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A CLASS OF NONLINEAR ELLIPTIC SYSTEMS
WITH STEKLOV-NEUMANN
NONLINEAR BOUNDARY CONDITIONS
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AND RODRIGO S. RODRIGUES

ABSTRACT. We will study a class of nonlinear elliptic
systems involving Steklov-Neumann boundary conditions.
We obtain results ensuring the existence of solutions when
resonance and nonresonance conditions occur. The results
were obtained by using variational arguments.

1. Introduction. In this work, we will show existence results for
the following class of nonlinear elliptic systems with Steklov-Neumann
boundary conditions:

—AU+Cx)U = f(z,U) inQ,

1.1
(1.1) oU /0n = g(x,U) on 01,

where
U= (u,v)€ HQ)= H(Q) x H'(Q), QCR",
for N > 2, is a bounded domain with 9Q € C%!, and

0 .
oY

is a normal derivative on 92. We assume the positive definite matrix
on R? for z €  almost everywhere,
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with a,b,c € LP(Q), for p > N/2, with N > 3 (p > 1, when N = 2).
The nonlinearities f = (f1, f2) and g = (g1, ¢2) satisfy the following
conditions:
(H1) F,G € C'(Q x R2,R), and, for all x € Q,
VuF(z,U) = f(z,U) and VyG(z,U)=g(z,U),
where
ou’ v

Ty F = <8F 8F>'

(G1) There exist constants A%, A5 > 0 such that
|gi(x7 u?”)' < All + AZ2 [|’LL| + |UHS ’

with
0<s<

p=1,2
N727 1 ) )

r€Qand U = (u,v) € R
(F1) There exist constants Bi, B} > 0 such that

|fi(w,u,0)| < B + By [Ju] + Jol]",

with
N +2

0<t< ——
<t< o

i=1,2,

r€Qand U = (u,v) € R2
(LG) G satisfies

lim [VyG(z,U) U —2G(z,U)] = 400,
|Uj—-+oo

uniformly almost everywhere x € 0.
(LF) F satisfies

lim [VyF(x,U)-U—2F(z,U)] = +o0,
|Ul=+o0

uniformly almost everywhere x € Q.

Conditions (LG) and (LF) were used in [9]. There are many
papers treating the Neumann boundary conditions, see for example,
[8, 11, 15, 16, 20], while there are few works involving Steklov
boundary conditions, see for example, [1, 7, 14].
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In [12] (see [2] for Neumann and [3, 4, 5, 6] for Steklov), we
established that the eigensystem,

—AU+Cx)U=0 inQ,
oU Jom = pU on 99,

admits a sequence of the eigenvalues, which we will call Steklov eigen-
values, (i), such that

O<py Spp <+ <py <--- —> +00, as j — +oo.

In addition, the dimension of the eigenspace associated to the eigen-
value p; is finite, for each j, by the variational characterization of the
first eigenvalues pq,

(1.2) U35 < IUIZ,  for all U € H(Q),
where
103,60 = llull30 + llvl3, and |U|E = (U,U)e,

with the following inner product for H(2):
(U, V)e = / VU - VV + (@)U, V)] da.
Q

When C = id, we denote ||U||g = 1/(U, U) as the usual norm in H(Q),
which is an equivalent norm to ||U|¢.

In our work, we also use the following notation for norms:

\mmﬁi/JMwm

and
1U11§ = Ilullg + 1vllg,
for U = (u,v) € [LY(Q)]? and w € L4(Q), with 1 < ¢ < cc.
In [12], we also prove that the eigensystem

“AUHC@)U =AU inQ,
oU/on =0 on 90f),



1522 J.D.B. GODOI, O.H. MIYAGAKI AND R.S. RODRIGUES

admits a sequence of the eigenvalues, called Neumann eigenvalues, (X;),
such that

O</\1§)\2§)\3§§)\J§—)+OO, as j — 4o0.

In addition, the dimension of the eigenspace associated to the eigen-
value )\; is finite, for each j, by the variational characterization of the
first eigenvalues Ay,

(1.3) M|UJE < UNE, forall U € H(Q).

Our results are established in accordance with the interactions of
the nonlinearity on the boundary g, with Steklov spectrum, and the
reaction term f, with Neumann spectrum.

By a weak solution for system (1.1), we mean:
Definition 1.1. U € H(f) is a weak solution for system (1.1) when

/[VU-VV—i—(C’(a:)U,VH dmz/f(m,U)-de—&-/ g(z,U) -V do,
Q Q 00

for all V € H(Q).

