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ABSTRACT. The mixed van der Waerden number w(k1,
..., kr;7) is the least positive integer n such that every r-
coloring of [1,n] admits a monochromatic arithmetic pro-
gression of length k;, for at least one i. We denote by
wa(k;r) the case in which k1 = -+ = ky—1 = 2 and
kr = k. For k < r, we give upper and lower bounds
for wa(k;r), also indicating cases when these bounds are
achieved. We determine exact values in the cases where
(k,7) € {(p,p), (p,p+1),(p+1,p+1)} and give bounds in the
cases where (k,r) € {(p,p+2), (p+2,p+2)}, for primes p. We
provide a table of values for the cases k < r with 3 < k < 10
and for several values of r, correcting some known values.

1. Introduction. The theorem of van der Waerden [19] in 1927 is
one of the foremost and important results in Ramsey theory. For any
pair of positive integers k and r, there exists a least positive integer
w(k; r) such that any r-coloring of the integers in the interval [1, w(k; )]
must contain a monochromatic k-term arithmetic progression. Equiv-
alent forms of van der Waerden’s theorem may be found in [15]. The
original proof gave enormous bounds; the interested reader is referred
to [11]. Shelah [17] gave an elementary proof with primitive recursive
bounds, and Gowers [10] gave a non-elementary proof of bounds that
can actually be written down. As easy application of the Pigeonhole
principle shows that w(k;r) =r+1 for k € {1,2} and w(k;1) =k + 1.
For k > 3 and r > 2, the only known exact values are

w(3;2) =9, w(3;3) = 27,
w(4;2) = 35, w(3;4) = 76,
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w(5;2) = 178,  w(4;3) = 293,
w(6;2) = 1132,

For any set of r positive integers, k1, ..., k., van der Waerden’s the-
orem ensures that there is a least positive integer w(ky,. .., kq;r) such
that any r-coloring of the integers in the interval [1,w(k1,...,k.;7)]
must contain a k;-term arithmetic progression in color i, for at least
one i. The numbers w(ky,..., k.;r) are called mized van der Waer-
den numbers and may be seen as generalizations of the van der Waer-
den numbers w(k;r). Results on mixed van der Waerden numbers
were found by Chvétal [9], Brown [8], Stevens and Shantaram [18],
Beeler and O’Neil [7], Beeler [6], Landman, Robertson and Culver [16],
Ahmed [1, 2, 3, 4] and Ahmed, Kullmann and Snelivy [5]. In 2005,
the article by Khodkar and Landman [12] reported recent progress on
Ramsey theory, and in particular, on mixed van der Waerden numbers.
A table of all exact values of mixed van der Waerden numbers known
through December 2012 may be found in [3].

From the definition of the van der Waerden number w(ky, ..., k.;r),
we see that there must be at least one r-coloring of the integers in
the interval [1,w(ky,. .., kq;7)— 1] that contains no k;-term arithmetic
progression in color ¢, for each i. We call such a coloring a wvalid r-
coloring of the integers in the interval [1,w(kq,...,k.;7) — 1]. Thus,
a valid r-coloring of the integers in the interval [1,n — 1] implies that
the van der Waerden is at least n. If each k; equals 2, the Pigeonhole
principle implies w(k1, ..., kr;7) = w(2;7) equals r + 1. Therefore, the
first non-trivial mixed van der Waerden number in general is the case
where each k;, except one, equals 2. Following the notation introduced
in [16], we denote the case ky = -+ = k,—; = 2 and k., = k by
wa(k; 7). Landman, Robertson and Culver [16] considered the case
k > r > 2, obtaining lower bounds in all cases and exact values in
some. Khodkar and Landman [12] made some in roads into the case
k <r, viz., wa(k;r) < r(k —1) when k < r < 3(k — 1)/2. They also
provided a computer-generated table of values of wy(k,7) for 3 <k <5
and k <r <13.

The purpose of this work is to determine wa(k;r) in the case
k < r. In Section 2, in Theorems 2.1 and 2.3, we give upper and
lower bounds for wsy(k;7), also indicating cases when these bounds
are achieved. From the results in Section 2, in Theorem 2.9 and in
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Corollary 2.6 (i), (ii) we determine exact values in the cases where
(k,r) € {(p,p),(p,p+1),(p+1,p+ 1)}, and in Theorems 4.2 and in
Corollary 2.6 (iii) we give bounds for wy(k;7), in the case of prime p.
The general upper bound we obtain improves those obtained in [12]
for the case k < r < 3(k — 1)/2. The upper and lower bounds for the
difference wy(k;r 4+ 1) — wo(k;7) given in Theorem 2.8 can be used to
provide general bounds in terms of wy(k; k). In Section 3, we provide
a table of values for the cases k < r with 3 < k < 10 and for several
values of r, correcting some values provided in [12, page 8, Table 1]. We
also include some conjectures based upon limited computer-generated
values for wo(k;7). A summary of our results is given in Table 1.

