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NONLINEAR SPECTRAL RADIUS PRESERVERS
BETWEEN CERTAIN NON-UNITAL
BANACH FUNCTION ALGEBRAS

MALIHEH HOSSEINI

ABSTRACT. Let a9 € C\ {0}, A and B be Banach
function algebras. Also, let p1 : Q1 — A, p2 : Q2 — A,
71 : Q1 — B and m : Q2 — B be surjections such
that ||p1(w1)p2(w2) + aollec = [IT1(w1)m2(w2) + aolleo for
all w1 € Qq,wa € Q2, where Qp, Q2 are two non-empty
sets. Motivated by recent investigations on such maps
between unital Banach function algebras, in this paper
we characterize these maps for certain non-unital Banach
function algebras including pointed Lipschitz algebras and
abstract Segal algebras of the Figa-Talamanca-Herz algebras
when the underlying groups are first countable. Moreover,
sufficient conditions are given to guarantee such maps induce
weighted composition operators.

1. Introduction. The study of characterizing maps between Ba-
nach function algebras which preserve some specific properties con-
nected with the norm, range, spectrum, and spectral-radius of algebra
elements is an active research area. One important result concerning
norm-preserving maps is the famous Banach-Stone theorem which gives
a complete description of norm-preserving linear maps between C'(X)-
spaces, where C'(X) is the Banach algebra of all continuous complex-
valued functions on a compact Hausdorff space X endowed with the
supremum norm || « ||s. This theorem has been extended in many di-
rections. In particular, during recent years, several authors have worked
on different preservers between function algebras without the linearity
assumption. We refer to [7] for a survey of the study in this area.
Specifically, a great deal of work has been done on maps preserving
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certain norm conditions which make them weighted composition oper-
ators or algebra isomorphisms. In this relation, the authors in [9, 21]
independently studied non-symmetric multiplicatively norm-preserving
maps between uniform algebras; more precisely, they characterized sur-
jective maps T : A — B satistying ||TfTg + aollec = ||fg + aol|co for
all f,g € A and some fixed scalar ap € C\ {0}. In [12], surjections
T : C(X) —» C(X) were studied such that, for each f,g € C(X),
ITfTg — 1]loc = ||fg — 1|lc, and it is shown that, if (1) = +1
and T'(+7) = +i, then T must be an algebra isomorphism. In [1], the
authors obtained a complete description of similar maps for pointed
Lipschitz algebras. In order to unify these results, we put them into a
general framework as follows. Given two non-empty sets €2y, {29 and
function algebras A, B, it is natural to consider surjective maps

p1291—>A7 pg:Qg—)A, Tliﬂl—)B, TQZQQ—)B
satisfying
[p1(w1)p2(w2) + aolloc = [[T1(w1)T2(w2) + aol|o

for all wy € Q1 and wy € s, where aq is a fixed non-zero scalar. Most
recently, Hirasawa, Miura and Takagi [11] have considered ) := Q; =
Q9 and analyzed two pairs of surjections

5175229—)14 and Tl,TQZQ—>B

between unital Banach function algebras A and B. Some related
results (involving pairs of maps) between either unital Banach function
algebras or particular subsets of the group of invertible elements of the
algebras have also been obtained in [6, 8, 11, 14, 15, 16, 23, 27, 28].
Moreover, it should be noted that their proofs rely on the existence of
unit elements, and they cannot be adopted for non-unital case.

As observed, while there is extensive study on characterizing the
above maps defined between unital Banach function algebras, there are
far fewer results on non-unital Banach function algebras (only [1]). In
this paper, we provide a complete description of such norm preserving
maps defined between certain non-unital Banach function algebras,
including pointed Lipschitz algebras and abstract Segal algebras of the
Figa-Talamanca-Herz algebras on first countable, noncompact locally
compact groups (also see Remark 3.15 (1)). We first show that such
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maps induce surjective maps
Tl, TQ :A— B

such that
[Ty fT2g + aollo = | fg + aolleo

for all f,g € A, and then, with an approach similar to [1], characterize
them to obtain the form of original maps. In particular, an extension
of [1, Theorem 4.8] is derived. We also give sufficient conditions for
maps to be weighted composition operators.

2. Preliminaries. Throughout this paper, all topological spaces are
Hausdorff. Let X be a locally compact space, and let Co(X) denote
the algebra of all continuous complex-valued functions on X vanishing
at infinity, equipped with the supremum norm || - ||. A subalgebra A
of Cyp(X) is called a function algebra on X if A strongly separates the
points of X in the sense that, for each z,z’ € X with x # 2/, there
exists an f € A with f(x) # f(«') and f(z) # 0. A Banach function
algebra on X is a function algebra on X which is a Banach algebra
with respect to a norm. A uniformly closed function algebra A on X is
called a uniform algebra if X is compact and A contains the constant
functions.

Let A be a Banach function algebra on a locally compact space X.
For any f € A, we denote the mazimizing set of f by My :={z € X :
|f(@)| = || fllec}. A point z € X is called a strong boundary point for
A if, for each neighborhood V of x, there exists a function f € A with
lflloc = f(z) =1 and My C V.

Given any f in a Banach function algebra A on a locally compact
space X, the peripheral range and peripheral spectrum of f are defined,
respectively, by

Re(f) ={z € f(X) : |2[ = [|flloc}
and

or(f) ={z€a(f): [zl =r(N},

where o(f) and r(f) denote the spectrum and the spectral radius of f.
It should be noted that, if A is a uniformly closed function algebra,
then R.(f) = o.(f) for all f € A [22]. A function h € A is said to be
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a peaking function provided ||h|lcc = 1 and |h(x)| < 1 whenever h(z)
# 1, i.e., Rz(h) = {1}. The set of all peaking functions in A is denoted
by P(A).

