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ESTIMATES OF LARGE EIGENVALUES
AND TRACE FORMULA FOR THE
VECTORIAL STURM-LIOUVILLE EQUATIONS

CHUAN-FU YANG, ZHEN-YOU HUANG AND XIAO-PING YANG

ABSTRACT. This paper describes the N-dimensional vec-
torial Sturm-Liouville problem with coupled boundary con-
ditions. We first derive the asymptotic expressions of large
eigenvalues for the vectorial Sturm-Liouville operator with
smooth coefficients. In addition, the regularized trace for-
mula for the operator is calculated with residue techniques
in complex analysis. These formulae are then used to obtain
some results of inverse eigenvalue problems in the spirit of
Ambarzumyan.

1. Introduction. In a finite-dimensional space, an operator has a
finite trace. But, in an infinite-dimensional space, ordinary differential
operators do not have a finite trace (the sum of all eigenvalues).
But Gelfand and Levitan [20] observed that the sum > (A — pn)
often makes sense, where {\,} and {u,} are the eigenvalues of the
“perturbed problem” and “unperturbed problem,” respectively. The
sum » (An, — ) is called a regularized trace. Gelfand and Levitan
first obtained an identity of trace for the Schrédinger operator [20].

For scalar Sturm-Liouville problems, there is an enormous amount of
literature on estimates of large eigenvalues and the regularized trace
formulae which may often be computed explicitly in terms of the
coefficients of operators and boundary conditions [3, 6, 16-18, 20,
22, 24-26, 29, 31-33]. Their most important application is in solving
inverse problems [19, 23, 33, 37], namely, given some spectral-related
data, how do we reconstruct the unknown potential function?

As a generalization of scalar Sturm-Liouville equations, vectorial
Sturm-Liouville equations were found to be important in the study
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of particle physics [39]. The vectorial Sturm-Liouville operators raise
some interesting new problems. Trace formulae for the vectorial Sturm-
Liouville problems were previously considered in [22, 35], and recently
in [7, 8], and they established and analyzed trace formulae for the
vectorial Hill’s equation and one-dimensional vectorial Schrodinger
equation

—¢" +P(x)p=Xp, ¢ CVN NeC, NeN)\{0},

which is subject to certain separated boundary conditions.

This paper addresses several related problems in the spectral theory
of the N-dimensional vectorial Sturm-Liouville equation

(1.1) ~¢" +P&)p=\p, 0<z<m
with coupled self-adjoint boundary conditions

(1.2) ¢(r) = B(0), ¢'(0) = B (m),

where P(z) is an N x N real symmetric differentiable matrix-valued
function, ¢(z) is a vector-valued function of length N, 8 is a complex
number and 3 is the conjugate complex number of 3.

Note that problems (1.1) and (1.2) is a self-adjoint eigenvalue prob-
lem, especially since 8 = 41 (1.2) corresponds to periodic and semi-
periodic boundary conditions, respectively. The spectrum for problems
(1.1) and (1.2), which consists of eigenvalues, is real and can be de-
termined by the variational principle. Counting multiplicities of the

eigenvalues, we can arrange those eigenvalues as {/\gf)} = {Aﬂ,z =

1,2,... N}, U{)\;l)n,z =1,2,...,N}22,, in an ascending order as

A(l)ﬁ)\@)<"'§>\g\{)S"'SAST)LS)\;QBLS'“SA&AQS"'~

The multiplicity of each eigenvalue of problems (1.1) and (1.2) is at
most 2/V.
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The main purpose of the present work is to obtain asymptotics of
eigenvalues and trace formula for one-dimensional vectorial Schrédinger
equations with coupled boundary conditions. In particular, the formu-
lae presented here can be helpful in solving inverse problems. We end
this paper with results in the spirit of Ambarzumyan.

2. Main results. Here we give some notational conventions. The
imaginary part of A is denoted by Im A. Iy is an N x N identity matrix,
Oy is a zero matrix and tr A denotes the trace of the matrix A. det A
denotes the determinant of the matrix A and rank A denotes the rank
of the matrix A.

Denote the sequence

(2.1)
{Mg)} £ {/‘gl,)nvl =12,... ’N}?LQ:OU{MS,)TLJ =1,2,... vN}ZO:I :

,ugl)n: 2n+6)2, n=0.1,...,
P =(@n—0? n=12..,i=12..,N,
where 6 satisfies
(2.2) cos(fm) = b+p 1.

. 0<0<
BRE+1 T

In the case P(x) = O on [0, 7], we can easily calculate the eigenvalues
of problems (1.1) and (1.2) are {(2n + 0)2}2>,U{(2n — 0)?}2>,, and
each of the eigenvalues is of at least multiplicity N. In particular,
when 6 = 0, the eigenvalues of problem (1.1) and (1.2) are {4n? : n =
0,1,2,...}, and each of the eigenvalues is of multiplicity 2N except
that eigenvalue 0 is of multiplicity N; when 6 = 1, the eigenvalues of
problems (1.1) and (1.2) are {(2n—1)? : n = 1,2, ...}, and each of the
eigenvalues is of multiplicity 2V; when 6 # 0, 1, each of the eigenvalues
is of multiplicity N exactly.

