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PRECISE LARGE DEVIATIONS FOR
DEPENDENT RANDOM VARIABLES WITH

APPLICATIONS TO THE
COMPOUND RENEWAL RISK MODEL

YANG YANG AND KAIYONG WANG

ABSTRACT. This paper investigates some precise large de-
viations for the partial sums of extended negatively dependent
(END) and non-identically distributed random variables with
dominantly varying tails, which slightly extend some corre-
sponding results of Liu [13]. Furthermore, we obtain precise
large deviations for the random sums, where the random num-
ber is a nonnegative integer-valued process. As applications,
we derive the asymptotics for the finite-time ruin probability
in the END compound renewal risk model.

1. Introduction. Let {Xi, i ≥ 1} be a sequence of random variables
(r.v.s) with distributions Fi = 1−Fi and finite mean μi, i ≥ 1, and let
Sn =

∑n
i=1 Xi be its nth partial sums, n ≥ 1. In the present paper, we

are firstly interested in precise large deviations for these partial sums
of {Xi, i ≥ 1} with heavy tails. Many earlier works have been devoted
to this field, see, e.g., Heyde [8 10], A.V. Nagaev [16], S.V. Nagaev
[17], Cline and Hsing [5], Mikosch and A.V. Nagaev [15], Tang et al.
[20], Ng et al. [18], Tang [19] and Liu [14], among others. All of the
above-mentioned results are restricted to identically distributed r.v.s,
and derived such that, for any fixed γ > 0, the relation

P(Sn − nμ1 > x) ∼ nF1(x)
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holds uniformly for all x ≥ γn as n → ∞. That is,

lim
n→∞ sup

x≥γn

∣∣∣∣P(Sn − nμ1 > x)

nF1(x)
− 1

∣∣∣∣ = 0.

Recently, Liu [13] derived some precise large deviations for END
and non-identically distributed r.v.s with consistently varying tails.
Motivated by [13], our first main result slightly extends those results
to the case of dominantly-varying-tailed r.v.s.

To formulate our results, we introduce some concepts and properties
on some heavy-tailed classes and the extended negative dependence
structure. Recall that an r.v. ξ (or its distribution) is said to be heavy-
tailed if Eeρξ = ∞ for all ρ > 0, and light-tailed otherwise. One of the
most important heavy-tailed subclasses is the class D. By definition,
a distribution V is said to have a dominantly varying tail, denoted by
V ∈ D, if lim supx→∞ V (xy)/V (x) < ∞ for any 0 < y < 1. A slightly
smaller class is C. A distribution V is said to have a consistently
varying tail, denoted by V ∈ C, if limy↗1 lim supx→∞ V (xy)/V (x) = 1.
A related class is the long-tailed distribution class L. A distribution
V is said to have a long tail, denoted by V ∈ L, if limx→∞ V (x +
y)/V (x) = 1 for any y > 0. It is well known that the following inclusion
relationships hold:

C ⊂ L ∩ D ⊂ L

(see, e.g., [4, 7]). Furthermore, for a distribution V , denote the upper
and lower Matuszewska index of V , respectively, by

J+
V = − lim

y→∞
log V ∗(y)

log y
with V ∗(y) := lim inf

x→∞
V (xy)

V (x)
for y > 1,

J−
V = − lim

y→∞
log V

∗
(y)

log y
with V

∗
(y):= lim sup

x→∞
V (xy)

V (x)
for y > 1.

Define another important parameter LV = limy↘1 V ∗(y). The follow-
ing assertions are equivalent: (i) V ∈ D;

(ii) V ∗(y) > 0 for some (or for any) y > 1;

(iii) LV > 0;

(iv) J+
V < ∞.
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It also holds that V ∈ C if and only if LV = 1. For more details, see [2,
Chapter 2.1] The following proposition is due to Lemma 3.5 of Tang
and Tsitsiashvili [21], see also [19, Lemma 2.1].

Proposition 1.1. If V ∈ D, then it holds for any p > J+
V that

limx→∞ x−p/V (x) = 0.

Liu [13] introduced a general dependence structure.

Definition 1.1. Say that r.v.s {ξi, i ≥ 1} are END, if there exists a
positive constant M such that both

P

( n⋂
i=1

{ξi > yi}
)

≤ M

n∏
i=1

P(ξi > yi)(1.1)

and

P

( n⋂
i=1

{ξi ≤ yi}
)

≤ M

n∏
i=1

P(ξi ≤ yi)(1.2)

hold for each n ≥ 1 and all y1, . . . , yn.