TABLE 1. Summary of results on wa(k;7), k < r. Note that p is the largest
prime < k.

wa(k; ) (k,r) Result
[(k—1)p+3,k(k—1)+1] (k,k), k composite | Theorems 2.1, 2.3
pPP—p+1 (p,p), p prime Corollary 2.6 (i)
[((p—1)%+ 71 k(r—2)+2] E<r Theorems 2.1, 2.3
p?—p+2 (p,p+1), p prime Corollary 2.6 (ii)
p’>+3 (p+1,p+1), p prime Theorem 2.9
[p(p—1)+3,p(p—1) + 5] (p,p+ 2), p prime Theorem 4.2

2. Results for wy(k;r) when k < r. Throughout this section, we
use the notation wy(k;7) to denote the mixed van der Waerden number
w(2,...,2,k;7). By a valid coloring of [1,ws(k;r) — 1], we mean an r-
coloring of the integers in [1,wq(k; ) — 1] that (i) contains at most one
integer in each of r — 1 singleton color classes, and (ii) does not contain
a k-term arithmetic progression in the remaining color class.

Theorem 2.1. Letr > k > 3. Then,

ws(ki ) > (k— 1)]29 +3 ifk= 7T, k composite;
(p—1)2+r otherwise,

where p is the largest prime not exceeding k. Moreover, the lower bound

in the second case is attained when k = p and r € {p,p + 1}, where p

1S prime.
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Proof. We divide the proof into two cases.

Case 1 (k = r, k composite). In order to prove the lower bound,
we must provide a valid k-coloring of [1, (k — 1)p + 2]. We color the
integers in

A={ip+2:1<i<k-2}U{1}

with distinct colors and observe that |A] = k — 1.

It remains to show that the set
B=[L(k—1)p+2]\ A

has no arithmetic progression of length k. Suppose a,a + d,...,a
+ (k—1)d is a k-term AP in B. Since a + (k —1)d <2+ (k — 1)p, we
must have d < p. If d = p, then a+(k—1)d = a+(k—1)p < 2+(k—1)p
such that a = 1 or 2. However, each is impossible since neither 1 nor
p + 2 belong to B.

Hence, d < p, and thus, the integers p+2,2p+2,...,dp + 2 form a
complete residue system modulo d. Thus, exactly one of these integers
must be congruent to a modulo d. Suppose ip + 2 = a + jd. Since
a#1,

j=lp+2—-a)/d<ip/d<p<k-1

Hence, a + jd € AN B, which is impossible.
Therefore, no arithmetic progression of length & can lie entirely in B.

Case 11 (k < r or k = r, k prime). In order to prove the
lower bound, we must provide a valid r-coloring of [1, N], where
N=@p-12+r—1=pp-1)+7r—p. We color the integers in
A={ip:1<i<p-1}U[p(p—1)+ 1, N] with distinct colors and
observe that

Al=(p-1)+(N-pp-1)=N-(p-1>=r—1.

It remains to show that the set B = [1, N] \ A has no arithmetic
progression of length k. Suppose a,a +d,...,a+ (k—1)d is a k-term
arithmetic progression in B. If p t d, the integers a, a+d, . .., a+(p—1)d
form a complete residue system modulo p. Since k > p, at least one
of the terms of the arithmetic progression must be a multiple of p and
thus must belong to A. If p | d, then a + (k — 1)d > 14 (p — 1)p such
that a+ (k —1)d € A. Therefore, no arithmetic progression of length k
can lie entirely in B.
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The lower bound in the second case is attained for £k = p and
r € {p,p+ 1} for prime p, by Theorem 2.3. (|
TABLE 2.
1 2 ... r-p . P
p+1 p+2 . p+(r-p) . 2p
(p-2)p+1  (p-2)p+2 ... (p2)p+(r-p) ... (p-1)p
(p-1)p+1 (p-1)p+2 ... (p-1)p+(r-p)

Remark 2.2. The integers in the set A in the second case of Theo-
rem 2.1 are represented in boldface in Table 2, providing a valid coloring
of [1, N], where N = (p — 1)p + (r — p). This array is drawn under the
assumption r — p < p; when r — p > p, integers from A fill up one or
more full row in the array. Unless p | r, the last row is only partially
occupied by integers in A. If r = j mod p and j # 0, this coloring
cannot always be extended to [1, N + 1] since N + 1 must belong to B,
resulting in an arithmetic progression of length at least p in B con-
sisting of all integers in column (j + 1) up to and including N + 1. If
either p | r or p < k, the given valid coloring of [1, N] can be extended
to a valid coloring of [1, M] for some M > N. However, if k = p, p
prime, and r € {p, p + 1}, we shall show that there is no valid coloring
of [1, N 4 1]. This proves that the lower bound of Theorem 2.1 in the
second case is sharp.

Theorem 2.3. Let r >k > 3. Then

Ek—1)+1 ifk=mr;

walkir) < {k(r2) v2 ifk<r

Moreover, equality holds in the first case if and only if k = r, k prime,
and in the second case if and only if k =p and r = p—+ 1, for prime p.

Proof. We divide the proof into two cases.

