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A SIGN-CHANGING SOLUTION FOR THE
SCHRODINGER-POISSON EQUATION IN R3

CLAUDIANOR O. ALVES, MARCO A.S. SOUTO
AND SERGIO H.M. SOARES

ABSTRACT. We find a sign-changing solution for a class
of Schrédinger-Poisson systems in R3 as an existence result
by minimization in a closed subset containing all the sign-
changing solutions of the equation. The proof is based
on variational methods in association with the deformation
lemma and Miranda’s theorem.

1. Introduction. The interaction of a charge particle with an
electromagnetic field can be described by a system of a nonlinear
Schrédinger equations coupled with a Poisson equation of the type

(NLSP) —Au + Vz(x)u + du = |ulP~%u ?n Q,
—Ap=u in Q,
where 0 C R3 is a domain, V :  — R and 2 < p < 2* = 6. Many
recent studies of (NLSP) have focused on existence and nonexistence of
solutions, multiplicity of solutions, ground states, radial and non-radial
solutions, semiclassical limit and concentrations of solutions (see, for
instance, [1, 2, 3, 4, 7, 9, 10, 11, 12, 13, 14, 15, 16, 17, 22, 23,
24, 25, 26]).

In [7], Benci and Fortunato deal with the existence of eigensolutions

of a linear version of (NLSP), under a Dirichlet condition in a bounded
domain © in R3, and the potential V is constant. The system (NLSP)
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in a bounded domain has also been considered in the papers of Siciliano
[26], Ruiz and Siciliano [24] and Pisani and Siciliano [22].

For Q = R3?, D’Aprile and Mugnai proved [11] the existence of a
nontrivial radial solution of (NLSP) for 4 < p < 6, and V is a positive
constant. In [12], using a Pohozaev-type identity, D’Aprile and Mugnai
proved that (NLSP) has no nontrivial solution when p < 2 or p > 6.
This result was completed in [23], where Ruiz showed that, if p < 3,
then problem (NLSP) does not admit any nontrivial solution, and, if
3 < p < 6, then there exists a nontrivial radial solution of (NLSP).
In [4], Azzollini and Pomponio proved the existence of ground state
solutions of (NLSP) when 3 < p < 6 and V is a positive constant. The
case of the non-constant potential was also treated [4] for 4 < p < 6
and V possibly unbounded below.

All of these papers concern positive solutions to (NLSP). There
are few results about sign-changing solutions to (NLSP). The best
references are [1, 14, 17]. Ianni [14] employed a dynamical (not
variational) approach in order to show the existence of radial solutions
to (NLSP) for V constant and p € [4,6) with a prescribed number of
nodal domains. To obtain this result, she first studied the existence of
sign changing radial solutions for the corresponding (NLSP) in balls of
R? with Dirichlet boundary conditions. Kim and Seok [17] obtained
results similar to [14] for p € (4,6) by using an extension of the
Nehari variational method [21, 27]. Alves and Souto [1] considered
the problem (NLSP) in a bounded domain @ C R3® and V = 0 and
proved the existence of least energy sign-changing solutions for (NLSP)
to change signs exactly once in 2. The proof is based on variational
methods. More precisely, it was proved that the associated energy
functional assumes a minimum value on the nodal set, see definition in
Section 2.

Motivated by the results just described, we are interested in finding
sign-changing solutions for (NLSP) in R3, where potential V is not
necessarily a radially symmetric function. The result will be stated for
a class of more general problems:

—Au+V(z)u+du= f(u) inR3,
(SP) ) .
—Ap=u in R?,

where f belongs to C'(R,R) and satisfies:
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(f1)
lim & = 0;
s—0 8
(f2)
lim M = 0;
|s|—+o0 |
(f3)
F(s
‘SIEEOO 8(4) =400, where F(s) = [; f(t)dt;
(fa)
f(s)

5~ is non-decreasing in |s| > 0.
s

Remark 1.1. We observe that (f) is weaker than the usual subcritical
condition. Conditions (f1) and (f4) imply that

H(s) =sf(s) —4F(s)

is a non-negative and non-decreasing function in |s|.