Our first result describes when the nonlinearities are below the first
eigenvalues.

Theorem 1.2. In addition to (P), (H1), (G1) and (F1), suppose the
following condition:

(A1) There exist constants A\, u € R such that

limsup 22 @ Y)

Sp<
U|—too U2 +0?

and

2F
lim sup M

<A<
Ulrtoe W2 02 =

uniformly for x € Q, with My + A < . Then system (1.1)
possesses at least one solution U € H ().
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In Figure 1, the hatched region in the Cartesian plane Ay illustrates
AL+ pa X < pidg.

Al }
USSR N
S
FIGURE 1.

In the next result, we study the case where the nonlinearity g is
between two consecutive eigenvalues f;, while the other nonlinearity
can be in resonance with one of the eigenvalues.

Theorem 1.3. Assume (P), (H1), (G1), (F1), (LG) and (LF). In

addition, suppose:

(A2) there exist constants A, B,«, 8, M € R such that

2G(z,U) 2G(x U)
;<AL f ————= <1 ——= <B<
Il}\rglfoo u? + v? Itlfl\isfg u2+v2 Hitl
and 2F (x, U F(x,U
a < liminf (@, U) < lim sup 2(,U) <8,
|U|=+00 12+ v2 U400 U2+ 02

uniformly for x € Q, with pj\1 < MA + pja and \1B + pj13 <
Hj+1A1-
(A3) There exists M € R such that, for U € R?,

(1.4) f(@,U,) - Uy — 2F(2,Uy,) > M,

uniformly almost everywhere x € (),
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and

(1.5) g(z,U,) - U, — 2G(z,U,) > M

uniformly almost everywhere x € 0S).

Then system (1.1) has at least one solution U € H(£2).

In Figure 2, the hatched region in the Cartesian plane Au illustrates
,uj>\1 < MA+ Hjc

and
MB + pj1B < pjyiA.

FIGURE 2.

The next result studies when the nonlinearity f is between two
consecutive eigenvalues A;, while the other nonlinearity can be in
resonance with one of the eigenvalues.

Theorem 1.4. Suppose that the assumptions (P), (H1), (G1), (F1),
(LG) and (LF) are satisfied, and the following conditions hold:

(A4) There exist constants A, B,«, 8 € R such that

A < liminf M<lm upMSB
|U|=400 U2+ v2 U400 U + 02
and
2F (z,U) F(z, U)

Aj < o< liminf < lim sup

— 5 <B<Ain
Ul=+oo U2 +02 7 |p|See U2+ 02 I
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uniformly for x € Q, with
Ajpr < NjAH+ pa
and

Ajs1B 4+ B < Ajpip.
Then system (1.1) admits at least one solution U € H ().

In Figure 3, the hatched region in the Cartesian plane Ap illustrates
Ajpr < NA+ o

and
Aj+1B + 1B < Ajpipa.
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FIGURE 3.
The above results extend the results in [17], which were established

in the scalar case.

2. Preliminaries. The proof is accomplished by variational argu-
ments. So, we define the functional associated to system (1.1),

I1:H(Q) — R,
given by

m\»—t
:;\

[[VU|* +(C(2)U,U)] dz

/Fx U)dx — G(z,U) do.
Q o0
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From (P), (H1), (G1) and (F1), the functional I € C'(H(Q2),R) and
its Fréchét derivative in U € H(2) is given by
IOV = WUV - [ f@0)-Vio- [ g@0)V o,
Q a9
for all V- e H(Q).

Proposition 2.1. Suppose (P), (H1), (G1) and (F1) hold. Split the
functional I into I = J; — Jo — J3. Then the functionals

Ji HQ) — R, fori=2,3,

are weakly continuous. In addition, the operators Jj and J are
compact.

Proof.

Claim. J3 is weakly continuous. Indeed, let (U,, = (um,vm)) be a
sequence in H(Q?) and U = (u,v) € H(Q), such that

Up — U  weakly in (H(Q),] - |lc)-

Since the embedding H'(£2) into L*+1(9Q) is compact for 1 < s+1 <
(2N — 2)/(N — 2), we have, up to a subsequence,

Up — U in ([L0)] ]| lss1)-

By the mean value theorem, there exists 6 € (0, 1), such that
U) = (O = | [ g@.00,+1-0)0) (0, - ) do]
0

Applying the Holder inequality, we obtain
|J3(Unm) = J3(U)| < [lg (2, T (U)) [l (s41) /51 Um = Ullst,
where I'),, (U) = U, + (1 — 0)U. This verifies our claim, since
g (2, Tin(U)) | (s1)/s
is bounded in R.

