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TOPOLOGICAL FREE ENTROPY DIMENSION FOR
APPROXIMATELY DIVISIBLE C*-ALGEBRAS

WEIHUA LI AND JUNHAO SHEN

ABSTRACT. Let A be a unital separable approximately
divisible C*-algebra. We show that A is generated by
two self-adjoint elements and the topological free entropy
dimension of any finite generating set of A is less than or
equal to 1.

1. Introduction. The theory of free entropy and free entropy di-
mension was developed by Voiculescu in the 1990’s. It has been a
very powerful tool in the recent study of finite von Neumann alge-
bras. In [10], Voiculescu introduced the notion of topological free
entropy dimension of elements in a unital C*-algebra as an analogue
of free entropy dimension in the context of C*-algebra, and showed
that (1) if 1,...,x, is a family of free semicircular elements in a uni-
tal C*-algebra with a tracial state, then diop(z1,...,2,) = n, where
Stop(T1, ..., Tn) is the topological free entropy dimension of 21, ..., Zy;
(2) if {x1,...,2,} is the universal n-tuple of self-adjoint contractions,
then dyop(21,...,2,) = n. Recently, Hadwin and Shen [4] obtained
some interesting results on topological free entropy dimensions of unital
C*-algebras, which include the irrational rotation C*-algebras, UHF al-
gebras and minimal tensor products of reduced free group C*-algebras.
Thus, it will be interesting to consider the topological free entropy di-
mensions for a larger class of unital C*-algebras. One goal of this paper
is to calculate the topological free entropy dimensions in the unital ap-
proximately divisible C*-algebras, which were introduced by Blackadar,
Kumjian and Rgrdam [2]. In that paper, they showed that the class
of approximately divisible C*-algebras contains all simple unital AF-
algebras and most of the simple unital AH-algebras with real rank 0,
as well as every nonrational noncommutative torus.
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Note that Voiculescu’s topological free entropy dimension is defined
only for the finitely generated C*-algebras. Therefore, it is natural
to consider the generator problem for approximately divisible unital
C*-algebras before we carry out the calculation of the topological free
entropy. In fact, the generator problem for C*-algebras and the one for
von Neumann algebras have been studied by many people and many
results have been obtained. For example, Olsen and Zame [7] showed
that if A is a unital separable C*-algebra and B is a UHF algebra, then
A®B is generated by two self-adjoint elements in A® B. 1t is clear that
such A ® B is approximately divisible. In this paper, we develop some
new techniques and obtain the following result (see Theorem 3.1):

Theorem. If A is a unital separable approximately divisible C*-
algebra, then A is generated by two self-adjoint elements in A, i.e., A
is singly generated.

Then we compute the topological free entropy dimension of any finite
family of self-adjoint generators of a unital separable approximately
divisible C*-algebra. More specifically, we obtain the following result
(see Theorem 4.1):

Theorem. Let A be a unital separable approximately divisible C*-
algebra. Then
Stop(Z1,. .., Tpn) <1,

where T1,...,T, s any family of self-adjoint generators of A.

The organization of the paper is as follows. In Section 2, we recall
the definition of approximately divisible C*-algebra. The generator
problem for an approximately divisible C*-algebra is considered in
Section 3. The computation of topological free entropy dimension in
an approximately divisible C*-algebra is carried out in Section 4.

2. Notation and preliminaries. In this section, we will introduce
some notation that will be needed later and recall the definition of an
approximately divisible C*-algebra introduced by Blackadar, Kumjian
and Rgrdam [2].

Let My (C) be the k x k full matrix algebra with entries in C, and
M3%(C) the subspace of My (C) consisting of all self-adjoint matrices



TOPOLOGICAL FREE ENTROPY DIMENSION 1963

of My (C). Let Uy, be the group of all unitary matrices in My(C). Let
M, (C)™ denote the direct sum of n copies of My (C). Let (M35*(C))™
be the direct sum of n copies of M3%(C).

The following lemma is a well-known fact.

Lemma 2.1. Suppose B is a finite-dimensional C*-algebra. Then there
exist positive integers v and k1, ..., k. such that

BEMp, (C)sd--- @ M,y (C).

Definition 2.2. Suppose
B2 M, (C)@---®& My, (C)

is a finite-dimensional C*-algebra for some positive integers r, k1, . . . , k..
Define the rank of B to be

rank (B) = k1 + -+ + ky,
the subrank of B to be
subrank (B) = min{ky,..., k. }.

The following definition is Definition 1.2 in [2].

Definition 2.3. A separable unital C*-algebra A with the unit 4 is

approximately divisible if, for every x1,...,z, € A and € > 0, there is
a finite-dimensional C*-subalgebra B of A such that
(1) La € B;

(2) subrank (B) > 2;
(3) |lwiy —yzi]| <efori=1,...,n and all y € B with ||y|| < 1.

The following proposition is taken from Theorem 1.3 and Corol-
lary 2.10 in [2].

