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NATURAL BOUNDARIES OF
A FAMILY OF DIRICHLET SERIES

ALEXANDRU ZAHARESCU AND MOHAMMAD ZAKI

ABSTRACT. We study the natural boundary of the Dirich-
let series

A(m)A(k)

Fomals)= Y Hlaloglm+ k)7 =200,

m,k>1
mk=b (mod q)

where A is the classical Von Mangoldt function, H is a smooth
periodic function with period 1, a > 0 is a real number and
b,q > 0 are integers with (b,q) = 1.

1. Introduction. Let v¢y(s) be a Dirichlet series given by ¢ (s) =
Yoo ak(m)/n®, 1 <k <r, and consider the multiple Dirichlet series

i ar(mi)  az(ma)

mit  (mq + mo)s2

M8

\Ijr(sla' .. 7ST|¢1" .. ad}’r) -

mi=1 m,=1
ar(my)

'(m1+...+mr)sr

Matsumoto and Tanigawa [14] showed that U, (s1, ..., 8, | ¥1,... %)
can be continued meromorphically to C" if, for each k € {1,2,... ,r},
Yr(s) = Do ag(m)/n® is absolutely convergent for o = R(s) >
ar > 0, can be continued meromorphically to the whole plane C,
holomorphic except for a possible pole of order at most 1 at s = ay,
and of polynomial order in any fixed strip o1 < o < 03. They also
described explicitly the location of the singularities. In particular, if
all ¥ (s) are entire, then ¥,.(s1,... ,8, | ¥1,...,%,) is also entire. One
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of the tools employed in the proof of this result is the Mellin-Barnes
formula
1 (s —2)'(z)

where s,A € C, A £ 0, |arg\| < 7, R(s) > 0, 0 < ¢ < R(s), and the
path of integration is the vertical line from ¢ — ioco to ¢ 4 ico. Egami
and Matsumoto [4] also point out that, if one assumes that 1(s),
1 < k < r, have finitely many poles, then W,(s1,...,s, | ¥1,...,%;)
can be continued meromorphically to C". If ¥(s), 1 < k < r, have
infinitely many poles, then the behavior of W,.(s1,..., s, | ¥1,... %)
might be quite different. Let A(n) be the Von Mangoldt function, and
let

¢(s) n=1 n
Define
_ LSS ARAm) X Ga(n)
where

Ga(n) = > A(k)A(m).

k+m=n

It is easy to see that ¢o(s) converges absolutely for R(s) > 2. Fujii [6]
showed that, if we assume RH, then

S Galn) = 3a* ~ H(z) + O((wlog)*/%)

n<x

where H(z) = 23, 21 /p(1 + p). For more results on Ga(n), the
reader is referred to [6, 9, 15]. In [4], Egami and Matsumoto proved
the following result.

Assuming RH, ¢2(s) has a meromorphic continuation to R(s) > 1,
and holomorphic except for the simple pole at s = 2 with residue 1, and
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s = 1+ p with residue —2n(p)/p for every nontrivial zero p of ((s),
where n(p) is the multiplicity of p.

By applying Perron’s formula, we find that

1 c+iT s
S Gan) = T/ 6(s) ds + O(T~122%), ¢>2.
YINA S

n<zx c—iT

By shifting the path of integration to R(s) = 1 + &, one finds that
1/222 — H(z) equals the sum of the residues. So, it is reasonable to
say that the properties of H(z) are closely related to the behavior of
¢2 (S)

Let Z denote the set of imaginary parts of nontrivial zeros of ((s). It is
a well-known conjecture that the elements of 7 are linearly independent
over the rationals. The following is a special case of this conjecture.

(Condition A). If y; €T (1< j <4), and y1 +72 = 73 + 7 (#0),
then (7y3,74) equals (7y1,72) or (v2,71)-

Fujii [7] studied additive properties of the zeros of ((s), and proved
that the set

M+ 772 €Z,n >0, >0}

is uniformly distributed modulo 1. In [4], the following hypothesis is
introduced.