Now, we briefly give preliminaries based on the classes of Banach
function algebras which will be considered later in the paper.

Let 1 < p < oo and ¢ be the conjugate to p, i.e., 1/p+1/¢ = 1. Given
a locally compact group G with the left Haar measure A, the space
A, (Q) consists of all functions f € Cy(G) which can be represented as

F=Y fixgi
i=1
for some f; € LP(G) and g; € LY(G) with
D lfillpllgilly < oo,
i=1

where g;(z) = gi(z~!) and

(fi % i) () = /G filen)gi(y) dAw)

for all z € G. The norm of f € A,(G) is defined by

11l = inf > 11 fillllgilla:
=1

where the infimum runs over all possible representations of f from
the above. A Banach algebra A,(G) is called the Figa-Talamanca-
Herz algebra. For p = 2, A3(G) is known as the Fourier algebra of G,
introduced by Eymard [4]. If G is abelian with dual group G, Ay (@)
is the set of Fourier transforms of all functions in Ll(@). From [10],
A,(Q) is indeed a regular Banach function algebra with the maximal
ideal space G.

Another class of Banach function algebras that we shall consider is
the class of abstract Segal algebras with respect to the Figa-Talamanca-
Herz-Lebesgue algebras. Let G be a locally compact group and 1 <
p < oo. Following [2], a subalgebra of A,(G) is an abstract Segal
algebra of A,(G) if A is a dense ideal in A,(G), A is a Banach algebra
with a norm finer than A,(G)-norm and A is also a Banach A,(G)-
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module. We call an abstract Segal algebra of A,(G) proper if it is not
equal to A,(G). The reader may refer to [2, 3] for the basic properties
of abstract Segal algebras.

The Figa-Talamanca-Herz-Lebesgue algebra is an abstract Segal
algebra of A,(G). We recall from [5] that the Figa-Talamanca-Herz-
Lebesgue algebra A7(G) of a locally compact group G is A}(G) =
L"(G)NAL(G), where 1 <7 < oo, and the norm || f[| of f € A}(G) is the
summation L"(G)-norm and A,(G)-norm of f defined above. We note
that the first paper dealing with such algebras is [19], where the authors
studied AL(G) for the abelian group G. According to [5, Theorem 1],
A7 (G) is an abstract Segal algebra of A,(G). It is worthwhile pointing
out that, for any noncompact locally compact group G, the non-unital
Banach function algebras A} (G) and A,(G) are different [5].

Let G be a locally compact group. For f € L*®(G), the left
translation of f by z € G is denoted by L, f(y) = f(zy). G is called
amenable if there exists a continuous linear functional m € L*°(G)*
such that ||m| = m(1l) = 1 and m(L,f) = m(f) for each z € G,
f € L*™(G). Examples of amenable groups include abelian and compact
groups.

Finally, we recall that a map f : X — Y between metric spaces is
said to be Lipschitz if
d(f(x), f(='))

L(f) := DL IAE))
(f) msixp, (w7 < 0

3. Results. In this paper, we characterize the above-mentioned
norm-preserving maps between several non-unital function algebras
(with the same proof). For this reason, we first state different contexts
for work as follows:

Context 1. Let X be a first countable locally compact space and
A = Cy(X).

Context 2. Let X be a pointed compact metric space with the base
point ex,, and let Lipy(Xo) be the pointed Lipschitz algebra consisting
of all complex-valued Lipschitz functions f on X such that f(ex,) = 0.
Note that Lip,(Xy) is a Banach algebra with respect to the norm
<1l = Il lloo + L(). In this case, let X = X\ {ex,}, and let A
be the algebra consisting of the restriction of all functions in Lipy(Xo)
to X, which is a Banach function algebra with maximal ideal space X.
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Context 3. Let X be a first countable locally compact group and
A=A,(X), 1< p< oo, the Figa-Talamanca-Herz algebra of X.

Context 4. Let X be a first countable locally compact group and A
a proper abstract Segal algebra of A,(X), 1 < p < oo.

From now on, we will assume that we are in one of the above four
contexts. This means that, when we refer to function algebras A and B
on X and Y, respectively, we suppose that both A and B belong at
the same time to one of the above-mentioned contexts. We note that,
in all of the above algebras, the spectral-radius of f € A is the same
I |loo and Rr(f) = ox(f) (see [2, Theorem 2.1] for Context 4).

In the sequel, let ap € C\ {0}, 24, Q2 be non-empty sets. Also, let
p1: = A p2:Qy— A 1 : Q1 — Band 7y : Q9 — B be surjections
satisfying

[p1(w1)p2(w2) + aollee = [IT1(w1)T2(w2) + @0lloc, w1 € D1, wa € Q.

Our aim is to characterize such maps through the next lemmas. Before
presenting them, we fix the following notation.

For each z € X, let P, :={h € P(A): h >0, M, = {z}}. We apply
the same notation for similar subsets Py, y € Y.

Now, we state a key result which is essentially a multiplicative
version of Bishop’s classical lemma for the above algebras (see [7] for
more details).

Lemma 3.1. If f € A and © € X with f(x) # 0, then there exists a
peaking function h € P, such that My, = My, = {z}. In particular,

Rx(fh) = {f(z)}-

Proof. Let f € A, x € X and f(x) # 0. If we show that there
exists a peaking function h € A such that M; = My, = {z}, then the
function hh satisfies the desired properties, where = denotes the complex
conjugation. Thus, for Contexts 1 and 2, 3 is obtained by applying [20,
Corollary 1.1], [18, Lemma 2.1] and [13, Lemma 5.1], respectively.