Recall that r.v.s {ξi, i ≥ 1} are called Upper Negatively Dependent
(UND), if (1.1) holds when M = 1; they are called Lower Negatively
Dependent (LND), if (1.2) holds when M = 1; and they are called
Negatively Dependent (ND), if both (1.1) and (1.2) hold when M = 1.
These negative dependence structures were introduced by Ebrahimi
and Ghosh [6] and Block et al. [3]. Clearly, ND r.v.s must be END
r.v.s. And Example 4.1 of [13] shows that the END structure also
includes some other dependence structure. By direct verification, END
r.v.s have the following properties similar to those of ND r.v.s, see [13,
Lemma 3.1].

Proposition 1.2. (1) If r.v.s {ξi, i ≥ 1} are nonnegative and
END, then for any n ≥ 1, there exists a positive constant M such
that E(

∏n
i=1 ξi) ≤ M

∏n
i=1 Eξi;
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(2) If r.v.s {ξi, i ≥ 1} are END and {fi(·), i ≥ 1} are either all
strictly increasing or all strictly decreasing, then {fi(ξi), i ≥ 1} are
still END; and, for each real number a, r.v.s {min{ξi, a}, i ≥ 1} are
still END.

In this paper, we mainly study the precise large deviations for partial
and random sums of END r.v.s with dominantly varying tails. The rest
of the paper is organized as follows. In Section 2, we investigate some
precise large deviations for partial sums of END and non-identically
distributed r.v.s. In Section 3, the precise large deviation results are
then extended to random sums SN(t) with identically distributed r.v.s,
where {N(t), t ≥ 0} is a nonnegative integer-valued process. As
applications, in Section 4, we derive asymptotics for the finite-time ruin
probabilities in the END compound renewal risk model with constant
interest rate, where the claims at each accident moment are aggregated
from a number of END individual claims, and the total amount of
premiums is a nonnegative and nondecreasing stochastic process.

Throughout, for two positive functions u(x) and v(x), we write u(x) �
v(x) (equivalently, v(x) � u(x)) if lim supx→∞ u(x)/v(x) ≤ 1; u(x) ∼
v(x) if limx→∞ u(x)/v(x) = 1; u(x) = o(v(x)) if limx→∞ u(x)/v(x) = 0;
u(x) = O(v(x)) if lim supx→∞ u(x)/v(x) < ∞; and u(x) 
 v(x) if
u(x) = O(v(x)) and v(x) = O(u(x)). The indicator function of an
event A is denoted by 1A. For real y, denote by �y� the smallest
integer greater than or equal to y; and similarly, denote by y� the
greatest integer smaller than or equal to y. We denote a+ = max{a, 0}
and a− = −min{a, 0}.

2. Precise large deviations for partial sums. In this section,
we investigate the asymptotic behavior of precise large deviations for
partial sums, which slightly extends Theorem 2.1 of Liu [13] to the
class D. Throughout this section, let {Xi, i ≥ 1}, X be non-
identically distributed r.v.s with distributions {Fi, i ≥ 1}, F and
finite means {μi, i ≥ 1}, μ. In the sequel, C always represents a
finite and positive constant whose value may vary in different places.
All limit relationships hold uniformly for all x ≥ γn as n → ∞ unless
stated otherwise. Our first main result is on the basis of the following
assumptions.
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Assumption 2.1. For some T > 0,

1

n

n∑
i=1

Fi(x) 
 F (x)(2.1)

and

1

n

n∑
i=1

Fi(−x) 
 F (−x)(2.2)

hold uniformly for all x ≥ T as n → ∞.

Assumption 2.2. For all i ≥ 1, Fi ∈ D, i.e., LFi > 0. Furthermore,
for all i ≥ 1 and any ε > 0, there exist some w0 = w0(ε) > 1 and
x0 = x0(ε) > 0, irrespective to i, such that, for all 1 ≤ w ≤ w0 and
x ≥ x0,

Fi(wx)

Fi(x)
≥ LFi − ε.