Here,
V:R?—R

is locally Holder continuous and satisfies the following assumptions:

(V1) there exists a > 0 such that V(z) > a > 0, for all z € R3;

(V2)
Voo = sup{V(z) : z € R3},

and
lim V(x)= Vy;

|x| =400
(V3) there exist Ry > 0 and
p: (Ro,00) — (0,00)

a non-increasing function such that

lim p(r)e’” = oo

T—00
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for all § > 0, and
V(z) < Ve —p(Jz|), for all |z| > Ry.

As an example, given Voo > land 0 < 6 < 1,1et V(z) = Vi —e~lal”,

Our main result is the next theorem.

Theorem 1.2. Suppose that f satisfies (f1)—(fs4) and V satisfies (V1)—
(V3). Then problem (SP) possesses a least energy sign-changing solu-
tion, which changes sign exactly once in R3.

Theorem 1.2 can be seen as a similar version for R? of the result
due to [1]. However, the reader is invited to observe that, in Sections
3, 4 and 5, we did a careful study involving some levels which do not
appear in [1] because, in that paper, the problems were considered on
a bounded domain. Here, we need to overcome the lack compactness
involving the Sobolev imbedding in R3, which implies that energy
functionals do not verify the well known Palais-Smale condition or
Cerami condition.

As observed in [5, 6], the general procedure to find sign-changing
solutions of an equation with a nonlinear term stalls upon the fact that
the nodal set is not a submanifold of H! because the map u — u*
lacks differentiability; thus, it is not evident that a minimizer of the
associated energy functional on the nodal set is a solution of the
equation. Furthermore, there is a worsening in the case considered
here: since the associated energy functional has a nonlocal term, it
follows that, even if u is a sign-changing solution of the problem, the
functions u® do not both belong to the Nehari manifold, and so some
arguments used to prove the existence of nodal solutions for semilinear
local problems cannot be used in our arguments.

Our approach is based on some arguments presented in [1, 6] in
association with the deformation lemma and Miranda’s theorem. The
contributions of our work are twofold: on one hand, it applies the
construction of [1] in an unbounded domain like R? and consequently
deals with the difficulties it brings; on the other hand, it faces the subtle
peculiarities of a nonlocal term.

We begin by establishing some estimates involving functions that
change sign. We find a sign-changing solution as an existence result
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by minimization in a closed subset containing all the sign-changing
solutions of the equation. At first, this may resemble the ideas found
in [5, 6]. However, we need to choose a suitable minimizing sequence
for the nodal level. This choice involves the corresponding equation
in bounded domains (balls) and the problem is then to prove that the
minimum of the energy on the corresponding closed subset containing
all the sign-changing solutions of the equation in bounded domains
is achieved by some function in the subset. In order to overcome
the possible lack of regularity of this subset, it is crucial to apply a
deformation lemma and detailed use of Miranda’s theorem [20].

2. The variational framework and technical lemmas. In this
section, we present the variational framework for dealing with problem
(SP). The key observation is that equation (SP) can be transformed
into a Schrédinger equation with a nonlocal term, see, for instance,
[4, 23, 26]. This permits the use of variational methods. Effectively,
by the Lax-Milgram theorem, given u € H!(R?), there exists a unique

¢ = ¢ € DV*(R?)

such that
—A¢p = u?.