Proposition 2.4. ([2]). Let A be a unital separable approximately
divisible C*-algebra with the unit I 4. Then there exists an increasing
sequence {An}o_, of subalgebras of A such that
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(2) for any positive integer m, AL N Apy1 contains a finite-
dimensional C*-subalgebra B with I 4 € B and subrank (B) > 2,
(3) for any positive integers m and k, there is a finite-dimensional
C*-subalgebra B of A., N A with 14 € B and subrank (B) > k.

3. Generator problem for approximately divisible C*alge-
bras. In this section we prove that every unital separable approxi-
mately divisible C*-algebra is singly generated, i.e., generated by two
self-adjoint elements.

Theorem 3.1. If A is a unital, separable approximately divisible C*-
algebra, then A is singly generated.

Proof. Since A is separable, there exists a sequence of self-adjoint
elements {z;}2; C A that generate A as a C*-algebra.

Claim 3.2. There exists a sequence of finite-dimensional subalgebras
{Bn}22, of A so that the following hold:

(1) for alln € N, 14 € B,,, where 14 is the unit of A,
(2) subrank (By) >4, and for any n > 2,
subrank (B,,) > n - (rank (B1))? - - - (rank (B,_1))* + 3;
(3) if n # m, then B, commutes with By,;
(4) for anyn € N,
dist (xp, A, NA) < 27", foralll <p<n,

where dist (z,, B, N A) = inf{||z, —y| : y € B, N A}.

Proof of the claim. It follows from Proposition 2.4 that there exists
an increasing sequence {A,,}%°_; of subalgebras of A such that

(8) A=A

(b) for any positive integer m, A, N A,,11 contains a finite-
dimensional C*-subalgebra B with I 4 € B and subrank (B) > 2,

(¢) for any positive integers m and k, there is a finite-dimensional
C*-subalgebra B of A, N A with I4 € B and subrank (B) > k.
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Instead of proving Claim 3.1 directly, we will prove a stronger result
by replacing statement (3) in Claim 3.1 with the following one:

(3") there exist two increasing sequences {s,}>2; and {¢,}>2; of
positive integers such that, for any n € N, s, < ¢, < s,41 and
B, C A, NA,.

We prove this stronger claim by induction on n.

Base step. Note that A = UmAmH'”.

positive integer s; and a self-adjoint element ygl) € A, such that
|z — ygl) || < 1/2. By restriction (b) on the subalgebras {A,,}>°_;, we
know that there exist two finite-dimensional subalgebras Cs, 41, Cs, +2
of A such that, I4 € Cs, 41 and 14 € Cs, 425 Cs,41 © AL, N Ay 41 and
Co42 € A, 1 N As 425 subrank (Cs,41) and subrank (A, 42) are at
least 2.

Let t1 = s1 + 2, By = C*(Cs,+1,Ct,) (the *-subalgebra generated by
Cs;+1 and Ct, in A). Then subrank (B;) > 4 because Cs, 1 and Cy,
commute, and By € A} N Ay, .

For z; € A, there are a

Inductive step. Now suppose the stronger claim is true when n <
k — 1, ie., there exists a family of finite-dimensional C*-algebras
{B,}"~! of A, and two increasing sequences of positive integers {s,, }*Z}
and {t, }*Z} that satisfy (1), (2), (3') and (4).

For x1,...,x in A, from restriction (a) on {A,,}55_; C A, we
know that there are a positive integers s; with s > t;_1 and self-
adjoint elements y%k), . ,y,(ck) in A;, such that ||z; — yfk)H < 27F for
1 < i < k. From restriction (b) on {A,,}5°_; C A, there exists a family
{Cs,,+1,Cs,+2, - - .} of finite-dimensional subalgebras in .4 such that:

(i) I4 €Cs, 44, for all i > 1;
ii Cs i € A’ 1N ./45 iy for all 4 > 1;
B+ Sp+i—1 K+

(iii) subrank (Cs,4i) > 2, for all 4 > 1.

By (ii), we know that {Cs,+1,Cs,+2,-..} is a commuting sequence of
subalgebras of A. Combining with (iii), we get that there is a positive
integer t; such that

subrank (C*(Cs, 41,---,Ct,.)) > k- (rank (B;))? - - - (rank (Bj,_1))* + 3,

where C*(Cs, 41, - - -,Ct,,) is the C*-subalgebra generated by Cs, 41, .-,
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Cy, in A. Moreover, C*(Cs, 41, ...,Cy,) contains I4, and it is a finite-
dimensional C*-subalgebra in A} N Ay, . Let

Bk: = C*<Csk+la R 7Ctk)7

and it is not hard to check that By, ..., By satisfy conditions (1), (2),
(3) and (4) in the stronger claim. This completes the proof of the
claim.

Let {B,,}22; be as in Claim 3.1. For any positive integer n, since B,
is a finite-dimensional C*-algebra, there exist positive integers 7, and
™ k™ such that

B,, = Mk(ln) ) &--- @ngz) (©).