In Context 4, according to [13, Lemma 5.1], there is a peaking
function k in the Figa-Talamanca-Herz algebra A,(X) such that M;, =
My, = {z}. On the other hand, from the regularity of A,(X), we
can choose a function g in A,(X) N C.(X) such that 0 < g < 1 and
g(x) =1, where C.(X) denotes the dense subspace of Cy(X) consisting
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of functions with compact support. Then, h = gkk will be a peaking
function in A,(X) N C.(X). Since, by [26, Proposition 2.1.14], A
contains all functions with compact support in A,(X), we conclude
that h € A. Therefore, apparently, My = My, = {z} and h € P,, as
required. O

We remark that, from Lemma 3.1, it easily follows that each point
in X is a strong boundary point for A.

In the following lemma, which is a generalization of [1, Lemma 4.1],
it is shown that the above maps are jointly norm-multiplicative.

Lemma 3.2. |71 (w1)T2(w2)lleo = [lp1(w1)p2(w2)|leo for all w1 € O
and wy € Q.

Proof. We show the result by applying the method which is used in
the proof of [1, Lemma 4.1]. First, we prove the following claim.

Claim 3.3. Givent > 0 and w,w’ € Oy with p1(w') = tp1(w), we have
[T (W) ()] =t (w)(y)| for ally € Y.

Y. We have two cases to consider. Suppose first that
0. Then, we can choose a function h € P, such that
R+ (11 (w)h) = {11 (w)(y)}, by Lemma 3.1. For each n € N, let h,, = nh.
Thus, if v, € Qs with h, = 72(7,), we have:

|71 (w) ()] = laol = [71(@") @) hn ()] — o] < [I71(w")n + aolloo

= [Im(w)72(m) + aollec = llp1(w)p2(7n) + @0l

(w)pa(
< tllp1(w)p2(vn) — @0 + aolloo + |0l

(@W)p2(1n) + aollos + tlao| + |eo]
)
)

Hence, |1 (w)(y)| < tlm(w)(y)| + (2t + 2)|ag|/n and, when n — oo,
it follows that |71 (w’)(y)| < t|71(w)(y)|. Let us assume that we have
the second case, that is, 71 (w)(y) = 0. Since 71 (w) is continuous, then,
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given n € N, there is a neighborhood V,, of y such that |r(w)| < 1/n
on V,,. On the other hand, for the strong boundary point y in V,,, we
choose a function k,, € B with k,(y) = 1 = ||k |l and

1
(T (@)lleo +1)

Now, take h,, = nk, and v, € Qs such that h,, = 72(7,). Thus, in a
similar manner,

n|m (W) (y)| = o] = |71 (W) (y)
= |11 ()72 (7n
= [[tp1(w)p2(n) + oo
< tllp1(w)p2(vn) + @olloo + tlao| + ol
= t||71(w)72(n) + @0lloo + t]ao| + a0l
Whp|loo + (2t + 1)| g

|kn| <

on Y\ V,.

y)| = lao| < T (W)hn + ol
+ ol = le(wl)r@('yn) + |0

\_//‘\

(
<t (
< t+ (2t +1)|agl,

since [|71(w)hnllee < 1. Then, |71 (w’)(y)] < (

t+ (2t + 2)|ag|)/n, and,
letting n — 0o, we see that 71 (w')(y) = 0 = 71 (w)(

)(y).

In both cases, We have |11 (w')(y)] < t|m1(w)(y)|. Moreover, since
p1(w) = (1/t)p1(w'), from a similar discussion, it follows that |7'1( )(y)]
< (1/t)|m (W) ()] Then we derive that |7 (w')(y)| = t|m(w)(y)], as
claimed.

We now turn to showing that, for every pair w; € 7 and ws € Qs,

[p1(w1)p2(w2) e = (|71 (w1)T2(w2) |00
Assume that w; € Q; and wy € Q5. For each n € N, let §, be
such that p1(d,) = npi1(wy). From Claim 3.3, we conclude that
|71(65)| = n|71(w1)|, and thus,

[71(6n)72(w2)[loc = n|71(w1)T2(w2)lloc,

which implies

nllp1(wi)p2(w2)llee — laol < [Inp1(wi)p2(we) + aolleo
= [lp1(6n)p2(w2) + @0l e
= [[71(6n)T2(w2) + aolleo

< nfl7i(wi)m2(w2)[loo + ool
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Thus, for all n € N, [|p1(w1)p2(w2)]lec < |71 (w1)T2(w2)|loo + 2|0|/n,
and therefore, ||p1(w1)p2(w2)|loc < ||71(w1)T2(w2)]|co. Analogously, for
alln € N,
n||lT1(w1)72(w2)llee — o] = [|71(6n)T2(w2) [0 — |0l

< |lp1(0n)p2(w2) + aoloo

= [Inp1(w1)p2(wa) + aolso

< nf[p1(w1)p2(w2)leo + |0l
and hence, |71 (w1)m2(w2)llee < Ip1(w1)p2(w2)llee + 2|ag|/n, which
verifies that ||71(w1)72(w2)]leo < |lp1(w1)p2(w2)|leo. Consequently,

llp1(w1)p2(w2) oo = 171 (wW1)T2(w2) | o O

According to the next lemma, jointly norm-multiplicative maps T}
and T, induce a homeomorphism between the underlying spaces X
and Y (compare with [1, Theorem 3.2], [17, Section 3] and [20, page
114]).