Claim. Js is weakly continuous. The proof is similar to that above.
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Claim. J} is a compact operator. In fact, let (U,,) be a bounded
sequence in (H(2),] - ||¢). Then, up to a subsequence, we have

Up — U in ([LFHOD)], ] - [les1);

therefore,
”9(*% Um) - g(:v, U)”(s-i-l)/s — 0,

as m — 0o. On the other hand,

175(U) — F(O) & < sup / 19(2.Un) — g(a,U) | | V]| do
[VI<1JoQ

< C”g(x7 Um) - g(x, U)||(8+1)/s-
Combining the above facts, the claim is proven.

Claim. J} is a compact operator. The proof is similar to that
above. (]

Definition 2.2. Let (E,|| - ||) be a Banach space and J € C*(E,R).
Then J satisfies the Palais-Smale condition, (PS), if every sequence
(urm,) in E, is such that

(i) (J(tym)) is bounded,
(ii) J'(um) — 0in (E*,| - ||*) admits a convergent subsequence in E.

The following proposition arises from the above results.

Proposition 2.3. Assume (P), (H1), (G1) and (F1). If (Uy,) is a
bounded sequence in (H(Q),| - |lc) such that I'(Up,) — 0 in (H(2)*,
I 1), then (Up,) admits a convergent subsequence in E.

Next we define the (PS) condition type, called the Cerami condition,
introduced in [10].

Definition 2.4. Let (E,|| - ||) be a Banach space and J € C*(E,R).
We say that J satisfies the Cerami condition at level ¢, ¢ € R, (Ce),,
if, for every sequence (u,) in E:
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(Ce-1) J(um) — ¢ as m — 400,
(Ce-2) (14 ||um|)|J (um)]|* — 0 as m — 400

possess a convergent subsequence in E.

The next proposition gives a sufficient condition for the Cerami
condition.

Proposition 2.5. Let (E,| - ||) be a Banach space, ¢ € R, and
J € CY(E,R) such that:

(I) Every bounded sequence (un,) C E, such that J(um) — ¢ in
(R,| - |) and J'(um) — 0 in (E*,|| - ||I*), admits a convergent
subsequence in E;

(II) There exist constants §, R, > 0 such that ||J' (w)||*||u|| > « for
all u € J=Y([e — 6, ¢+ 6]), with ||u|| > R.

Then J satisfies the Cerami condition at level c.

Proof. Let (un,) be a sequence in E satisfying conditions (Ce-1)
and (Ce-2). Notice that, either ||u,,| — +00 as m — +o0, or (uy,) is
bounded in E. However, if |u,,|| — +o00 as m — +o0, then, we have
for R > 0 (from (II)), that there exists Ny € N such that ||um,| > R
for all m > Ny. Moreover, by condition (Ce-1), we obtain Ny € N
with N7 > Ny such that w,, € J7'([c — d,¢ + d]) for all m > Nj.
Consequently, following from condition (II), ||.J" (tm)||*||tim]|| > «, for
all m > Nj. Hence, by using (Ce-2), we have for m — +oo that

a < ||J (um) [I*um | < 1T (um) (1 + [Jum ) — 0,

so @ < 0, which contradicts condition (II). Therefore, we should have
(un,) bounded in E.

Claim. J (u,,) — 0 on (E*, | - ||*).

Indeed, suppose by contradiction that there are e > 0 and a subse-
quence (U, ) of the sequence (u,,), such that

7 (um)||* =€, foralll €N.
Then, we obtain

1) e(L+ ) < I Com) (L + ), for all I € .
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But, since (u,,) is bounded in F, we have (||um,||) bounded in R, and
thus, we can consider (||, ||) convergent in R, that is, there are K7 > 0
such that ||tum, || = K1 as | — +o0o. Then, passing the limit | — 400 in
(2.1) and using condition (Ce-2), Kje+ € < 0, which is absurd. Thus,
we conclude the proof of the claim.

Now, from this claim and since (u,) is bounded in E and (Ce-1)
holds, we obtain from (I) that (u,,) has a convergent subsequence E.
]

We apply an abstract minimax theorem found in [13, Theorem 7],
which is an extended version of the saddle point theorem due to [18,
Theorem 4.6]).