(Condition B). There exists a constant o, with 0 < o < w/2, such
that if v; €T (1< j <4), 1+ #0, and (v3,74) is neither equal to
(71:72) mor to (v2,m), then

|(v1 +72) = (v3 +7a)| = exp (—a (|| + [va] + |[va] + [1al)) -

It is proved in [4] that, under RH, and (B), %(s) = 1 is the natural
boundary of ¢2(s). A number of authors including Kluyver [10],
Landau [12] and Landau and Walfisz [13] investigated the analytic
continuation and the natural boundary of the series Zp p~°, s € C,
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where p runs over the primes. Estermann [5] gave a criterion for a
certain class of Dirichlet series which have Euler products to indicate
when the series can be continued to the whole plane, and when it has
a natural boundary. The natural boundaries of Euler products in more
general situations were studied by Dahlquist [3] and Kurokawa [11].
Bhowmik, Essouabri and Lichtin [2] recently discussed a multi-variable
generalization of their works.

In [18], the authors considered the function F ; p.(s) defined by

A(m)A (k)

Fovma(s) = Z H(alog(m + k)) CE

m,k>1
mk=b (mod q)

for any positive integer ¢ any integer b relatively prime to ¢, any smooth
periodic function H with period 1, and any real number « > 0. They
proved the following result:

Let b and q > 0 be integers with (b,q) = 1. Let H € C*(R) be periodic
with period 1, and oo > 0. Assuming GRH, Fyp m,q(s) has an analytic
continuation to the half plane R(s) > 3/2, except for simple poles at
s =24 2mian.

In this paper, we study the natural boundary of Fy j i o(s) for various
choices of ¢, b, H, and a.

2. Natural boundary. Assume that H has period 1, H € C?(R),

and .
Ht) =3 caclnt),  on= /0 H(t)e(—nt) dt.

Here, we have that ¢, <pg 1/ n3. In this section our first objective is
to show that $ts = 3/2 is the natural boundary of

A(mi)A(m2)

(m1 + m2)

Fr (s Z ZHalogml—i—m))

mi1>1me>1

for most values of o > 0. In [18], it is shown that F o(s) is meromor-
phic for R(s) > 3/2 and equals ) 5 cnd2(s — 2mian). Fu «(s) has a



NATURAL BOUNDARIES OF DIRICHLET SERIES 665

singularity at each point of the form 3/2 4 i(y + 2wran) where v € I,
ie, ¢((1/2)+iv) =0, and n € Z.

For a > 0 and A C Z, let Dy o denote the set

1
DA,a:{*y+27rom n e A, (( —|—w> 0}.

Theorem 1. Assume Riemann hypothesis. Let o > 0 be a real
number such that there exist only finitely many tuples (n,n’,~y,~") with
v # 4" for which v + 2ran = +' + 2man’. Let H € C3(R) be
periodic with period 1. Also assume that infinitely many of the Fourier
coefficients of H are nonzero. Then the line Rs = 3/2 is the natural
boundary of

_ A(m1)A(me)
FH’O‘(S) - mgl mng alog ™ m )) (ml + m2)
= Z Cm@2(s — 2waim).
meZ

Remark 1. If E denotes the set of all @ > 0 which does not satisfy the
hypothesis of the theorem above, then E is countable. Also, observe
that, if > 0 satisfies the hypothesis, then there exists an N € N such
that, for all n > N and all m € Z, 1/2 +i(k — 2mram), k = v + 27an,
is not a zero of the Riemann zeta function ((s). We fix the least such
N and denote it by N,.

Remark 2. If & > 0, and A C Z is an infinite set, then the set D4 , is
dense. This follows immediately from the classical result of Littlewood
which states that the distance between consecutive imaginary parts of
zeros of ((s) tends to 0.

2.1. Proof of Theorem 1. Assume that o > 0 satisfies the
hypothesis of Theorem 1. Fp 4(s) is holomorphic in fs > 3/2, except
for simple poles at s = 2+ 2mwian for each n € Z. Also, for each n € Z
and v € I, Fy o(s) has a singularity at (3/2) 4+ i(y + 2wan) (see [18]).
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We have proved earlier that the set
Dy, ={y+2ran:neZ,vel}.

is dense in R.