Notice that Assumption 2.2 is equivalent to the fact that, for all i ≥ 1
and any ε > 0, there exist some 0 < v0 = v0(ε) < 1 and x0 = x0(ε) > 0,
irrespective to i, such that Fi(vx)/Fi(x) ≤ L−1

Fi
+ ε for all v0 ≤ v ≤ 1

and x ≥ x0.

Our first main result is formulated as follows.

Theorem 2.1. Let {Xi, i ≥ 1} be END r.v.s with μi = 0, i ≥ 1. If
Assumptions 2.1 and 2.2 hold, then for any γ > 0,

(2.3) P(Sn > x) �
n∑

i=1

L−1
Fi

Fi(x)

holds uniformly for all x ≥ γn as n → ∞. Furthermore, if

(2.4) F (−x) = o(F (x)) as x → ∞,

and E(X−
i )r < ∞, i ≥ 1, E(X−)r < ∞ for some r > 1, then for any

γ > 0,

(2.5) P(Sn > x) �
n∑

i=1

LFiFi(x)

holds uniformly for all x ≥ γn as n → ∞.
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Before proving Theorem 2.1, we firstly give a lemma, which is similar
to Lemma 3.3 of [13]. We omit the proof.

Lemma 2.1. Assume that E(X±
i )q < ∞, i ≥ 1, and E(X±)q < ∞

for some q ≥ 1. If Assumption 2.1 holds, then there exists some finite
constant μ̂±

q such that, for all n ≥ 1,

n∑
i=1

E(X±
i )q ≤ nμ̂±

q .

Proof of Theorem 2.1. By Fi ∈ D, i ≥ 1, and (2.1), clearly, it holds
that F ∈ D. To prove (2.3), we follow the line of Liu [13], whose idea is

from [19]. For any fixed 0 < v < 1, we write X̃i = min{Xi, vx}, i ≥ 1,

which, by Proposition 1.2 (2), are still END. Denote S̃n =
∑n

i=1 X̃i,
n ≥ 1. A standard truncation argument gives that

(2.6) P(Sn > x) ≤
n∑

i=1

Fi(vx) + P(S̃n > x).

By 0 < LFi ≤ 1, i ≥ 1, and (2.1), we have for all x ≥ γn and sufficiently
large n,

P(S̃n > x)∑n
i=1 L

−1
Fi

Fi(x)
≤ P(S̃n > x)∑n

i=1 Fi(x)
≤ P(S̃n > x)

CnF (x)
,

which, by the same argument of [13, pages 1294 1295], implies

(2.7) P(S̃n > x) = o

( n∑
i=1

L−1
Fi

Fi(x)

)
.

By Assumption 2.2, for all i ≥ 1 and any ε > 0, there exist some
0 < v0(ε) < 1 and x0(ε) > 0, irrespective to i, such that Fi(vx) ≤
(L−1

Fi
+ ε)Fi(x) for all v0 ≤ v ≤ 1 and x ≥ x0. Thus, for all v0 ≤ v ≤ 1,

x ≥ γn and n ≥ γ−1x0, we have

(2.8)

n∑
i=1

Fi(vx) ≤
n∑

i=1

(L−1
Fi

+ ε)Fi(x),

which, combining the arbitrariness of ε, (2.6) and (2.7), yields (2.3).
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We prove (2.5) by slightly complementing the proof of Lemma 3.7
of [13]. For every 1 ≤ i ≤ n and any fixed w > 1, let Ai = {Xi >
wx, max1≤j 	=i≤n Xj ≤ wx}, which are pairwise disjoint sets. By using
this partition, we obtain

(2.9)

P(Sn > x) ≥ P

(
Sn > x,

n⋃
i=1

Ai

)

=

n∑
i=1

P(Ai)−
n∑

i=1

P(Sn ≤ x,Ai)

:= I1 − I2.

By (1.1), we have

(2.10)

I1 =

n∑
i=1

Fi(wx) −
n∑

i=1

P

(⋃
j 	=i

{Xj > wx,Xi > wx}
)

≥
n∑

i=1

Fi(wx) −M

( n∑
i=1

Fi(wx)

)2

= (1− o(1))

n∑
i=1

Fi(wx),

where the last step holds, because, by (2.1) and EX+ < ∞,

n∑
i=1

Fi(wx) =
1

n

n∑
i=1

n

∫ ∞

wx

Fi(dy)

≤ 1

γwn

n∑
i=1

∫ ∞

wx

yFi(dy)

=
x

γn

n∑
i=1

Fi(wx) +
1

γw

∫ ∞

wx

1

n

n∑
i=1

Fi(y) dy

≤ C

(
xF (wx) +

∫ ∞

wx

F (y) dy

)
= o(1).

