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EXISTENCE OF EVENTUALLY POSITIVE SOLUTIONS
OF HIGHER ORDER IMPULSIVE DELAY
DIFFERENTIAL EQUATIONS

SHAO YUAN HUANG AND SUI SUN CHENG

ABSTRACT. A search of the literature reveals only a
few studies on the necessary as well as sufficient conditions
for the existence of eventually positive and/or monotone
solutions of higher order impulsive differential equations that
also allow delays. To fill this gap, we study a general
class of higher order impulsive delay differential equations
and establish necessary and/or sufficient conditions for the
existence of eventually positive and monotone solutions. Our
results are sharp in the sense that, in special cases, they are
necessary and sufficient. Illustrative examples are included.

1. Introduction. Impulsive differential equations are mathemati-
cal apparatus for simulation of different dynamical processes and phe-
nomena observed in nature (for illustration, a pendulum equation in
Example 3.3 is provided in a later section, see also [11] and the refer-
ences therein). For this reason, many impulsive differential equations
are studied and their qualitative properties investigated. However, by
inspecting recent studies such as ([1]-[22]) and their references, we
may see that only several recent papers (see e.g., [4, 5, 12, 19]) are
concerned with necessary and/or sufficient conditions for the existence
of eventually positive and/or monotone solutions of higher order im-
pulsive delay differential equations.

In particular, in [12], the author is concerned with the following
system:

(1) 2 () + at)z" (1) + Y pi(t)a(gi(t) =0,
=1
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€ 0,00\ {tk }ren -

2 29 =a(ty), k€N and i=0,1,...,n—1,
under the following conditions:

(D1) a and p; are continuous, Lebesque measurable and locally essen-
tially bounded functions on [0, 00) for i = 1,2,...,m;

(D2) ar >0 for k € N;

(D3) the function A(0,t), defined by (11), is bounded for ¢ > 0 and
liminf; ., A(0,t) > 0;

(D4) pi(t) >0fort >0andi=1,2,...,m; and

(D5) foreachi=1,2,...,m, g; is a continuous function on [0, co) such
that ¢;(t) <t for t > 0, and lim;_, o g;(t) = +00.

Theorem 2.4 in [12] ‘provides’ a sufficient condition for the existence
of bounded nonoscillatory solution:

00 Sn—2 S1 1
/0 /0 /0 r{so

where

m

- _piS) e ds .
r(s);A(gi(s)’s)d dsg---dsp_o <

r(t) = exp (/Ota(s) ds>.

However, for n > 3, we note that the function

// / so/ ZA deSo -dsy_3

is increasing and nonnegative for ¢ > 0. So condition (3) cannot
hold unless p;(t) = 0 for almost every ¢ > 0. Furthermore, we can
easily construct an eventually positive solution under the condition
that p;(¢) = 0 for almost every ¢ > 0. So this result is only valid under
the case where n = 2.

There are other mistakes in reference [20] which is concerned with
second order impulsive differential equations with delays (see a later
section). These mistakes in [20] cast doubt on the correctness of the
main theorem in [20].

Besides these results in [12], there are similar results in reference [7]
for equations without impulses. There the authors are concerned with
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the equation
(4) 2" () + f(t,2(g(t) =0, >0,

where f is a nondecreasing function on R and wf(t,u) > 0 for u # 0.
Theorem 2 in [7] tells us that there exists an eventually positive solution
x of equation (4) with ()2~ D (¢) > 0 and z(t)z" () > 0 eventually,
and 2("~2)(t) is bounded above by a constant, if and only if

/ tf(t,cg" 2(t)) dt < 0o
for some a > 0 and ¢ > 0. Other similar theorems can also be found in
[7].

Next, in reference [5], the authors are concerned with the problem
of existence of nonoscillatory solutions of system

(5) () + f(t,z() =0, t€[0,00\ {tr}pen -
(6) z(t)) ==z(ty), keN,

(7) o' (tf) =2'(ty), keN,

(8) o () = 2" (t) — Lo (2(ty)), k€N

where f is a continuous function on [0,00) x R with uf(¢,u) > 0 for
u # 0 and t > 0, and Iy, are continuous functions on R for k£ € N with
uly(u) > 0 for u # 0. Theorem 2 in [5] provides a sufficient condition
that [f(t,u)] < [f(t,v)| and |I2 ()] < |21 (v)] for |u| < |v], and

/Oot2 [f(t,0) dt+> 1} [Tar(c)] < o0
0

k=1

for some ¢ # 0 such that the system (5)—(8) has a bounded nonoscilla-
tory solution.

The above mistakes and list of results motivate us to study general
classes of higher order impulsive delay differential equations and estab-
lish necessary and/or sufficient conditions for the existence of eventually
positive and monotone solutions, which may be used to complete, to
generalize or to patch up several recent results in the literature.

To this end, we first recall some usual notation. R and N will be used
to denote the set of real numbers and positive integers, respectively,
while RT denotes the interval (0, +00). We set N, = {1,2,...,n} and
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N, ={0,1,...,n}. We let
T = {t1,ta,...}

be a set of real numbers such that 0 = t5 < t; < t3 < --- and
limyg_yoo ty = +00. Assuming that [; and I> are intervals in R, we
define
PC(I,I5) ={¢: 1 — I | ¢ is continuous in each interval
I N (tg, tr41] for k € N U {0} and with
discontinuity of the first kind only},

PO, I) = {p € PC(I1, 1) | ¢(t)

is continuously differentiable almost everywhere on I},
and
PO, 1) = {(p € PO(I1, 1) | o9 € PCO(I,R) forj e Ni_l}

for ¢ > 2. Also, y/(t) will be used to denote the left derivative
of the function y(¢) at t. We need an order relation in the space
PC(|T, ), [0,00)): If y; and yo belong to PC([T,x0), [0,0)), we say
that y; < ys if and only if y;(¢) < y2(t) almost everywhere on [T, o).
A partially ordered subset of PC([T,0),[0,00)) is called a complete
lattice if all its subsets have both a supremum and an infimum.

Let n > 2 be given. We investigate the following nonlinear delay
differential systems with impulses

9)
(r2" D) + F(t2" ) (ga1(1),2" 2 (ga-2(1), - 2(g0 (1) =0,

(10) 2 D) = Lok (29 (t)

where t € [0,00)\T, k¥ € N and i € N,,_;, under some or all of the
following conditions:

(A1) for any t > 0, F(t,u) is a continuous function on R™, and for
any p € R™, F(t, u) belongs to PC([0,0),R);

(A2) for each i € N,,_1, g; is a continuous function on [0, oc) with
gi(t) <t fort >0, and lim;_, o g;(t) = +o0;
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(A3) 0 <ty <ty <--- are fixed numbers with limy_, oo tp = +00;

(A4) r is a positive differentiable function on [0, 00);

(A5) for each i € N,,_; and k € N, I ()1 is a continuous function on
R such that il () > 0 for p # 0;

(A6) there exists My > 1 > mg > 0 such that

mo < I 71([”;:6’6) < My
s<tp<t
where k € N and ¢ > s > 0 with [s,£) N T # @ for any sequence

{0k # 0}rens;
(A7) for each i € N,,_o, there exists M; > 1 such that

H I(i)g((;k) < M,
s<tp<t "
where k € N and t > s > 0 with [s,t) N # ) for any sequence
{0 # O}ren.