Lemma 3.4. There exists a homeomorphism ¢ : X — Y such that,
for every w1 € Qi, wy € Qy and x € X, [(p1(w1)p2(w2))(x)] =

[(71(w1)72(w2)) (¢ ()]

Proof. Using Lemma 3.1, we obtain the result by the same argu-
ments as in [13, Theorem 3.10]. O

Set ¢ := ¢~ 1. Clearly, ¢ is a homeomorphism from Y onto X.

Next, we give a straightforward result from [1] which will facilitate
the reading of the proofs.

Lemma 3.5 ([1, Lemma 4.2]). Let o, 8 € C.
(i) If la=1| =8|+ 1 and |a| = |B|, then o = —|f].
(i) If la| =1 and 0 < t <1, then |2at — 1] < |2a — 1].

(il) If | = 18], I =1 < |a—=1] and |6+ 1] < |a+ 1], then a = §
ora= 0.

Lemma 3.6. There are surjective maps T1,To : A — B such that
IT1fT2g + aollee = [|fg + a0l for all f,g € A.
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Proof. For j = 1,2, define Tj : A — B by T;(f) = 75(w;), where w;
is an element in Q; with p;(w;) = f. We first show that 7% (similarly
Ty) is well-defined. In order to see this, suppose that f € A and
w,w’ € Oy with p1(w) = p1(w') = f. According to the assumption, for
each wy € 9, we have

[71(w)T2(w2) + aolleo = [[p1(wW)p2(w2) + ol
= [lp1(W")p2(w2) + aoll
= [[m1(w')72(w2) + aoll -

Consequently, for each F' € B, the following holds
(3.1) 71 (W) F + ool = [I71(w")F + aolloo-

Note that, from the claim proved in the proof of Lemma 3.2 (or using
Lemmas 3.1 and 3.4), it is easy to see that |r(w)| = |71 (w’)]. Then,
given y € Y, 7 (w)(y) = 0 if and only if 71 (w’)(y) = 0. Now, assume
that y € Y and 71(w)(y) # 0 (and thus, 7 (w')(y) # 0). Choose
peaking functions hy,hy € P, such that My, = My, ; () = {y} and
My, = My,7, () = {y}, by Lemma 3.1. Now, taking h = hihy, we
conclude that h € Py, and M}, = My, () = Mpr, () = {y}. Then,
from (3.1), it follows that

h h
(@) W) @)

Thus, ||ag7i(w)h/(T1(w)(y)) + apllec = 2|ap|. On the other hand, as
M7, (o) = {y}, for each y' # y, we have

)0 1] < ool (I 1)

2]ap| = + ap o (W) + ap

oo oo

|

m1(w)(y) 71 (w)(¥)
o (RO Y
= el (T 1) = 2o
Therefore, we conclude that
m1(w')(y) _
o 1=
and, since
|71 (w") ()]
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then, from Lemma 3.5 (i), it is deduced that 7 (w)(y) = 71 (W) (y).
Therefore, 71 (w) = 71 (w'), which demonstrates that 77 is well defined.

Furthermore, it is easily seen that 77,75 : A — B are surjections
such that ||T1 fTog + aolleo = || fg + aollec for all f,g € A. O

Remark 3.7. Let fy € C with f§ = —ao, and define Tjf =
ﬁalTj(ﬂof) for all f € A and j = 1,2. Clearly, 77,75 : A — B are
surjections satisfying ||T7(f)T1(9) — llco = ||fg — 1||o for all f,g € A.
Hence, it is sufficient to consider the case where g = —1, and, in the
next lemmas, we suppose that 77 and 75 are as in Lemma 3.6 with
ap = —1.

The following lemmas give some properties of 77 and T5.

Lemma 3.8. Ifx € X, a € T and h,h' € P, then Ti(ah)(¢(x))Ts
(—ah’)(Y(z)) = —1. In particular, Tj(ah)((z)) = Tj(ah')(¢(x)) for
j=1,2.

Proof. Let z € X, a € T and h,h’ € P,. By assumption, it is
obvious that

IT1 (ah)To(=ah’) — 1o = || — hh — 1|00 = 2.

Then, there exists an 2’ € X such that |(T1(ah)Ta(—ah’))(Y(z'))—1] =
2. Hence, by Lemma 3.4,

2 < [(Ta(ah)Tao(—ah)) (¥ (z"))[ + 1 = |(hh)(2")] + 1,
which implies that = z’ since h,h' € P,. Thus, |(T1(ah)Ta(—ah’))
($(z) — 1] =2
Next, taking into account |[(Ti(ah)Ta(—ah’))(¢(z))] = 1, from

Lemma 3.5 (i), we get (Ti(ah)Ta(—ah’))(¢(z)) = —1, as asserted.
Now, the specific case immediately follows. |

Lemma 3.9. Given x € X and f = ah for some a € {£1,+i} and
h € P, we have

;2N @@)Ty (H(@) =2, {54 ={1,2}.
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Proof. From Lemma 3.4, |T;(2f)(¥(z))Tj (f)(¢(x))| = 2, and, con-
sequently, by assumption, we get

1< |T;20) (W (@) Ty (F) (@ (x) — 1
<1732 T (f) = Ul
= |21/ = Ul = 1.