To deal with I2, for any fixed 0 < ṽ < 1, we write Yi = −Xi,
Ỹi = min{Yi, ṽx}, i ≥ 1. By Proposition 1.2 (2), {Yi, i ≥ 1} and
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{Ỹi, i ≥ 1} are END r.v.s, respectively. Since Ai, 1 ≤ i ≤ n, are
pairwise disjoint sets, we have

I2 ≤
n∑

i=1

P

(∑
j 	=i

Yj ≥ (w − 1)x,Ai

)(2.11)

≤
n∑

i=1

P

(
Ai,

⋃
j 	=i

{Yj > ṽx}
)

+

n∑
i=1

P

(∑
j 	=i

Ỹj ≥ (w − 1)x

)

≤
n∑

j=1

P(Yj > ṽx) +

n∑
i=1

P

(∑
j 	=i

Ỹj ≥ (w − 1)x

)

:= I21 + I22.

By (2.4), (2.11) and F ∈ D, we get that for sufficiently large n and any
x ≥ γn

(2.12) I21 ≤
n∑

j=1

Fj(−ṽx) ≤ CnF (−ṽx) = o(nF (ṽx)) = o(nF (x)).

As for I22, for any 1 ≤ i ≤ n and any temporarily fixed h = h(x, n) > 0,
we obtain from Markov’s inequality, Proposition 1.2 and the elementary
inequality log(1 + u) ≤ u, u ≥ 0,

P

(∑
j 	=i

Ỹj ≥ (w − 1)x

)(2.13)

≤ M̃e−h(w−1)x
∏
j 	=i

EehỸj

≤ M̃e−h(w−1)x
∏
j 	=i

{∫ ṽx

−∞
(ehy − 1)FYj (dy)

+ (ehṽx − 1)FYj (ṽx) + 1

}
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≤ M̃ exp

{
− h(w − 1)x

+
∑
j 	=i

(∫ ṽx

−∞
(ehy − 1)FYj (dy) + (ehṽx − 1)Fj(−ṽx)

)}
,

where M̃ is a constant. By the same as the argument of (3.9), (3.18)
and (3.19) of [13], taking h = 1/(ṽx) log((ṽq−1xq/nμ̂−

q ) + 1), which
tends to 0, for any fixed 1 < q < min{r, 2}, and by (2.2) and (2.13), we
have

(2.14) P

(∑
j 	=i

Ỹj ≥ (w − 1)x

)

≤ M̃ exp

{
− h(w − 1)x+ o(1)nh

+
ehṽx − 1

(ṽx)q
nμ̂−

q + (ehṽx − 1)CnF (−ṽx)

}

≤ M̃ exp

{
− w − 1− o(1)

ṽ
log

(
ṽq−1xq

μ̂−
q

+ 1

)

+
1

ṽ
+

Cṽq−1xq

μ̂−
q

F (−ṽx)

}

≤ M̃ exp

{
1

ṽ
+

Cṽq−1xq

μ̂−
q

F (−ṽx)

}(
γṽq−1

μ̂−
q

xq−1

)−(w−1)/2ṽ

≤ C0x
−[(q−1)(w−1)]/2ṽ,

where the coefficient C0 is given by

C0 = M̃ sup
x≥0

exp

{
1

ṽ
+

Cṽq−1xq

μ̂−
q

F (−ṽx)

}(
γṽq−1

μ̂−
q

)−(w−1)/2ṽ

< ∞.

Indeed, by E(X−)q < ∞, the following holds:

xqF (−ṽx) = xq

∫ −ṽx

−∞
F (dy) ≤ ṽ−q

∫ −ṽx

−∞
|y|qF (dy)

= ṽ−qE(X−)q1{X≤−ṽx} −→ 0

as x → ∞.