Case 1T (k = r). We first show that in any valid k-coloring of [1,
k(k — 1)], any two integers that are in singleton color classes must
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be congruent modulo k. Consider a valid k-coloring of [1,k(k — 1)],
and partition this interval into the k& — 1 intervals [(i — 1)k + 1, k],
1 <i<k—1. Let the k — 1 integers in the singleton color classes be
ai,...,ag—1, written in increasing order. None of these intervals can
contain successive terms a;, a;41 since then some interval will contain
all k integers from one color class, and this is not possible in any valid
coloring. Hence, each interval contains exactly one term of the sequence
ai,...,ag—1 such that a; = (i — 1)k + r; with 1 < r; < k, for each 1.
Moreover, a;+1 — a; < k, since otherwise there would be at least k
consecutive integers from one color class. Suppose a;11 —a; =d < k
for at least one ¢. Then, both a; and a;y; belong to the interval
[ — Dk +1,(6 + d — 1)k] when ¢ +d < k, and to the interval
[(k—d—1)k+1,(k—1)k] when i +d > k. If we partition this interval
into d classes of residues modulo d, then a; and a;41 belong to the same
class. Since this interval contains exactly the d integers among the a;s
and each class of residues has k elements, there must be one class that
contains no a;. This class is therefore monochromatic, contradicting
the valid coloring of the interval [1, k(k — 1)]. Therefore, a;41 —a; =k
for each i, so that

(2.1) a;i=0—-1k+j
with 1 < j <k, for each 1.

Consider any k-coloring of [1, k(k — 1) 4+ 1]. Any non-valid coloring
of [1, k(k — 1)] is automatically a non-valid coloring of [1, k(k — 1) + 1].
Therefore, we may assume that the k-coloring is a valid coloring of
[1,k(k — 1)]. Hence, the integers in the singleton color classes are

Jy Jt+k, g2k, .5+ (k—2)k
for some j € {1,...,k} by (2.1). If j = 1, the k consecutive terms
(k—2k+2, (k—2)k+3,...,(k—1k+1
are monochromatic. If j > 1, the k terms in arithmetic progression
1, 14+k, 1+2k,...;,1+k(kE-1)

are monochromatic. Thus, any k-coloring of [1,k(k — 1) + 1] must
contain either a monochromatic k-term arithmetic progression, or a
monochromatic 2-term arithmetic progression. This proves the upper
bound in Case I.



A CLASS OF MIXED VAN DER WAERDEN NUMBERS 891

In order to prove the necessary and sufficient condition for equality,
observe that equality holds when k = r is a prime by Theorem 2.1. If
k = r is not prime, let g denote the smallest prime divisor of k. In any
valid k-coloring of [1,k(k — 1)], any two integers that are in singleton
color classes must be congruent modulo k; say, i,i+k,...,i+ (k—2)k
with 1 <4 < k. Then,

i+l it+14q....i+1+(k—1)q

is a k-term arithmetic progression in [1,k(k — 1)]. This proves the
necessary and sufficient condition for equality.

Case 11 (k < r). Suppose that there is a valid r-coloring of [1,
k(r—2)+2]. Partition this interval into the r—2 intervals [(i—1)k+1, ik],
1 <7< r—2. Let the r — 1 integers in the singleton color classes be
ai,...,ar-_1, written in increasing order.

Each of these intervals must contain at least one a; since, otherwise,
some interval will contain all k integers from one color class, and this
is impossible in any valid coloring. T'wo cases arise:

(i) ar—1 € {k(r —2) + 1, k(r — 2) + 2}
(11) ar_1 < k('f' — 2)

Suppose that a,_1 € {k(r —2) + 1,k(r — 2) + 2}. Then, each of
the r — 2 intervals [(i — 1)k 4+ 1,ik], 1 < i < r — 2, contains exactly
one of the terms aq,...,a,_2. Arguing as in Case I, we obtain that
ai+1 — a; = k such that a; = (i — 1)k + 5, i € {1,...,r — 3}, for some
jed{l,...;k}. f k <r—1, the numbers jo,jo + &, ..., Jo + (k — 1)k,
jo # j, form a k-term arithmetic progression from one color class. If
k = r — 1, the only possibility for a valid coloring is when j = 2 and
ar—1 = k(r —2) + 1. In this case, the k-term arithmetic progression
with common difference k£ — 1 and last term k(r — 2) + 2 are from the
same color class, leading to a contradiction to the valid coloring.

The case a,_1 < k(r — 2) remains for consideration. Since a;11 —
a; < k for each ¢, each interval [(i — 1)k + 1,ik] for i € {1,...,r — 2}
contains exactly one of the numbers a4, ...,a,_1, except the interval
[(j — 1)k + 1,jk]. Thus, a; = (i — 1)k + b; for i € {1,...,j} and
a; = (i —2)k+0b; for i € {j+1,...,r — 1}, with 1 < b < k.
Moreover, by > by > --- > b; and bjy1 > bjpo > -+ > by > 3.

Observe that b,—; = 1 or 2 leads to at least k consecutive integers
ar—1+1,...,k(r—2)+2. If none of the b;s is 1, we have an arithmetic
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progression with common difference k and initial term 1; the same
argument applies to the case when none of the b;s is 2. Hence, there
exists an integer ¢t < j — 1 such that by = 2 and b,y = 1.