By the definition of «, there exists an N, such that, for all n > N,
for all v € I and for all integers m, we have that (1/24i(k — 2mram)
with K = v+ 2man, is not a zero of {(s). Fix such an n so that ¢, # 0.
Recall that ¢2(s) has a simple pole at s = (3/2) + iy with residue
—2n(p)/p. So, ¢p2(s — 2min) has a simple pole at s = (3/2) + ix. Fix
0<n<1. Let

$2(z — 2main) = ((3/2 i +Zak<z—< +m>)k

be the Laurent series expansion of ¢o(z — 2main) at z = (3/2) + ix.
Then,

3 . a_1 > k
(2.1) ¢2<n+§+lﬁ>27+zakn.
k=0
Define
hn(s) = Z Cm@2(s — 2maim).
miZ

We want to investigate the behavior of Fiy o (s) as s tends to (3/2) + ik
horizontally. Put s = n+ (3/2) + ik into h,(s). We get

3 . 3 .
hn<77+§+m> zrnze:zcm¢2<n+§+z(n—27mm)).
m#n

y (3.9) in [4], we have that, for § > 0, and Rs > 1,
M(s—1)

$2(s) = ——— —log(2m) M (s)
1 D(s—2)I(z)M(2)M(s — 2)
(2.2) tom /( 5 T(s) dz
I'(s = p)T'(p)M(s — p)
2 I'(s)



NATURAL BOUNDARIES OF DIRICHLET SERIES 667

Plugging in s = n+ (3/2) + i(k — 2mram) in equation (2.2), we get

(2.3) o <n + g +i(k— 27ram))

_ M(n+ (1/2) +i(k — 2mam))
n+(1/2) + i(k — 2mam)
1 L(n+ 2 +i(k — 2mam) — z)
o s 1
" D(z)M(2)M(n+ 3 + i(k — 2mam) — z) iz
L(n+ 2 +i(k — 2ram))

B Z Fn+ 3+ i(/@l— 2ram) — p)

— log(2m) M (n + ; + ik — 27Tam))

pel
L(p)M (n+ 2 +i(k — 2mam) — p)

X
L(n+ 2 +i(k — 2ram))

We now consider the first term in (2.3):
M+ (1/2) +i(k — 2mam))
n+ (1/2) +i(k — 2mam)
We also recall that, uniformly for s = o +it, -1 < o < 2,

¢(s)

where the sum is limited to those p for which |y —¢| < 1 ([17, Theorem
9.6 (A)]). Now consider the sum

(2.4) M(s) = _¢s) =— Z ﬁ + O(log |t] + 2),

Z M(n+ (1/2) +i(k — 2ram))
-~ cm n+(1/2) +i(k — 2ram)
m#n
Fix a positive integer L, and divide this sum into two sums according
to |m| < L and |m| > L.

First consider the sum

M(n+ (1/2) + i(k — 2mam))
Z Cm n+ (1/2) +i(k — 2ram)

meZ
m#n
|m|>L
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Note that, if we put s = (1/2) + n + i(k — 2ram) into (2.4), then we

get
1 . _ ¢((@/2) + n+i(k — 2mam))
{5 o+ amem) ) = = e
1
:_Xp: (1/2) +n+i(k —2mam) — p
+ O(log(m — 2ram| + 2))
1

= O(H log(|x — 2mam| + 2))

Thus,

M(n+ (1/2) +i(k — 2mam))
Z cm n+(1/2) +i(k — 2mram)

meZ
m#n
|m|>L
(1/m) log(|rs — 2mam| +2)
= O m
(Z [em |k — 2mam| + 2
s

|m|>L

_ 1 Z 1 log(|x — 2mam| +2)
B m? |k —2mam|+2

N meZ
|m|>L

1 1
=0 .an(_ _)
|m|>L

1
0n()

Next, consider the sum
M(n+ (1/2) + i(k — 2mam))