1404 YANG YANG AND KAIYONG WANG

In (2.14), for any fixed w > 1, we take a sufficiently small ṽ > 0
such that (q − 1)(w − 1)/(2ṽ) > J+

F . Thus, from (2.11), (2.12), (2.14),
Proposition 1.1 and (2.1), we obtain

(2.15)

I2 ≤ o(nF (x)) + C0nx
−[(q−1)(w−1)]/2ṽ

= o(nF (x)) = o

( n∑
i=1

L−1
Fi

Fi(x)

)
.

Analogously to (2.8), again by Assumption 2.2, for any ε > 0, there
exist some w0(ε) > 1 and N(ε) such that, for any 1 ≤ w ≤ w0, all
x ≥ γn and n ≥ N , we have

(2.16)

n∑
i=1

Fi(wx) ≥
n∑

i=1

(LFi − ε)Fi(x).

Therefore, the desired (2.14) follows from (2.9), (2.10), (2.15) and
(2.16).

Corollary 2.1. Let {Xi, i ≥ 1} be END r.v.s with common
distribution F and mean μ = 0 satisfying E(X−

1 )r < ∞ for some r > 1.
If F ∈ D and (2.4) is satisfied, then for any fixed γ > 0,

LFnF (x) � P(Sn > x) � L−1
F nF (x)

holds uniformly for all x ≥ γn as n → ∞. In particular, if F ∈ C, then

P(Sn > x) ∼ nF (x)

holds uniformly for all x ≥ γn as n → ∞.

3. Precise large deviations for random sums. In this sec-
tion, we investigate precise large deviations for random sums SN(t) =∑N(t)

i=1 Xi, t ≥ 0, where {N(t), t ≥ 0} is a nonnegative integer-valued
process. For a nice review on the precise large deviations for random
sums, one can see [18, 23]. In this section, all limit relationships hold
for t tending to ∞ unless stated otherwise. We always assume that
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λ(t) = EN(t) → ∞. In many earlier works, the nonnegative integer-
valued process N(t) was restricted to satisfying

(3.1)
N(t)

λ(t)

P−→ 1,

and for any ν > 0 and some ε > 0,

(3.2) E(1 + ε)N(t)1{N(t)>(1+ν)λ(t)} = o(1).

As was verified by Klüppelberg and Mikosch [11], the homogenous
Poisson process satisfies both (3.1) and (3.2). Recently, Kočetova et al.
[12] proved that the renewal counting process satisfies condition (3.2)
if the inter-arrival times are i.i.d. nonnegative and nondegenerate r.v.s
with finite mean. However, in more general cases, (3.2) is apparently
hard to verify if N(t) is a nonnegative integer-valued process. Later,
Ng et al. [18] weakened (3.1) and (3.2) to the single condition that, for
some p > J+

F and any ν > 0,

(3.3) E(N(t))p1{N(t)>(1+ν)λ(t)} = O(λ(t)).

Many works on precise large deviations for random sums are based on
this assumption, see, e.g., [14, 18, 23], among others.

Before the statement of our main result of this section, we give a
lemma below, which is similar to [23, Lemma 2.1] or [22, Lemma 3.1].
It can be proved as the similar argument of Lemma 2.3 of [19]. We
omit the details.

Lemma 3.1. Let {ξi, i ≥ 1} be END r.v.s with common distribution
V and mean μV = 0 satisfying E(X+

1 )r < ∞ for some r > 1. Then,
there exists a positive constant C such that, for any v > 0, x > 0 and
n ≥ 1

P

( n∑
i=1

ξi > x

)
≤ nV (xv−1) + C(eμ+

V nx
−1)v.

On the basis of the precise large deviations for partial sums, we can
obtain the following result.
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Theorem 3.1. Let {Xi, i ≥ 1} be END r.v.s with common
distribution F and mean μ = 0. {N(t), t ≥ 0} is a nonnegative integer-
valued process, which is independent of {Xi, i ≥ 1}. Assume that there
exists some r > 1 such that E(X−

1 )r < ∞. If F ∈ D, (2.4) and (3.1)
are satisfied, then, for any fixed γ > μ+ = EX+

1

LFλ(t)F (x) � P(SN(t) > x) � L−1
F λ(t)F (x)

holds uniformly for all x ≥ γλ(t). In particular, if F ∈ C, then

P(SN(t) > x) ∼ λ(t)F (x)

holds uniformly for all x ≥ γλ(t).