Using standard arguments, we have that ¢, verifies the following
properties (for a proof, see [11, 23]):

Lemma 2.1. For any u € H'(R?), we have:
(i) there exists C > 0 such that
[[6ullpr2 < Cllul 3
and
/RS |Vo|?dr = /R3 puuide < Cllul|3  for allu € H'(R?),

where

= [ (90 + ) do
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and

lollpis = [ | IVl

(i) ¢y >0 for all u € HY(R3);
(ili) ¢p = t2¢y for all t > 0 and u € HY(R3);
(iv) if a € R? and u,(z) = u(x — a), then

bu, (z) = pulz —a)
and
/ (buauidx = duulde;
R3 R3
(v) if up — u in H(R3), then
Pu, = du  in H'(R®)
and

n—-+oo

liminf/ qﬁunuidmz/ pyuPde.
R3 R3

Therefore, (u, ) € H'(R3) x D12(R3) is a solution of (SP) if, and
only if, ¢ = ¢, and u € H'(R3) is a weak solution of the nonlocal
problem

—Au+V(z)u Wt = f(u) in R3,
I

Combining (f1)-(f2) with Lemma 2.1, the functional
J: HY(R?) — R,
given by
Loe 1 2
Jw)=z|lul|*+ - | ¢uuder— [ F(u)dz,
2 4 R3 R3
where

P = [ (9P + vy e, £ = [ s,
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belongs to C'(H!(R?),R), and
J (u)v = / (VuVo + V(z)uv) dx + / pyuv dr — fw)vdez,
R3 R3 R3

for all u and v in H!(R3). Hence, critical points of J are the weak
solutions for nonlocal problem (P).

In what follows, we denote the Nehari manifold associated with J
by N, that is,

N ={uec H R*\ {0} : J'(v)u = 0}.
A nontrivial critical point u of J is a ground state of (P) if

J(u) = ciijr\lff,].

Since we are searching for sign-changing solutions, our goal is to prove
the existence of a critical point for J in the set

M={ueN:J(uwut =J(uu" =0and u* # 0},
where 4t = max{u(z),0} and v~ (x) = min{u(z),0}. More precisely,
our goal is to prove that there is a critical point of J, w € M, such
that
J(w) =co = inf J(u).

ueM

Since J has the nonlocal term

/ (buuQ dx,
R3

if u is a sign-changing solution for (P), we have that
J(wHut =~ [ ¢, (u)?<0
R3
and
J(u ) u == [ ¢ur(u)*<0.
R3

Consequently, although u was a sign-changing solution for (P), the
functions u* do not belong both to A. Hence, some arguments used
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to prove the existence of sign-changing solutions for a problem like

P)) {Au+uf(u) in R3,

u € HY(R?),

cannot be applied; thus, a careful analysis is necessary in many esti-
mates.

Consider the Sobolev space H!(R?) endowed with the norm
ll = [ (¥ + Vo) .
RS

Let
Joo : HY(R?) — R

be the functional given by

1 1
Joo(u) = 7|\u||3 + f/ duudz —/ F(u) dx,
2 4 Jrs R3
and consider

Noo = {u € HY(R*)\ {0} : J.(v)u = 0}, Coo = nf Joo.

oo

The next lemma establishes that ¢y is a positive level. A similar
result holds for cq.

Lemma 2.2. There exists p > 0 such that
(i) J(u) > ||u||?/4 and ||u|| > p for all u € N;
(ii) [[wE]| > p for all w € M.
Proof. From Remark 1.1, for every u € N,
4J(u) = 4J (u) — J'(u)u
=l + [ (Flupu= 4P @) do > ful?

and (i) follows. For a > 0 given by (V1), we set € € (0,). Since f
satisfies (f1)—(f2), there exists a C = C(€) > 0 such that

(2.1) f(s)s <es? +Cs® for all s € R.
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For every w € M, we have J'(w*)w* < 0, which gives
[P < w4 [ duswtPde < [ f*)utd,
RS RS
From equation (2.1), we obtain

w2 < e/ (w)2dz+C [ (wE)oda
R3 R3

< 5/ V(:z:)(wi)de+C/ (w)bdz
o Jr3 R3
€
< S|P + O,
and (ii) is proved. O

The next lemma is a consequence of Miranda’s theorem. Since the
idea of the proof follows the same type of arguments explored in [1,
Section 2], we will omit its proof.