Now, Lemma 3.5 (i) implies that T;(2f) (¢ (2))Tj () (¥ (z)) = 2. O

Lemma 3.10. Given z € X and h € P,, the following cases hold:

(a) T;(2h) (¥ (x)) = —2T;5(=h)(¥(x));

(b) T3(=2h)(¢(x)) = =T;(2h) (¢ (x));

(¢) T;(2h)((x)) = 2T;(h)(¢(2));

(d) Tj(=h)(¥(x)) = =T;(h)(d(z));

(e) T;(2ih)(¢(x)) = 2T;(ih)(P(x)),
forj=1,2

Proof. Since the conditions are the same for 77 and T5, it is enough
to prove only the above facts for j = 1.

(a) From Lemmas 3.8 and 3.9, we conclude that

T, (2) () = im)i/}(m)) -

Therefore, T1(2h)((x)) = —2T1(—=h) (¢ (z)).
(b) By assumption,
T2 (2R To(h) — 1l = || — 202 — 1] = 3,

=210 (=h) (¥ (x)).

and also, by Lemma 3.4,
T3 (=2h) (¥ (") To(h) (¥(2) — 1| <3, 2’ #u,

which yield |7} (—2h) (¢ (z))T2(h)(¢(z)) — 1| = 3. Then, since |T}(—2h)
(Y(x))To(h)(¢¥(x))| = 2, by Lemma 3.5 (i), we infer that T7(—2h)(¢(x))
T5(h)(¢(z)) = —2. Next, from Lemma 3.9, we have

—2 = Ti(=2h)(P(2))T2(h)(P(x)) = To(=2h) (¢ (2))

which verifies T1(—2h)(¢(x)) = =T1(2h) (¥ (x)).

2z
Ty (2h)(¢h(x))”
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(¢) Similarly, the following relations
[T1(2h)To(=h) — 1o = 3,

and

|T1(20) ((2")To(=h) ()] < 2 for all 2’ # x,

lead to the fact that T1(2h)(¢(z))T2(—h)(¢(x)) = —2. Now, using
Lemma 3.8, we conclude that

T (20)((2)) WQ(» )

and then, T1(2h)(¥(z)) = 271 (h) (¥(z)).

(d) This is an immediate conclusion from the combination of parts
(a) and (c).

(e) As in the above reasoning, since |T7(ih)(¢(z'))T2(2ih) (¢ (2"))| =
2 if and only if 2/ = x and || T1(¢h)T2(2ih) — 1]|ec = 3, it follows that
T3 (ih) (9() T3 (2ih) ($(x)) = —2; hence,

) _
W = T (ih) (¢ (z)).

On the other hand, again by Lemmas 3.8 and 3.9,

. 2 . —4

17 (2ih) (¢ (x)) = eI =21 (—ih)(¢(z)) = T ()

Now, by comparison of the above two relations,
Ty(2ih)(¢(x)) = 2T (ih) (Y (x))

is easily obtained. O

Lemma 3.11. Let ¢ € X. Then, we either have T;(ah)(¥(z))
aT;(h)(Y(z)) for alla € T, h € Py and j € {1,2}, or T;(ah)(¢(x))
alj(h)(¢Y(x)) for alla € T, h € Py and j € {1,2}.

Proof. Let h € P,. Given a € T, from Lemmas 3.9 and 3.10 (a),
(b), we conclude that
(3.2)

Ti(20)((2) = =2T3(~h)(b(2)) = 7 4 4

(=2h)((2)  Ta(2h)(W(x))
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According to (3.2) and Lemma 3.5 (ii),

4
* 1’ - " Heh @) manma) !
— |73 (ah) () Ta(—2) (b)) — 1]
< |Ts(ah)To(~2h) — 1]
— ||~ 20h% 1]

= 2a+ 1.

Tl(ah)(w(m))m

On the other hand, again applying (3.2) and Lemma 3.5 (ii), we have

Tl(ah)(lb(ﬂi))m — 1 = [Ti(ah) (¢ (2))T2(2h) (¢(z)) — 1]
< 71 (ah)T2(2h) — 1]
= l2ah? — 1]
= [2a —1].
Moreover,

Tl(ah)(w(x))m = |Ty(ah)(¥(2))T2(2h) ((2))] = [2a],
by Lemma 3.4. Then, from Lemma 3.5 (iii), it is deduced that either
(33) T () 7 = 20

4 _
T1(ah)(¢(l‘))m =2a.

In other words, using Lemma 3.10 (c), we either have
Ti(ah)(¥(2)) = aT1(h)(¥(z)),
or

Ti(ah)(P(x)) = aTi(h) (4 (x))-

In particular, from the above, we conclude that Ty (ih) (1 (z)) = Ty (h)
(¢(x)) or Ty (ih)((x)) = —iT1(h)(¥(x)).
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Now, we show that, if Ty(ih)(¢(z)) = iT1(h)((x)), then Ty (ah)
(¥(x)) = aTy(h)(p(x)) for given a € T. First, note that To(ih)(y(x))
=iT5(h)(¢(x)) since, applying Lemmas 3.8 and 3.10 (d), we have

. _1 _1
B4 BENE@) = 1) ~HE)
= —iTo(—h)(Y(x)) = iTo(h) (Y (x)).
(

We next claim that T5(2ih)(¢(x)) = iT2(2h)(¥(x)).
according to Lemma 3.10 (c), (e), T2(2ih)(¢(x)) = 2T5(ih)(v(x)) =
2iTo(h)(Y(x)) = iT2(2h)(¢(x)), and hence, T(2ih)(¢¥(z)) = iT2(2h)
(¥(x)), as claimed. Now, using (3.2), Lemmas 3.5 (ii), 3.10 (b) and
(3.4), we have

Note that,

4i 4
T(ah) (@) T \= AleMWE) Zren @) 1’
= |11 (an) (i) 2D 1\

= [iTa(ah)((x)) T2 (2h) (¢ () — 1]
= [Ty (ah) (v () T2(2ih) (¢ () — 1]
< T (ah)To(2ih) = 1o
= [|2iah® — 1| = |2ic — 1].
On the other hand, Lemmas 3.9 and 3.10 (c) give
4
To(=2ih) (¥ (x))’

Consequently, using the above relation and Lemma 3.5 (ii), it is seen
that

Ti(ah) (¢ (x))

iT1(2h) (¢ (x)) = 20Ty (h)(P(2)) = 2T1 (ih) (¢ (2)) =

44 —44
TN W@) 1‘ = BN Famme) !
— T3 (k) () T =2 () — 1]
< || Ti(ah)To(—2ih) — 1|50

= || = 2iah® — 1|0 = |2icc + 1].