Z Cm n+(1/2) +i(k — 2ram)

meZ
m#n
|m|<L
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Note that « is such that (1/2) + i(k — 2mraim) is not a zero of ((s) for
any |m| < L. For z = n+ (1/2) +i(k — 2ram), and for any zero p of

C(S))
1 1

< - .
2= pl = 1(1/2) + i(r — 2mam) — 7l
Thus, we find that

M(n+(1/2) +i(k — 2mram))
mze:z o n+(1/2) +i(k — 2mam) - O%aﬂ%L(l)-
m#n
|m|<L

Putting this all together, we get

77+ 1/2)—}—@(,{_27{.&7”)) B )
7% m n+ 1/2)+Z(I€—27Tam) _O%a,n,L(l)—f—O(n_L).

m#n

Let € > 0 be given. Choose L = |1/¢|. Then, we have that the sum
above is

9
O| = ) + Ocry,an(1).
() +0cantt)

Thus, with «, v and n fixed,

M+ (1/2) +i(k — 2mam))
n+ (1/2) +i(k — 2ram)

eB
C -
\s 0+,

m

' meZ
m#n

where C(¢) is a constant independent of  and f is a constant indepen-

dent of both ¢ and 7.

We remark here that a similar argument was applied to get rid of
Condition (B) of [4], see Bhowmik [1].

In what follows, we will make use of the following well-known estimate
on I'(s).
|S|07(1/2)67ﬂ—/2‘t|€70/3 < F(S) < |S|07(1/2)ef7r/2|t\’
for s = o + it with 0 < o < [t].
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Here the implied constants are absolute and independent of o and t.
This implies that

3
sup F<77—|— ——|—5—|—i(/€—2ﬂ'o¢m—t)>
t€R 2

me

= supl"(n—i-%—i—&—i—iu) =0(1).
u€ER 2
Also, sup,cg I'(—=6 + it) = O(1), since I'(=d +it) = 1/(—0 +it)['(1 —
8+ it).
Next, consider the integral in (2.3) which we denote by Z,,(s):

1 L(n+ 2 +i(k — 2mam) — 2)
2mi J (s 1
D(z)M(2)M(n+ 3 + i(k — 2mam) — z)
L(n+ 2 +i(k — 2ram))

dz

Note that M(—d+it) = O(log |t|+2), and M (n+(3/2)+i(k—2mram)—
z) = O(1). So the integral is

dt.

- /°° log([t| + 2)|T(n + 2 + i(k — 2mam) + & — it)T(=5 + it)]
s IT(n+ 2 +i(k — 2mam))|

For each m € Z, let us denote L, = [y+2ra(n—m)]/2 = [k—2mam]/2.

Let mg be the largest integer such that L,,, > 0. Then Ly, 4+ < 0 for

all k € Z. Also, for all m € Z, |Ly, — Lypy1| = wov. So, |Lpg+k| > mak
for all k € Z. By applying Stirling’s formula, the integral is

dt

> log(|t| + 2)[T(n + (3/2) + 6 + i(2Ly, — 1))[|T(=6 + it)|
< /_oo T(n+ 2 +i2L.,)|
< exp(mly)(2l,) "1

X / exp (%ﬂ(|t| + 2L, — t|> log([t] + 2)|

— 0o

(|t| + D)= (|t — 2L, | + 1) 70 ay,

where 1, = |Ly,|.
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Let
o -7
7i(s) = [~ o (G + 1220 1))

— 00

< log(It] +2)I(1t] + 17~ V2 ([ = 2Lin| + 1),

Assume that m < mg. Then L,, > 0. We break up the above integral
as Ji + Jo + J3, where J; is the integral over the interval [—o0, 0], Jo
is the integral over the interval [2[,,, oc] and J3 is the integral over the
interval [0, 2[,,].

Next we get an estimate of Js.