Lemma 2.3. Let v € H'(R®) satisfy vt # 0. Then, there are t,s > 0
such that

J (vt +sv7 )t =0
and

J'(tvT +sv7)vT =0.

Moreover, if J'(v)(vF) <0, we have s,t < 1.

3. The choice of the minimizing sequence. Given R > 0, let
Bp be the ball of radius R centered at 0. Consider the problem:

—Au+V(z)u+ ¢u = f(u) in Bg,
(APR) —A(]5 = 52 in R?’,
¢ € D*(R?) u € Hy(Br),
where
- uw(z) if z € Bg,
{0 if 2 € R®\ Bp.
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By similar reasoning as used in [1], we can prove that, for each R > 0,
there exists a sign-changing solution u = ug of (APg) such that

.1 = i f =
(3.1) CR uél}le‘]R(u) Jr(ur),

where
Jr: H}(Br) — R

is the energy functional given by

1 1
Jr(u) = 5/3 |Vul? + i/, byuidr — ; F(u) dx,
R R R

and

Mp ={u € HY(Bg) : Jp(w)u™ =0 = Jp(u)u™ = 0,u* # 0}.

Lemma 3.1. Let ¢y be the nodal level of J. Then

lim cgr = ¢p.
R—+o00

Proof. Since R — cp is a non-increasing function and cp > ¢y for
all R > 0, if
lim cgr=¢> ¢,
R—+oc0

then there exists a ¢ € M such that J(p) < ¢ From ¢ € M, ¢t #0.
Let ¢, € C5°(R3) be such that ¢, — ¢ in H'(R3). We may assume
that ¢ # 0. By Lemma 2.3, there exist ¢,, s, > 0 such that

I (tapy + sny ) on =
and
I (tnp + sngpy )ion = 0.
In particular,
T (tnp + sny ) (tngi + sny, ) = 0.
Using

(tn‘PI + Sn@;)Jr = tn@ﬁ #0
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and

(tnp) + 80y )~ = snipy #0,

we find that
b + snpn € MNCE(R?).

We claim that there exists a subsequence, still denoted by

(tn‘P: + 5007 ),

such that
J(tn%t + SnC,O;) — J(@)

Suppose for the moment that the limit holds. Let n and R > 0 be such
that

tn@r—t + Sn(p; € MR

and
J(tno) + snp,) < ©
Hence,
cr < J(tnp) + snpn) <6,
and finally,

c= lim cg < J(top, + snip,) <G,
R—+o00

which is impossible. To establish the last claim we begin with the
observation that there exist subsequences (not renamed) such that
t, — 1 and s, — 1. In fact, suppose, by contradiction, that
limsup,,_,t, > 1. Given 6 > 0, there exists a subsequence, still
denoted by t,,, such that t,, > o for every n, for some o > 1. Since

J'(on) — J'(p) =0 and the function u+— ut

is continuous, we have

62 et [ ol < [ f(ehetde+o,(1).

However,
I (trnprt + snpy )t =0,
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that is,
63 el [ e [ Lelbei g,
Combining equation (3.2) with equation (3.3) gives
(3.4)
(1= i [ [Feisen - SOabnliafi] ytan + 0 1)

From (f4) and Fatou’s lemma, we have

gt +Y ot
OS/ |:f(0'90 )0'90 _f(‘p )90 :|(@+)4de (1_1)|§0+”2<0,
m | (opt)? (p1)* o’

which is impossible. Hence, limsup,,_, ., t, < 1. Consequently, there
exists a subsequence (not renamed) such that lim,,_, t, = to. Taking
to the limit as n — oo in equation (3.4) and using (fy) again, we
get top = 1. In exactly a similar way, there exists a subsequence (not
renamed) such that lim, . s, = 1. Finally, considering that

Hong +sme) = 2ot + Zlor P+ [ 6,607

+s£/ ) —(@2)2dw—/ F(tnpy + snpy, ) dz,
4 R3 #Pn R3
we obtain that

J(tn@:g + snpy ) — J(p),

by Lemma 2.1 and the convergence ¢, — ¢ in H(R?). O

4. The minimum level is achieved on M. In this section, our
main goal is to prove that the infimum ¢y of J on M is achieved. From
Lemma 2.2 (i), we deduce that ¢g > 0. We begin with the next lemma.