We remark that condition (A5) means that, for each i € N,,_; and
ke N, I;k(p) > 0 for g > 0 and I(;5(n) < 0 for 4 < 0. These
are needed in order to ‘propagate’ the positivity of solutions ‘into the
future’ and hence are important for the existence of positive solutions.
We further remark that

H Toye(Or) H T0yx (Ok)

Ok T Ok
s<tp<t {k:s<tp <t}

)

etc., and hence conditions (A6) and (A7) require the product of the
rates of change of values of solutions at ¢; has positive upper bound
and/or positive lower bound. We will give a specific example to
illustrate conditions (A6) and (A7) in Example 3.1.

Let T > 0 and
rp = min {inf gj(t)}.

0<j<n—1 | t>T

Definition 1.1. Let T > 0. For any ¢ € PC" Y ([ry,T],R), a
function x € PC™ ([T, 0),R) is said to be a solution of system (9)-
(10) on [T, 00) satisfying the initial value condition

I(t) = ¢(t)a te [TTaT]a
it x(t) satisfies (9) for almost every ¢ > T' and satisfies (10) for ¢ > T
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Definition 1.2. Let z = x(¢) be a real function defined for all
sufficiently large t. We say that x is eventually positive if there exists
a number T such that z(t) > 0 for every t > T. We say that x is
nonoscillatory if either z(¢) or —z(t) is eventually positive.

Let agyr > 0, ax > 0, by > 0 and by > 0 for k € N and 7 € N, _i.
We define functions

. _ S Hectycra@pn s, )T #0
(11) Az(57t)—{ lostes tonr g
and
S Tectcran if[s,t) DT #D
A(s,t)—{ oSt T o8
Tty ctbe if[s,)NYT#0
B(S’t)_{ T s nT =0

and

v Tec ity i [s)NT #0
B(s’t){ s if [s,)NT =0

fort > s > 0 and i € N,,_5. Assume that there exist m; > 0 for
i € N,,_o such that

(A) Ai(s,t) >m; fort>s>0and i€ N, _,.

We remark that oscillatory, nonoscillatory, monotone and periodic
solutions, etc., are major concerns in the theory of impulsive differential
equations with delays. Yet simple questions such as the uniqueness of
eventually positive solutions are difficult due to the nonlinear nature
caused by the impulses. Therefore, much has to be done before the
solution structures of these equations can be clarified.

2. Main results. We first establish a necessary condition for the
existence of eventually positive and monotone solutions of systems with
nonlinear impulses.

Theorem 2.1. Let § > a > 0 be given. Assume that (A1)—(A7) hold
and Im_1yi(p)/p < b for p # 0 and k € N, and that there is a
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function ® € PC([0,00),R) such that

where 8> i, >, (=1)tu; >0 andt >0 fori € N,,_1. Let z(t) be
a solution of the system

(13)
(D) + F (62016, 2" g (0), .-, 2(00(1) < 0,
t € Ro\7T,

and (10) such that o < z(t) < B eventually. If one of the following
conditions holds

(i) n is even and (—1)"* 2@ () > 0 eventually for i € N,,_1; or
(ii) n is odd and (—1)'zD(t) > 0 eventually fori € N,,_y;

then

w [

o0 o0
d(s,—
/ / (5n1) dsp_1ds,_o9---dsy < 00
Sn—3 Y Spn—2 T(Sn—2)B*(S7l—275n—l)

for some T > 0.

Proof. Assume that condition (i) holds. Without loss of generality,
we can assume that a < z(t) < 8 and (—=1)"1z@ () > 0 for t > 7.
Then we have

(15)  F (62D (g0 1(1), 27D (ga (), - 2(g0(1))) > 2(1)
for ¢ > 0. We define functions

Ty (@@ (t) .
(16) &mmww:{lL““tﬁwmfﬂbﬁﬂT#ﬁ

1 if [s,t)N YT =10

fort >s>0andiec N,_;. By (A6), (A7) and I(,_1),(p)/p < bj, for
1 #0and k € N, we see that

(17) Ay (x)(s.1) > m,
0 < Agy(a)(s.1) < M,
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and

0 < A@-1)(@)(s,t) < B"(s,1)

fort >s>0and i€ N,_o. Let

for ¢ > 0. By assumption, we see that z(t) > 0 for ¢ > 0, and

7(t1) -1 (7D (t1))
Loye (= (tr))

(18) 2(t)) = = cpz(tk)

for k € N, where

o x(t) Ty (Y (t))
Toyr(x(tr)) z(m=1(ty,) .

By (15), we see that

19
( z/?t) L Pl g 0), ;v;:;;;)(gnz(t)), ) @g)
for t > 0. Let
C(s,t) = { AL e il 0T A0
1 it [s,6) Y = 0
for t > s > 0. We divide (19) by C(0,t). Then
o @)

for ¢t > 0. Let d > 0 be given. In view of (18), we note that the
function z(t)/C(0,t) is continuous for ¢ > 0. We integrate (20) from ¢
to d. Then
=2 < z(d)  =() < 1 4 P(s)
C(O7t) N C(Oad) C(O7t) N ﬁ t 0(075)

for t > 0. Since d is arbitrary, we have
< P
/ (5) s
t C(ta 5)

r(t)z V()

> z(t) >

| =
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for t > 0, from which it follows that
! < P(s)
pr(t) J; Clt,s)

for t > 0. We divide (21) by A,—2(x)(0,¢) and then integrate it from ¢
to d. We may see that

(21) 20 (1) > ds

— x("_Q)(t) > x("_Q)(d) — p(n=2) (t)

>a 1 D(s5,-1)
o 6Mn—2 Sn 2 C Sn 2, Sn— 1)

for 0 <t < d. Since d is arbitrary, we further see by (17) that

B 11 < (s, 1)

_.(n 2) > / n—1 d d
€ Spn— Sp—
( ) ﬁ Mn 2 T(Sn—Q) Spn_2 C(Sn—QaSn—l) ! 2

for t > 0. We use similar arguments n — 2 times. Then

z(t) > g(" )mo fo fso o

sn 1
/ / ) d5n—1 dsn—Q e dSO
Sn 2 Sn72; Snfl)

%( o )md fo I fﬁ

(Sn—1
/ / N ) dsn_l dsn_g e dSO
Sn—3 Y Sn—2 5”— (STL 2, Sn— 1)

for t > 0. Since z(t) is bounded, we see that (14) holds.

dsnfl dsn72

Assume that condition (ii) holds. Without loss of generality, we may
assume that o < 2(t) < 8 and (—1)'z((t) > 0 for t > ry. Similarly,
we have (15), (16) and (17). In view of (13) and (15),

(22) (r(t)x“ﬂ)(t))' < —d(t) fort>0.