First, suppose that k is prime. If a; = 2 and as = 1, then there
exists a monochromatic p-term arithmetic progression with common
difference a3 — az = az — 1 in the interval [3, (ag — 1)p + 2]. Otherwise,
we write a; —a;—1 = d; and a9 — agp1 = dp. Since a1 —ap =k —1
is even, as42 — a;—1 cannot exceed 2k (for otherwise, there are at
least k integers of the same parity between a;—; and as4o of the same
color). Hence, di +ds < 2k —(k—1) = k+ 1. If d < t, the
interval [(t — dy + 1)k + 1, (¢ + 1)k] contains exactly d; of the a;s,
of which two differ by dy, leaving a choice of a k-term arithmetic
progression of the same color. Hence, di > t 4+ 2. Similarly, if
dy <1 —t—1, the interval [a; + 1, a; + dok] contains exactly dy of the
a;s, of which two differ by ds, leaving a choice of a k-term arithmetic
progression of the same color. Hence, do > r — ¢ — 1. However, then
di+de > (t+2)+(r—t—1) =r+1 > k+1, leading to a contradiction.

Now, suppose k is composite. Assume, without loss of generality,
j > |(r—2)/2]. We claim that a,,11 — am # ape1 —a, for 1 <n <
m < j. Suppose otherwise; let @41 — @ = a1 — a, = d. If d < k,
there must exist an interval of length dk containing a k-term arithmetic
progression with common difference d since the interval either contains
Qn, Ont1s Gy @1, Qjy Gj41 OF Gpy, Qptq and not aj,a;41. If d = K is
composite, the above argument applies to any factor of d. This proves
the claim. Hence,

[(r—2)/2] [(r—2)/2]
itl — Q) = > —r(r—2) >
S ez Y izglod

(k+1)(k—1) >k

co| —

for k > 8, contradicting j > |(r —2)/2] when k& > 8. For k < 8, the
result follows from Table 3 and Theorem 2.8. This proves the upper
bound in Case II. Moreover, we have wy(k;r) < k(r — 2) when k is
composite.

The necessary and sufficient condition for equality directly follows
from the upper bound wy(k;r) < k(r — 2) for composite k and
Theorem 4.2. g



A CLASS OF MIXED VAN DER WAERDEN NUMBERS 893

Remark 2.4. Suppose a1, as,...,a;_1 are the integers in the singleton
color classes in any valid coloring of [1, k(k —1)]. Equation (2.1) in the
proof of Theorem 2.3 shows that a; =a; mod kfor1 <i<j<k—1.

Remark 2.5. The upper bounds in Theorem 2.3 are an improvement
on the upper bound wa(k;r) < r(k —1) when k < r < 3(k —1)/2,
obtained by Khodkar and Landman [12].

Corollary 2.6.
(i) For any prime p,

wa(pip) =p(p—1) + 1.
(ii) For any odd prime p,
wa(pip+1)=p(p—1) +2.
(iii) For any odd prime p such that p + 2 is composite,

plp+1)+3<wa(p+2p+2) <plp+3)+3.
Proof. This is a direct consequence of Theorems 2.1 and 2.3. (]

Remark 2.7. Corollary 2.6 (i), (ii) show that the lower bound in the
second case of Theorem 2.1 is sharp.

Theorem 2.8. Letr > k > 3. Then,
1 <wy(k;r+1) —wa(k;r) < k.

Proof. Consider a valid (r 4 1)-coloring of the interval [1,ws(k;r +
1) — 1], and let ay, ..., a, be the integers, arranged in increasing order,
in the singleton color classes. Since a valid coloring cannot contain a
monochromatic set of k consecutive integers,

ar € {wa(k;r +1) —k,...,wa(k;r +1) — 1}

Since the same coloring on [1,a, — 1] is a valid r-coloring, there
is always a valid r-coloring of [1,wq(k;r + 1) — k — 1].  Therefore,
wo(k;r) > wa(k;r + 1) — k, as desired. O
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Theorem 2.9. For any prime p,
wa(p+ 1;p+1) = p? + 3.

Proof. When p = 2, Corollary 2.6 (i) applies with p = 3 to give
wo(3;3) = 7 = 22+3. When p is odd, the lower bound ws (p+1; p+1) >
p? + 3 is a special case of Theorem 2.1.

In order to prove the upper bound, assume by way of contradiction
that there is a valid (p + 1)-coloring of [1,p? + 3]. Let the integers in
the singleton color class be S = {ai,...,a,}, arranged in increasing
order. We clearly must have a;41 —a; <p+1forie {l,...,p—1}
and a, > (p*>+3) —p = plp — 1) +3. Let j € {1,2,3}. Since
{j+ip:0<i< p} constitutes a (p+ 1)-term arithmetic progression,
at least one member of S must correspond congruent to j modulo p.
Let s; =¢ mod p for i € {1,2,3} and s; € S.

We claim that, if [ip+1, (i+1)p]|NS = () for some ¢ € {1,...,p—1},
then each of the intervals [(i — 1)p + 1,4p], [(i + 1)p + 1, (i 4+ 2)p] must
contain at least two elements of S, and these must be of opposite
parity. Suppose that [ip 4+ 1, (i + 1)p] NS = @ for some 4. This forces
both ip and (i + 1)p + 1 to belong to S. Moreover, if ', s” are the
elements of S immediately preceding ¢p and immediately succeeding
(i 4+ 1)p + 1, respectively, then s” — s’ < 2p + 2. Otherwise, since ip,
(i+1)p+1 have the same parity, the (p+1)-term arithmetic progression
{G-=1)p,(i—1)p+2,...,(i+1)p} is monochromatic. This proves that
the interval [(i — 1)p + 1, ip] contains at least two elements of S. The
proof that the interval [(i + 1)p + 1, (i + 2)p] contains at least two
elements of S is similar and is omitted. This proves the claim.

