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THE INTEGRAL TRACE FORM OF CYCLIC
EXTENSIONS OF ODD PRIME DEGREE

EVERTON LUIZ DE OLIVEIRA, J. CARMELO INTERLANDO,
TRAJANO PIRES DA NOBREGA NETO
AND JOSE OTHON DANTAS LOPES

ABSTRACT. Let L/Q be a cyclic extension of degree p,
where p is an odd unramified prime in L/Q. An explicit de-
scription of the integral trace form TrL/Q(x2)\DL, where Oy,
is the ring of algebraic integers of L, is given, and an appli-
cation to finding the minima of certain algebraic lattices is
presented.

1. Introduction. The integral trace form associated to a number
field F" is the integral quadratic form given by Trp/q(27) | OF, where
O p is the ring of algebraic integers of F. The book by Conner and
Perlis [4] provides a thorough account on the subject. The papers by
Scharlau [14] and Epkenhans [6] contain relevant extensions of two
results by Conner and Perlis concerning, respectively, Witt equivalence
of nondegenerate forms of number fields and existence of a field having
a prescribed quadratic form. Both papers also give an account of sev-
eral relevant developments on the subject. Particularly noteworthy
is the extensive work of Bayer on the trace form in cyclotomic fields
in connection with knot theory, see [1, 2, 3], for example. More
recently, a description of the trace form in cyclotomic fields, amenable
to computations, was given in [8].

One of the important applications of the trace form is to the study
of lattices associated to number fields [5, pages 224-225]: Let F/Q be
a Galois extension, o1, ...,0, the automorphisms of F, and op : O
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— R"™ the canonical embedding of O in R™. If M is a free Z-submodule
of OF of rank n, then o (M) is an n-dimensional lattice [13, page 56]
whose minimum is given by d? = min{|or(z)|? | € M,z # 0}, where
Trp/o(2? if I is totally real;
‘O’F(.’L‘)|2 _ { F/Q( ) y

(1/2) Trp)q(2T) if F is totally complex,
see [5, page 225]. The center density of or(M) is equal to

(d/2)"
1.1 0= ’
(1.1) [Disc (F)[[OF : M]

where Disc (F') denotes the discriminant of F' regarded as an extension
of Q [13, page 57].

Motivated by the above application, in particular, the determination
of lattice minima, the objective of the present work is to find an explicit
description of the integral trace form of certain number fields L. For
simplicity, the focus will be on tamely ramified cyclic extensions L/Q of
odd prime degree which possess a normal integral basis. In Section 2,
after relevant properties of Abelian extensions are briefly reviewed,
the main result, namely, the trace form, is derived. In Section 3, the
calculation of the minimum of the form restricted to a submodule of
9 is presented along with applications. These include the construction
of three-, five- and seven-dimensional lattices whose packing densities
can be made arbitrarily close to optimum in those dimensions. Lastly,
Section 4 contains the conclusions.

2. Cyclic extensions of Q of degree p. Let L/Q be a cyclic
extension of odd prime degree p and conductor n where p is unramified
in L/Q, that is, L/Q is tamely ramified. The conductor of L is of
the form n = py ---ps, where pi,...,ps are distinct odd primes with
p;j =1 (mod p), j = 1,...,s and Disc (L) = nP~!, see [4, page 186].
Let ¢, € C be a primitive nth root of unity and K = Q({,). If 6 is
a generator of Gal (L/Q) and t = Trg,(¢y), then L can be expressed
as L = Q(t), and {t,0(t),...,0P"1(t)} is an integral basis for L, see
[11, page 166]. This statement is the Hilbert-Speiser theorem, namely,
if L is an absolute Abelian field, then L/Q has a normal integral basis
if and only if L/Q is tamely ramified [11, page 187]. This, in turn,
is a special case of Leopoldt’s theorem [9, 10]: If ¥ = Gal(L/Q) and
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Apjg = {a € Q9] | e C O} (associated order of L/Q), then
Or = Ap g - w for a suitable w € Op.