Let d > 0 be given. We divide (22) by A,,—1(x)(0,1), and then integrate
it from ¢ to d. We have

r(d)z" =Y (d) ()x(" b t / P(sp—1)
A1y (@)(0,d)  Ap_1y(2)(0,¢ An—1)(x)(0,5,-1)

dSn,1
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for d > ¢t > 0. Since x("_l)(d) > 0 and d is arbitrary, we can see that

@) V0> / i S” D s,
(n—1)

t Sn— 1)
< B(s, 1)
Y A CUN V
w(t) . Bt s,_y) ot
for t > 0.

We divide (23) by A(,—2)(0,t), and then integrate it from ¢ to d.
Since #("~2)(d) < 0 and d is arbitrary, we can see that

i 1
_p(n=2)
T t) >
( ) o l A(n72)(t78n—2)r(3n—2)

> D(sp-1)
X ————————dsp_1dsp—
/S,L 2 B*(SH—Q’Sn—l) Fnot Gon

for t > 0, from which and (17), it follows that

P(5n-1)
(n— 2) n—1 d d
o Mn 2 / sn 2 / B*(sn 2, Sn— 1) =1 @n=2

for t > 0. We use similar arguments n — 2 times. Then

(il

(Sn—1
/ / o ) dSnfl dSn,Q s dSO
Sp—3 JSn_2 3” 2 (Sn 25 Sn— 1)

for t > 0. Since z(t) is bounded, we see that (14) holds. The proof is
complete. O

Remark 2.2. We will establish sufficient conditions such that con-
ditions (i) and (ii) in Theorem 2.1 hold. This is important to show
that Theorem 2.1 is non-vacuous. In addition, by inspecting the proof
of Theorem 2.1, we may see that condition (A6) in the hypotheses of
Theorem 2.1 may be replaced by

1—[ 1<o)k(5k~)>m
5, = 0
s<tp<t
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where £k € N and ¢ > s > 0 with [s,£) N T # () for any sequence
{6k # O}pen.

Next, we establish a sufficient condition for the existence of eventu-
ally positive and monotone solutions of systems with linear impulses.

Theorem 2.3. Assume that (A1)-(A6) and (A) hold, I (1) = agyri
forp€R, i €N, _; and k € N, and that there exist positive numbers
a, B and v; fori € N,_1 with 8 > My/(moa). Assume that

e [

> > Q(sn—l)
dsp—1dsp—o---dsg < 0o
/S\n_g /sn_2 r(sn72)An71(sn727 Snfl) ! 2 0

for some T > 0 where

Q(t) = max {F(ta Y1, =25 -0 (_l)n_Q'Yn—la ,8),
F(ta Y1, =250 (_1)7172,)/”717 0[)} .

(1) If n is even and one of the following conditions holds:
(1-1) for any t > 0, F(t,p1, phay .-, fin) = F(t,v1,00,...,vn) >0
where 8 > M 2 Vp 2 and Yi = (_1)nii+1,ui > (_1)nii+1yi >0
fori € N,,_1; or
(1-2) for any t > 0, F(t,pu1, 2, .., un) > F(t,v1,v9,...,v,) >0
where B> vy > pin > o and y; > (1) > (1) > 0
forie N, _1;
then the system (9)—(10) has an eventually positive solution x(t)
such that o < x(t) < B and 0 < (=1)1z®)(t) < ~; eventually for
1€ Np_1.

(2) If n is odd and one of the following conditions holds:
(2-1) for any t > 0, F(t,pu1, o, .., pn) > F(t,v1,v0,...,0) >0
where B> iy > vy > o, and y; > (=1)" "t > (=1)" "ty >0 for
1€ Np_q; or
(2-2) for any t > 0, F(t,p1,phoy ..., fin) = F(t,v1,00,...,05) >0
where 8> vy > i >« and vy; > (=1)" "ty > (=1)"""y; > 0 for
1€ Nn—1§
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then system (9)—(10) has an eventually positive solution xz(t) such that
a<z(t) < B and 0 < (=1)'z(t) < v; eventually for i € N,_;

Furthermore, if
(25) F(t,u1, o, ..., pn) >0, almost everywhere t > 0,
where v; > (=1)*pu; > 0 fori € N,y and 8 > u, > 0, then
@ (t) # 0 eventually fori € N,,_;.

Proof. For the sake of convenience, let
< Q)
Dq(t) = —d
1(t) /t PO An 1 (ts)
for t > 0. Let n = 8/My — a/my,

wzuin{( T m)omo( II m)n
(0TI m)n (g TI mi)n}

0<i<n—2

ee= ] mivax kENu o,
k<i<n-—2
and

En—1=71-

In view of (24), there exists T' € T such that T > 7,

(26) / / / / Sn 2 dSn 9---dsg < €0,
(27) / / s / <I>1(sn,2) dSp—9 -+ dSo < €k, ke Nn,3,
T Sk Sn—3

(28) / Py (sp—2)dsp—2 < en—2,
T

and

(29) q)l(t) <ep_1, t=>T.
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Given y € PC([T,),[0,00)). Let P,_1(y)(t) = y(¢t) for t > T. By
induction, we can define

(30) P = [P g,

for t > T and i € N,,_5. Let

(31) Ur(t) = Ao(T: 1) = + /T Ao(s. )Py (y)(s) ds,
UQ(t) = AO(T7 t)Mﬁo - /too ilo(yt)(:)) dSa

a
Us(t)—Ao(Tvt)%+t Aot s) W

and

wwzmmw%-AAwma@@@

for t > T and t;, > T. For any y € PC([T,0),[0,00)), we note that
Pi(y)(t) > 0and U;j(t) > 0 for t > T, i € N,_; and j € No. Let us
define four sets

Xj ={y € PC([T,0),[0,00)) : 0 < Pi(y)(t) < yni
and o < Uj(y)(t) < Bfort >T andi € N1}

for j € Ny. In view of (A6), we can see that P;(0)(t) = 0 and
a<U;0)(t) <pBfort>T,ie N, and j € Ny. It follows that X;
is nonempty because of 0 € X; for j € Ny. Clearly, with this ordering,
X, are complete lattices for j € Ny. For y € PC([T,00),[0,00)), we
define an operator S in PC([T, x0),[0,00)) by

S

S)(®) Z% /t = F(s, wn—1(y)(5), wnjigi)l(;),,s-j -wi(y)(s), wo(y)(s) ,

for t > T where w;(y)(t) are functions on [rr, 00) with respect to y(t).
We consider four cases: Case 1: n is even and condition (1-1) holds;
Case 2: n is even and condition (1-2) holds; Case 3: n is odd and
condition (2-1) holds; Case 4: n is odd and condition (2-2) holds.