We also claim that, if [(i—1)p+1,ip]NS = @ and [(i+1)p+1, (i+2)p]N
S = 0, then the interval [ip+1, (i+1)p| contains at least three elements
of S. Suppose [(i—1)p+1,ip]NS =@ and [(i+1)p+1, (i+2)p]NS = 0.
Then, ip+1 € S and (i + 1)p € S. Since ip + 1 and (i + 1)p are
of the same parity, there would be a monochromatic (p + 1)-term
arithmetic progression with common difference 2 within the interval
[( —1)p+ 1, (i + 2)p] if there is no other element of S in the interval
[ip+ 1, (i + 1)p]. This proves our claim.

We next claim that there is at most one interval of the form
[ip+1,(i +1)p], i € {1,...,p — 2}, which contains no element of S.
Suppose, to the contrary, that there are at least two such intervals;
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let the first of these be Iy = [sp + 1,(s 4+ 1)p] and the last of these
be I; = [tp+ 1,(t + 1)p]. Any interval I = [ip + 1, (i + 1)p] with
s—1<i<t+1is one of four types: (i) empty intersection with S;
(ii) flanked by two intervals, each having empty intersection with S, for
1 # {s—1,t+ 1}; (iil) flanked by one interval with empty intersection
with S and one with non-empty intersection with S; and (iv) non-
empty intersection with S and flanked by intervals with non-empty
intersection with S. Then, |I N S| must be at least 3 in case (ii), at
least 2 in case (iii), and at least 1 in case (iv). This implies that there
must be at least ¢ — s + 5 elements of S within the interval

(s=Dp+1,t+2)p| =1 UI,U--- U,

since each of the intervals I (j # s,t) contains at least one element of S
and an additional four elements of S come from Is_1, 41, l4—1, I141.

There remain (p —2) — (t —s+3) = p—t+ s — 5 intervals of the
form [ip+ 1, (i + 1)p], i € {1,...,p — 2}. If there is an element of S in
the interval [p(p — 1) + 1,p?], then p — ¢t + s — 5 intervals of the form
[ip+1,(i+1)p],i € {1,...,p—2} contain p— ¢t + s — 6 elements, which
contradicts our assumption. If there is no element of S in the interval
[p(p — 1) + 1,p?], then a, > p® and a,—o > p(p — 2). This implies
p —t+ s — 7 intervals of the form [ip +1,(i + 1)p], i € {1,...,p — 3}
contain p — t + s — 8 elements, which contradicts our assumption. This
proves our claim.

We next claim that every interval of the form [ip + 1,(i + 1)p],
i €{1,...,p— 2} contains at least one element of S. Suppose, to the
contrary, that [jp+ 1,(j + 1)p) NS = @. This implies the intervals
I;_1 and I;,I;4, together contain at least four elements of S. If
I,.1 NS =, then a, > p? which implies o NS = (. On the
other hand, if I,_1 NS # 0, then the previous argument implies
IpnNS = (. Let i be such that a; = 1 mod p and a;11 = 2 mod p.
Such an ¢ exists since a; = p + 1, and there exists a, = 2 mod p
with a, < jp. If a; > (j + 1)p and a;4+1 — a; = p + 1, then there
must exist a monochromatic (p 4+ 1)-term arithmetic progression with
common difference 2 within the interval [a,, — 2p — 2, a,,], where a,, = 3
mod p and a,—1 =2 modp. If a;41 —a; =1 and a; ¢ I UL,
then I; NS = () for some ¢t # j, which is a contradiction. If a; € I;_1,
then I;_; must contain at least three elements of S, leading to the
contradiction that some interval I; has empty intersection with S. If



896 K. MARAN, S. REDDY, D. SHARMA AND A. TRIPATHI

a; € Ij;41, the only possible (p + 1)-coloring that does not contain
a monochromatic (p + 1)-term arithmetic progression with common
difference 2 has a; = 3 mod p for all s > ¢+ 1. This induces
a monochromatic (p + 1)-term arithmetic progression with common
difference p — i + 1 ending at p? + 3. Hence, the claim.

The argument in the preceding paragraph also shows that [p(p—1)+
1,p* NS # 0. Two cases remain: (i) I; NS # 0 for j € {0,...,p— 1}
and (ii) Iy NS = 0 and |I; N S| = 2. In case (i), a;41 —a; = p for
i €40,...,p—1}, by Remark 2.4. This gives a monochromatic (p+ 1)-
term arithmetic progression with common difference p starting at 1, 2
or 3. In case (ii), let j be such that a; =1 mod pand a;4; =2 mod p,
which leads to monochromatic (p+1)-term arithmetic progression with
common difference either 2 or p — j + 1, as in the preceding paragraph,
which proves the theorem. O

Remark 2.10. Let p be a prime, p > 5. Suppose ay,a2,...,a,, not
necessarily in increasing order, are the integers in the singleton color
classes in any valid coloring of [1,wq(p;p + 1) — 1]. Computer based
evidence suggests that a; =a; modpfor1 <i<j<p—-landa,=1
mod p. Our proof would have been considerably shortened if we were
able to prove this.

Theorem 2.11. For odd prime p,

plp—1)+3 < wap;p+2) <pp—1)+5.