Proposition 2.6. Let (E, | - ||) be a Banach space and J € C*(E,R).
Suppose that E =V @& X with dimV < co. There exists an R > 0 such
that

sup J(u) < inf J(u)

uedD ueX

and J satisfies the Cerami condition (Ce). at level

¢ = inf max J(y(u)),

~eH ueDd
with
H={yeCD,FE):~ |sop=id},
D={ueV:|ul| <R}
and

oD = {ueV:|ul| = R}.

Then ¢ > ingg J(u) and c is a critical value of J.
ue

The following classic abstract result can be found in [18, 19].

Proposition 2.7. Let (E,| - ||) be a Banach space. If I € C'(E,R)
is bounded below and satisfies the (PS) condition, then ¢ = i%fl 5 a

critical value of 1.
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3. Proof of Theorem 1.2. Recalling that U = (u,v), from (A1)
and given € > 0, there exists a positive constant M, > 0 such that

1
(3.1) G(2,U) < 5(n+e)(u® +v°) + M,
for all z € Q, for all U € R?,

and

1
(3.2) F(z,U) < §(A+e)(u2+v2)+Me,
for all z € Q, for all U € R%

We shall check the assumptions of Proposition 2.7. Since we already
know that I € C*(H (), R), it suffices to show the following claims.

Claim 1. T is coercive on (H(Q),]| - |l¢), that is, I(U) — 400 as
1Ulle = +o0.

Claim 2. [ is bounded from below.
Claim 3. I satisfies the Palais-Smale (PS) condition.

Verification of Claim 1. Suppose that ||U||c — +o00. By continuity
of the embedding H(2) C L?(99) and equivalence of the norms || - ||c
and || - ||z, we infer that either ||Ull2,96 — +o0 or |Ul2,0 < K1, where
K, > 01is a constant. First, suppose that |[U||2,9 < K7. From equations
(3.1) and (3.2), we have

1
I(U) = - ||U||% —/ F(z,U)dx — G(z,U)do
2 Q o0
1 1
(3-3) > -|U|I - §(A+ U3

1
= 5+ U0 = Mc(12] +109o).

If A < 0, then by (3.3), we conclude that I(U) — +oo as |U|l¢c — +oo,
taking € > 0 such that A +¢€ < 0.
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If A\ > 0, from inequalities (1.3) and (3.3) with € > 0 such that
A+ € > 0, we obtain

1 A€ 1
B3 10) 2 5 (1= )01 5 llU 18- Ml +1091,).

Since A < A1, choose € > 0, such that

A €
1-———>0, A>0.
)\1 Al ) =

By equation (3.4), we conclude that I(U) — 400 as ||Ul||¢ — +o0.
Suppose now that ||U||2,0 = +o0. We have four cases:

Case 1. A < 0 and p < 0. From equation (3.3), choosing € > 0 such
that A +¢€ > 0 and p + € > 0, we obtain

1
I(U) 2 SIIUNE = Mc(19] +1091o),

from which it follows that I(U) — +oo as ||U|l¢ — +oc.

Case 2. A <0 and g > 0. Using equations (1.2) and (3.3) for e > 0
such that p + € > 0, we get
€

1 H 2
1) > (1= - S \u)2 = M9l + 169],).
@)z 5(1- £ - Yol - Mg2l + o0l

Since p < p1, by choosing € > 0 such that
1- ﬂ - i > Oa 12 2 07
H1 241
we conclude that I(U) — 400 as ||Ul||¢ — +o0.

Case 3. X > 0 and g < 0. By assumption, A < A1, choose € > 0

such that \
€
1-———>0.
N N

From equations (1.3) and (3.3), we have

1 A € 9
> (1- 2 - — - .
102 (1 3 = 5 )01 - b1+ 9y)

Consequently, if |U||c — 400, we get [(U) — +o0.
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—~

Case 4. A > 0 and p > 0. By equations (1.3) and (3.3), we obtain

(1 + U130 = Clo),

DN =

65 10z 5(1- 5 - ol -

since A+ € > 0 and g+ € > 0, where C(e) = M(|Q] + |09|5) is a
positive constant. By hypothesis, A < A1, for € > 0, we have

A €
1-2 -5 50
SV Vi

and, using equations (1.2) and (3.5), we infer that

1 Aop I )} 2
36) IU)>=|[1-——— | —¢€¢|l—+—]|lIUlz.9 —Cle).
B 1025 (1o 5 - ) eI - e
By hypothesis, Ap1 + uA1 < Ayp1. Then, choosing € > 0 such that

o))
AL Y I )
( A1 Ao

and by using equation (3.6), we conclude that I(U) — 400 as |U||c —
+0oo (supposing ||U||2,9 = +00).