Proof. By [18, Lemma 2.4], (3.3) implies (3.1). Thus, for any
0 < ν < 1, we split P (SN(t) > x) into three parts as

(3.4)

P(SN(t) > x) =

( ∑
n<(1−ν)λ(t)

+
∑

(1−ν)λ(t)≤n≤(1+ν)λ(t)

+
∑

n>(1+ν)λ(t)

)
P(Sn > x)P(N(t) = n)

:= K1 +K2 +K3.

We firstly estimate K1. Since {Xi, i ≥ 1} are END r.v.s, it follows
from Proposition 1.2 (2) that {X+

i , i ≥ 1} are also END, and for any
fixed γ > μ+ and any x ≥ γλ(t),

x− μ+(1− ν)λ(t)� ≥ (γ − μ+)(1− ν)λ(t)�,

from which, together with Corollary 2.1, (3.1) and F ∈ D, it holds
uniformly, for x ≥ γλ(t) and sufficiently large t, that

K1 ≤ P

( 
(1−ν)λ(t)�∑
i=1

X+
i − μ+(1− ν)λ(t)�

(3.5)

> x− μ+(1− ν)λ(t)�
)
P(N(t) < (1− ν)λ(t))
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� L−1
F (1− ν)λ(t)�F (x− μ+(1 − ν)λ(t)�)P(N(t)

< (1 − ν)λ(t))

≤ L−1
F (1− ν)λ(t)�F ((1 − μ+(1− ν)γ−1)x)P(N(t)

< (1 − ν)λ(t))

= o(λ(t)F (x)).

For K2, again by Corollary 2.1 and (3.1), it holds uniformly for
x ≥ γλ(t) that

K2 � L−1
F F (x)

∑
(1−ν)λ(t)≤n≤(1+ν)λ(t)

nP(N(t) = n)

≤ L−1
F F (x)(1 + ν)λ(t)P(|N(t) − λ(t)| < νλ(t)).

Now, firstly letting t → ∞ and then ν ↘ 0, we have that uniformly,
for x ≥ γλ(t),

(3.6) K2 � L−1
F λ(t)F (x).

Analogously to (3.6), we can also obtain that uniformly, for x ≥ γλ(t),

(3.7) K2 � LFλ(t)F (x).

Finally, we deal with K3. For some p > J+
F (≥ 1) in (3.3), by Hölder

inequality, the following holds:

(3.8)
EN(t)1{N(t)>(1+ν)λ(t)} ≤ (

E(N(t))p1{N(t)>(1+ν)λ(t)}
)1/p

= O((λ(t))1/p) = o(λ(t)).

Taking v = p > J+
F in Lemma 3.1, and by F ∈ D, (3.3), (3.8) and

Proposition 1.1, we have that, uniformly for x ≥ γλ(t),

K3 ≤
∑

n>(1+ν)λ(t)

(
nF (xp−1) + C(eμ+nx−1)p

)
P(N(t) = n)

(3.9)

= F (xp−1)EN(t)1{N(t)>(1+ν)λ(t)}
+ C(eμ+x−1)pE(N(t))p1{N(t)>(1+ν)λ(t)} = o(λ(t)F (x)).
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Therefore, the desired result follows from (3.4) (3.7) and (3.9) imme-
diately.

4. Applications to the END compound renewal risk model.
In this section, all limit relationships hold for x tending to ∞, unless
stated otherwise. Motivated by [1], we study the asymptotic behavior
of the finite-time ruin probability in the END compound renewal risk
model by using the precise large deviation results in Section 2 for
identically distributed r.v.s. In such a model, the claims at each
accident moment are aggregated from a number of END individual
claims; meanwhile, in the classical risk model, one claim at each
accident time appears. The END compound renewal risk model satisfies
the following three requirements.

Assumption H1. The individual claim sizes {Xi, i ≥ 1} form a
sequence of END nonnegative r.v.s with common distribution F .

Assumption H2. The inter-arrival times {θi, i ≥ 1} are LND
and identically distributed nonnegative r.v.s, which are independent of
{Xi, i ≥ 1}.