Proof. For p € {3,5}, Table 1 gives wy(3;5) = 10 and wy(5;7) = 23.
We assume p > 5 for the rest of this proof. The lower bound follows
directly from Theorem 2.1.

In order to prove the upper bound, assume by way of contradiction
that there is a valid (p+2)-coloring of [1, p(p—1)+5]. Let the integers in
the singleton color class be S = {a1,...,a,+1}, arranged in increasing
order. We clearly must have a;41 —a; < p for ¢ € {1,...,p} and
ap+1 > pp—1)+5—(p—1) = p(p — 2) + 6. Moreover, corresponding
to each j € {1,...,5}, there must correspond at least one member of S
congruent to j modulo p. Let s; = ¢ mod p for ¢ € {1,...,5} and
s; €85.
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Note that ay,—1 > p(p — 1) + 1 implies at most p — 2 of the a;s in
the interval [1,p(p — 1)]. This is impossible since some interval of the
form [ip+ 1,(i 4+ 1)p], i € {0,1,...,p — 2}, would contain no element
of S, thus contradicting the valid coloring. Suppose a, > p(p — 1) + 1.
This provides a valid (p — 1)-coloring of the interval [1,p(p — 1)]. From
Remark 2.4, a; = a; mod p for 1 <4 < j < p — 1. However, since
ap and apy; are members of only two of the five p-term arithmetic
progressions with the common difference p and starting with 1,2,...,5,
there must be at least one p-term arithmetic progression with common
differences p all of the same color. Hence, a, < p(p —1).

We claim that no interval of the form [ip+ 1, (i + 1)p, i € {0,1,...,
p — 2} can contain three consecutive terms a;_1,a;,a41 of S. By
way of contradiction, suppose some such interval contains at least
three consecutive terms of S. If ap41 > p(p — 1) + 1, some interval
of the form [ip + 1,(¢ + 1)p|, i € {0,1,...,p — 2}, would contain
no element of S, thus contradicting the valid coloring. Therefore,
ap+1 < p(p — 1) in this case. Since exactly i elements of S belong to
the interval [1,ip], the three consecutive elements of S in the interval
[ip + 1, (i + 1)p] are a;t1,aito,a;y3. Observe that, for £ > ¢ + 3, we
must have apy1 —ag < (p — £+ 1)p. Since apy1 > p(p — 2) + 6, we
therefore have a, > (p(p —2) + 6) —(p—L+1p = pl—-3)+6.

Thus, the elements of S congruent to 1,...,5 modulo p must be one of
ai,...,a;+o. Hence, at least three among the elements of S congruent
to 1,...,5 must be in the interval [1,ip]. Since each of the intervals
[1,p],[p+1,2p],...,[(i—1)p+ 1,ip] contains exactly one element of S,

it follows that two consecutive such intervals contain two elements
of S that differ by p — 1. However, this leads to a contradiction
to the assumption of a valid coloring since these two elements of S
have the same parity, leading to a p-term arithmetic progression with
common difference 2 and of the same color contained within these two
consecutive intervals. Hence, the claim follows.

Two possibilities remain: (i) there must be exactly two intervals
of the form [ip + 1,(i + 1)p], i € {0,1,...,p — 2}, each of which has
exactly two elements of S; and (ii) exactly one interval of the form
lip+1,(i+1)p|, i € {0,1,...,p — 2} contains two elements of S and
ap+1 > p(p—1)+1. Let s* denote the largest of the four elements of S
in case (i), and let s* = ap41 in case (ii). Following the same arguments
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as in the previous claim, the elements of S congruent to 1,...,5 must
each be less than or equal to s*.

We observe that at most two pairs of consecutive elements of S may
differ by p — 1. Having three such pairs would lead to a contradiction
since the p+ 1 elements of S must be placed in the p — 1 residue classes
modulo p—1 and the pairs belong to the same residue class modulo p—1.

Our next claim is that at most two pairs among s1, ..., s5 may differ
by p—2. Suppose, by way of contradiction, that there are three or more
such pairs. The least among these pairs must be less than p, and the
largest must be greater than p(p — 2), for otherwise, considering one of
two intervals [1,p(p — 2)], [p+ 1,p(p — 1)] would give a monochromatic
p-term arithmetic progression with the common difference p — 2 by the
previous argument. We next observe that ap1 < p(p — 1)7 since at
least one of the intervals [1,p(p — 2)], [p+ 1,p(p — 1)] must contain two
pairs that differ by p — 2 and must contain at most p — 1 elements of S.
Now, following an argument similar to that in the previous paragraph,
we arrive at a contradiction. Hence,

ap =apt1—(p—2) > (p(p—2)+6)—(p—2)=pp-3) +8.

Thus, the three or more pairs that differ by p — 2 belong to the interval
[1, p(p—2)], which again leads to a contradiction by the same argument
as in the previous paragraph. This completes the claim that at most
two pairs among s1, ..., S5 may differ by p — 2.