The main theorems of this paper are as follows.

Theorem 2.1 (Eigenvalue asymptotics). Suppose that P(x) is a
real symmetric differentiable matriz-valued function, and let {/\E«f)} =
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{)\gl;)n}fbozo U{)\g)n}j’f:l be the sequence of eigenvalues of problem (1.1)
and (1.2). Then, for sufficiently large n, the eigenvalue has the follow-
g asymptotic exrpressions

NG Di 1
2. =92 . —
(23) A =206+ 27(2n +0) +0(n)’

and

i) _ o Di 1
(2.4) \VAs, =2n—0+ 37 2n—0) —l—o(n),

where p;, 1 = 1,2,... N, are the characteristic values of the N x N
real symmetric matriz [ P(x)dz, and 6 is defined by (2.2).

Theorem 2.2 (Trace formula). Suppose that P(z) is a real symmet-
ric differentiable matriz-valued function, and let {/\E«f)} = {Aﬁf%}g‘;o U

{/\;l;zl}j’le be the sequence of eigenvalues of problem (1.1) and (1.2).
Then, there is the identity of trace

25 3 [iuiﬁl SLAEETy e

n=0 *i=1

n=1 *i=1 0
_1BR=1, P(m) = P(O)
182 +1 4 ’

where qu) is defined by (2.1).

Theorem 2.3 (Ambarzumyan-type theorem). Suppose that P(z) is a

real symmetric continuous matriz-valued function, and let {)\E«f)} be the
sequence of eigenvalues of problem (1.1) and (1.2). In addition, either
{2m; +60)%:j=1,2,...} | {0%} or {(2m; — 0)*: j =1,2,...} | U{6?}
is a subset of the spectrum {)\,(f)} of eigenvalue problem (1.1) and (1.2).
The multiplicity of each eigenvalue (2m;+6)* or (2m;—0)? is N (in the
case 0 #0,1), 2N (in the case § = 0,1), where 02 is the first eigenvalue
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of problem (1.1) and (1.2), m; is a strictly ascending infinite sequence
of positive integers.

(a) If 8 =1 (in this case 8 = 0), then

P(z) =0y on [0,7];

(b) If B = =1 (in this case § = 1). Then [ (P(z))s cos(2z) dx = 0,
1=1,2,... ,N, implies

P(z) =0y on [0,7];
(¢c) If B # £1 (in this case 8 # 0,1). Then

/ " (P(2))n cos(20x) dr = / " (P(2)); sin(202) da = 0,
0 0

1<i<N,

(2.6)

implies

P(z) =0nx on [0,7],
where 0 is defined by (2.2) and (P(x)):; denotes the entry of the matriz
P(x) at the ist row and ist array, i =1,2,... ,N.

3. The eigenvalue equation. This section gives an analysis of
the eigenvalue equation for problems (1.1) and (1.2) with the help
of asymptotic expansions for solutions of (1.1), similar to well-known
techniques from the scalar case.

In the space L% [0, 7] =: @ ,L2[0, ], define the inner product and

norm

s N s
(f.9) = / g @) dr =Y / f(@)F () de,

N T 1/2
||f||=(2/0 |fj<x>|2dx) . forall f,g € L2[0, 7.
j=1

where f = (f1,...,fn), g = (g1,---,9n)%, and g*'(z) denotes the
conjugate transpose of N x 1 vector g(z).
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Suppose P(z) is an N x N symmetric, differentiable matrix-valued
function. Let ®1(z, A) satisfy the matrix differential equation
51) { ~Y" 4+ P(z)Y = \Y
Y(0) = Iy, Y'(0) = Oy.
Then, by [12], the solution ®;(x, A) can be expressed as

(3.2) @y (x,\) = cos(VAz) Iy + / mK(az,t) cos(VAL) dt,
0

where K (z,t) is a symmetric matrix-valued function whose entries have
continuous partial derivatives up to order two with respect to ¢ and .
Similarly, let ®o(z, A) satisfy the matrix differential equation

~Y" 4+ P(2)Y = \Y

Y (0) =0n, Y'(0) = Iy.
Then the solution ®5(x, A) can be expressed as
sin(vAz) sin(v/\t)

where L(x,t) is a symmetric matrix-valued function whose entries have
continuous partial derivatives up to order two with respect to ¢ and =x.
Furthermore, the kernels of transformation K (x,t) and L(z,t) satisfy
the following partial differential equations [12]:

(3.5)

1 xr
K}, — P@)K =Ky, K(z,z)= 5/ P(x)dz, K(z,0)=0ny;
0

(3.3)

1 xT
L —P@L =L, Lizz) = 5/ P(z)dz, L(z,0)=0Ox.
0

When P(z) € C', (3.5) can be written as Volterra integral equations
LT [+t (z—1)/2
K(z,t) = 3 [/ P(x)dx —|—/ P(z) dx]
0 0