Verification of Claim 2. From Claim 1, there exists R; > 0 such
that
(3.7) I(U)>1, forallU e H(Q), with ||U|l¢ > Ry.

Now, for U € H(Q) such that |U||c < Ry, since || - ||c and || - ||z are
equivalent norms in H(2), there exists a constant Ry > 0, such that
[lU]l2 < Ry and ||U||2,6 < Ra. Using equation (3.3) and recalling that
A< A1 and p < pq, we infer that, for € > 0 fixed,

1) >~ (0w + RS — 5 + B3~ M. (9] + [99,) = K (o),
that is,

(3.8) I(U) > K(e), forallU e H(Q), with ||U|lc < Ry.
Combining inequalities (3.7) and (3.8), it follows that I is bounded
from below.

Verification of Claim 3. Let (U,,) be a sequence in (H(Q),| - ||c)
such that (I(U,,)) is bounded in R and I'(Uy,,) — 0 in (H(Q)*, || - &)

as m — o0.
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We claim that (U,,) is a bounded sequence in (H(Q), ||-]lc). Indeed,
suppose on the contrary that, up to a subsequence, ||U,|lc — +oo,
as m — +o0o. By coercivity of the functional I, we get I(U,,) —
+00, as m — -+oo, which is a contradiction, because (I(Up,)) is
bounded R. Therefore, (Uy,) is bounded in (H (), - ||¢). Finally by
Proposition 2.3, the sequence (U,,) admits a convergent subsequence in
(H(), |l - llc)- This means that I satisfies the Palais-Smale condition.

Now, applying Theorem 2.7, we conclude that I possesses at least a
critical point U € H(Q), that is, I'(U) = 0. This means that U is a
weak solution for system (1.1). O

4. Proof of Theorem 1.3. Now we will check the assumptions
of Proposition 2.6. Since we already know that I € C1(H(2),R), it
suffices to show the following lemmata and claims.

Lemma 4.1. Assume the hypotheses of Theorem 1.3. Suppose that
there exist c € R and a sequence (U,) in H(Q) such that
[Unllc — +o0,  I(Un) — ¢,

and
[T (UENTU] — 0 as n — +o0.

Then there exists either Qo C Q with |Qy| > 0 such that |U,(x)| = +00
as n — 4oo almost everywhere x € Qy or Oy C 0Q with ||, > 0
such that Uy (z)| — +00 as n — +0o almost everywhere x € §y.

Proof. By continuity and (A2), for ¢ > 0 there exist C¢, E. > 0 such
that

(4.1) G(z,U) < %(B + €)(u? +v?) + Ce,
for all z € Q, for all U € R?,

and

(4.2) F(z,U) < %(6 +e)(u? +°) + E,

for all z € Q, for all U € R?.

~ U,
U,=——.
||Un||C
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Then, passmg to a subsequence if necessary, there exists U € H(2)
such that U, — U weakly in (H (), | - | zr). Then, we can assume

Up =T, (L2 2) and ([2202)], - l20)-
This implies that
(4.3)  Un(z) — U(z), asn — +oo, almost everywhere z € Q,
and
(4.4)  Up(x) — U(x), asn — +oo, almost everywhere z € 9.

By hypothesis, I(U,) — ¢ as n — +o00. Using inequalities (1.2), (1.3),
(4.1) and (4.2), for n sufficiently large, we obtain

1
§||Un||%§ (c+ 1)+/ F(z,Un)der/ G(z,Up,) do
Q o0

Jé] B
(45) < (e 1)+ SN0+ 2R
+ E|Q| + Cc|0Q s + Ky (€),
where
Kn(e) = [)‘llHU & + 1 URlIE] -
Now, multiplying (4.5) by [|U, |5, we obtain

1 < c—&-€2
27 U2

Passing to the limit in

B =
(4.6) + 5110113 + ||U 5.0+ 5 [/\ +upt]

6), we infer that

Q‘

(4.
S < SITB+ DT
which implies that either |Q| > 0 or |Q1], > 0, where
Qo ={zeQ:Ux)+#0}
and
O ={zecd:Uzx) £0}

Combining the above with eqautions (4.3) and (4.4), we conclude for n
large enough, either U, (z) # 0 almost everywhere = € Qg or Uy (z) # 0
almost everywhere z € 0f).
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Finally, since U, = ||Un||c(7m we have either, as n — 400 and
|U,(x)] — 400 almost everywhere x € Qg or |U,(x)| — +oo almost
everywhere = € ;. This proves Lemma 4.1. O

Next, we will prove a compactness condition.