Assumption H3. Individual claim sizes and the claim number

caused by the nth accident at the time τn =
∑n

i=1 θi are {X(n)
i , i ≥ 1}

and Nn, respectively. Here, {{X(n)
i , i ≥ 1}, Nn, n ≥ 1} are

independent copies of {{X(1)
i , i ≥ 1}, N1}, {X(1)

i , i ≥ 1} are
END nonnegative r.v.s with common distribution F and finite μ > 0,
and {Ni, i ≥ 1} are independent and identically distributed (i.i.d.)
nonnegative integer-valued r.v.s with common distribution H . In

addition, random sequences {θn, n ≥ 1} and {{X(n)
i , i ≥ 1}, Nn, n ≥

1} are mutually independent, but for each n ≥ 1, {X(n)
i , i ≥ 1} are

not necessarily independent of Nn.

If the individual claim sizes {Xi, i ≥ 1} and the inter-arrival times
{θi, i ≥ 1} are both independent r.v.s, respectively, the model is the so-
called independent compound renewal risk model, which was introduced
by Tang et al. [20]. If N1 = N2 = · · · = 1, then it becomes the classical
renewal risk model.
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The times of successive accidents {τn, n ≥ 1} constitute a counting
process

τ(t) = sup{n ≥ 0 : τn ≤ t}, t ≥ 0,

which represents the number of accidents in the interval [0, t] with mean
function α(t) = Eτ(t). The total claim amount at the time τn and the
total claim amount up to time t ≥ 0 are, respectively,

S
(n)
Nn

=

Nn∑
i=1

X
(n)
i and

τ(t)∑
n=1

S
(n)
Nn

=

τ(t)∑
n=1

Nn∑
i=1

X
(n)
i .

The total number of premiums accumulated up to time t ≥ 0, denoted
by C(t) with C(0) = 0 and C(t) < ∞ almost surely for every
t > 0, is a nonnegative and nondecreasing stochastic process, which

is independent of {θi, i ≥ 1} and {X(n)
i , i ≥ 1}, n ≥ 1. Let δ > 0

be the constant interest rate (that is, after time t a capital x becomes
xeδt). For the initial capital reserve x we can define the finite-time ruin
probability by

Ψ(x, t) = P

(
sup

0<v≤t

( τ(v)∑
n=1

S
(n)
Nn

e−δτn −
∫ v

0

e−δsC(ds)

)
> x

)
.

We derive the asymptotics for the finite-time ruin probability in the
END compound renewal risk model and formulate it as follows.

Theorem 4.1. Assume that assumptions βH1, H2 and H3 are
satisfied. If F ∈ D, H ∈ D, J−

H > 0, xF (x) = o(H(x)) and t1 ∈ (0,∞)
is a constant such that P(θ1 ≤ t1) > 0, then, for any fixed t ≥ t1,
(4.1)

L4
H

∫ t

0

H(μ−1xeδs)α(ds) � Ψ(x, t) � L−7
H

∫ t

0

H(μ−1xeδs)α(ds).

In particular, if H ∈ C, then

(4.2) Ψ(x, t) ∼
∫ t

0

H(μ−1xeδs)α(ds).

To prove Theorem 4.1, we need some lemmas. The first lemma gives a
result in some dependent classical risk model, where N1 = N2 = · · · = 1
(see [25, Lemma 5.2] or [24, Theorem 2.1].
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Lemma 4.1. Assume that the individual claim sizes {Xi, i ≥ 1} are
UND nonnegative r.v.s with common distribution F , and Assumption
H2 is satisfied. If F ∈ D, J−

F > 0 and t1 ∈ (0,∞) is a constant such
that P(θ1 ≤ t1) > 0, then for any t ≥ t1,

LF

∫ t

0

F (xeδs)α(ds) � P

(
sup

0<v≤t

( τ(v)∑
n=1

Xne
−δτn −

∫ v

0

e−rsC(ds)

)
> x

)

� L−2
F

∫ t

0

F (xeδs)α(ds).

Our second lemma investigates the tailed asymptotic behavior of the
random sums by using Corollary 2.1, which will play an important role
in proving Theorem 4.1.

Lemma 4.2. Let {Xi, i ≥ 1} be END nonnegative r.v.s with
common distribution F and finite mean μ > 0, N a nonnegative
integer-valued r.v. with distribution H. If F ∈ D, H ∈ D and
xF (x) = o(H(x)), then

(4.3) LHH(μ−1x) � P(SN > x) � L−1
H H(μ−1x).

In particular, if H ∈ C, then

P(SN > x) ∼ H(μ−1x).