(z—1)/2 (z+1)/2
—|—/ d’T/ Plo+7)K(oc + 7,0 —T)do,
0 T

Liz,t) = %[ /0 O by de - /0 " @) dm]

(@—t)/2  patt)/2
+/ dT/ P(oc+1)L(o + 7,0 — T) do,
0 (z—t)/2
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which are solvable. By (3.6), a direct computation implies

0K (v,x) _ P(x)—P(0) [y Pl)da]?

o 4 8
OK(z,x) _ P(z)+ P(0) N [fy P(x)dax]?
(3.7) Oz 4 i 8 ’
OL(r,2) _ Pla)+P(0) i Pla)da]
ot 4 8 ’
OL(x,x) _ P(z) — P(0) N [fy P(x) dx]Q.
Ox 4 8

Using integration by parts, by (3.2), (3.5) and (3.7) we can compute
Dy (m,\) as

sin(v/ A7)
VA

1 T, .
_ﬁ/o K{(m,t)sin(VAt) dt

sin(v/ )
VA

(3.8) ®y (7, \) = cos(VAn) Iy + K (m, )

= cos(VAz)Iy + K (m,7)

cos(V )
T

1 T
-3 / K/ (m, ) cos(VAL) dt
0

K,(m,m)

= cos(VA) Iy + sin;j_iw) /0Tr P(t)dt

+ COS(4\<X7T) (P(m) — P(0))
) ([ )
1 (7 " .
_ X/0 K1 (m,t) cos(VAt) dt,
and
(3.9)

@ (1, \) = =V Asin(VAn) Iy + K (7, 7) cos(VAT)
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- /07r K (m,t) cos(VAt) dt

= _ )\Sin(\/Xﬂ')IN + K(mw, ) cos(\/Xw)
n sin(v/ )

S k)
1 " " .
- ﬁ/o K”,(m,t)sin(vVAt) dt

= —VAsin(VAn) Iy + %cos(\/xﬂ) /7r P(t)dt
0

sin(v/ )
+ 2202 () + (o)

Sln\/_7r (/P dt)

_ﬁ/o K" () sin(vV/At) dt.

Similarly,
(3.10)
Bo(m, \) = Sm(\}?”) In — COS(;/X”)L(WJ)
+ % /Ow L (m, t) cos(V/At) dt
_ sin(\;/XXﬂ') o cos(\)\/Xﬂ') L)
+ Sin\(/gﬂ Li(n, )
1

v i LY, (m, t) sin(VAt) dt
_ Sin(\/XAW)IN _ cos(VAm) /07r P(t)dt

2
sin(vAr) ( P(r) + P(0)  (Jy P(t)dt)?
e ( 1 3 )
1 " " .
~ 7, LI (m,t) sin(V/At)
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and

(3.11)

sin(v/ )

TL(T(,TI‘)
T, sin(v/\t)

+/0 Lgﬂ(w,t)Tdt

sin(v/ )
VA

L, (m, )

D (m,\) = cos(VAT)In +

= cos(VAm) Iy +

cos(V/ )
-

1 s
+X/ L (m,t) cos VAt dt
0

L(m,m)

o sin(vAr) [T
= cos(VAm) Iy + T2 S /0 P(t) dt

~ cos(v/Ar) (P(w) ; P(O))

X
COS(\(W) </07r P(t )dt>2

/\/ L (7, t) cos(VAt) dt.

From (3.1) and (3.3), it is easy to verify that Wronskian determinant

®1(0,)) @(0,))
det( 0. 0)\)>:1’

we get that (®1(z, A), Pa(z, A)) is the fundamental matrix of solutions
of equation (1.1). Therefore, the general solutions of equation (1.1)
have the form

¢(ma /\) = ((I)l(ma /\)7 D) (33‘, /\))Cv
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where C = (c1,¢a,... ,can)t, e € C, k=1,2,...,2N, and A? denotes
transpose of the matrix A.

If p(x,\) = (P1(x, A), P2(x, A))C is a nontrivial solution of problems
(1.1) and (1.2), then there exists a non-vanishing vector C satisfying
the matrix equation

<ﬁIN__ (7, ) _(I)_Q(W’ A) > C=0
_B(I)Il (ﬂ—v >‘) Iy — B(I)/Q(W’ )‘) .

Therefore, A is an eigenvalue of problems (1.1) and (1.2) if and only

if the matrix

o ﬁIN—(I)l(ﬂ',A) —(I)Q(Tr,)\)

(3.12) W(M—( — B, (m, \) IN_Bq)é(W’A)>

is singular. Furthermore, the multiplicity of A is equal to 2N-
rank W(A). Thus, A is an eigenvalue of multiplicity 2N of problems
(1.1) and (1.2) if W(A) is a zero-matrix.