Throughout this paper, G denotes Gal(K/Q) and H the subgroup
of G that fixes L. Henceforth, the elements of G and H will be
represented as s-tuples in Z x---xZ, , where Z;j is the multiplicative
group of integers modulo p;, j =1,...,s.

Lemma 2.1. Let v = (x1,...,25) € H, 1 < qg<s, and let1l : H —
Ly, XX Z;jq be the projection defined by 11(x) = (xj,,...,x;,), with
1< << jg<s. Then,
T
—
|Ker H| — Hl:l(p’bé )’
p

where 1 < iy < --- < 4. < s are the coordinates of x distinct from
Jiss g

Proof. Let Z = Z;jl X e X Z;jq and Z¢ = Z;fil X v+ X Ly, . Then,
H<II(H)x Z° < G.

The index of H in G equals p, that is, either II(H) x Z¢ = H or
II(H) x Z¢ = G. The first equality cannot occur since, otherwise, H
would have Z¢ as a factor, which contradicts the hypothesis that the
conductor of L equals n. Hence, Il is a surjecive homomorphism, that
is, H/Ker Il & Z. Therefore,

omfp Iy —1) -

|KerIT| =
(pj, = 1) (pj, — 1) p

Given z € II(H), we have
IT71(2) = xo(Ker II)

where z = II(z¢). Hence, [II7!(z)| = |KerII|. Henceforth, let q; = p,
—1forj=1,...,s, and

Tyeesbr

p p
with1 <141 <--- <, <s.
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Theorem 2.2. Let 6 be a generator of Gal (L/Q) and t = Trg/1,((n).
Then,

Trr gt Qk(t)) {Ti(n(inl)/;)/p) ZZ i (1); ..,p—1

Proof. Let h = ¢(n)/p, so that Try, q(t - 05(t)) = (1/h) Tri q(t -
0%(t)). We now seek to evaluate the latter expression. We have =
o, | L for some o, € G defined by o,(¢,) = ¢],. Hence,

ACES DR

z,yeH

Let x = (z1,...,%), y = (y1,...,¥s) € H and 7 = (r1,...,75) €Z) X
- X Z . Then,

k
Tricjolt-0(1) = D Tricsa(Gi -~ GHv")
z,yeH
z1+Yy1 Ts+Ys
= 3 oo e(Gi ) Trgg, (G ),
z,yeH
where

Tr (wmm): pj—1 ifa;+yrk =0
Qer;)/@ ~1ifa; oyt #0,

for j = 1,...,s. The proof will be split into two cases, namely, k = 0
and 1 <k<p-—1.

Case (i). k = 0. Let ¢ = (x1,...,25) € H. The extension L/Q
is totally real. Then, the complex conjugation automorphism of K
belongs to H; hence, y = (—x1,...,—x5) € H. In addition, y is the
only element of H such that x; +y; =0 for j =1,...,s. Hence,

1+y1)

Tr(c,,) /Sy “Tro,.)/e(etY) = (p1 —1) -+ (ps — 1) = ¢(n),

and h = |H| summation terms in (2.1) are equal to ¢(n). Thus, the
sum of these terms is equal to Tp = ho(n).
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By Lemma 2.1, for each 1 < u < s, there exist

Sil,‘..,iu = Ail,“.,iu - E Aizl,..wieu,l +oe

1< <<y 1 <0
+ (=D A+ (-1
/=1

elements y = (y1,...,ys) € H such that y; + z; = 0 for each
j#i1,...,4, and z;, +y;, # 0 for each £ =1,...,u. In this case,

x sotyey _ (Z1)"0(n)
oo,/ ™) Mo, )/ ™) = = =
11 412 Tu

Hence, the sum of these terms equals

T,=(-1)"h Y q‘bﬂs

i<<i, B17 7

which is equal to

Therefore,

TTK/Q(t2) = T() —|—T1 —+ -4 TS

(1o B

(-8 = e

) : i - Qig—
1< <dg_q Tt sl
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:h[(l—;>(¢(n)+iq;(iil)+~~~+ > _¢m >+1]

i1=1 1< <ig_1 Qiy - - Qi
—1 -1

=h |:(p)(n) + 1:|.