Now, since

= [2ial,

Ty () (¢(x))

4
T1(2h)(¢(x))
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from the above inequalities and Lemma 3.5 (iii), it follows that

Re (Tl(ah)(w(:c)) 71(?521/1(@)) — 2 Re (ia).

Equivalently, we have

Im <T1 (ah)((z)) m> — 2 Im(a).

Then, from (3.3) and Lemma 3.10 (c), it is derived that

Ti(ah)(y(x)) = aTi(h)(¢(2)).

Moreover, taking into account that T5(ih) (v (z)) = iT2(h)(¢(z)), sim-
ilar arguments show that Tx(ah)(¢(z)) = aT(h)(¢(z)). Finally, we
conclude that

Tj(ah)(¥(x)) = oT;(K)((x)), h' € Py, je{1,2},
from Lemma 3.8.

Analogously, the same reasoning can be applied to the equation
T, (ih)(¥(x)) = —iT1(h)(¢(z)), and we deduce that

Tj(al) (4 (x)) = aT;(h)(¢(x)),
for all B € Py, « € T and j € {1, 2}. O

Set
K :={yeY :Ti(ih)(y) = iT1(h)(y) for all h € P, }.
From the preceding lemma, it is apparent that
Y\ K ={yeY :Ti(ih)(y) = —iT1(h)(y) for all h € P},

and then simple calculation shows that K is a clopen subset of Y.
Moreover, note that, given h € P, and a € T,

oy ek,
fiteml = {aTxhxy) yeY\K,

for j =1,2.

Next we give a complete description of the maps 77 and T5.
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Lemma 3.12. There are continuous functions I'1,T'y : Y — C such
that T'1'T'y = 1. Furthermore, for each f € A and j = 1,2, T;(f) =
Ljfopon K and Tj(f) =T jfop on Y \ K.

Proof. We prove this lemma by a method similar to [1, Theo-
rem 4.8]. Let f € Aand y € Y. If f(o(y)) = 0, then, taking into
account Lemma 3.4, it is not difficult to see that T1(f)(y) = 0. Now,
suppose that f(¢(y)) # 0. From Lemma 3.1, there exists an h € Py
such that My, = {¢(y)}, and, in particular, R.(fh) = {f(¢(y))}. Put

_ —Ta(h)(y) Th(f)(y)
|fle)] ’

ifye Kand g:=a@ify € Y\ K. Clearly, 8 € T. Then, from the
explanations before the lemma, we have

T ()W) T2(Bh)(y) = 1| = [Ta () (y)aTz(h)(y) — 1
= [fle)]+1.

b=«

Moreover, by Lemma 3.4, for every y' # y,

T () () T2(Bh)(y) — 1] < [Ta(f)(y)T2(BR)(y')]| + 1
= |(fM) ()] +1 < |fley)] +1.
Then, |f(e(y)| +1 = |Ti(f)T2(Bh) — 1|oc = [[fBh — 1]loc. On the
other hand, for every a’ # ¢(y), |B(fh)(z') — 1] < |B(fh)(z")] +1 <
|f(¢(y))| + 1. Thus,

[F () +1=[8(fh)(e(y) — 1] = [Bf(e(y) — 1I.

Now, by Lemma 3.5 (i), 5f(¢(y)) = —|f(¢(y))|, which implies that

fley) B

T () =Ti(=h)(y) f(e(y) = Tl(h)(y)yf(gog))
T(f)(y) =9 ——— ;

fley) —

T(h)(y) ~T1(=h)(y) f(e(y)) = T1(R)(y) f((y))
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by Lemmas 3.8 and 3.10 (d). Thus,

Ti(h)(y) f(ely) y €K,
Ti(h) () flely) yeY \K.

Similarly, the following representation holds for T5(f):

(v) = {Tz(h)(y)f(@(y)) y€K,
To(h) () f(e(y) yeY\K.
Furthermore, combining Lemmas 3.8 and 3.10 (d), we have

1 1
m =T(h)Y) 77 =1

T (f)(y) = {

Ti(0) () Ta()(y) = Ti () (v) o
and thus, T1(h)(y)T2(h)(y) = 1. Now, define the functions I'y, T’y :
Y — C by I'j(y) = Tj(ho)(y) for some hg € Py, 5 = 1,2. Note
that these functions are well defined since, according to Lemma 3.8,
this assignment is independent of the choice of hg. Therefore, for each
f€eA yeY and j =1,2, we have

Li(y)f(ely) yeK,
L) f(ely) yeY\K,

and 'y (y)Ta(y) = 1.

Finally, we check the continuity of I'; for j = 1,2. Let yg € Y and
j € {1,2}. We may choose a function f € A such that f(¢(yo)) # 0.
Take U = o~ 1({z € X : f(z) # 0}), which is a neighborhood of yq.