Since the matrix [ P(t) dt is real symmetric, there exists an orthog-
onal matrix U, U~! = U*, such that

(3.13) U*(/(fp(t)dt)U:diag[pl,p2,... o],

where p;, 1 < i < N, are those characteristic values of the constant
matrix [;° P(t)dt. In this case,

T 2
(3.14) U(/ P(t)dt) U = diag [p?,p3,... ,px]-
0

Denote

and

S
3
al
+
)
e
G
|
=]
)
o
&
=
Z
Il
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Obviously, the diagonal entries in the constant matrices A and B are
zero. Combining (3.8)—(3.11), (3.13) and (3.14), we have

(3.15) U*(®y(m, \))U

— ding |:COS(\/X7T) N sin(v/ A7) N cos(V/ ) cos(VAr) 2]

2\ Pi I a; — X Di
cos(\/Xw)A

1"
_X/o U* K} (m, t)U cos(V/At) dt + o

(3.16) U*®(m, U
= diag {— VAsin(vVAr) + COS(;/XW) i+ Sin4(:j_§7r) bi+ sinégw) p?]
sin(v/Ar)
WX

o)

——/ U*K!",(r, t)U sin(VAt) dt +

(3.17) U*®y(m, U

L sin(v A1) cos(v/Ar) ‘ 51n(\/_7r) sm(\/Xw)
= diag [ AT e 8/ 2]
bln(\/Xﬂ')B

\/_/ U*L (m, t)U sin(vV/At) dt + e D

and

(3.18) U*®,(r, U

— ding |:COS(\/X7T) N sin2(\\//_§7r)pi B COS(4\<X7T) o - cos(8\<X7r)pl2
/ UL, (r,)U cos(VAt)dt — COS(ZXX”)A.

To reach our goal, let us get back to (3.12). It follows that
(3.19) det W(\)

o det U* ON BIN__ <I>1(7T,)\) —(I)_Q(ﬂ',)\) U ON
- oy U* —BE|(m,\) Iy —BO(mN) ) \oy U
et [(BIN U R(m U —U s (m, U

= —BUA®, (r, U Iy — BU*®(m, U )
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Also, from (3.15) and (3.18), we have

(3.20) pBIn —U*®y(m,\)U
sin(v/ ) ‘ cos(V/AT) ‘+COS(\/X7T) 9

= diag [5 — cos(VAr) —

o/x DT T @ sx i
/UK thcos(\/—t)dt—COS(i:XﬂA

and
(3.21) Iy — BU*®Y (7, U
:diag[l—g(cos(\/xm—i—Sin(ﬁﬂ)pi—cos(\/xw) 0 cos(VAT) l),,]

2v/\ 4\ 8\
/ U* L (7, £)U cos(VAt) dt 6COZ(;\/X7T)A.

Thus, the matrix

BIy — U*®y(m, U —U*®y(m, U
—BU (1, U Iy — BU*®,(m, \U

can be written as the sum of two 2N x 2N matrices T = (¢;;) and
S = (s;5), where

(3.22)
T — < diag[t1,1, ... ,tN,N] diag [t1 N41,- - ,tNygN]
diag[tn+1,1,-- - tann]  diag[tn1,N+1s--- 5 t2N,2N]
— CoS \/_7r bmz\‘;__”)pl _ COS(4\<X7T) a; - COb(\/Xﬂ)pl
fori=j=1,2,...,N;
O I
fori—-N=j=1,2,...,N;
tiy =

qln(\f-rr) cos(\fﬂ') B sin(V A7) sin(v/An) 9
T pi

7 \/_ b + \/_ p1
fori=j—N=1,2,..., N,

(COS(\/_W) 51n2\/§7r)pl_ Cos(4\<X7r)ai_ Cos(SKXW)pg)
fori—- N=j535-N=1,2,...,N,
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and
(S5 S
s=(5 %)

/ U*K/ (m,)U cos(VAt) dt — —2 cos(V/A)

ZD\ o

/ U* L, (r, t)U sin(VAL) dt — MB,

4V 3
" Bsin(vAr)
/ U*K!",(m, t)U sin(VAt)dt — o B,
/ UL, (7, )U cos(VAt) dt + BCOZ(;FW)

Using the Laplace expansion of determinants, from (3.19) and (3.22),
we obtain

det W) = D (=170 =3 (5 4+ s10,) -+ (Baniaw + 5202w )5

11,00 ,i2N
and
(3.23)
det T = Z (_1)r(i1,~~. ’izN)tl,il o laNian
11,00 ,i2N

sin(v/ ) cos(V ) cos(VA) 2}

_ [N e _ _ ,
_Hl_l{{ﬁ cos(V ) Wi Di 5y a;+ o

[1 B(COS( Sir )_’_siré(gw)pi_cosi /\)\W)ai_cos(éi\%r)p?ﬂ
—B{—\/XSHI(\/X?T)-FCOS;/XWerSini:?—XW) . sin( \/_7r ]

sin(vAr)  cos(VAm) 4 sin(v/ ) sin( \/_71'
X[ N O SV, SR W,y ]}
=11, (9 ) = 97 + 1) ostvVhm) — ST 52+ 1,

a; + + = 16 a;

cos VA (|87 — 1 1B +1 4 1 cos? (V) o
T ( 4 8 ) /\2<_
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it )