250 SHAO YUAN HUANG AND SUI SUN CHENG

Case 1. We assume that

wo(y)(t) = { ) 3223 1
and
i+1 i
(32) wi(y)(t)—{ (() e g %2?

fort>T,i€ N,_1 and y € X;. For any y € X3, it is obvious that
(33)  0< (=)™ lwi(y)(t) < yu—i and  a <wo(y)(t) < B
where t > T for i € N,,_1. Then

F(t,wn—1(y) (1), wn—2(y)(t), - .., wo(y)(t))
< F(t’,)/l? =72, ?’Y’I’L—]J/B) < Q(t)
nd

where ¢t > T. By (A), (27), (28) and (29), we see that

0 < Pa(S)(E) = S(y)(t) < @a(t) <,

0 < Paa(S)(1)
/ Pn 1 S (S) dS

< / P1(s)ds <72

mn2

and

where t > T. By (A6), (A) and (26), we further see that

o0
/ Q1 (sp_2)dsp_a--- dsg
Sn—3

S —

M()Ck 1
M, — <
e (o TI o Jenss

1<i<n—2

IN
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for t > T. So S(X1) C X;. Given y;,y2 € X1 with y; < ys. By
induction, it is obvious that Uy (y1) < Ui(y2) and P;(y1) < P;(y2) for
any i € N,,_1. So

0< (=)™ wi(y)(#) < (-1 wily2) () <

and

o < wo(y1)(t) < wo(y2)(t) < B
where t > T for i € N,,_1, from which it follows that
F(t,wn—1(y1)(®#), wn—2(y1)(t), ..., wo(y1)(t))
< F(twp—1(y2) (1), wn—2(y2) (1), . . ., wo(y2)(t))

for t > T. Then S(y1) < S(y=2), which implies that S is increasing in
X,. By the Knaster-Tarski fixed point theorem, there exists z; € X3
such that S(z1) = 2. Let

o Ul(Zl)(t) if t > T,
ml(t)_{a ifrp <t<T.

We assert that x; is an eventually positive solution of system (9)—(10)
such that o < x;(¢) < fand 0 < (—1)i+1$§i) (t) < ~; eventually for
i € N,_1. Indeed, let Ty > T be such that rp, > T. Then g;(t) > T
for t > Ty and j € N,,_;. Clearly, 21 € PC(”)([Tl,oo), [a, B]) and

0 < (=12 (1) = Pi(z1)(t) < v
for t > T7 and ¢ € N,,_;. Furthermore,

2 (1) = (1) Pz (@i(8) = wila1) (1)

where t > T3 for ¢ € N,,_1. Then

34
| (n)_l) L pooF (52 (o1 (90).2(" 7 (gn () w1 (90 (5)) )
Ty (t):21(t):@ I; A, 1(6s) ds

for ¢t > T;. It follows that

(@2 0) ==F (2™ (n 1 (1,28 (gn (1)1 00(0)
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for almost every ¢t > T;. In view of (30) and (31), it is easy to see that
7 (1) = (FU T P()(6) = a1 Pi(a) () = agpeet” ()

and
a1 (t)) = Ur(z1)(ty) = Ui (21)(te) = appza ()
for t, > Ty and i € N,,_y. Therefore, x1(t) is an eventually pos-
itive solution of system (9)—(10) such that o < z(t) < f and 0 <
(=1)"12() () < 4; eventually for i € N,,_;. Assume that (25) holds.
Since z1(go(t)) > 0 for t > Ty, by (34), we note that z1(t) = S(z1)(¢t) >
0 for t > Ty. Tt follows that (—1)“‘13:52)@) = Pi(z1)(t) >0fort > T
and 1 € N,,_1.
Case 2. We assume that

wo(y)(t) = { D)ool 52% T

and w;(y)(t) are defined by (32) for t > T, i € N,,_; and y € Xo. We
note that (33) holds and

F(t, w1 (y)(t), wn—2(y) (1), . .. wi(y)(t), wo(y) (1))
< F(tv, =251, ) < Q(1)

for t > T. Similarly, we have
0 < P(S(y)(t) < yn—i
and
mo,B 1

82 (s = 5o~ = [ Al ds

>m05_< H 1)/00/00/00
- Mo 0<ign—2 "/ T Jso e

. / D1 (sp_2)dsp_a--- dsg > «
Sn—3

for t > T and for ¢ € N,,_;. So S(X3) C Xo. Given y1,y2 € Xo with

y1 < yo. Similarly, we have P;(y1) < Pi(y2) and Us(y1) > Us(y2) for

any ¢ € N,,_1. It follows that

0< (=)™ wi(yn)(t) < (1) wily) (1) < i
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and

a < wo(y2)(t) < wo(yr)(t) <P

where ¢ > T for i € N,,_1, from which it follows that S(y;)(t) <
S(y2)(t) for ¢ > T, which implies that S is increasing in Xo. By the
Knaster-Tarski fixed point theorem, there exists zo € X5 such that
S(z2) = 2. Let

- UQ(ZQ)(t) ift>T
mQ(t)_{a if rp <t <T.

Let Th > T be such that ry, > 7. Similarly, we can check that
x2(t) is an eventually positive solution of system (9)—(10) such that

a < z(t) < fand 0 < (—1)i+1xéi)(t) < v; eventually for i € N,,_;.
Assume that (25) holds. Similar to the previous Case 1, we can see
that (—1)7+12)(¢) = Py(22)(t) > 0 for t > T} and i € N,,_;.

Case 3. We assume that

wo(y)(t) ={ Us(y)(g0(t)) if go(t) > T,

o if go (t) S T7
and
@) o= { AW Lol T

fort > T,i € N,_; and y € X3. We note that 0 < (—1)%w;(y)(t) <
Yn—i and a < wo(y)(t) < B for t > T. Similarly, we have

0<P(S)(#) <vn—i and a<Us(S(y)(t) <p

for t > T and for i € N,,_1. So S(X3) C X3. Given y1,y2 € X3 with
y1 < yo, similarly, we have S(y1)(t) < S(y2)(¢) for ¢ > T, which implies
that S is increasing in X3. By the Knaster-Tarski fixed point theorem,
there exists z3 € X3 such that S(z3) = z3. Let

. U3(Z3)(t) ift>T
m?’(t)_{a if rp <t <T.