Lemma 4.1. Suppose that (u,) is a sequence in M such that

limsup J(up) < ¢+ Coo-

n—oo

Then (uy,) has a subsequence which converges weakly to some w €
HY(R3) such that w® # 0.
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Proof. From Lemma 2.2 (i), (u,) is a bounded sequence. Hence,
without loss of generality, we may suppose that there is a w € H!(R3)
verifying u, — w in H*(R3) and wu, (z) — w(z) almost everywhere in
R3. Observing that

R3 '
and

n’

T (ubyuy == [ ¢, (uh)de = J'(u; )u,
R3 "
we can suppose that
1
Jh) + 7 [ 6, (wh)?de =0+ o0,(1)
4 R3 Un

and

1
J(uy, )+ 1 G- (uf)?dr = o + on(1),
R?)

where 0 + 0 < ¢+ coo. We claim that w™ # 0. Suppose, by
contradiction, that w®™ = 0. From condition (V5) and the Sobolev
compact imbedding, we obtain

V(@) (uh)2de :/ Vo (u)2dz + on(1),

R3 R3

which implies

oo () = J(uyy) + 0n(1)

and
Too (i Jusy = J' (ugy Juyy + 05 (1)
Hence,
Joo(ut) + i - Py (u)?dx = 0 + 0,(1)
and
Toou)uf = — | ¢, (uf)dz + o0n(1).
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We observe that 0 > co.. In fact, let ¢,, > 0 be such that
Joo(tnul) > Joo(tul),
for all t > 0. We have three possibilities for (¢,):

(i) limsupt, > 1,

n— oo

(ii) limsupt, =1,
n— oo

(iii) limsupt, < 1.
n— oo

We now show that (i) cannot occur and (ii) or (iii) imply 6 > coo. From

J (tau ) tut =0,

we have
(4.1) lut||2 +th / Do+ V2dr = . ftpu)tput de,
and from J'(u,)u,t = 0, it follows that

il + [ iyt [ o, ivar= [ fuiutan

which implies

(42) [juf|2 + /)¢+ dx+/’¢
F (Y da + o (1).
]R3

Combining equations (4.1) and (4.2), we obtain

43 (1= I+ [ otk Pas

[ 18D )]y 4,

(un)? (tnud)?

If (i) holds, there exists an a > 1 such that ¢,, > a for infinitely many n.
By Lemma 2.2 (ii), the left hand side in equation (4.3) is bounded from
below by a positive number. On the other hand, by (f4), the integral
on the right hand side of equation (4.3) is non-positive. This yields
a contradiction. Hence, (i) does not hold. Suppose that (iii) holds.
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Then, ¢, <1 and Remark 1.1 imply
deo < Ado(tpu))
= AJoo (tpusy) — I (tnud) (tnusy)
=211t + [ (et — AP (b))
R3

<t + [ LGt = 4P (o
= Ao ) — () 0

— 4] /qs )2da + 0, (1)
=40+ 0,(1)

Taking the limit n — oo, we find 6 > ¢o,. If (ii) occurs, there exists
a subsequence (still denoted by t,,) such that lim,, .. t, = 1. As a
consequence,

4J00(tn“:f) - Jéo(tnuz)(tnu:;) = 4J00(U7er) - Jéo(u,f)(u:{) + 0n(1).
Thus,

(

= 4o (tnu)) — Joo (tnu) (tpu)l)

= 4Joo (uy) = Jho () (uyy) + 00 (1)
(

Taking the limit n — oo, we also obtain 6 > co,. Since 0 + 0 < c+ ¢coo
and 6 > ¢, we have o < ¢. Let s, > 0 be such that J(spu,, ) > J(tu,,)
for all ¢ > 0. Using that J'(u,, )(u, ) < 0, we get s, < 1. Hence,

e < 4J(spu,, )
=4J(spu,) — J' (snu,, ) (snu,, )