Let {el(.;’s) :1<4,j < k™Y be the canonical system of matrix units for

/\/lkgn). We can further assume that {egy’s) :1<id,5 < kg"),l <s<r,}
consists of a system of matrix units of 5,,. Note that B,, contains the
unit 74 of A, so

o k()
Z Z 65?’5) =14.
s=1 =1
Define
T
(1) Pn = Z efcz,’j?kg”) for n > 1.
s=1

Then p, is a projection in B,,. Since subrank (B,,) > 2, it is clear that

(2) p77,egq78) =0 forl <s g Th-

Claim 3.3. Let {z,}52, {Bn}2q, {rn}22, and {pn}22, be defined
as above. For any positive integer n, there exists z, = z; € A with
2]l = 214D 50 that

(1) (IA - pn)pn—l ' P1Rn P11 'pn—l(IA - pn) = Zn;,

(2) dist (zj,C*(B1,...,Bn,2zn)) < 27" for 1 < j < n, where
C*(By, ..., Bn, zn) is the C*-subalgebra generated by By, . . ., By,
zn in A.
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Proof of the claim. By Claim 3.2, for any positive integer n,
dist (z;,B, N A) <2™" for1<j<n.
(n) (n)

Thus there exist self-adjoint elements y; ,...,yn ~ in A that commute
with B,, and
llz; — yj(n)H <2™ for1<j<n.
Step 1. Let
1,s 1
(3) 2 = 1 D) 1652 )y§)
1+r 1 1
29 L eyl

With subrank (B;) > 4, we have
({a—p1)-21-(Ia—p1) =21

To prove dist (21, C*(B1,,21)) < 271, it is sufficient to show that

(1) € C*(By,,21). By equation (3.3) and the fact that y( ) commutes
Wlth By, we know

1
1 r 1,s 1 (1,s 1,s
o = (2 L) (Zze ey,
s=1 s=11i=1
This implies that y%l) is in the C*-algebra generated by B; and z1,
whence

dist (z1, C*(By, 1)) < dist (z1, ") < 271,

Step 2. Now let us construct z, for any positive integer n > 2. Let
Ap—1 = {(i1,51) x (J1,t1) X (i2,82) X (j2,12) X
X (in—17$n—1) X (jn—17t7L—1) :
. . 1
1<iy <k 1<y <k 1<s,t <,
1 <y <EPTD < Gy <KD,

1 < Snflatnfl < rnfl}'

It is not hard to check that the cardinality of the set A,_ satisfies

n—1

card (Ap_1) = [ ] (rank (B;))>.

i=1
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Hence, for any 1 < j < n, there is a one-to-one mapping f;n) from the
index set A,,_; onto the set

{ieN|{G—-1) card(Ap_1) +2<i<j-card (A,_1) + 1}

For any index
o = (ilasl) X (jl,tl) X X (in—lasn—l) X (jn—l,tn—l) S An—l
and any 1 < j < n, we define

(n) (n=1,sn—1)  (1,51) (n) (1 tl) (n—1,tn—1)
) a (yj )= k(n 1)1in 1 ek(ell)ﬂl Y5 J1 K ) ejn 1,16("71) €A

By Claim 3.1, we know that subrank (B,) > n - card (A,—1) + 3. It
follows that

Tn n
9 =33 S (o o0

s=1j=1a€A,_1
(n,s) (n)
+ < f(n)( )’f;n)(a)+1 (y] )) )

is well defined and belongs to A, where ¢, is a constant such that
©) lal] = 27ttt

From the construction of z,, it follows as f is injective that z, = z
and

Zn=IA—=Pn) Pt P1 %0 D1 Pn-1-(La—DPn).

To prove dist (xj, C*(Bu,. .., Bn,zn)) <2 "forl < j <m,itis
sufficient to prove that {y(n)7 oy )} C C*(By,...,By, z,). Because
B,, commutes with y§ ), e ,yg ™) and Bi,Bs,...,B,_1, and f;n) is one-

to-one, it follows from equation (3.5) that, for any o € A,,_; and
1<j5<n,

. k(n)

(") n,s) (n,s)
z:1 z; 0™ (@) (ann> Iy
S 1=

This implies that a( ) € C*(By,...,Bn,zn).



TOPOLOGICAL FREE ENTROPY DIMENSION 1969

Suppose o = (ilﬂsl) X (j17t1) X X (i’nflasnfl) (]n 17 n— 1) S
A,_1. Since By, ..., B,_1 are commuting, it follows from equation (3.4)
that, for any 1 < j <mn,

(n=Lsn-1) | (Lsn) () (Lt) | (n=Ttn0)
in—1,0n—1 11,11 J J1.J1 Jn—1:Jn—1

(n Lsn—1)  (1,s1) ( (n)) (Lt1) . (n—Ltn_1)

= e aly e
n—1 ) 1 . n—
1n 1,kgn 1) 117k§i) J k(l),h k( 1)7]n 1
and
k“) k<1) , k,(n 1) k(n 1)
n—1
TEE YD 5D DD D SlD S
s1,t1=1i1=1j;=1 Sn—15tn—1=1lip_1=1jp_1=1
(n=Lsno1) (L) () (Lt1) (n—lta_1)
in—1,in—1 11,11 J J1,J1 Jn—1:dn—1 "

Thus, y( " ¢ C*(By,...,Bn,zy) for any 1 < j < n. This completes the
proof of the claim.