= (|B|2 + 1)NH£V_1{ cos(fr) — Cos(\/Xw) _ %pi
cosVAT[1B2 =1 a; p? 1 cosQ(\/Xw)
T {Iﬁl2+1 173 ]Jrﬁ(_Ta?
sm (\/_T()

. 3
6 )X|ﬁ|2+1}

where 6 is defined by (2.2). Write det W(\) as
(3.24) det W(A\) =det T + R(N),

where each term in R()\) contains at least one element of the matrix
S. Moreover, the remainder R(A) of (3.24) possesses the following
characteristics:

If a term in R(\) has an element of the matrix Sy at the ith row and
ith column, ¢ =1,2,..., N, then it lacks a factor ¢; ;, exactly.

If a term in R(\) has an off-diagonal element of the matrix Sp, then
it contains a product factor of an off-diagonal element of the matrix Sy
and a t; ny; for some ¢ or two off-diagonal elements of the matrix S; or
an off-diagonal element of the matrix 57 and an off-diagonal element
of the matrix Ss; for the other cases the arguments are similar.

We see that A is an eigenvalue of problems (1.1) and (1.2) if and only
if det W(A) = 0. Thus, we say det W(A) = 0 is the eigenvalue equation
for problems (1.1) and (1.2).

4. The eigenvalue asymptotics. This section gives the asymptotic
expressions of the large eigenvalues for problems (1.1) and (1.2) with
the help of the Rouché theorem.

Proof of Theorem 2.1. Write det W(\) as
(4.1) det W(A) = wo(A) + E(N),
where

(4.2) wo(\) = (8% + 1)N[cos(8r) — cos(VAm)|Y
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and £()) is the remainder.
It is easy to obtain the zeros u@” u;l)n of the function wy(A),
1=1,2,..., N, counting multiplicities of zero:

\/uﬁ)n:2n+9(n20,1,...),
\/ug)n:2n—9(n:1,2,...),

where 6 is defined by (2.2) and all the zeros in {(2n+6)?}52, U{(2n —
§)2}5° , are at least of order N.

Since the zeros of det W (), eigenvalues for self-adjoint problems (1.1)
and (1.2), are real, we may suppose [Im A| <  for some fixed constant
k> 0.

Now it follows from (3.23), (3.24), (4.1), (4.2) and the properties of
R(\) defined in (3.24) that there exists a constant ¢ > 0 such that

(4.3)

=

for all ImA| < & for some fixed constant x > 0. Since wo(A) =
(1812 + 1)N[cos(8r) — cos(v/Am)]N, for every r € (0,¢), we can find
d > 0 such that [wo(\)| > d for all A € C\ |J,, Cy, where C), are circles

of radii » with the centers at the points ugle,ug)n, i=1,2,...,N.

Thus, for all A € {\|X € C\|J,, Cy, VA > ¢/d}, we have

EON] = [det W(X) — wo(N)] <

)

(4.4) |det W(X) — wo(N)| < \/LX <d < Jwo(\)].

Let {/\537} = {)\gl)n} U{)\g)n} be the eigenvalues of problems (1.1) and
(1.2), namely, zeros of det W(A). By Rouché’s theorem and taking
arbitrarily small r, we obtain the following results. For a sufficiently
large integer n, there lie exactly N zeros of det W(\) in a suitable

neighborhood of ugle, ,ugi)n, 1=1,2,..., N, respectively. Denote

(4.5) \/Aﬂ =2n+0+ o,

(4.6) VAL =20 =0+ Bas i=1,2,... N,
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where oy, ; = 0o(1), B, = o(1) as n — oo. It is not difficult to see that
an,; = 0(1/(2n+0)), Bn: = O(1/(2n — 0)).

From (3.24) and the properties of R()\), a calculation implies

o(1/n?N) 6 =0,1,
o(1/nN)  6+#0,1.

)

(4.7) f«A¥L>,f«A§L>=:{

Substituting )\gl)n into det W(A) = 0, then, from (3.23) and (3.24), we
have

N Qo osin(0 4+ ag )T
. ) . n,i’t 7,1 . 2
H[Sln(ﬁ + ap,i/2)Tsin 5 1201 0) p; + O(1/n%)]

o(1/n?N) 6=0,1,
o(1/nN)  6+#0,1,

Jj=1

which implies

sin(a, i7/2) = o( ) +01/n?).

2n+0
Using the Lagrange inversion formula, then we get

(1) (1)

C Yin
(4.8) Qpi = m T’L .
Similarly,
R
(19) B = oy + 20,
where cl(»l),cl@), 1 < i < N, are constants depending on P(z), and

*yi(’lrz,*yi(iz — 0 asn — oo.