Consider the first interval of the form [ip 4+ 1, (i + 1)p] that contains
two elements of S, viz., a; and a;11. Let S7 consist of the elements
of S that are congruent to one of 1,...,5 modulo p and are at most a;,
and let S5 consist of elements of S that are congruent to one of 1,...,5
modulo p and are at least a;41. Observe that neither S; nor Sy can
contain consecutive s;,s; with 7,5 of opposite parity except when one
of s;,s; belongs to an interval of the form [ip+1, (i+1)p| that contains
two elements of S; otherwise, there would be a monochromatic p-term
arithmetic progression with common difference 2. The only ways to
place s1,...,s5 into either S7 or Sy and not arrive at a contradiction
to this argument are the following possibilities for the set Si:

{5,4},{5,3,2},{5,3,1},{5,3},{5,2},{5,1},{4,3}, {4, 2,1}, {4, 2},
{3,2},{3},{2,1}.
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When S = {5,3,1} or {4, 2}, there are three pairs that differ by p — 2.
Let

as = max{a; € S1:a;, =1,2,3,4 or 5 mod p,a;—1 Z a; mod p}
and
a; = max{a; € Sy :a; =1,2,3,4 or 5 mod p,a;_1 #Z a; mod p}.

When S; is one of {5,4},{5,3,2},{5,2},{4,3},{4,2,1},{2,1}, the in-
terval of length 2p ending either at a;+4 or at as+5 contains exactly two
members of S, and these are of the same parity, thus giving a monochro-
matic p-term arithmetic progression with common difference 2. When
Sp is one of {5,3},{5,1},{3,2},{3}, the interval of length 2p ending
either at a;+4 or at a;+5 contains exactly two members of S, and these
are of the same parity, thus giving a monochromatic p-term arithmetic
progression with common difference 2. This completes the proof. [

3. Tables of wsy(k;r) for k < r. In this section, we provide in
Tables 3 and 4 values of wq(k;r) for k < r, obtained by a computer
program. These greatly extend [12, Table 1, Corollary 5]. The entries
in blue are validated by the results in Section 2. The entries in red
correspond to kK = 5 and 7 < r < 13 and correct the corresponding
entries in [12, Table 1, Corollary 5]. Tables 5 and 6 provide a valid
coloring of [1,ws(k;7) — 1] in all cases where k < r is not covered by
the results in Theorem 2.9 and in Corollary 2.6 (i), (ii).

4. Concluding remarks. As indicated in Section 1, an almost
complete study of the mixed van der Waerden numbers wa(k,r) for
the case k > r > 2 was done by Landman, Robertson and Culver [16],
who obtained lower bounds in all cases and exact values in some. The
case k < r was studied by Khodkar and Landman [12], who provided
the upper bound wq(k;r) < r(k — 1) when k& < r < 3(k — 1)/2, and
provided a computer-generated table of values of wy(k,r) for 3 <k <5
and k < r < 13. The purpose of our work was to take this forward to
some extent, as indicated in Section 1. The computer-assisted tables
of values of wa(k,r) have not only extended (and, on some occasions,
corrected previously computed values), but have also served as the
motivation for all of our results and conjectures. We conclude this
paper with a few conjectures based on our computer-generated tables.
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TABLE 3. Values of wa(k;7) for k =3 and 19 <r < 25.

[k\r[[3]4][5[6]7[8[9[10[11][12]13[14][15[16[17]18]|
3 7] 8JI0[I12[15[16 17181921 [22]23[25][27[28]29
121416 [ 18 [20 [22 [ 24 |26 [ 29 [ 31 |32 [ 35 | 36 | 38 [ 39
21 22 23] 263032354045 46 | 47
28 [30 |31 [ 34|38 42 (4347
43 [44 [ 45 [47 [ 495458
52 | 53 | 55 | 57
59 | 62 | 66
0 69

=IO 0| || G~

TABLE 4. Values of wa(k;r) for k = 3 and 19 < r < 25.

Conjecture 4.1. For any odd prime p such that p 4+ 2 is composite,
wa(p+2p+2) =plp+1)+3.

Conjecture 4.2. For prime p > 3,

w2 (p;p+2) =pp—1)+3.
Conjecture 4.3. Let r > k > 3. If p is the largest prime not
exceeding k, then

p—1 < wy(k+1;r)—wa(k;r) < k and p < wo(k+1;7r4+1)—wa(k;7) < k.

Conjecture 4.3 is analogous to Theorem 2.8, and, if true, would
provide upper and lower bounds for ws(k; 7).

Acknowledgments. The authors take this opportunity to thank
the referee for various suggestions to improve this paper, and also for
suggesting several additional references.
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TABLE 5. Values of [1,w2(3;7) — 1] for 3 < r < 25.

Valid coloring of [1,w2(3;7) — 1]

r | wa(3;r) (Integers in singleton color classes)

3 7 13,6

4 8 3,67

51 10 |3,458

61 12 3,56 7 10

71 15 3,678,012

8 16 3,6,7,8,9,12, 15

9 17 3,6,7,8,9,12,15, 16

10 18 3,6,7,8,9,12, 15, 16, 17

11 19 3,6,7,8,9,12, 15, 16, 17, 18

12 21 3,4,5,8,10, 11, 12, 13, 16, 17, 19

13 22 3,4,5,8,10, 11, 12, 13, 16, 17, 19, 21

14| 23 (236,709 11,12, 13, 14, 15, 16, 19, 22

5| 25 [3,4,6,8,9, 10, 12, 13, 14, 15, 17, 20, 21, 22

16 27 3,4,6,8,9, 10, 12, 13, 14, 15, 17, 20, 21, 22, 25

17 28 2,5,6, 7,10, 12, 13, 14, 15, 17, 18, 19, 21, 23, 24, 27

18 29 1,3,6,7, 8,11, 13, 14, 15, 16, 18, 19, 20, 22, 24, 25, 28
2,5,6, 7,10, 12 13, 14, 15, 16, 17, 18, 19, 21, 24, 25,