Let {zn 1521, {Bn}2q, {rn}i2q, {pn}52 and {2, }52, be as above.
From equation (3.2), part (1) of Claim 3.2 and the construction of z,,
we can get some basic facts about z,. Let us list them below:

(7) PnZn = Znpn = 0.
(8)  zn- eﬁﬁ“ =) = ﬁT'S) 2, =0 for m<nandl<s<r,.
(9) Zn - Zm = 0 for any n # m.

Let po = I4 and r9 = 0. For any n > 1, let

Tn

(10)  anmprpas S 2 )
o k:(")

(11) bn=2"""p1 Pty Z () + el
s=1 4=1

From equations (3.7), (3.8) and (3.9), we have
(12) ap, - Gy =0 for n#m.
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Combining equations (3.6), (3.8) and the fact that egrl“ s) §71L $1)
65711 o) 6% ) =0 (s # s1), it is clear that

(13) Jlanll = max{{llpy - pn-1 - 27T TN 2}
— 277‘17~~-77‘n71 < 9N,
It follows from equation (3.11) that

. k(n) 1

1) <2272 30 Y e <2t <o

s=1 =1

It induces that both Y ° | a,, and Y . b, are all convergent series in
A. Let

(15) a= ian, b:ibn.

n=1 n=1

It is clear that a = a* € A and b = b* € A.

Claim 3.4. Let {B,}>2, {z,}22, and a,b be defined as above. Then
{Bla 217B2a 22y . } g C*(a'7 b)7

where C*(a,b) is the C*-subalgebra generated by a and b in A.

Proof of the claim. It is sufficient to prove that, for any n > 1,
{B1,...,Bn,21,...,2n} € C*(a,b).

We will prove it by using an induction on n.

Step 1. We shall prove {By, 21} C C*(a,b). It follows from equations
(3.10), (3.12), (3.15) and part (1) of Claim 3.2 that for all k¥ € N,

(2a)* = (2a1)* + Z 2a,, )"

—65111 + Z g sitlyk (1 «1) + (221) +Z 2a,,)"

512
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Therefore,

T1

o @ e+ @) + Y (2a)*
n=2

s1=2

1.1
I(2a)* — el2V)| =

Combining equations (3.6), (3.12) and inequality (3.13), we have

r1
Z (27t kel (1,51) + (22)F + Z (2a,)* as k — oo.
s1=2
Hence, ||(2a)* — eﬁl | = 0 as k goes to oo, which implies 6111’1) €
C*(a,b).

By the construction of the element b, it is not hard to check that
11)
{ely

by e(1 Y and b in A. Therefore, {e Di1<ij< k(l)} C C*(a,b).

It follows from the construction of a that
(La—ei) ra- (Lo —el?) = 22‘8611 Vi +Zan

By equations (3.7), (3.8), (3.9) and (3.12), we have

1<4,j < kz( } are contained in the C*-subalgebra generated

(4(1A ey)a- (Ia— 6%”))

< R g+ 3
s=3

By equation (3.6) and inequality (3.13), we have

1,1 1,0\ " 1,2
H (4(IA_€§1 ))~a-(IA—e§1 ))) _€§1 )

SO 4 (o 3 (e
s=3 n=2

This implies 6511’2) is in C*(a,b), whence {e( 21 < 1,7 < kél)}
are in C*(a,b). Repeating the preceding process, we get that {65]1_,5)

1 <4, < kgl),l < s < 71} is contained in C*(a,b); therefore, By is
contained in C*(a,b). Whence p; is contained in C*(a,b). By part (1)

as k — oo.
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of Claim 3.2, we know that

(IA —p1)21 = Z1;

and, from equation (3.10) and part (1) of Claim 3.2, it is clear that

(IA _pl) Zan =0.
n=2

Whence, by the construction of a,
r1
(Ia—p1)-a= 22 Seﬁs) + 21.

This indicates that z; is contained in C*(a,b) since p; and e( ) a
in C*(a,b). Now we conclude that both B; and z; are contalned in
C*(a,b).

Step 2. Assume that {Bi,...,Bn-1,21,...,2n-1} C C*(a,b). We
need to prove that {B,,z,} C C*(a,b). By equation (3.2) and the
construction of the elements a, b (see equations (3.10), (3.11) and
(3.15)), we know that

oo Tn
(p1--Pno1)a= Zai =p1-Pn-1 22_“_”"”*1_5 . eg’}’s)
i=n s=1

o0
+tat Y

1=n—+1
and
[e%S)
(P Pn-1)b(P1-Pu1) = > _bi
i=n
- k(") 1
_ (22np1...pn SO ;1+egf{>>
s=1 i=1
0

+Zbi'

i=n+1
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From equations (3.10) and (3.12) and part (1) of Claim 3.2,

[e%S) k

T > Rl I
i=n

Using a similar argument as in the case n = 1, we can show that

{p1-- Pn— 1657 ) <ij < kﬁ”),l < s < r,} are contained in the
C*-subalgebra generated by Y ;- a; and > b; in A. From the fact

that By, ..., B, are mutually commuting subalgebras, it follows that
E(n—D
) Tn—1 Sn 1 ( 1
(n s n—1,8,-1)
-y Z PO DI
s1=li1=1 Sp—1=lip_1=1
(1,s1) (n,s) (1,s1) (n—1,8p-1)
e (1 Pt 1€;; ) ekéll’fil "'ekg"*m !