Lemma 4.2. Assume all the hypotheses of Theorem 1.3. Then I
satisfies the Cerami condition (Ce). for all ¢ € R.

Proof. We shall check conditions (I) and (II) of Proposition 2.5.
The first condition (I) is verified by Proposition 2.3, while for condition
(IT), suppose by contradiction, that there exist ¢ € R and a sequence
(Up) in H(Q2) such that

(47) ||Un||c — —|—OO, I(Un) —C
and

I (UNENUnl — 0, as n — +oc.

By hypothesis, we have
21(U,) = I'(Un)(U) = [ [f(@.Un) = 2F(a,U,) do
Q

+ /{m l9(z,U,) — 2G(x,U,,)] do.

Consequently, by (4.7),

(4.8) lim [ /Q [f(z,Up) — 2F(z,Uy)] da

n—-+oo

+/m (2, U) — 2G(2, U] dor| = 2.

By Lemma 4.1, there exists either Qy C Q with || > 0 such that
|Un ()| = +00 as n — 400 almost everywhere x € Qg or ; C 9Q with
|21], > 0 such that |U,(z)] - +o0 as n — +oo almost everywhere
x € Qy. Combining this result with conditions (LF) and (LG), we
obtain
(4.9) lim [f(z,U,(z)) - U,(z) — 2F(z,Up(x))] = 400,

n—r-+oo



1536 J.D.B. GODOI, O.H. MIYAGAKI AND R.S. RODRIGUES

almost everywhere z € (), or

(4.10) lim [g(z,Uy(z)) - Up(z) — 2G(z,Up)(x)] = 400,

n—-+oo
almost everywhere = € 2.

Denote P,(x) = f(z,Uy(x)) - Up(x) — 2F (2, U, (2)) and Qn(z) =
g(x,Up(2)) - Up(z) — 2G(x, Uy (x)). If equation (4.9) occurs, applying
Fatou’s lemma and by (A3), we have

n—-+oo

lim inf { /Q Pa@do+ | Qu(o) da}

zliminf/ Po(a)dz + M (|2 Q0| + |99],) = 400,
Qo

n——+oo

which is a contradiction to equation (4.8). Thus, equation (4.10) holds.
Arguing as above, we have

n—-+oo

lim inf { /Q Pa@do+ | Qu(o) da}

n—-+4oo

> liminf [ Qu(w)do + M (2] + 92\ 2u],) = +oc,
Q4

which contradicts equation (4.8). Therefore condition (II) of Proposi-
tion 2.5 holds. This proves Lemma 4.2. ([l

Let
My = {VEVE, .. VE Y C HOQ) N [L2(9)]

be the C-orthonormal basis of Steklov eigenfunctions associated to py.
In [12], motivated in part by [4], it was proved that, for j € N fixed,

H(Q) =V; &c X,

with dim(V;) < oo, where

o[
sz[ G Mk],

k=j+1
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and
X;=Y; ®c (HO(Q))z.

Also, we have

(4.11) U1 o0 = 17 U], for all U €V,
and
(4.12) U300 < 1y allUIIE,  forall U € Y;.

We claim the following.

Claim 4.3. There exists a constant R > 0 such that

4.13 sup I(U) < inf I(V),
(4.13) sup 1(U) < inf 1(V)

withD ={U €V, : |Ullc < R}.

Now assuming the proof of Claim 4.3, by Lemmata 4.1 and 4.2, we
can apply Proposition 2.6 to conclude the proof of Theorem 1.3.

Proof of Claim 4.3. The proof will be accomplished in three steps.

Step 1. Firstly, we will prove that —I is coercive on V;. Indeed,
using (A2) together with continuity of the functions G and F, given
€ > 0, there exists a constant C' > 0 such that, if x € Q and U € R?,
then

(4.14)  (A- E)M ~-C<G(,U) < <B+6)M +C
and
(* +v%) W+, &

(415)  (a—e) —C<F(@zU)<(B+e +C.