Hence,
Li(y) = L) yeUu,

(fow)(y)*’

where (f o )(y)* = (fop)(y) ify € K and (f o @)(y)* = (f o p)(y) if
y € Y\ K. Now, since K is clopen, from the continuity of T;(f) and
f o we easily conclude that I'; is continuous at yg. ]

Now, we establish the following result which has been proved through
the above lemmas and gives a complete description of the maps 7y
and 75.
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Theorem 3.13. For surjections p1 : 1 — A, po : Qo — A, 7 :
Q1 — B and 5 : Q9 — B satisfying

[l p1(w1)p2(w2) + aolloe = [|71(w1)T2(w2) + @ollo

for all wy € Q1 and wy € Qo, there exist a homeomorphism ¢ 1 Y — X,
a clopen subset K of Y and continuous functions I'y,I'y 1 Y — C such
that I'1'I's = 1 and

pi(w;)(p(y)) y €K,

i(wi)(y) =T} W @) o)
(wj) () (y) _ﬁpjwj)((p(y)) y €Y\ K,

forallw; € Q;, yeY and j=1,2.

It is worthwhile mentioning that the converse of Theorem 3.14
is also valid. This means that maps of the forms that appear in
the conclusion of the theorem preserve the above-considered norm
condition. Meanwhile, as observed, according to Lemma 3.6, we can
always ignore the index sets 21, and define induced maps 77,75 on
the algebras without considering any structure of the sets.

The following result is immediately obtained.

Theorem 3.14. For surjective maps T1,To : A — B such that
IT1fTog + ol = |Ifg + olloe for all f,g € A, there exist a
homeomorphism ¢ : Y — X, a clopen subset K of Y and continuous
functions I'1,T5 : Y — C such that 1Ty =1 and

Li(y)f(e(y)) yeK,

T;(N)y) = _%Fj(y)m yEY\K,

forall f e A, yeY and j =1,2. If, furthermore, T;j(iho) = iT;(ho)
for some j € {1,2} and hg € A with hg # 0 on X, then K =Y and
Ty, Ty are weighted composition operators.

Remark 3.15.

(1) We remark that the previous theorems are valid, with the same
proofs for all Banach function algebras satisfying Lemma 3.1. In par-
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ticular, this lemma holds for any Banach function algebra A with the
following property:

there exists a constant ¢ > 0 such that for each point x
in the first countable underlying space X, each neigh-
borhood U of © and each scalar € > 0, there is a non-
negative function u € A with |ju|| < ¢, u(z) =1 =
lulloo, and |u] <€ on X\ U.

In order to show this, we apply a modification of the proofs of Lemmas
3.1 and 5.1in [13]. Let x € X and f € A with f(z) # 0. Without loss
of generality, we may assume that f(z) = 1. Since X is first countable,
there is a sequence {V;,} of neighborhoods of x such that

ﬂ Vi, = {z}.

Consider the following open sets

Un:{zeVn:|f(z)—1|< ! } nen.

For any n € N, we choose a non-negative function u, in A with
unll < ¢ un(z) =1 = |lup|loc and

[un| < on X \ Up.

1
2"+ Dl flloo

Set h ="  u,/2". Since |ju,|| < ¢, the series converges and h € A.
It is apparent that

n=1 n=1

and, consequently, h € P, with M, = {z}.
Finally, we show that My, = {z}. Clearly, (fh)(zx) = 1. Now, let

ce X\ {a}. It
z ¢ U U,,
n=1

then
(fh)(2)] < If(Z)Izm <1
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Otherwise, z belongs to Uy,...,U,_1 but not to U,. Then,
[(fR)()] < (1 + [ f(z) = 1])]A(2)]

1 1 up(2)
< (14— —
i#n

1 1 1
1+ —J(1-=+— ) =1
<(+3) (-7 7@ )

Therefore, My, = {x}, as claimed.

(2) The representations given in Theorem 3.14 show that T} and T5
are real-linear. Indeed, T} and T, are not necessarily complex-linear.
For instance, consider the case where T (f) = To(f) = f for all f € A.
We shall show that 77,75, are complex-linear if and only if they satisfy
a stronger condition (see Theorem 3.19).

(3) Since || [oo < || -] on A, from the representation of T}, j = 1,2,
appearing above, it is easily inferred that the graph of 7} is closed.
We also point out that it can be verified that the closed graph theorem
holds for real-linear maps. Therefore, we conclude that 7T} is continuous
with respect to the complete norm || - ||.

Corollary 3.16. Assume that, in Contexts 1-3, ag € C\ s{0}, and
T : A — B is a surjection such that |TfTg+ aollec = || f7 + ol for
all f,g € A. Then, there exist a homeomorphism ¢ :' Y — X, a clopen
subset Kof Y and a unimodular continuous function I' : Y — T such

that, for each f € A,

foop on K,

=t —ﬂm on Y\ K.
|ao

Proof. Define surjections T1, T : A — B by Ti(f) := T(f) and

To(f) := T(f) for all f € A. Then, the result follows from Theorem
3.14. ]

Below, we give a corollary of our main result which may be consid-
ered an extension of [1, Theorem 4.8].
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Corollary 3.17. Let ag € C\{0}, X and Y be pointed compact metric
spaces, and let Th, T : Lipy(X) — Lipy(Y) be surjective maps satisfying
1T fTog + aolleo = |9 + alloo for all f,g € Lipg(X). Then there
exist a base point preserving bi-Lipschitz homeomorphism ¢ : Y — X,

functions Y — {0,1}, T'1,I'y: Y — C such that 1T’y = 1 and

1) =1y (n- Fop+ =m0 Top),

a
|axo
for each f € Lipy(X) and j =1,2.