’Ll k(l) —

is in C*(a,b), which implies that {eg;-m) 1 <4,5 < k(ﬁ”), 1<s<r,};
therefore, B,,, p, and z,, are contained in C*(a,b). This completes the
proof of the claim.

By Claims 3.3 and 3.4, A is generated by two self-adjoint elements
a and b. Therefore, A is singly generated. |

It is mentioned in [2] that if A and B are unital separable C*-algebras
and B is approximately divisible, then so is A® B. Combined with the
theorem above, we have the following corollary.

Corollary 3.5. If A is a unital separable C*-algebra and B is a unital
separable approzimately divisible C*-algebra, and v is a C*-cross norm,
then A ®q, B is singly generated.

Note that a UHF algebra is approximately divisible and nuclear (only
one tensor product). Therefore, Theorem 9 in [7] is a corollary of our
theorem.

Corollary 3.6. If A is a unital separable C*-algebra and B is a UHF
algebra, then A ® B is singly generated.
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4. Topological free entropy dimension. In this section we show
that the topological free entropy dimension of any finite generating set
of a unital separable approximately divisible C*-algebra is less than or
equal to 1.

4.1. Preliminaries. We are going to recall Voiculescu’s definition of
topological free entropy dimension of an n-tuple of self-adjoint elements
in a unital C*-algebra.

For any element (Ay,...,Ay,) in My (C)™, define the operator norm
on M (C)" by

1(Ar, .. Ap) || = max{|[As],..., | An]]}-

For every w > 0, we define the w-|| - |-ball Ball(By,..., By;w,
|| - |I) centered at (By,...,By) in Bi(C)" to be the subset of My (C)™
consisting of all (A1,..., A,) in Mg (C)™ such that

||(A1,,An) — (B1a7Bn)H < w.

Suppose F is a subset of My (C)"”. We define the covering number
Voo (F,w) to be the minimal number of w-|| - ||-balls whose union covers
F in Mk((C)n

Define C(X3, ..., X,) to be the unital noncommutative polynomials
in the indeterminates X1, ..., X,. Let {pn }5°_; be the collection of all
noncommutative polynomials in C(X1,..., X,) with rational complex
coefficients. (Here “rational complex coefficients” means that the real
and imaginary parts of all coefficients of p,, are rational numbers).

Suppose A is a unital C*-algebra, xi,...,%n,y1,...,y: are self-
adjoint elements of A. For any w,e > 0, positive integers k& and m,
define

Ciop(®1, .., xnik,e,m) = {(A1,...,4,) € (MF*(C)" -
lpi (A1, s Al = llpj (1, @)l <&, V1< <m},

and define
Voo(Ftop(xl, <oy Iy k,E, m)7°‘))

to be the covering number of the set Tyop(x1, . .., Zn; k, e, m) by w-|| - ||-
balls in the metric space (M;*(C))" equipped with operator norm.
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Define
1 T .. k
Stop (21, ..., Tp;w) = inf limsup 08 (Voo tOp(xlléﬂ o ,s,m),w))7
e koo —r7logw
and
Otop(Z1, .- ., Tpn) = limsup diop (21, .. ., Tnjw).
w—0Tt

Define T'yop(z1,...,Tn 1 Y1,. .., Ys; k,€,m) to be the set of (Ai,...,
A,) € (M;*(C))™ such that there is (By, ..., B;) € (M3;%(C))* satisfy-
ing

(Ala"'7AnaBlv~-~7Bt) S Ftop($17-"axn7y1,~-'ayt;ka€am)'

Then, similarly, we can define

5t0p(x17 oy YLy »thJ)
108 (Voo (Ttop (X1y - oo s Ty 2 Y1y- -+ Yss Ky, M), W
_ inf thllp g( oo( top( 1 n - Y1 Yt ) ))7
e>0,meN ;o0 —k2logw

and

Stop(Z1, -+, Tn 1 Y15+, Ye) = Hmsup Sgop (21, .., Tn 1 Y1, -+ -, Yt w).

w—0t

Lemma 4.1. Suppose A is a unital C*-algebra, x1,...,Tn, Y1,---, Yt
are self-adjoint elements in A and x1,...,x, generate A. Suppose

P € {pm}o_, and w > 0. Then the following are true:

(1) Stop(T1,.- -, Tn; W) = Stop(T1y .-, Tn Y15+ -+, Y3 W),
(2) Stop(P(T1s-. -3 @n) * T1y. oy Tnjw) = Otop(D(T1, ..., Tn)i21, . . -,
‘rnvyla"'uyt;w)7

(3) Stop(Z15---,%n) = Otop(P(T1,- -, Tn) : X1, ...y Tp)-

Proof. The proof of (1) and (2) are straightforward adaptations of
the proof of Proposition 1.6 in [9]. Lemma 4.1 (3) is proved by Hadwin
and Shen in [4]. O