2
Consequently, for U = (u,v) € V;, we have

=L - x x— x o
e O [ Feva- [ ceu)a

IN

1 ~
SIUIE + P, U) + Q. U) + C,
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where C is a positive constant,
1
P(z,U) = =5 (a = lU]3

and

1
Qz, V) = —3(4= VIR .

Suppose, without loss of generality, that & < 0 in (A2). Using (A2)
and by inequalities (1.3) and (4.11), we have for ¢ > 0 with A — e > 0,

1 _
Pa,U) < —5(a— XU
and
1 _
QU U) < —5 (4 — e U2

Inserting the above in (4.16), we obtain

1< o A € | €

Ul +C.
LA

Finally, since Aip; < ap; + AXy, pj > p1 > 0 and Ay > 0, choosing
€ > 0 such that A — e > 0 and

we conclude that I(U) — —oo as U € V; and ||U||c — +o00. Hence,
—1I is coercive on V.

Step 2. Now, we will prove that I is coercive on X;. In fact, for
U € X, since X; = Y; @c Ho(12), there exist, in a unique way,
U® € Hy(Q2) and U € Y; such that U = U + U. From (4.14) and
(4.15) and recalling that U° and U are C-orthogonal, there exists a
constant C' > 0 such that

1 1,—=
1) = 510° + 5101 - [ Fav)de= [ Gav)do

v

1 1 = 1 1 _
SNOCIZ + 21T - 5B+ IR - 5(B+ U], - T.
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Consider, without loss of generality, 8 > 0 in (A2). By (1.3), and
noticing that ||U||2.0 = |U]2.0, U° and U are C-orthogonal, we have

1 8 € 012
> - — = —
I(U) > 2(1 N M)IIU e
1 _ B e N Ul?.| —
+2K1 N )\1>||U|C (B+e ||2,a] C.

Combining this inequality with (4.12), we obtain

1 g € 012
> — - -
10z 3(1- £ - £ )i

(4.17)
1 <1 B B € €

AU it AL By

)HUH% e

By hypotheses Buj+1 + BA1 < Apj41 Av > 0 and B > p; > 0, choose
€ > 0 such that

and

From this, min{M (¢), N(e)} > 0 and by (4.17), we have
I(U) = min{M(e), N(e)} (IU°[IZ + [U[&) = min{M (), N(e)}|U|2-
This implies that I(U) — 400, when U € X; and ||U| ¢ — +oc.

This proves Step 2.

Step 3. Conclusion. From Step 2, I is coercive on X;. Then there
exists an Ry > 0 such that I(U) > 1, for all U € X, with ||U||c > R;.
In addition, if U € X; satisfies |U|lc < R, arguing as in the proof of
Step 2, we get

I(U) > min{l,-R3} = —R}, forall U €X;.

By Step 1, taking Ry < —R?, there exists an R > 0 such that, for all
U €V, with |U||¢ > R, we have I(U) < Ry < —R?. Consequently,

sup I(U) < Ry < —RY,
UecoD
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where D = {U € V; : ||U|lc < R}. Combining these, the proof of
Claim 4.3 is complete. O

Now, applying Theorem 2.6, we conclude that I has at least one
critical point U, which is a weak solution of system (1.1). Hence,
Theorem 1.3 is proven. ]

5. Proof of Theorem 1.4. We have already shown that I €
Cl(H(Q),R), and we can prove that I verifies the Cerami condition
(Ce)., arguing as in Theorem 1.3. Thus, it is enough to prove the
geometry of Theorem 2.6.

The following result is proven in [12].

Let
By = {U},US,... UL} c H@)n [L2(@)]°

be an orthonormal basis for the eigenspace associated to Ag.

For each j € N fixed, consider F;, the subspace generated by
E; ={U{,...,U}

T17°

UYL UL,
which has dimension 7y + 72 4 --- 4+ 7;. Then
[L2(2)]" = F, @ F#,
where
Fh={U e [L3(Q))": (U,V): =0, for all V € F;}.
Here, (U, V) = fQ U -V dzx. Also, we obtain the decomposition
H(Q)=F; ® [F; N H(Q)],

where dimF; < oo for j € N fixed. In addition, we have the following
inequalities:

(5.1) U5 = A7 HIUIE,  for all U € Fy,
and
(5.2) U3 < A LIUNE,  forall U € [FF 0 H(Q)].

Now, we need the following claim.