=52 |lu, I + / [f(sntiy, )snuy, — AF (spu,, )]da
R3
< luy |I? + / [f(uy uy, — 4F (uy,)]da
R3
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= 4J(u,) = J'(uy)(uy,)

=4J(u, )+ ¢, (uy) )de,
R3 "
=40+ 0,(1),

which implies ¢ < o, contrary to o < ¢. Hence, w™ # 0, as claimed.
Similar arguments to those above show that w™ # 0, and the proof is
complete. (Il

Lemma 4.2. Ifcy < ¢+ ¢, there exists a w € M which minimizes J

on M.

Proof. We begin by recalling (equation (3.1)) that there exists a least
energy sign-changing solution u,, to (APg) for R = n, that is,

J(up) = ¢, = }alf J,

where ¢, = cg and M,, = Mpi. By Lemma 3.1, ¢, — ¢y as n — 0.
Moreover, J'(u,)v = 0 for all v € H}(B,). Since ¢y < ¢ + Coo,
u, converges weakly to some w € H'(R3) such that w* # 0 by
Lemma 4.1. Using J'(u,)v = 0 for all v € H}(B,,), we get J'(w) = 0,
and consequently, w € M.

We claim that J(w) = ¢o. In fact, combining Fatou’s lemma with
Remark 1.1, we have

1 1
co < J(w) — EJ'(w)w < lim inf (J(un) — 4J’(un)un> = co,

n—oo

which implies that ¢y = J(w). O

Up until now, we have proved that, under condition ¢y < ¢ + coo,
there exists a w € M such that J(w) = ¢ and J'(w) = 0.

5. Estimate on the level ¢y. This section is devoted to showing
that ¢y < ¢+ co. The proofs herein are based upon ideas found in
[18]. From now on, set u,v € H'(R?) to be ground state solutions
of (P) and (P) given by [2, Theorems 1.3 and 1.5], respectively.
We know that v and v should have defined signs. Without loss of
generality, we will suppose that u and v are positive functions in R3,
Ju) = ¢, Ju(v) = ¢, J'(u) = 0 and J._(v) = 0. Using Moser’s
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and De Giorgi’s iterations, we can show that u and v have exponential
decay, and consequently, ¢, and ¢, have the same behavior. Using this
information, a direct computation gives the next result:

Lemma 5.1. There exist C > 0 and § > 0 such that, for all R > 0,

/ (|Vul> + u?) do < Ce™°F,

|z|>R

/ (|Vo|? + v?) de < CeF,
lz|>R

/| P+ () + F0) 407 (0) e < e

/ puvidx —|—/ dpuldr < Ce R,
[z|>R lz|>R

For each n € N, set v,(z) = v(x + nep), where e; = (1,0,0) € R3.
The same conclusion for Lemma 5.1 is satisfied by function v, and

(5.1) / buv2da :/ by, uldr = O(e™ ™).

RS RS
Lemma 5.2. Suppose that V satisfies (Va)—(V3) and f satisfies (f2)
and (f5). Then,

sup  J(au+ fu,) < ¢+ oo,
(a,8)€R?

provided n is sufficiently large.

Proof. We begin by proving that there is an r¢ > 0 such that
J(au+ Bv,) <0 for all (a, B) € R?

such that a? + 32 > rg and n > rg. Since J(v) < Joo(v) for all v, it is
sufficient to show that

Joo(ou + Buv,) <0 for all a® + B2 > 1y, n > 1.

In fact, suppose that J., does not satisfy this claim. Thus, for each
n, there are (ay,B,) € R? such that Joo(a,u + Byv,) > 0 and
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a? + B2 — oo, that is,

1 1
(52) =l + a2 + + / Dlant ooy (Ot & Bvn)2d
2 4 s

> F(apu+ Bpoy) dz.