The following lemma is Lemma 2.3 in [2], and it will be used in the
proofs of Theorem 4.5 and Theorem 4.8.
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Lemma 4.2. Let B be a finite-dimensional C*-algebra, which is iso-
morphic to My, (C) @ --- ® My, (C). For any e > 0, there is a 6 > 0
such that, whenever A is a unital separable C*-algebra with the unit I 4
and {aE;) 11 <i4,j <ks, 1 <s<r}inA satisfying

(1) 1a$) —al|| <6 for all i,j,s,

2) 20, > 1a<s) L4l <9,
(3) llalass) —al)| <6 for alli,j,j,s, ol al) || <6 if s # 51

JJ1 zJ1 11J1
orj #iy,
then there is a set {egjs-) 01 <4,j <ks, 1 <s<r} of matriz units for
a copy of B (i.e., a faithful unital *-homomorphic image of B) in A
satisfying ||az(-;) — efj-)H <e foralli,j,s.

2. Upper bound of topological free entropy dimension in
an approximately divisible C*-algebra. The following lemma is
Lemma 6 in [3].

Lemma 4.3. The following statements are true:

(1) Let Uy, be the group of all unitary matrices in Mg(C), w > 0.

Then 2 2
) :
() < Voo Uy, w) < (9776) .
w w

(2) If d is the metric from a norm || - || on R™ and B is the unit
ball of R™, then for w > 0,

&) swmo= ()"

Let B be a finite-dimensional C*-algebra which is isomorphic to
M, (C) & -+ & My, (C) for some positive integers ki,...,k.. To
simplify the notation, we will use {egbt)}s’t,L to denote a set {eg;) 1<
s,t <k,,1 <u<r} of matrix units for B, let {Re (egbt))}&m denote the
set { ei? + (eg?)*/Q 1< st <k,1<:<r}, and let {Im (eg)}s,m
denote the set { egbt) - (eth))*/Q\/—il: 1<s,t<k,1<c<r}.
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Lemma 4.4. Let A be a unital separable approrimately divisible C*-
algebra with unit T4, and {x1,...,2z,} be a family of self-adjoint
generators of A. Then, for any w > 0 and positive integer N, there
exists a finite-dimensional C*-subalgebra B C A with a set of matrix

units {egé)}s,t,b = {eg? 11 <s,t<k,1<:<r}, apositive integer mq
and 1 > ey > 0, such that

(1) Ia € B,

(2) subrank (B) > N,

(3) for any m > mg, € <eg, and any k > 1, if
(Ars s An B Yo ACH o)

€ Trop (@1, -+ s {Re (€8 o s {Im (X)) s 003 by 2, m),

then there exists a set {Ps(é) :1<s,t<k,1<¢<r} of matric
units for a copy of B in My(C) so that

HAJ-— > Y PYARY

1<e<r 1<s<k,

< 2w.

Proof. Suppose A = UmAmH H, where A,, is as in Proposition 2.4.
For any w > 0, any positive integer N and self-adjoint elements
1,...,T,, there are self-adjoint elements y1,...,y, in some A,, such
that ||z, —y;|| <w/2foralll < j <n. From part (3) of Proposition 2.4,
there exists a finite-dimensional subalgebra B of A/ N A such that
I4 € B and subrank (B) > N. Let {eg? 1<s,t<k,1<:<r}bea
set of matrix units for B. Then, for 1 < j < n,

§ : § : ssxj ss

1<e<r 1<s<k,

(xj —w5) +y; — Z Z (2 —y])egbs)

1<e<r 1<s<k,

-2 D Wy

1<e<r 1<s<k,

—y) = Y D eldlay —yy)eld

1<<r 1<s<k,
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<25 =yl +

2. 2. edla —ye

1<<r 1<s<k,

< (s — ys)ll + max{][el (2; — )|}

AN
—+ - =w.
2 2

Let R = max{||z1|,- .-, |z, 1}

By Lemma 4.2, there are 0 < g9 < min{1,w/2} and positive integer
my, such that, for any m > mg, ¢ < eg and k > 1, if

(16) (Av, o An {BG Yo ACH Yor) €

Ftop(xlv cee s Iy {Re( €t )}9 toy {Im( )}s,t,/,'lC g, m)
then there exists a set {PS(tL) 11<s,t<k,1<:¢<r}C M;*C) such
that

(a) {PS(tL) 1< s,t<k,1<.<r}isexactly aset of matrix units
for a copy of B in My (C),
(b) Forany 1 <:<r1<s,t<k,
w

pW _ (W /—1.cW _
|| st ( st + st )H < 24Rrank(l3)
Let DY = BY 1+ /=1.CY. We have

Aj— > Y PYAPY

1<e<r 1<s<k,

IED YD SR

1<e<r 1<s<k,

DO SRR

1<<r1<s<k,

+ >0 > pYaAP D(L))H

1< <r 1<s<k,

+ > Y (PP -DiA;PY — DY)