Substituting (4.5) and (4.8) into the equation

det W(X) =0,
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then
N o
};[1 [COb (07) — cos <0—|— om0 —|—0(1/n)> T
sin(0 + (¢V) /@20 +0) + o(1/n))m
2(2n + 0) bi
. cos(f + (cl(.l))/(Zn +0)+o(1/n))m
(410 + 2n 1 0)2

2_1 i 2
(34 cou)

o(1/n*N) 6 =0,1,
o(1/nN) 6#0,1.

Case 1. If § = 0,1 (in this case § = £1), then we have

1) 1)
¢ sin((c; )/(2n +6) + o(1/n))m
| | {:I:limos(zn_’_@—i—o(l/n))w I 120

i=1

COs () n o n))m

+

which is equivalent to

2 eV

(2 2 3 L 1
H{ n+6)2F (2n +6) c05<2n+9—|—0( /n))ﬂ

D
+ (2n + )50 )/(%;9) +oll/m)r

(D
i ool L O o] o) =0

Expanding the left-hand side of the resulting equation in power series
and letting n — oo, we have
(1)
2

N

1 (1))2 pime;’ | p?

= (e Bl —o.
i[[l [2 (ml > T8




2066 C.F. YANG, Z.Y. HUANG AND X.P. YANG

Thus, for 1 <i< N,

2 2
(chl)) — piwcl(l) + % =0,

and we obtain for 1 <i < N,

(4.11) W= B
21

Similarly, we have for 1 <i < N,

412 @) _ Pi
(112) =2

Case IL. If 6 # 0,1 (in this case 5 # £1), then we have

(€]

1Y, | cos(9) — cos i 1
R [005(070 cos <0+ om0 + o /n))w

~sin(0 + (V) /(20 + 0) + o(1/n))x
2(2n +06)

Di + O(l/n2)] +o(1/nN) =0,

which is equivalent to

(1)
1Y, | cos(0m) —cos(f7) cos <2 G +0(1/n)) T

n+6
M
+sin(f7) sin (2nl—|— 5 —|—0(1/n)>7r
_sin(0n) cos((ciV)/(2n + 0) + o(1/n))x
2(2n +06)

. cos(6m) sin((cV)/(2n + 0) + o(1/n))w
2(2n +0)

pi +O(1/n?)

+ o(1/n™)
=0,
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that is,

)

Y, | (2n 4+ ) cos(O7) — (2n + ) cos(O) cos (2;:_ 7 + 0(1/n)> T

)

+ (2n + 0) sin(f7) x sin <2:Li+ 7 + o(l/n))w

sin(6) cos((ctM)/(2n + 6) + o(1/n))x
2

. cos(6m) sin((cV)/(2n + 0) + o(1/n))w
2

i + O(l/n)] +o(1) =0,

expanding the left-hand side of the resulting equation in power series
and letting n — oo, we have

sin(f) H [cgl)ﬂ' - %] =0.

=1

Since sin(f7) # 0 in this case, for 1 <7 < N,

4.1 W= B

(413) =2

Similarly, we have for 1 <i < N,

(4.14) P = P
2

Together with (4.5), (4.6), (4.8), (4.9), (4.11)—(4.14), the proof of
Theorem 2.1 is finished. O

5. Trace formula. In this section, we try to develop the regularized
trace formula for problems (1.1) and (1.2) by explicit expressions in
the coeflicients of the operator. Let the contour I'y,, integer Ny =
0,1,2,... — oo, denote the following sequences of circular contours,
traversed counterclockwise:

(i) The contour Iy, is the circle of radius (2Ng + 1)? with its center
at the origin (for 0 < 6 < 1);
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(ii) The contour I'y, is the circle of radius (2N + 2)? with its center

at the origin (for § = 1).
Obviously, uﬁl,y@n, i=1,2,...,N, defined in (2.1), zeros of the
function wo(A), don’t lie in the contour I'y,. To obtain the trace

formula we need the following lemma in complex analysis.

Lemma 5.1 [1, 6]. Suppose w(A) and wo(X\) are two entire functions
and wo(A) has no zeros on a closed contour I'y, of A-complex plane. If

these functions satisfy the estimate
w(A) a1 (V) as(VA)
=1 1 3 r
2o\ + 5y + \ +0(1/vA3) on Ty,

where the functions o, (V)/ (VA are single valued and analytic on
Tn, and ax(v/'A) are uniformly bounded on Ty, then, on Ty,

(5.1)
UL U SYIY
FENJ:O\” fn) = =5 - ng(/\)d)\
1 a1(VA) | aa(VA) — a3 (VA)/2
== FNO{ At n X

+ O(l/NO)a
where A, and p, are zeros of entire functions w(X), wo(A) inside the

contour 'y, listed with multiplicity, respectively.