Proof. Let ex and ey be the base points of metric spaces X and Y,
respectively. From Theorem 3.14, there exist a homeomorphism ¢ :
Y\ {ey} = X\ {ex}, and a clopen subset K of Y \ {ey }, continuous
functions I't, T’y : Y\ {ey'} — C such that 1T’y = 1 and

foo on K,
T; =I.< _
=B 220 g o v\ fer )\
|ao
for all f € Lipy(X) and j = 1,2. Next, extend ¢, I'y and T's to the
functions on Y by letting

p(ey) = ex, [i(ey) =Ta(ey) = 1.

Moreover, define the function 7 as follows: n(y) = 1if y € K U {ey}
and n(y) =0if y € Y\ ({ey} U K). Therefore, for each f € Lipy(X)
and j = 1,2, we have

7;(f) =Fj<n-f0<p+(1—n)-|;;(|)fw>~
Now, it suffices to prove that ¢ is a bi-Lipschitz function, which follows
from a standard argument as in [1, Page 10]. We include the proof here
for completeness. From the previous remark, we get T} is continuous.
Then, there exists a t > 0 such that || T1(f)|| < t||f]| for all f € Lipy(X).
Let y and v’ be two distinct points in Y, and suppose, without loss
of generality, that d(p(y),ex) < d(p(y'),ex). Let fo € Lipy(X) be
defined by

fole) = (), /) ma (0,1 - AELLEL),



NONLINEAR SPECTRAL RADIUS PRESERVERS 881

where 6 = min{d(p(y'),ex), d(¢(y), (y'))}. Taking into account that
d(e(y), (y')) < 26, it is easy to see that L(fy) < 2, and, consequently,
I foll < 2+ diam(X). Thus, ||T(fo)]] < t(2 + diam(X)). Now, letting
s =min{|I'1(y)| : y € Y}, we have

d(e(y): e(y) _ fole@) = Fole(y D _ [T1() fole(y) —T1(y) fole(y'))

d(y,y') d(y,y') - sd(y,y')
_ 1T @) =T(fo) (W) _ L(T(fo)
sd(y,y') - s
< 17 (fo)ll < t(2+diam(X))7

which shows that ¢ is a Lipschitz function. Analogously, it can be seen
that ¢ ~! is a Lipschitz function. O

The next result states that each non-symmetric multiplicatively
norm-preserving map between the Figa-Talamanca-Herz algebras on
amenable groups induces a real-algebra isomorphism.

Corollary 3.18. Assume that, in Context 3, the groups X and Y are
amenable. If ag € C\ {0} and T : A — B is a surjection such that
ITfTg + aolloe = |fg + aolloe for all f,g € A, then A and B are
real-algebra isomorphic.

Proof. Taking into account Remark 3.7, we may assume, without
loss of generality, that ag = —1. From Theorem 3.14, we infer that
there exist a homeomorphism ¢ : Y — X, a clopen subset K of Y and
a continuous function I' : Y — {£1} such that

fop on K,

T(f):F{

fop onY\K,

and

Fo on p(K),

TUF) =Toyd l oV omell)

Foty on X\ p(K),
for all f € A and F € B, where 1 = ¢~!. Although T is real-linear
(not necessarily complex-linear), nevertheless, the same arguments as
in the proof of [24, Theorem 4.22] with slight modifications show that
the functions I'" and I" o ¢ belong to the multiplier algebra of A,(Y")
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and A,(X), respectively. Now, it is easily seen that, for each f € A,
Tot-f € A, and thus, the function g defined as g(y) = f(o(y)) ify € K,
and g(y) = f(e(y)) if y € Y\ K, belongs to B; indeed, g = T(T'ot)- f).
Therefore, the operator 7 defined by

foy on K,

T(f)=<9___
(f) {fogp on Y\ K,

is a real-algebra isomorphism from A onto B. ]

Finally, we present a sufficient (clearly, necessary) condition for the
maps 77 and T3 to be weighted composition operators.

Theorem 3.19. Let oy € C\ {0} and T1,T> : A — B be surjective
maps. If Rx(fg+ ao) N Re(T1fTag + ag) # @ for all f,g € A, then
T;f(y) =T;(y) f(e(y)), where T'; and ¢ are given by Theorem 3.14.

Proof. According to Remark 3.7, we can assume, without loss of
generality, that agp = —1. Since, for each f,g € A, R.(fg—1)N
R (ThfTog — 1) # &, then [|[T1fT29 — 1||oc = ||fg — 1||lco- Thus, by
Theorem 3.14, there exist a homeomorphism ¢ : ¥ — X, a clopen
subset K of Y, and continuous functions I'{,I's : Y — C such that
Fng =1 and

flely) veK,
fley) yeY\K,

for all f € A and j = 1,2. We claim that K = Y. Suppose, on the
contrary, that Y\ K # (. Take yo € Y \ K. Since B is a regular
Banach function algebra and the strong boundary point y, does not
belong to the closed set K, we may select F' € B such that F(yo) = 1,
0<F<1land F=0on K, by Lemma 3.1. Let f,g € A be such that
T,f =iF and Tog = F. Tt is obvious that R, (T1fTeg — 1) = {i — 1},
while R, (fg—1) = {—i—1} since, according to the previously obtained
representations for 77 and 15, we see that

Ti(N)(y) =T(y) {

0 on K,
fg=14 —iF?

=—iF? onY\K.
T
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This contradiction shows that K=Y, and hence, T} f(y)=T;(y) f(¢(y))
forall fe A, yeY,and j =1,2. |
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