STEKLOV-NEUMANN BOUNDARY SYSTEMS 1541

Claim 5.1. There exists an R > 0 such that

sup I(U) < inf  I(V),
U€dD VeF;NH(Q)

where D = {U € F; : |U||c < R}.

Assuming Claim 5.1, and applying Theorem 2.6, the proof of Theo-
rem 1.4 is concluded.

The claim will be proved in three steps.

Proof. Step 1. The functional —I is coercive on F;. Indeed, from
(A4) and by continuity of G and F, it follows that, given € > 0, there
exists a constant C' > 0 such that, for x € Q and U € R?, we get

63 -0l _ccauun<mroi) e
and
(5.4) (a_e)(uzﬂ—égF(QU)§(5+E)L;LU2)+6_

Using these estimates, for U € [F;, there exists a constant C > 0 such
that

I(U):%HU”%f/QF(z,U)dxf/mG(x,U)da

5.5
o < %|\U||‘é+ﬁ(x7 U)+Q(z,U) +C,
where

P(e,U) =~ (a - ) |UI}3
and

~ 1
O, U) =5 (A= 9 UBo-

Therefore, assume without loss of generality that A < 0 in (A4). Since
a > A; > 0, from inequalities (1.2) and (5.1), for € > 0, we get

~ 1 _
Pla,U) < =3 (a =) XU
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and
~ 1 B
Q. U) < —5 (A= U

From hypotheses A\ju1 < \jA+ pio, Aj > Ay > 0 and p; > 0, we can
choose € > 0 such that « — e > 0 and

So, from equation (5.5), we infer that

1 1 _ 1 _ —
I(U)é*IIUH%—g(a—E)AjlllUHzc—§(A—6)M11||UHQC+C
1 A « € € —
=-(l-=—-—+—+—)|UIE+C.
2< H1 A A Ml)” le

Therefore, I(U) — —oo, as U € F; and ||U|lc — +oo, that is,
—I(U) = 400, as U € F; and ||U||¢ — +o0. Hence, Step 1 is proven.

Step 2. The functional I is coercive on IF‘]L N H(Q). Indeed, for
U e IFJL N H(Q), from equations (5.3) and (5.4), for ¢ > 0 and z € ,
there exists a constant C' > 0 such that

I(U)=%|\U||2C—/QF(x,U)dx— G(z,U)do

(5.6) o9

1 -
> §HU||?;+P1($7U)+Q1($,U)+Cv
where P (z,U) = —(8+¢€)/2|U||3 and Q1 (z,U) = —(B "‘f)/QHU”%,a-

Consequently, assume without loss of generality that B > 0 in (A4)
and since S > A; > 0 from equations (1.2) and (5.2), for € > 0, we get

1 _
Pi(,0) 2 =507k (B + 0 U]
and
| 2
Qi(z,U) > L (B+¢e)|Ullc-

Finally, by hypothesis, A\j;1.B 4 118 < Aj41p1 and choosing € > 0 such
that
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we conclude by using equation (5.6) that

(5.7)
1 1 _ 1 _ =~
I(U) = S|UJ[E 5)\;-4:1 B+elUlz - St HB+o|UE+C
1 B 3 € € ) 5
B - A Ul +C.
2( p A B Ajq 1l

Therefore taking ||U[c — 400 with U € F; N H(), we obtain
I(U) — 400, that is, I is coercive on Fi- N H(Q).
Step 3. Here we present the conclusion of the prove of the claim.

There exists an R > 0 such that

(5.8) sup I(U) < inf  I(V),
UeoD VEFFNH(Q)
where D ={U €F; : |U|c < R}.

Indeed, by Step 2, I is coercive on Fj- N H(Q). There exists an
Ry > 0 such that I(U) > 1 for all U € F;- N H(Q), with [|Ullc > Ry.
Now, for U € Fj- N H () satisfying ||[U|c < Ry, then by equation (5.7),
for € > 0 such that

B 8 € €

T wriri v
we have
Consequently,
(5.9) inf  I(U) > Rs.

UEF;NH(S)

By Step 1, given R3 < Rs, there exists an R > 0 such that, for all
U e F; with |U|lc > R, we get I(U) < R3 < Ry. This implies that

(5.10) sup I(U) < R3 < Ry,
Ue€oD

where D = {U € F; : |U||c < R}. Finally, combining inequalities (5.9)
and (5.10), we have inequality (5.8).
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From Theorem 2.6, the functional I possesses at least one critical
point U € H(Q)), which is a solution for system (1.1). This completes
the proof of Theorem 1.4. O
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