Proof of Theorem 2.2. Applying Lemma 5.1 and the methods of
asymptotic analysis, we can obtain the regularized trace formula for

problems (1.1) and (1.2).
From (3.24) and (4.2), we have the estimate

ity =0(1/VA3) on Ty,

5.2

(5:2) Gy
Let W(\) = cos(f7) — cos(v/An). By (3.23), (3.24) and (4.2), integra-

tion by parts then gives, on the contour I'y,,
det W(A\) o [ sin(v/ ) , cos(V/ ) <|B|2 -1 NI p_f)
Twoly T T avRe” T Ay \BP 1T s

wo ()\)
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0(1/%)] +0(1/V3)

sin(v/ ) al ,
) &
L oS B2~ 1 ai | cos(VAm) L, o
AU\ B2+1 4 AT (\) 8
+ % Z PiPj +O(1/\/F).
1<i<j<N

Taylor’s expansion tells us
(5.3)

log

det W(\)  sin
wo(X) 2\/—\11 sz

N cos(\/—w) |B|2 -1 Efil a;
AN 1B)P+1 4

cos(vV/Ar) Zfi p?  sin®(V)
HRSYTeY St DRy 2 P

8 1<i<j<N
e (Sr) rouvm
sin(vVT) o
NS 2
+C%(m>| 2 —121
AU 1812+ 4
P [l bl;\;jm va—gl B4 o0V,
For 6 = 0, we have
(5.4)
1 sin(v/ A7) e L sin(v/Ar) i

2 Jry, 2VA0 () 27 Jry, 2V (cos(vAr) — 1)
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1 cot(v/ ) /2

= ————dX
471 I \/X
2N+ 1
==
For 0 = 1, we have
1 sin(vV/ ) I\ — 1 sin(v/ ) 0\
27 Jry, 2VAT(N) 2mi Jry, 2v/A(cos(vVAT) + 1)
(5.5) =4 tan Y57 |
471 I'ng \/X
. 2Ny + 2
==
For 6 # 0,1, we have
(5:6) 1 sin(v/Ar) iy 2No+1
' 2mi Jry, 2VAT(N) T
1 cos(vV/AT) 1
. - _— = —1 -
(51) 2 7& ooy AT O(M)’
and
(5.8)

w2 ol%)

From the above arguments, it follows that the zeros A of det W(A)
are the eigenvalues of problems (1.1) and (1.2). By Rouché’s theorem,
the number of zeros of det W(A) and wg(\) inside the contour I'y, is
just the same for sufficiently large Njp.

By Lemma 5.1, (5.3)—(5.8), we obtain, for § # 1,

No N ] No N ]
3 [Z(A%L n+ e)?)] 'y [Z(ASL . e)?)}
n=0 “-i1=1 n=1 "“1i1=1

L det Wy

27 %«NO log wo(N) X

B2 =1_P(r)—P(0) , 2No+1 s~
= |B|2+1tr 4 + = ;p1+0(1/N0),
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that is
No N
> [Z@ﬁ — @t - L Zpl}

+§:j [Z A, — (20— 0)?) — %fjp]

=1

_ 8P =1 P(r) - P(0) 1
—|ﬁ|2+1tr 1 —I—O(—).

Letting No — oo, by (3.13), we have
00 N ] 1 T
2:{2}%%—@n+@%——w/1P@M4
n=0 “i=1 &
i [Z 2D _(an— 0)?) - Lo /W P(z) dx}
2,n
— - T 0

lﬁl2 —1 P(r) — P(0)
T 1 ’

therefore,

e’} N ] ) 1 T

3 [Z(A%—u%)——tr / p<x>d4
, e

n=0 -i=1
[e%e} N ‘ ‘ 1 -
P[0 - [T Pwa]
n=1 “i=1 0

_ 8P =1, P(m) = P(O)
pET T

Similarly, we obtain, for # = 1 (in this case 8 = —1),

No r N
> |0 - et 1)
n=0 “i=1
No+1 N N
+ Z {Z —(2n-1) )} = 2N2r+22pi+0(1/]v0),

i=1 =1
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that is
No r N ‘
3 {Z(Af —(2n+1)?) - = Zpl]
n=0 "“i=1

No+1 - N

CE (B -] oum

Letting Ng — oo, we have

00 N

) {;(Aﬁ)ﬂ - (2n+1)*) - %tr /OF P(z) da;}

n=0
c© N
(W) _ (o — 2—lr . z)dx
£SO - Cn- 1) - 2u [P

6. The inverse problems. From an historical viewpoint, the paper
[2] of Ambarzumyan may be thought to be the starting point of the
inverse spectral theory aiming to reconstruct the potential from the
spectrum (or spectra). Ambarzumyan proved the following theorem:

If ¢ € C[0,7], and {n? : n = 0,1,2,...} is the spectra set of the
boundary value problem

—y" +q(x)y =Xy, y(0)=y'(x)=0,

then ¢ =0 on [0, 7).

Theorem 2.1 (or Theorem 2.2) enables us to attack the inverse
problems associated with problems (1.1) and (1.2). We follow the
approach used in papers [12, 28].