1<e<r 1<s<k,

w w w
< — 4+ -+ = < 2w. O
_w+s+6+6+6_ w
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Theorem 4.5. Suppose A is a unital separable approximately divisible
C*-algebra generated by self-adjoint elements x1,...,x,. Then

5t0p(zla s 7:CTL) <L

Proof. For any positive integer N, 1 > w > 0, from Lemma 4.4,
there exists a finite-dimensional C*-subalgebra B C A with a set of

matrix units {eg?}sw = {eg? 01 < s,t < k,1<:<r}, a positive
integer mg and 1 > g¢ > 0, such that

(a) I4 € B, where I4 is the unit of A,
(b) subrank (B) > N,
(c) for m > my and € < &, and for any k > 1, if

(17) (Ah oy An, {Bg?}s,t,m {ng)}s’t,b)
S Ftop(xh oy Ty {Re (eg;))}s,t,u {Im (egé))}s,t,L; ka &, m)u

then there exists a set {Ps(tb) 11 <s,t<k,1<:¢<r}of matrix
units for a copy of B in My (C) so that

- 5 rary

1<e<r 1<s<k,

< 2w.

Note that {Ps(;) :1<u<r, 1<s<k} is a family of mutually
orthogonal projections with the sum I in My(C). There is some
unitary matrix U € Uy, such that U* P U (= Q1Y) is diagonal for any
1<:¢<rand1<s<k,,. Then, forany 1 <j<mn,

1) HAJ-—U(Z > Qii)(U*AjU)Qﬁé))U*

1<e<r 1<s<k,

< 2w.

Thus, for 1 < j <n, R=max{||z1],-..,||znl, 1},

S Y QLU AUy

1<<r 1<s<k,

< ||4;|| + 2w < 4R.



1980 WEIHUA LI AND JUNHAO SHEN

Therefore,

(19) (Z > QWUrAU)QY, ...,

1<e<r 1<s<k,

> Y QU A0QY ) € Ball 0, 0aR - )

1<<r 1<s<k,

i.e., it is contained in the ball centered at (0,...,0) with radius 4R in

(M (C))".

Since {PS(;) 11 <s,t<k,1<:<r}is asystem of matrix units for
a copy of B in My(C) such that

Z PY =1,

1<<r1<s<k,

we know that there is a unital embedding from B into My(C). It
follows that there are positive integers c1, ..., ¢, satisfying

(i) rank Pﬁ) = ... = rank P,Ef?h =¢ foral 1l <, < r, where
rank T is the rank of the matrix T for any T in My (C); and
(11) caki+--+ck =k

By the restriction on the C*-algebra B (see condition (b) as above), we
know that subrank (B) > N, i.e.,

min{kq,...,k.} > N.

By (ii), we obtain that
, k
(20) min{cy,...,¢.} < N

By (i) and the fact that Qg? = U*Ps(é)U, we know that

rank Qg'l) = ... =rank Qk , = rank P( )

ce= rankP,EL)kL =c, forl1<.:<r.

Thus, the real-dimension of the linear space Zl<L<’r’ Zl<j<kL Q§3)
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Mi(C)** Q) is

(21) dimm(Z > QM ”Qgg’)—clkl+ o+ k.

1<e<r 1<j<k,

By inequality (4.4), we get

k k’2
(22) C%k1+--'+cgkrSN(Clk1+~-~+CTkT):N,
For any such family of positive integers c1, ..., ¢, with c1ky + -+ +

¢k = k, and the family of mutually orthogonal diagonal projections

{Qg?hgsgk“lgbgr with
rank (QW) =¢,, foralll1<.<r,

we define

QYY) —{( SO QUneY,... Y Y QSSTRQSS):

1<e<r 1<s<k, 1<<r 1<s<k,

T, =T € Mp(C), foralll<i< n},

which is a subset of (M3;%(C))™.

Therefore, combining part (2) of Lemma 4.3, equation (4.5) and
inequality (4.6), for any w > 0, we have

nk?/N
(23) veo(Q{QW},.) NBall(0,...,0;4R, || - ||); w) < (12R> )

w
Let
A={(c1,...,¢;): Fk1,..., kr € Nsuch that c1ky + -+ + ¢k = k}.

By inequality (4.4), we know that the cardinality of the set A satisfies

(24) card (A) < (]’;) )
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Let

Q= Uler,...enen { 20QW o) HOW hseshncir

is a family of mutually orthogonal diagonal projections
with rank (Qg?) =c, V1<:< r} .

By inequalities (4.7) and (4.8), we know that

nk?/N r

1

(25) (@M Ball(0,...,0:4R, || ||); w) < <2R> . (]’\“f) '
w

Based on (4.1), (4.2), (4.3), (4.9), and part (2) of Lemma 4.3, now
it is a standard argument to show that

Brop(@1, s an  {Re (€5 o, {Im () o v.5 4w)
log ((k/N)T(12R/w)"’“2/N(97re/w)’“2>

<l
R —k? log (4)
_ —(1+n/N)logw + n/Nlog(12R) + log(9me)

—log 4w
By part (1) of Lemma 4.1,
—(14+n/N)logw + n/N log(12R) + log(9me)

Otop(T1, -+ s Tnjdw) < .
top (1 Zni d) —log 4w
Therefore,
. n
Stop (21, -+ ., Tpn) = Imsup dpop (21, . .., Tpjdw) <1+ —.
w—0t N
Since N is arbitrarily large, dtop(z1,...,2n) < 1. a

4.3. Lower bound of topological free entropy dimension of an
approximately divisible C*-algebra. Using the idea in the proof of
Lemma 5.3.5 in [4], we can prove the following lemma.

