f. 2> f, if and only if the
following two conditions are satisfied:

(i) for every v € H and every v. — v in H, we have

lil‘;n_jglf fe(ve) > f(v).
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(ii) For every v € H, there exists a sequence v. — v in H such that
li = .
S fe(ve) = f(v)

If the strong convergence v. — v is replaced by the weak convergence

ve = v in (i) and (ii), then we have a characterization of the weakly
. wr
I'-converge, i.e., f- — f.

The following result can be found in [7] wherein the version for real
Hilbert spaces is proven; the generalization for complex Hilbert spaces
is presented in [8].

Proposition A.1. Let d. and d be positive (or uniformly lower bound-
ed) closed, sesquilinear forms in the Hilbert space H, and let D, and D
be the corresponding positive self-adjoint operators. Then, the following
statements are equivalent:

(a) d. Td and, for each ¢ € H, d(¢) < lim igf d.(Ce) for all ¢ — ¢
E—r
in H.
(b) d: 5 d and d. "2 d.

(¢c) D. converges to D in the strong resolvent sense in Hy = dom D C
H, that s,

lim R_5(D.)¢ = R-A(D)P¢  for all { € H, A >0,
e—

where P 1s the orthogonal projection onto Hy.

The next result is due to [8].

Proposition A.2. Letd., d > > —o0, be closed, sesquilinear forms,
let D., D > (1, be the corresponding self-adjoint operators, and let

dom D = Hy C H. Assume that the following three conditions hold:
(a) d- B d and d. " 4.

(b) The resolvent operator R_x(D) is compact in Hy for some real
number A > |f].

(c) There exists a Hilbert space K, compactly embedded in H so that,
if the sequence (1)) is bounded in H and (d.(vc)) is also bounded, then
(1) is a bounded subset of K.

Then, D, converges in the norm resolvent sense to D in Hy as e — 0.
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Remark A.3. In both Propositions A.1 and A.2, the domain of D is
not required to be dense in H, but it is required that rngD C Hy; we
say that D is self-adjoint in Hy.
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