Let Ty > T be such that rr, > T. Then we can check that z3(t) is an
eventually positive solution of system (9)—(10) such that o < z3(t) <
and 0 < (—1)"2$(t) < ~; eventually for i € N,,_;. Assume that (25)



254 SHAO YUAN HUANG AND SUI SUN CHENG

holds. Similar to the previous cases, we can see that (—1)%? (t) >0
for t > T and i € N,,_1.

Case 4. We assume that

wol)(t) = { 54(1/)(90(2?)) i izggzg

and w;(y)(t) are defined by (35) for t > T, i € N,_; and y € Xy.
Similarly, we may verify that S(X4) C X4 and S is increasing in Xj.
By the Knaster-Tarski fixed point theorem, there exists z4 € X4 such
that S(z4) = 2z4. Let

- U4(Z4)(t) ift >1T
x4(t)_{a ifrp <t<T.

Let Ty > T be such that r, > T. Then we may check that z4(t) is an
eventually positive solution of system (9)—(10) such that a < z4(t) < 8
and 0 < (—1)%9 (t) < ~; eventually for ¢ € N,,_;. Assume that (25)
holds. Similar to the previous cases, we may see that (—l)ixff) (t)>0
for t > T7 and 7 € N,,_1. The proof is complete. O

In general, it is difficult to establish the converse result for a higher
order system with nonlinear impulses. However, when n = 2, we can
utilize a similar technique in the proof of Theorem 2.3 to establish a
sufficient condition.

Theorem 2.4. Assume that n = 2, (A1)-(A6) hold, by, < I1)p(p)/p <
by for p #0 and k € N, and

Ty (p) <I(O)k(V) and Tnye(p)

I v I

(36)

> if0<pu<v

Iyk(v)
v
for any k € N. Assume that there are positive numbers o, B and ~y

such that 8 > My/(moa) and one of the following conditions holds:

(i) for anyt > 0 and F(t, u1, u2) > F(t,v1,v2) > 0 where 8 > ps >
vo > a, andy>pu >v1 >0 fori € Ny_q; or

(ii) Toyk(p) = ayp for p € R and k € N, and for any t > 0,
F(t,p1,p2) > F(t,vn,2) > 0 where 8 > vo > p1 > « and
v 2>p >v > 0.
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If

Y N C)
(37) /T/t mdsdt<oo

for some T > 0, where

Q(t) = max {F(t”Y?ﬁ)vF(t’Yaa)}a

then the system (9)-(10) has an eventually positive solution x such that
a<z(t) < B and 0 < 2'(t) < v eventually. Furthermore, if

(38) F(t7M17M2) >0,
where v > py >0, 8> ps > 0 and almost every t > 0, then a'(t) > 0
eventually.

Proof. Let e1 =~ and

1
gp = min{ﬂf{o — m—oa, %Z (mof — M) }

In view of (37), there exists T' € T such that T' > T,

< QW
/t FB)B(s)

and

_ fi >T.
(39) /t /S r(s)B(s,v)dvdS < gg for t >
We define a function

I . .
(1);(#) if £ 0,

) for u € R.
b ifu=0

(40) Ly(p) = {

Clearly, I'y (p) > O for p € Rand k € N. Giveny € PC([T, c0),[0,00)),
let

(A1) Dy(y)(s,t) = { MageecTe ite)) Eg T ig

v
.
g
=

for t > s > T. Then Di(y)(s,t) > 0 for t > s
y € PC([T,0),[0,00)), we define an operator S in PC([T, 00), [0, c0))
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by

S

_ 1 [ F(s,wi(y)(s), wo(y)(s))
5/ D)t O

for t > T where wo(y)(t) and w1 (y)(¢) are functions on [rr, 00). Assume
that condition (i) holds. By induction, we can define

QMMM:%@MH03+/k%@WMM®M
mo T
and

I v k .
Do) (s, 1) = 4 LLsgtiar lonler W) it [5,6)N T # 0,
’ 1 if [s,) N YT =0

where t > s > T and t, > T for y € PC([T,0),[0,00)). Let

Vl(y)(t)ZDo Tti—F/ Do St )d

wheret > T fory € PC([T, 0),[0,0)). For any y € PC([T, ), [0,00)),
we note that vy (y)(k) > 0 for tx > T. So Dy(y)(s,t) is well-defined.
We further note that Vi (y)(tx) = v1(y)(k). Let us define

Y1 ={y € PC([T,00),[0,00)) : 0 < y(t) <~
and a < Vi(y)(t) < Bfort >T}.

In view of (A6), we see that o < V1(0)(t) < 8 for ¢ > 0, which implies
0 € Y1. So Y7 is nonempty. Clearly, with this ordering, Y7 is a complete
lattice. Let

wo(y)(t) = { Z(go(t)) if go(t) >

T,
if go (t) S T,
and

g = ) a1

for t > rp. In order to use the Knaster-Tarski fixed point theorem,
we need to show that S(¥;) € Y; and S is increasing in Y;. For
any y € PC([T,00),[0,00)), by (A6) and assumption, we note that
Dy(y)(s,t) < My and I(l)k(y(tk)) > bry(ty) where t > s > T and
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ty > T. Tt follows that D;(y)(s,t) > B(s,t) where t > s > T for
y € PC([T,0),[0,00)). Given y € Y7, it is obvious that

0<wi(y)(t) <y and a<wo(y)(t) <P
where ¢t > T. We have
F(t,wi(y)(t), wo(y)(t)) < F(t,v,8) < Q(t)

where t > T. In view of (A6), we may see that

Q

O<S
and

a<v1<§<y>><><Mo( /5 >

Moa + My / / dvds

Voo <8

IN

IN

fort > T. So §(Y1) C Y:. Given yi,y2 € Y7 with y; < ys, by (36)
and (40), we see that Dy(y1)(s,t) < Do(y2)(s,t) and Di(y1)(s,t) >
D1(y2)(s,t) for t > s >T. So Vi(y1) < Vi(y2),

0 < wi(y1)(t) < wily2)(t) <~

and
a < wo(y1)(t) <wol(y2)(t) < B,

where ¢t > T, from which it follows that
F(t,wi(yn) (), wo(y1) () < F(t,wi(y2)(t), wo(y2)(t))

for t > T. So we see that S(y1) < S(y2), which implies that S is
increasing in Y;. By the Knaster-Tarski fixed point theorem, there
exists z1 € Y7 such that S(z7) = Z1. Let

Vl(Zl)(t) ift > T,
fit) = {a if rp <t <T.