p

Case (ii). k # 0. As before, let x = (x1,...,25) € H. We claim
that  + yr* # 0 for all y € H. Indeed, if y € H is such that
x4+ yr® =0, then x = —yr* € v*H since —1 € H. On the other
hand, G/H = Gal (L/Q). Hence, G = HUo,HU---Uc,»-1H, that
is, ZX = HUrHU---UrP 1 H is a union of disjoint cosets, whence

x ¢ H, a contradiction. Therefore, the sum Ty of the summation terms
af1+y1r’f :cs+ysv"’§

TrQ(Cpl)/Q( o )~~~TrQ(<pS)/@( e ) in (2.1) corresponding to
the pairs z,y € H such that x; + yﬂ“j—“ =0 for all 1 < j < s is zero,
that is, Ty = 0.

Since —ar % = (—ayry ¥, ... 2 k) € Ly, % -+ X Ly, it follows
from Lemma 2.1 that, for 1 < u < s, there exist
Sivrin = Aiy i — Z Aig,yoovie, T (=1t ZAQ
1<li<--<ly_1<u =1
elements y = (y1,...,ys) € H such that y; = —chrj_k for all j #
i1y ,0y and x;, + yigr;ék # 0 for all £ =1,...,u. In this case, each
summation term in (2.1) equals
(=1)“¢(n)
qi1 qiz e Qiu ’
and their sum is given by
h s s—1\ = ¢(n)
ro= (2 o= (TN o A
p\\s—u s—u 1'12:1 Qi
fs—(u—1) ¢(n)
o () -
(-1) . u 2 aa

i1 < <fy—1

Therefore,

Triot-0%(t) =Ty +Ti + - + T,
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o5

11 < <lg—1
—1
p

With notation as in Theorem 2.2, we can now state the main result
of the paper:

Corollary 2.3. Let x = Zz o a;0'(t) be any element of the ring of
integers Op. Then,

(2.1) Ty o(z?) =n- (10231%2) ";1(21@1-)2.

= =0

Proof. From the hypothesis,

z? = pi: a;ia;0 ()6 (t).

i,7=0
Since . . o
Trr (0" ()07 (t)) = Trp (0" (1)),
we have
p—1
Troso(e®) = ) aia; Tro ot (1))
,j=0
p—1 p—1
= Za Trro(t?) + Z a;a; Try o(t07 (1))
=0 1,7=0
i#]
1\ /= 1
(=) (Ee) () (o)
=0 1,7=0
i<j
p—1 n—1 p—1 2
=n< a?) — (Zai> . ]
i=0 p i=0

3. Minimum of the integral trace form in cyclic extensions
of prime degree. In this section, we derive a procedure for finding the
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minimum of the form in (2.1) under the restriction that z is a nonzero
element of the Z-module M,,,, defined as:

(3.1) {aot+ai0(t) + -+ +a,_10°'(t) € O |
ag+ay+---+ap—1 =0 (mod m)},
where m is a fixed, positive integer. This problem arises in the deter-

mination of minima of point-lattices that are images of Z-modules in
Oy, via the canonical embedding [13, pages 56, 57].

The case m = 1 is easily handled: for x € O,z # 0,

Trpg(z*) > pNpg(2*)'/? > p,
where Ny q(-) represents the norm. Since Try g(1) = p, the minimum
of Try, /Q(xQ) for nonzero x € Oy equals p. Thus, the minimum of
TrL/Q(xz) for x € M; and = # 0, equals p.
The case m > 1 is handled next. For each pair (i,j) with i,j €
{0,...,p—1} and i # j, define

Tij z>P — 7>
(ag,- .- ap—1) — (bo,...,bp_1),
where
a; — 1 if k=1
br=<a;+1 ifk=j;
ak otherwise.

If a = (ag,...,ap—1) and b = (by,...,bp,—1) are such that 7;;(a) = b,

then
p—1 p—1
Se=Sn
=0 =0

On the other hand, if the latter equality holds, then a composition of
suitable 7;; exists which maps a to b.

For brevity’s sake, for any a = (ao, .. .,ap—1) € ZP, the sum Zf;ol a?
will be denoted by ||al|?.