19 31
26, 29
3,4,6,8,9,12, 13, 15, 16, 17, 18, 19, 20, 21, 23, 26, 27

20 33
28, 30

01| a4 | L 45 7.9,10,13, 14,16, 17, 18, 19, 20, 21, 22, 24, 27
98, 29, 31

oo | 35 | 122578 0,12,14, 15, 16, 17, 18, 19, 20, 22, 23, 26,
97, 29, 31, 32

23| 37 |34 6,8, 9,12,13,15,17, 18, 19, 20, 21, 22, 23, 25, 26,
27, 30, 31, 32, 34

0| 38 | L4 7.9,10,13, 14,16, 18, 19, 20, 21, 22, 23, 24, 26,
27, 28, 31, 32, 33, 35

925 39 3,5,6, 7,10, 11, 12, 14, 15, 16, 17, 18, 19, 20, 22, 24,

25, 28, 29, 31, 33, 34, 37, 38

901
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TABLE 6. Values of [1,w2(k;r) — 1] for 4 < k < 10.

Valid coloring of [1,wa(k;r) — 1
‘ k H v | wa(kin) (Integers in sgingle[ton(colc)or clilsses)
2] 4] 12 [47 11
4 5 14 4,5,9,12
4 6 16 3,6,10,11, 13
4 7 18 4,7,9,10,11, 15
4 8 20 4,7,11,12, 13, 14, 18
4 9 22 4,7,9,10, 11, 15, 18, 20
1110 24 [3,7,8,09, 11, 14, 15, 19, 22
Z[11] 26 4,709, 10,11, 15, 18, 20, 21, 22
4| 12 29 4,7,9, 10, 11, 15, 18, 20, 21, 22, 26
413 31 |[2,5,0 10,11, 13, 16, 20, 21, 22, 24, 27
4|14 32 [4,7,09 10,11, 14, 18, 19, 20, 21, 22, 26, 29
115 35 4,7 11,12, 13, 14, 15, 18, 22, 23, 24, 25, 28, 31
4] 16 36 4,7,10, 11, 12, 13, 17, 20, 21, 22, 23, 24, 28, 31, 35
4|17 38 4,7,11,12, 13, 14, 15, 18, 22, 23, 24, 25, 28, 31, 35, 36
4| 18 39 4,7,11,12, 13, 14, 15, 18, 22, 23, 24, 25, 28, 31, 35, 36, 37
5] 5 21 5,10, 15, 20
5 [§ 22 5,10, 15, 20, 21
5| 7 23 5, 10, 15, 20, 21, 22
581 26 |5, 10,15, 16,17, 19, 23
519 30 |5 10,15, 16, 17, 19, 23, 26
5110 32 [5,10, 15, 16, 17, 19, 23, 26, 30
5 11| 35 |5 10, 15, 20, 21, 22, 23, 24, 25, 30
5112 40 |5, 10, 15, 20, 21, 22, 23, 24, 25, 30, 35
5 I3[ 45 |5, 10, 15, 20, 21, 22, 23, 24, 25, 30, 35, 40
5 |[14] 46 |5, 10, 15, 20, 21, 22, 23, 24, 25, 30, 35, 40, 41
5 15| 47 |5, 10, 15, 20, 21, 22, 23, 24, 25, 30, 35, 40, 41, 42
6| 6| 28 |6 11,106,21,27
6 7] 30 |6 11,16,17,23, 24
618 31 |6 11,16, 17, 23, 24, 30
691 34 |67, 13,14, 20, 21, 26, 31
6101 3% 6,9, 15,16, 17, 23, 26, 31, 33
6 |11 42 [4,09,14, 20, 21, 22, 23, 26, 31, 36
6 |12 43 4,09, 14, 20, 21, 22, 23, 26, 31, 36, 37
6 {13 47 |6, 1L, 16, 18, 19, 20, 21, 22, 28, 33, 38, 43
771 43 |7, 14, 21,28, 35, 42
78| 44 |7, 14, 21, 28, 35, 42, 43
79 45 |7, 14,21, 28, 35, 42, 43, 44
7110 47 |7, 14, 18, 21, 22, 24, 30, 35, 40
7 11| 49 |7, 14, 21, 28, 30, 31, 32, 36, 41, 47
7| 12 54 7,14, 21, 25, 27, 28, 29, 31, 37, 42, 47
7] 13 58 7,14, 21, 24, 25, 29, 33, 34, 35, 37, 44, 51
SIS 52 [8, 15,22 29,36 43, 51
S {9 53 |8, 15,22 29,36, 43, 51, 52
S {101 55 8,09, 17, 18, 19, 26, 33, 40, 47
S {11 57 |8, 13, 17, 18, 26, 31, 39, 40, 44, 49
99 59 |8, 15,22 29,36, 43, 50, 58
9 {10 62 |9, 18, 19, 26, 27, 36, 45, 46, 53
9 11| 66 |7, 13, 18, 23, 32, 39, 40, 41, 50, 59
10 || 10 69 10, 19, 24, 29, 38, 46, 47, 51, 60
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