R3
We have ||v,||« = ||v]]«, and from Lemma 5.1,

(5.3) /R3 (VuVu, + Vaquny,) dz = O(e™ ™).

It follows that

(5-4) llewntu + Baval|2 = a|[ul2 + B3 [o]2 + O(e™™),

and then o, = ||apu + Bpvnl|l« — +00. Set

L _mut Bnvn
" ||0‘nu+5n”n||*’

and suppose that z, — 2. Dividing (5.2) by o2, we have

1 1 2 F(anu‘f'ﬁnvn) 4
L g ey [ EAOUT D) g,
%02 1 /R Grutndt 2 /R (£ Buog)t ™

The boundedness of (z,) together with the above inequality and (f3)
shows that z = 0. Passing to the limit as n — oo in the equality,

on(1)

/ (VuVz, + Voouz,) dz
RB

OénHOénU + ﬁannH;lHuHi

+ Bullant + Bpon|l! / (VuVv, + Vaouvy) da,
RS

we obtain from equations (5.3) and (5.4) that ay||anu + Bavn|i?
converges to 0. By Lemma 2.1 (iv),

Joo (anu + 5nvn) = Joo(anun + /BTLU)7

where u,(z) = u(z — nep). Proceeding exactly as in the previous
argument we can show that 3, ||anu + B,v,||s 1 converges to 0. From
equation (5.4), z, — 0, which contradicts ||z, ||« = 1. Hence, the claim
holds for J, and, in consequence, for J.
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We now consider n > r,, a? + 32 < ry. From equation (5.1) and
Lemma 5.1, there are § > 0 and C = C(u, v, 1) such that

< C€7n6

— )

‘/Ri’ [F(au + Bon) — Flau) — F(Bu,)] da

< Ce™,

‘ / |:¢(au+,@vn)(au + ﬂl}n)2 - a4¢uu2 - /84¢'Un U'?L:I dx
R3

[llow + Bunl|? — a®[[ull® — 52 |lvn || < Ce™.

Hence,
(5.5) J(ou + Bv,) < J(aw) + J(Bu,) + Ce™ ™.
Let t,, > 0 be such that
J(tpop) = r?zagc J(tvy,).
We observe that

J(tnvn) =Jo (tnvn) +/ (V(I) - Vw)t%UidI
R3

and
/ (V(z) — Vo )t202 da < / (V(z) — Vo )t202 da.
R3 |z—neq|<1
For Ry > 0 and p, the non-increasing function given by (V3), we have
[ @ -vagdd<—pmrn [ 2
lz—nep|<1 |z—neq|<1
for every n > Ry + 1. Hence,
(56) J(ﬁvn) < J(tnvn) < Joo(tnvn) - p(n + 1)ti|’0|%2(31(0)),
for every n > Ry + 1. By the definition of ¢,, we have
(5.7) tullvall? +ti/ by, v2dx :/ ftpvp)vpde = ft,v)vde.
R3 RS R3

Combining equation (5.7) with the fact

lvnll* = lloallZ + 0n(1) = J0ll3 + 0n(1),
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by (V2)-(V3), and using Lemma 2.1 (iv) and equation (2.1), we get
ta (V]2 + 0n (1)) < G (I0I1% + 0a(1)) + tﬁ/ povde
R3

=t, [ [f(tpv)vdx
R3

< eti/ vzda:%—C’t?;/ veda,
R3 R3

for some positive constant C. Therefore, there exists 7 > 0 such that
t2 > 7 for every n. Using equations (5.5), (5.6) and the fact that

Joo(tnvn) = Joo(tnv) < JOO(U) = Coo,
we have
J(ow + Bun) < J(aw) 4+ Joo (tyvy) + Ce™™ — 2 p(n + 1)\U|QL2(R3)

<cCd o e (C’ — T|v|%2(R3)e"5p(n + 1)) ,

and the proof follows by the limit condition on p in (V3). O

We now have the next lemma.