Lemma 3.1. With notation as above, let a = (ag,...,ap—1) and
b= (bg,...,bp—1) be two elements of ZP such that 7;;(a) = b. Then,
l|a||? > ||b||* if and only if a; — a; > 1.
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Proof. We have

lal[* > [Ibl]* & af + af > (a; = 1)* + (a; + 1)* ® a; —a; > 1. O

In preparation for the next results, for any a = (ao,...,ap—1) € ZP,
we define the orbit of a as the set

So-5a)

=0

O(a):{(bo,.. by_1) € TP

Similarly, for any z = agt + a10(t) + - - - + a,—10P71(t) € O, we define
the orbit of x as the set

Su-5a)

=0

O(z) = {b0t+b19(t) by 16PN () €O,

Lemma 3.2. Let S be a nonnegative integer, a = (ag,...,ap—1) € ZP
with ag + -+ + ap—1 = S, and q and r the quotient and remainder,
respectively, of the division of S by p. Then,
blI* = pg® + 2rq +
,n 161> = pg® + 2rq + 1,
and it is attained exactly at all b € ZP having r entries equal to g + 1
and p — r entries equal to q.

Proof. By Lemma 3.1, any two entries of a p-tuple b € O(a) with
[6/|* minimum may not differ by more than 1. Therefore, one such
tuple must be a permutation of (¢ +1,...,¢+ 1,q,...,q), where the
number of entries = ¢ + 1 must be < p — 1. Hence, S = pq + r, which
determines ¢ and r uniquely. O

Theorem 3.3. For v = apt + a10(t) + -+ + a,_10P7(t) € O, let
S = 8) =ay+ -+ ap_1, and let ¢ and r be the quotient and
remainder, respectively, of the division of S by p. If S > 0, then

3.2 M(S) = T 2,
(3:2)  M(S)= min Troole?) - .

Proof. The statement is an immediate consequence of Corollary 2.3
and Lemma 3.2. O
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Corollary 3.4. With notation as above,

(i) if S =0, then mingeo(z)y20 Trr/oy?) = 2n;
(i) if S >0 andp| S, then min;en-rr(;s) = S*/p.

In conclusion, if p | S, then M(S) = min{2n, S?/p}.

Proof. For (i), by Corollary 2.3, note that, for x in the orbit of zero
but z # 0, the minimum of Try /g(2?) equals 2n, and it is attained
at © = apt + a10(t) + -+ + ap,—16P71(t) with (ag,a1,...,ap-2) =
(1,-1,0,...,0), or a permutation of it. For (ii), we have S = pq,
so ¢ = S/p and r = 0, and the result follows from Theorem 3.3. O

Corollary 3.5. With notation as above, if p1 S, then
min{M (j5) | j € N*} = min{M(S), M(2S),..., M(pS)}.
Proof. The assertion follows from the fact that {j5 | 1 < j < p}
is a complete set of residues modulo p and the observation that the

expression on the right-hand side of (3.2) is a strictly increasing function
of q. O

Corollaries 3.4 and 3.5 yield the following theorem, which is the main
result of this section.

Theorem 3.6. Let m be a positive integer and

* : 2
(3.3) M* = in Trp q(z”).
z#0
Then,
A — min{2n,m?/p} if p|m;
| min{2n, M(m),...,M(pm)}  otherwise.

Remark 3.7. The proofs of Lemma 3.2 and Corollary 3.4 provide
a procedure for determining the elements that achieve M* in (3.3).
More specifically, if M* = 2n, then the minimum is attained at x =
aot+a10(t)+- - -+a,_10P~1(t) with (ag, a1, ...,ap—2) = (1,—1,0,...,0),
or a permutation of it; if p | m and M* = m?/p, then the minimum is
attained at x = apt+a10(t)+- - -+a,—16°~1(t) with (ag, a1, ...,ap-1) =
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(m/p,...,m/p); otherwise, the minimum is attained at x = agt +
a10(t) + -+ + a,—10P71(t) with

(a07a17"'7ap—1) = (q*+177q*+17q*aaq*)

r* copies

or a permutation of it, and M (pg* + r*) = min{M (m),..., M(pm)}.
The procedure will be illustrated next.