Proof of Theorem 2.3. From Theorem 2.1, we see that large eigenvalue
Ap, for problems (1.1) and (1.2):

@ _9 _n (1
Al n—|—0—|—2 2nt0) O<n)
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and

: : 1
D o gy P =), i=12,...,N.
2 =m0 27(2n — 0) toln ) TR

Since {(2m; +60)? : j =1,2,...} or {(2m; —0)? : j =1,2,...} is a
subset of the spectrum {,\SZ)} of eigenvalue problems (1.1) and (1.2),
m; is a strictly ascending infinite sequence of positive integers, and the
multiplicity of each eigenvalue (2m; + 6)% or (2m; — ) is N (in the
case 6 #£ 0,1), 2N (in the case § = 0, 1), a simple asymptotic analysis
implies

(6.1) pi=0, i=1,2_.. N.

Since p;, i =1,2,..., N, are the characteristic values of the N x N real
. . s
symmetric matrix [ P(z)dz, we get

(6.2) / P(z)dx =0n.
0
Next, we consider the associated Rayleigh quotient, namely,
RIY] = foﬂ(—Y*tY“ +Y*P(2)Y)dx
(6.3) [T Y*Y da ’

Y(m) = BY(0),Y'(0) = BY'().

Since 62 is the first eigenvalue of problems (1.1) and (1.2), we have that
infy R[Y] = 62.

Case 1. §# = 0 (in this case 8 = 1). We verify that Y;(z) =
1/+/me;, which satisfies boundary condition (1.2), is the eigenfunction

corresponding to the first eigenvalue 0, where e; is the unit vector whose
ith component is 1 (¢ =1,2,...,N). In fact, by (6.2) and (6.3),

™ —Y*tY” Y*tP }/1 d T
(6.4) o< o L @ )m=Y5‘t</ P(m>d$>1€=0,
7YY, do o

that is, the above equality holds. Therefore, the test function Y;(z) =
1/y/me; is the eigenfunction corresponding to the first eigenvalue 0.
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Substituting ¥; = 1/y/me; (i = 1,2,...,N) into equation (1.1), we
have P(z)e; =0 on [0,7],4=1,2,..., N, which is equivalent to

(6.5) P(z)In =0nx on [0,7].

Thus, P(z) = On on [0, 7] arises, as we asserted.

Case 1I. § = 1 (in this case 8 = —1). We verify that Y;(z) =
(V2/msinz)e; (i =1,2,...,N), which satisfies the boundary condition
(1.2) and is the eigenfunction corresponding to the first eigenvalue 1.
In fact, by (6.3),

_ Y+ Y @)Y da
= fOTr }/;*t}/; dx

2 (" 2 (7
- / sin?z dr + = / (P(x))i; sin® z dx
0 ™ Jo

(6.6)

142 [Py 2 [ (Pl costzean

™ ™

by assumption of Theorem 2.2 and (6.2), the equality holds. There-
fore, Y;(z) = (/2/7sinx)e; (i =1,2,...,N) is the eigenfunction cor-
responding to the first eigenvalue 1. Substituting Y; = (\/2/7sinz)e;
into equation (1.1), we get

(fZans)er s (4 Zeine) o (B

on [0,7],i=1,2,...,N; thus, P(z) =0y on [0,7].

Case III. 6 # 0,1 (in this case § # +1). We verify that Y;(z) =
(cos(fzx)+asin(bz))e; (i =1,2,...,N) is the eigenfunction correspond-
ing to the first eigenvalue 62, and the complex number
B — cos(On)

(6.7) sin(6m)

which ensures Y;(x) satisfies the boundary condition (1.2).
From (6.7), together with cos(67) = (8 + 3)/|B]> + 1, we have

(6.8) (a+a)(1 — cos(207)) = (Ja* — 1) sin(207).
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From (6.8), we obtain

™ 2 1
(6.9) / | cos(0) + asin(z)|? do = w.
0
Moreover, by (6.3) and (6.9), we have
92 . fow(_}/i*tmll + }/;*tP(x)K) dx _ 92 " 2
< Y (P + D

i ii| cos(fx asin(0z)|? dz
< [ P@)ilcos(oa) + asin(a) d

©10) =g+ [T

™

L Lolal /w(P(a:))v- cos(20z) da
G+ 1 Jy
a+a T
e P(z))i; sin(20z) du,
+ ey ) (P@)sin(2on) dr
by assumptions (2.6) and (6.2), the equality holds. Therefore, Y;(z) =
(cos(fzx) + asin(fx))e; (i = 1,2,...,N) is the eigenfunction corre-
sponding to the first eigenvalue #%. Substituting Y;(z) = (cos(fz) +
asin(fz))e; (i =1,2,...,N) into equation (1.1), we get

(cos(fz) + asin(fx))P(x)e; =0 on [0,7], i=1,2,...,N;

thus, P(z) = On on [0, 7]. This finishes the proof of Theorem 2.3. O

Remark 6.1. When 8 = cos(67) £+ isin(f7) (0 < 6 < 1) in (1.2), it
follows from (6.7) that |a| = 1 and a +a = 0. Thus, by (6.10), when
B = cosfm £isinfr (0 < § < 1), condition (2.6) in Theorem 2.3 is
redundant.
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