We assert that Z; is an eventually positive solution of system (9)—(10)
such that @ < 7;(t) < 8 and 0 < Z|(t) < v eventually. Indeed, let
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Ty > T such that r7, > T. Clearly, 7; € PC®) ([T}, 0), [a, 8]) and
0<ZI(t) =21(t) <~
for t > T;. Furthermore,
T (g1(t) = Zi(91(t)) = w1 (Z21)(1)

where ¢t > T;. Then

S

T TR ay g L (O (R

r(t) Dy (z1)(t, s)
for t > T7. It follows that
(rOZ1 (1)) = —F (t,71(91(1)), Z1(g0(t)))
for almost every t > T;. We assert that
F ) = L@ (1)) for t > Ty and i € Ny.

Indeed, we note that

43) B =ViE)) = Wv G (1)

= Loy (Vo(Z1)(tx)) = Lioyk(T1(tr))

for t), > Ty. Given ty > Ty. If 21 (tx) = 0, we see that 7} () = 21 (tx) =

0 and
(1) = 21(t) = Tk (21 (t)) 21 (tk) = 0 = I (T (1))
If Z1(t5) = 0, we see that

Iy (Z1(te)) -
21 (tk)

) =70 = Zi(tr) = Tye(@ (tr))-

So we have verified our assertion. Therefore, Z;(t) is an eventually
positive solution of system (9)-(10) such that o < 71(t) < § and
0 < 7} (¢t) <~y eventually. Assume that (38) holds. Since Z1(go(¢)) > 0

for t > T, by (42), we note that 2 (t) = S(Z)(t) > 0 for t > Tj.
follows that ) (¢t) = z1(¢) > 0 for ¢t > T7.

Assume that condition (ii) holds. By induction, we can define

Vo)) = An(T0)5 - = [ s
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where t > T for y € PC([T, 0),[0,00)). Let us define a set
Yy = {y € PC([T,00),[0,00)) : 0 < y(t) <~
and a < Va(y)(t) < Bfort >T}.

In view of (A6), we see that a < V5(0)(t) < 8, which implies 0 € Y5.
So Y5 is nonempty. Clearly, with this ordering, Y> is a complete lattice.

Let
wo(y)(t) = { vleolt) A 5353 T

and
w(y)() = { ot Lt =0

for t > ry. In 0rder~ to use the Knag:ser—Tarski fixed point theorem, we
need to show that S(Y3) C Y2 and S is increasing in Y2. We have

F(t7w1(y)(t)7w0(y)(t)) < F(t,’)/, OL) < Q(t)a
0< St <,

5zvz<§<y>><t>>m—°5——/ / o dvds o

where t > T. So S(Y2) C Ya. Given yy,y2 € Ya with y; < ys, by (36)
and (40), we see that Di(y1)(s,t) > D1(y2)(s,t) >0fort > s> T. So
Va(y1) = Va(yz),

0 < wi(y1)(t) < wily2)(t) <~

and
a < wo(y2)(t) < wo(yr)(t) < B

where ¢t > T, from which it follows that S (y1) < S (y2), which implies
that S is increasing in Y5. By the Knaster-Tarski fixed point theorem,
there exists Zo € Y3 such that S(23) = z5. Let

- | W(Z)() ift>T,
xQ(t)_{a ifrp <t<T.
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Similarly, we can verify that T () is an eventually positive of system
(9)—(10) such that o < Z2(t) < f and 0 < T4(¢) <~y eventually. Hence,
x5(t) > 0 eventually if (38) holds. O

By Theorems 2.1 and 2.3, it is easy to see that the condition (14) or
(24) is a necessary as well as sufficient condition for special impulsive
delay systems. Therefore, our previous results are sharp.

Corollary 2.5. Assume that (A1)-(AT7) and (A) hold and I;,(p) =
agyi for p € R, i € N,_i1 and k € N. Let o > 0, 8 > 0 and
vi > 0 fori € N,,_1 such that B > My/(moa). Assume that there
exist p € PC([0,00),[0,00)) with p(t) # 0 for almost every t > 0, and
continuous function f defined on R™ such that f(u1, o, ..., pu) >0
where (—1)*yu; >0 and p, > 0 for i € N,, such that

F(t,,ul,/,@,. .. hun) = p(t)f(,l/q,/,tg, N a,uN)
where t > 0 and p; € R fori e N,,.

(i) If n is even and one of the conditions (1-1) or (1-2) in Theo-
rem 2.3 holds, then

w [ )]

o0 o0
e / / Plsn—1) dsy_1dsp_o--- dsg < 00
Sn—3) Sn_2 T(Sn—Z)An—l(Sn—stn—l)

for some T > 0 if, and only if, the system (9)—(10) has an
eventually positive solution x(t) such that o < z(t) < B and
0 < (=120 (t) < v; eventually fori € N,_;.

(ii) Ifn is odd and one of the conditions (2-1) or (2-2) in Theorem 2.3
holds, then (44) holds if, and only if, the system (9)—(10) has
an eventually positive solution x(t) such that a < x(t) < 8 and
0 < (=1)z@(t) < ~; eventually for i € N,_.

Similarly, by Theorems 2.1 and 2.4, we have the following conclusion.

Corollary 2.6. Assume that n = 2 and that (A1)—(A6) and (36) hold,
b < Iyw(p)/m < by for p # 0 and k € N, and §B(t,s) > B*(t,s)
where t > s > 0 for some § > 0. Let « > 0, 8 > 0 and v > 0 be
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such that B > My/(moa). Assume that F(t, u1, p2) = p(t) f(p1, p2) for
t >0, and p1, u2 € R where p and f satisfy the following assumptions:

(i) p € PC(]0,0),[0,00)) such that p(t) # 0 for almost every t > 0;
(ii) f is a continuous function on R? such that f(u1,pe) > 0 for
p1 >0 and pg > 0;
(iil) flpa, p2) > fva,va) fory > pr > 11 >0 and B> po > vy > a.

Then

< pls)

for some T > 0 if, and only if, the system (9)—(10) has an eventually
positive solution x(t) such that o < x(t) < f and 0 < 2'(t) < ~
eventually.

As an application, we show that Theorem 2.3 or Theorem 2.4 will
yield Theorem 2.4 in [12] for n = 2. For ease of discussion, we rewrite
Theorem 2.4 in [12] in the case where n = 2 as follows.