Example 3.8. This example illustrates the use of Theorem 3.6 in
finding M* in (3.3) when p = 3, n = 1123 and m = 67. Since p{m,

M* = min{2n, M (m), M(2m), M (3m)}
= min{2246, 2245, 6734, 13467}
= 2245.

We have ¢* = 22 and r* = 1 (67 = 322 + 1), and the minimum
is attained at all x € Op of the form apt + a10(t) + az0?(t), where
t = Trg/(Cn), 0 = (Gal(L/Q)) and (ag,a1,a2) = (23,22,22), or a
permutation of it.

Now, consider the lattice A := o, (M,,). Its rank equals 3, and its
center density is given by

3 / * 3
5= p _ M2 o a6,

V/|Disc (L)| - [Of : M) n-m
Among all lattices of rank 3, that with the highest center density is
the face-centered cubic lattice. Its center density equals 1/(4v/2) =
0.17678.

Example 3.9. This example illustrates the use of Theorem 3.6 in
finding M* in (3.3) when p =5, n = 92111 and m = 607. Since p { m,
M* = min{2n, M (m), M (2m), M (3m), M (4m), M (5m)}
= min{184222, 736897, 184223, 1289570, 295245, 1842245}
= 184222.
The minimum is attained at all x € O of the form agt + a10(t) +

a26?(t) + ash?(t) + as0*(t), where t = Trg;1,(Cn), 0 = (Gal (L/Q)), and
(ag,a1,a2,a3,a4) = (1,—1,0,0,0), or a permutation of it.
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Now, consider the lattice A := o, (M,,). Its rank equals 5, and its
center density is given by

5 M* 25
5= p _ WM/2)7 ) s3s,

V/|Disc (L)] - [Or : M,,] n?-m
Among all lattices of rank 5, that with the highest center density is Ds.
Its center density equals 1/(8v/2) = 0.08839.

Example 3.10. This example illustrates the use of Theorem 3.6 in
finding M* in (3.3) when p = 7, n = 600601 and m = 1096. Since
ptm,
M* = min{2n, M (m), M(2m), M (3m),
M(4m), M (5m), M (6m), M (7m)}
= min{1201202, 1201210, 3603638, 7207284,
1201204, 2402422, 4804858, 8408512}
= 1201202.
The minimum is attained at all x € Oy of the form agt + a10(t) +

a20?(t) + az6?(t) + a,0*(t), where t = Tr/1(Cn), 0 = (Gal (L/Q)) and
(ag, a1, az,as,aq,as,a¢) = (1,—1,0,0,0,0,0), or a permutation of it.

Now, consider the lattice A := o, (M,,). Its rank equals 7, and its
center density is given by

7 M* 2 7
5= P _ WM2)T o 0624996,

V/|Disc (L)] - [Or : M,,] n3-m

Among all lattices of rank 7, that with the highest center density is A7.
Its center density equals 1/16 = 0.0625.

4. Conclusion. The integral trace form Tr, q(2?), 2 € O, where
L/Q is a cyclic extension of odd prime degree p with p unramified in
L/Q, was presented in an explicit manner, amenable to computations.
In particular, the presentation allowed us to find the minimum of the
form under the restriction that x was a non-zero element of a certain
sub-module of 9. An application of this result was the construction
of p-dimensional lattices via the Minkowski homomophism from Op,
to RP.



INTEGRAL TRACE FORM OF CYCLIC EXTENSIONS 1087

Future directions for the present work include:

(i) determining other p-dimensional lattices for values of p larger
than those considered here, and

(ii) extending it to address wildly ramified extensions L/Q, where a
normal integral basis does not exist.

Finally, lattices obtained from suitable fractional ideals in absolute
Abelian extensions might be interesting: related to this are the works of
Erez [7], Pickett [12] and Vinatier [15, 16] concerning the ambiguous
ideal which is the square root of the different inverse.

Acknowledgments. The authors sincerely thank the editor for
handling the manuscript and the referee for his/her careful reading
and for pointing out further relevant references on the subject.
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