Note that, in this result, {Xi, i ≥ 1} are not necessarily independent
of N .

Proof. We firstly prove the right-hand inequality of (4.3). For any
fixed 0 < ε < 1 and x > 0,

(4.4)

P(SN > x) = P(SN > x, N ≤ (1− ε)μ−1x)

+ P(SN > x,N > (1− ε)μ−1x)

≤ P(S
(1−ε)μ−1x� > x) +H((1− ε)μ−1x).
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Applying Corollary 2.1 with γ = γ(ε) = ε(1 − ε)−1μ and by xF (x) =
o(H(x)), H ∈ D, we get

(4.5)

P(S
(1−ε)μ−1x� > x) ≤ P(S
(1−ε)μ−1x�
− (1 − ε)μ−1x�μ > εx)

≤ L−1
F (1− ε)μ−1x�F (εx)

= o(H(x)).

By H ∈ D, we have

lim
ε↘0

lim sup
x→∞

H((1 − ε)μ−1x)

H(μ−1x)
= L−1

H(4.6)

and

lim
ε↘0

lim inf
x→∞

H((1 + ε)μ−1x)

H(μ−1x)
= LH .

Thus, from (4.4) (4.6), we obtain the right-hand inequality of (4.3).

Secondly, we prove the left-hand inequality of (4.3). Analogously to
(4.4), the lower bound for P(SN > x) can be established by

(4.7)

P(SN > x) ≥ P(S�(1+ε)μ−1x > x,

N > (1 + ε)μ−1x)

≥ H((1 + ε)μ−1x)− P(S�(1+ε)μ−1x ≤ x).

Since {Xi, i ≥ 1} are END nonnegative r.v.s, by Markov’s inequality
and Proposition 1.2, we have for any t > 0

(4.8)

P(S�(1+ε)μ−1x ≤ x) ≤ ehxEe−hS�(1+ε)μ−1x�

≤ M
(
ehμ/1+εEe−hX1

)(1+ε)μ−1x

.

Note that the function f(h) := ehμ/1+εEe−hX1 satisfies f(0) = 1
and f ′(0) = −ε(1 + ε)−1μ < 0; hence, there exists a sufficiently
small number h0 > 0 such that f(h0) < 1. Then, clearly, ρ :=
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(f(h0))
(1+ε)μ−1 ∈ (0, 1). Taking h = h0 in (4.8), by Proposition 1.1,

we have

(4.9) P(S�(1+ε)μ−1x ≤ x) ≤ Mρx = o(H(x)).

The desired result now follows from (4.6), (4.7) and (4.9).

Proof of Theorem 4.1. Clearly, {S(n)
Nn

, n ≥ 1} are i.i.d. r.v.s with
common distribution, denoted by G. Obviously, (4.3) and H ∈ D
imply G ∈ D. Furthermore, by (4.3), we have for any y > 1,

G
∗
(y) = lim sup

x→∞
G(xy)

G(x)

= lim sup
x→∞

G(xy)

H(μ−1xy)
· H(μ−1x)

G(x)
· H(μ−1xy)

H(μ−1x)

≤ L−2
H H

∗
(y),

which, by J−
H > 0, implies

(4.10) J−
G ≥ L−2

H

(
− lim

y→∞
logH

∗
(y)

log y

)
= L−2

H J−
H > 0.

Analogously, for any y > 1, we can prove G∗(y) ≥ L2
HH∗(y), so,

LG = limy↘1 G∗(y) ≥ L3
H . By G ∈ D and (4.10), we can apply

Lemma 4.1 to obtain, for any t ≥ t1,

(4.11) LG

∫ t

0

G(xeδs)α(ds) � Ψ(x, t) � L−2
G

∫ t

0

G(xeδs)α(ds).

Using Lemma 4.2, we have

(4.12)

∫ t

0

G(xeδs)α(ds)

=

∫ t

0

(
L−1
H H(μ−1xeδs)+L−1

H H(μ−1xeδs)

(
G(xeδs)

L−1
H H(μ−1xeδs)

−1

))
α(ds)

� L−1
H

∫ t

0

H(μ−1xeδs)α(ds),
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which, combining (4.11) and LG ≥ L3
H , yields the right-hand side of

(4.1). In the same manner, we can also get the left-hand side of (4.1).
This ends the proof of Theorem 4.1.
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