Theorem 2.7. ([12, Theorem 2.4]). Assume that n = 2 and (D1)-
(D5) hold. If

© 1T e(s)pi(s)
(46) / W/ Hga(s),s) Ol

where

(47) 0y =exp ([ ats)as).

then system

(48) () +a(t)a'(t) + Zpi(t)z(gi(t)) =0, te[0,00\T,
(49) 2Ot = apeD(ty), k€N andi=0,1,

has a bounded nonoscillatory solution x(t) such that |z(t)| has positive
lower bound.
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If we multiply (48), where n = 2, by 7(¢), the equation (1) can be
transformed into

m

(50)  (r(0)2' (1)) + Y r(t)ps(t)x(g;(t)) =0, ¢ € [0,00)\Y.

Jj=1

We see easily that the system (48)—(49) is a special case of system (9)—
(10). Since condition (D3) holds, there exist m > 0 and M > 0 such
that m < A(0,t) < M for t > 0. For any ¢ € N,,,, then

AO08) M
A(0,s) = m’

for any t > s > 0. Let a = 1 and 8 = M?/m?. We may note that
condition (37) (or (24)) is equivalent to the condition

(52) /TOO % /tOO ;r(s)pi(s) dsdt < 0.

In view of (51), condition (46) is equivalent to condition (52). There-
fore, we can utilize Theorem 2.3 or Theorem 2.4 to yield Theorem 2.4
in [12] in the case n = 2.

(51) 0< o < A(s1) = <

A partial converse of Theorem 2.4 in [12] is obtained by means of
Theorem 2.1.

Theorem 2.8. Assume that (D1)—(D5) hold and r(t) is defined by
(47). Let a > 0 and B8 > 0 be given, and let x(t) be a nonoscillatory
solution of system (48)—(49) such that o < |x(t)| < 8 and x(t)z'(t) > 0
eventually. Then condition (46) holds.

Proof. Since system (48)—(49) is linear, we can assume without
loss of generality that x(¢) is an eventually positive solution. So
a < z(t) < B and 2/(t) > 0 eventually. Assume that Y ., p;(t) = 0 for
almost every t > 0. Then (46) holds. Assume that Y .*, p;(¢) > 0 for
almost every t > 0. Then

r(t) sz‘(t)ﬂ >r(t) Zpi(t)a >0

i=1
for almost every ¢ > 0 and p € [«, 5]. So the condition (12) is satisfied.
By Theorem 2.1, (46) holds. O
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Remark 2.9. By studying the proof of Theorem 2.4 in [12], we may
find that an eventually positive and bounded solution x () also satisfies
z(t)z'(t) > 0 eventually. Therefore, our Theorem 2.8 is indeed the
true converse of Theorem 2.4 in [12] stated for the existence of such a
solution.

3. Examples. We illustrate our results by means of several exam-
ples.

Example 3.1. Let {ax}ren and {bx}ren be positive sequences such
that

(53)

b — 0.5 if £ is odd,
W=Dk =19 9 if k is even

for k € N. Assume that the functions go and g; satisfy condition (A2).
Let dy > 0 and d2 > 0 be given. We consider the second order system

1 d )
(54) () + 5= (@) + (@) ™) =0,
(55) z(th) = apx(ty) and 2'(t]) = bra' (),
where ¢ € [0,00)\T and k € N. Clearly,
1
<A <2 <2
0.5 (s,t) and Bt =
for any ¢ > s > 0. We integrate 1/(e’ — 1) from ¢ to oo, and then we
get
o0 [ee] _ oo t
/ ! d5:/ ! du=|In|Z ! =In|-S
. es—1 ot U2 —u ot et —1

for t > 0. Clearly, In |e’/(e* —1)| is decreasing for ¢t > 0. For any 7 > 0,

we have
> 1 & 1 1
dsid
/ s BSOysl) 681—1 S1 ASo

of =), =
SZ/ iln
T eso

dSl dSo

S0

dSo

eso —1
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S

T < o0.

§21n

=2In

eT —

Thus (37) holds. We may take arbitrary a > 0, § > 4« and ~; > 0.
So condition (i) in Theorem 2.4 holds. By Theorem 2.4, we see that
the system (54)—(55) has an eventually positive solution z(t) such that
a<z(t) < fand 0 < 2'(t) <1 eventually. If we change the equation
(54) into

1 @ =(go(?))
56 t2'(1))' (g (t _ M) )
66 (0 0) + g (@) + e
where d > 0. We may take « =1, 8 =4 and 73 = 1. So condition (ii)
in Theorem 2.4 holds. By Theorem 2.4, we see that the system (56)—
(55) has an eventually positive solution z(¢) such that 1 < z(t) < 4
and 0 < 2/(t) < 1 eventually.

Example 3.2. Let a(;), > 0 for k€ N and i € N,. Assume that g;(t)
satisfies condition (A2) for i € Ny and that there exist My > 0 and
m; > 0 for i € Ny such that My > Ag(s,t) > mg and A;(s,t) > m; for
i € Ny. We consider the third order system

/1 t —t t
(57) (22" () + exp (2"(g2(1) | (g1 () + e z(go(t) _ 0,

(1+1)° e z%(go(t)) +1

(58)
z(t,':) = a(o)kx(tk), x’(tz) = a(l)kx'(tk) and :c”(tg) = a(z)k:c”(tk)
where t € [0,00)\Y and k € N. We let r(t) = ¢?* and

e _ e s
F(t, py, p2, p3) = m —te g + 21
3

for t > 0, and p1, p2, ps € R. Then

L] 5w L w7 o) dndsa
// / (1+77 ne”—Ire")dndsdt
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[ (e
//(Ht 38>d5dt
G o

We note that the function

P

pr+1
is increasing on [0,1] and is decreasing on [1,00). We can take 8 > 1
such that g > My/mg. By Theorem 2.3, the system (57)—(58) has
eventually positive solutions z(¢) such that 1 < z(t) < S, 2/(t) < 0
and z”(t) > 0 eventually. If we can choose «, 3 € (0,1] such that
B > My/mga, by Theorem 2.3, we can also find an eventually positive
solution Z(t) of system (57)—(58) such that a < z(t) < 3 eventually.