Lemma 4.6. Suppose my,mo,...,m, is a family of positive integers
with summation m and mq,...,m, > N for some positive integer N.
Suppose k1, ..., kn is a family of positive integers with summation k
and, for every 1 < s <7, kyy4oogmy_141 = " = Kmy4oqm, (Mo = 0).
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If A= A* € My(C), and for some U € U,

1-I;, 0 0 0
0 2. I, - 0 9
AU Ul = w
0 0 e ome Iy,
then, for any w > 0, we have
a2
90\ 36K /N
(@A), ) 2 (000 (22)
for some constants C1,C > 1 independent of k,w, where
Q(A) = {W*AW : W € Uy }.
Suppose A is a unital C*-algebra and x1,...,z, is a family of

self-adjoint elements of A that generates A as a C*-algebra. In the
definition of topological free entropy dimension, it requires that the
“T'-set” T'yop(x1, ..., Tpn) is “eventually” nonempty, more specifically, for
any m € N, € > 0, there is a sequence of positive integers k1 < ko < - --
such that, for s > 1,

Diop(Z1, ..y Tn 2 Y1, ..., Ys ks, €,m) # 0.

Actually, this requirement is equivalent to saying that A is an MF-
algebra (see [5]). The notion of MF algebra was introduced by Black-
adar and Kirchberg [1]. A separable C*-algebra is an MF-algebra if

and only if it can be embedded into [[, My, (C)/ >, M,, (C) for a
sequence of positive integers ng, k =1,2,....

Now we are ready to prove the main theorem in this subsection.

Theorem 4.7. Let A be a unital separable approximately divisible C*-
algebra generated by self-adjoint elements x1,...,x,. If A is an MF-
algebra, then

5t0p(171, e ,$n) Z 1.

Proof. For any positive integer N, by part (3) of Proposition 2.4,
there is a finite-dimensional C*-subalgebra B containing the unit of
A with subrank (B) > N. Therefore, there are positive integers
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r,k1,..., k. such that
B> M, (C)d--- @ M,y (C).

Let {eg;) 11 <0< rl<s,t<k} beasystem of matrix units for 5.

ZN_22<5+Zk>

=1 s=1

Let {pm}5°_; be the collection of all noncommutative polynomi-
als in C(Xy,...,X,) with rational complex coefficients. Note that
{pm(x1,...,2n)}3_; is a norm-dense set in A. Thus, there exists a
polynomial p,,, € {pm}0_; such that p,,, (z1,...,2,) is self-adjoint
and ||pmy (21, .., 70) — 2zn| < 1/N3.

For sufficiently small € > 0 and sufficiently large positive integers m
and k, if

(B) A17 e )ATH {Cgi)}s,t,b7 {Dg’;)}s,t,b)
€ Tiop(Prmn (X1, 2n), 21, o, 2y {Re (€)Y a0

{Im (X))} 5,00 Ky 2,m),

then, by Lemma 4.2, there exists a set {Ps(tb) 1<t <k, 1 <<}
of matrix units for a copy of B in My (C), such that

-5 (o Em) e

=1 s=1

2
N3

Let U be a unitary matrix in My(C) such that, for any 1 < s <k,
and 1 <. <r, U*Ps;/U(= st) is diagonal. Then, from the preceding

1nequahty,
=1 s=1

From Lemma 4.6, for any w > 0, when m is large enough and ¢ is
small enough, there are some constants C, C; > 1 independent of k and

2

Sﬁ'
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w, such that
VOO(FtOp(pmN(I‘h .. a'rn) X1y, Tn,
{Re () oyt {Tm (e ) Yo Ky 2,m) )
a2
90\ 6K /N
> (8Cw) ™ <> .
w
Therefore,
5 : Re(el? Im (e 5120
top(pmN (1'17 ceey l’n).Il, <oy Ty { e(est )}s,t,u { m (6st )}s,t,b) s N
By Lemma 4.1,
Siop (P (@1, ) @1,y {Re (€4)) b {Tm () Yor0.)
= Otop(Pmn (T15 -+, Tn) X1, ..., Tp)
< 5top(x17 cee 7xn)7
whence Sop(21,...,2,) > 1 —56/N. Since N is an arbitrary positive

integer, we obtain
6t0p($1v"-axn) > 1. O

Combining Theorem 3.1, Theorem 4.1 and Theorem 4.2, we have
the following result.

Theorem 4.8. Let A be a unital separable approximately divisible C*-
algebra. If A is an MF-algebra, then

Stop(T1, .-, Tpn) =1,

where T1,...,T, 1S any family of self-adjoint generators of A.

Note. The original version of this paper was included in the first
author’s dissertation and [6].
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