Lemma 5.3. The number ¢y verifies the inequality:

(5.8) co < C+ Coo-

Proof. Let u and v,, be functions as in the proof of Lemma 5.2. Let
1
po (L8], L3
2'2 2°2
and

U(E, ) = (J'((§u—7vn) ") (Eu = Tvn) ", T ((Gu — 7vn) ) (§u — 7vn) 7).
Using J'(u)u = 0 and (f4), we obtain

A - A s =
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Lemma 2.1 (iv), condition (V) and J/_(v)v = 0 imply that there exists
ng € N such that

1 1 3 3
1 A= "(Z0,)2
(5.10) J <2vn) 5 Un >0 and J <2vn> 5 Un <0,

for all n > ng. Since v(x) — 0 as |z| — oo, it follows from (5.9)—(5.10),
by increasing ng if necessary, that

(5.11) J’((;u—ﬂ)n>+) (;u—ﬂ)n>+ >0,
(5.12) J’((;u - mn>+) (2u — mn>+ <0,

for every n > ng and 7 € [1/2,3/2], and

o1 (o) Ve ) o
san (e 2o) Ve 2n) <o

for every n > ng and £ € [1/2,3/2]. Noting that the function
¥ is continuous in D and considering inequalities (5.11)—(5.14), we
can apply Miranda’s theorem [20] and conclude that there exists
(&0, 70) € D such that ¥(&,79) = (0,0). This gives {ou — 1ov, € M
for every n > ng. Consequently,

co < J(&ou — Tovn),
which implies

co < sup  J(au+ Bwy).
(a,8)ER?

The lemma follows by combining the last inequality with Lemma 5.2.
O

6. Proof of Theorem 1.2. In this section we establish a proof of
Theorem 1.2. From Sections 5 and 6, there exists a critical point w
of J, which is a sign-changing solution for problem (SP). The proof is
completed by showing that w has exactly two nodal domains. Arguing
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by contradiction, we suppose that
w=1u; +us+uz, withwu; #0,u3 >0, us <0

and
supp (u;) Nsupp (u;) =0 fori # j, 4,5 =1,2,3,

with supp (u;) denoting the support of u;. Setting v = uy + ua, we see
that v* # 0. Moreover, using the fact that J'(w) = 0, it follows that

J (v)(v*t) <0.

By Lemma 2.3, there are t,s € (0,1] such that tv* + sv= € M, or
equivalently, tu; + sus € M, and so,

(6.1) J(tuy + sug) > co.
Since w = v + ug, we have w? = v? + v and ¢,, = ¢, + ¢u,. Hence,
(6.2) J(w) = J(v) + J(us3) / b3 dz.

Supposing that uz # 0, we claim that

1
(6.3) J(us) + 1/ ppui dr > 0.
R3

In fact, by Remark 1.1 and using J'(w)us = 0 combined with us # 0,
we obtain

J(Us)+i/ﬂ@%u§dw= (us) / qf)vu3dx—fj’( Jus

= sl + [ Gluus = 4P ) do >0,

Similar arguments to those above show that
1 ) 1, n 1
6.4)  J()+ 7 [ dvuzde=|ol"+ 7 | (f(v)v—4F(v))da.
4 Jgs 4 4 Jrs
From (6.1)—(6.4), for every t,s € (0,1], we have
co < J(tuy + suz)

1
= J(tuy + suz) — ZJ/(tul + sug)(tur + suz)

12 52
= lhualf® + s ?
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4 R3
1 1
S;Hmﬂ2+ZWQW
1
t1 / [f(u1 +u2)(ug + uz) — 4F (uy + ug)] dx
R
1
=Jw)+ - bpuzde
4 Jps
1 9 1 )
<Jw)+ = | dpuide+J(uz)+ < | ¢puide
4 R3 4 R3

= J(v) + J(us) + % /RS ppuida

= J(w) = ¢y,
which is a contradiction. Therefore, us = 0 and w has exactly two
nodal domains. O
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