Example 3.3. Assume that F(u) = —sgn(p)e for p € R. Let
r(t) = exp(k/(mL)) for t > 0. We consider the pendulum equation
with impulses

(9) (@) + () sin(@(1) + —r()F (6t~ 7) =0,

t e Ro\N,
(60) 0(t) = 0(tr), keN,
(61) 0'(t5) = Ju(0'(ty)), k€N,

where
_ [ osen({p2—p} if g <1
nin={ ;. i ol > 1, FEN

We are interested in whether oscillatory motion may disappear (such
a disappearance corresponds to an ill-functioned pendulum). We let
be =1, by =2, ®1(t) =0, P2(t) = r(t)/(mL),

Lr(t)sin(uz) and Fo(t, . pz) = sgn (j12) - =

Fl(tauh:uQ) = L
for t >0, p1, 0 € R and k € N. Then

Fi(t, pa,pe) > ®1(t) and  Fo(t, pa, po) > Do)
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for t >0, u1 >0 and m > py > 0. By elementary analysis, we can see
that by < Jx(u)/p < bf for p # 0 and k € N. So B*(t,s) < 25T1/2¢
for s >t > 0. Then

/ / B* dsdt>/ 2!~ 1/ “*dsdt

1
21n2 dt =

for any € > 0. It follows that

@1 D1(s) + Pa(s) / /
/ / B*ts) dsdt = mL B*ts ds dt =

for any ¢ > 0. By Theorem 2.1, the system (59)—(61) cannot have a
solution 6(t) such that 0 < 6(t) < m and 0'(t) < 0, eventually.

4. Discussion. In this section, we intend to point out the mistakes
of Lemmas 2.1 and 2.2 in [20]. Because the proof of the main theorem
in [20] needs these two results, it is reasonable to doubt the correctness
of the main theorem in [20]. More specifically, in [20], the authors
investigated the system

(62) (t) +r(t)a’(t) + (p(t) — q(t)) x(t —7) =0, t€[0,00\T,
(63) a(ty) = I(z(ty)), keN,
(64) o' (t)) = Ji(2'(ty), k€N,

under the following conditions:

(i) r(t), p(t) and ¢(t) are continuous function on [0,00) such that
r(t) > 1 and p(t) — q() > 0 for t > 0. Furthermore, inf;>

{Q(t)} > 0 where Q(t) ft

(ii) For all k € N, I, and J, are contmuous functions on R, and there
exist positive numbers ay, aj, by and by, such that ap < I(p)/p <
ay and by < Ji(p)/p < b for p # 0; and

(i)
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We note that there is an obvious mistake in assumption (i). By the
definition of the function @, it is impossible that inf,>o{Q(t)} > 0.
There are two more mistakes in Lemma 2.1 and Lemma 2.2 in [20].
For ease of discussion, we list Lemma 2.1 and Lemma 2.2 in [20] as
follows.

Lemma 2.1 [20]. Assume that x(t) is a solution of system (62)—
(64). Suppose that there exists T > 0 such that x(t) > 0 for t > T.
If (1), (ii) and (iii) are satisfied, then x'(tx) > 0 and x'(t) > 0 where
te [tkathrl) and k € N.

Lemma 2.2 [20]. Let z(t) be a solution of system (62)—(64), by = 1
and by, <1 for k € N. Assume that (1), (ii) and (iii) hold, and that for
all k € N, z(t) > 0, and

r(t)+/t:q(s)ds+/t:7“’(s)ds< 1

fort € (ti,ti1). Then Z(t) > 0 and Z(t]) < b Z(tx) for k € N where

Z(t) =a'(t) — /o q(s)z(s —7)ds + /0 r(s)z’(s) ds.

We give a counterexample to illustrate that Lemma 2.1 and Lemma
2.2 in [20] are incorrect. Let t, = k/10 for k € N. Let r(¢t) = 0.8,
T=1, I(u) = Jp(p) = pu, p(t) =0+ 1 and ¢(t) = 1 for t > to, where
§ = 0.15e79°. So system (62)—(64) is

(65) 2" (t) +0.82'(t) + dz(t — 1) =0, te[0,00)\T,
(66) z(th) =x(ty), keN,

(67) () =2'(ty), keN.

Then

p(t) —q(t) =6 = 0.15¢7%5 > 0.
Let

ap =ap, =b,=b, =1 forall ke N,
p(t)=6+1 and g¢(t) =1 fort > t.
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Clearly, conditions (i), (ii) and (iii) hold. We note that x(t) = =95 is
a positive solution of (65) and z'(t) < 0, eventually. So Lemma 2.1 in
[20] is not true. For any k € N,

t t
r(t) +/ q(s)ds —l—/ r'(s)ds =08+t —tp <09 <1,

Tk tr
tp <t <tpq1.

So all hypotheses of Lemma 2.2 in [20] hold. By definition of Z(t), we
see that

Z(t):x’(t)—/o q(s)a:(s—l)ds—i—/o r(s)2 () ds

t t
= —0.5e7 05t 7/ e 05— gg — 0.4/ e 055
0 0
= —0.5¢7 %% +2¢%% (79 —1) + 0.8 (7" — 1)
= (26" +0.3) 7" — 0.8 — 2.

Then Z(t) < 0 for all sufficiently large ¢. So Lemma 2.2 in [20] is not
true either.

However, we may utilize our Theorems 2.1 and 2.4 to obtain os-
cillatory results for the same system (62)—(64). We assume that

R(t) = exp(fot r(s)ds) for t > 0. We multiply (62) by R(¢), and then
the system (62)—(64) becomes

(68)  (R(t)a' (1)) + R(t) (p(t) — q(t)) x(t —7) = 0, ¢ € [0,00)\T,
(69) z(th) = In(z(t)), k €N,

(70) () = Jp(2'(t)), Kk e€N.

Assume that there exists mg > 0 and My > 0 such that mg < A(s,t) <
My for t > s > 0.

(i) Assume that

I (1) < Lv) 4 ) > Ji (V)

I v I v

(71) ifv>p>0

for £k € N. By Theorem 2.4, a sufficient condition such that



(iii)
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system (68)—(70) has an eventually positive solution is:

1 [T R(s)(p(s) —a(s))
/T 0 /t B, 5) dsdt < oo,

for some 7 > 0.

Assume that system (68)—(70) has a bounded and nonoscillatory
solution z(t) with z(¢)z’(t) > 0 eventually. Since system (68)—(70)
is linear, we can assume without loss of generality that x(¢) > 0
and z'(t) > 0 for t > T and some T > 0. So we have

xz(t) > A(T,t)x(T) > mox(T) >0 wheret >T.
By Theorem 2.1,

> [ R(s) (p(s) —a(s))
/T /t RU)B(L.5) dsdt < oo.

Furthermore, we note that condition (72) implies the condition

/ / B* dsdt<oo

because R'(t) = r(t) ()>Ofort>0

By the previous discussions, we may see that if there exists é > 0
such that 0B(t,s) > B*(t, 5) for t > s > 0, then system (68)-
(70) has a bounded and eventually positive solution z(t) with
x(t)x’(t) > 0 eventually if, and only if, (72) holds. Furthermore,
if we replace condition (71) by

I (1) < Ii(v)

W v
and
J J
k/(LM) > k:/) if lv| > || >0and pr >0

for k € N, then the system (68)—(70) has a bounded and nonoscil-
latory solution z(t) with z(¢)2’'(t) > 0 eventually if, and only if,
(72) holds.
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