U,
']3 = exp(_ﬂ-lm)/ 10g(t —|— 2)|(t —|— 1)_6_(1/2)(2lm _ t + 1)1+n+6dt
0
lm
= exp(—wlm)/ log(t + 2)|(t + 1)~ /D (2L, — t + 1)1+
0
2l'rn
+eXp(_7Tl’”)/ log(t+2)|(|t|+1)~°~ /2 (2L, —t+ 1) 70t
l'm,
lm
<L exp(—7ly) X / log(t 4+ 2)|(t + 1)~ /2 (21, + 1)1+t
0

2l'm
+ exp(—wlm)/ 10g(lm +2)| (L +1) 70~/ (21, —t +1) 704t
l

m

< exp(—7ly) 1T D og (1, + 2).
Similarly, one can easily show that
Jy < exp(—=mlp ) (1m0,

and, also

Jo < exp(=mlpm ) (2l,) "0~ /2 log(2L,,).
Thus,

To(s) < exp(—=mlm)li 0 (1og L + 2).

Now assume that m > mg. Then L,, < 0. By changing variables we
get

Ty(s) = /DQ exp (%”(m + 2L, —|—t|)

— 00

x log([t| + 2)[([t] + 1) 70~ V2 (| =t — 2L, | + 1)1+t
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Since L,, = —l,,, we have that
& -7
Ts(s) = / exp (7(|t| +| =2, —|—t|>

x log([t| + 2)|(t] + 1) 70~ A/2 (| =t + 20, | + 1) 0at

= [ e (S 2 )

x log([t| +2)|(|t] + 1) 70~ W/2 (|t — 21,,,| + 1) 794t
As before, we can show that
Ty(s) < exp(—mly) Lt (log L + 2).

Hence,
1
Zm(s) < 12,(logly, +2)2.

Next, observe that the second term in (2.3) is O(1). Lastly, we
consider the sum

3 +i(k —2mam) —
Bm(s)zzf(n+2+ (1 2ram) — p)
L(p)M(n + 3 +i(k — 2mam) — p)
L(n+ 3 +i(k — 2ram))

This sum is
1
I'(n+(3/2) +i2L,,)

3 .
X Z log(|2L,,, — /| +2)T <17 + 5 +i(2L, — p)l"(p).
p:%+i’y’€]

<

Note that, by Stirling’s formula, we have

B (s) < exp(mlyn ) (2ln) """
—T
> e (1 1)
p:%+i’y’€]
x 10g(|2lm = 7'+ 2)(|2lm — /| + 1))
= exp(Tly ) (20,,) "7 HCy + Co + Cs),
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where

—T
G- Y e (G- 1)

p=(1/2)+in"el
v'<0

X 10g(|2lm — | + 2) (|2 — +'| + 1) /2,
—T
G- X oG+ -1D)

p=(1/2)+iv"el
N >20m,

% 10g(12lm —~'| + 2)(|2lm — +'| + 1)7T1/2),

and
—T
G= e (7“7" + |2 - ’y’l))
p=(1/2)+iv" el
0<y' <28,
% 10g(|2lm — | + 2) (|20 — A + 1) /2,
Note that

C1 = exp(—7lm) Z exp(—m7")
p=(1/2)+iv' €l
~'>0
X 1082l + 7 + 2) (2l + 4"+ 1)1HE/2),
Divide C; into two sums according to 0 < +" < 2[,,, and v > 2i,,.
Applying partial summation to the sum over 0 < 4 < 2l,,,, we have
that it is O((2l,,)"(/?)1og2l,,. Also, the sum over v > 2l,, is of
exponential decay uniformly in m, and one can show that
Cy < exp(—mly )((21m)"T ) log 21,,.

By partial summation, we have that

Cy =exp(—7ly) > exp(—mY)

p=(1/2)+iv" el
N >20m,

x log(y' — 2l +2)(y — 2, + 1)"1/2)
< exp(—wlm)/ exp(—mt)
2

Im

x tlogtlog(t — 2l + 2)(t — 21, 4+ 1)771/2)
< exp(—lm)((2lm) /) (log 21,
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We can similarly show that
Cs < exp(—7lm ) ((20m)" 3/ (log 21,,)?.
We conclude that
B (s) < 112 (10g 1 4 2)* <oy m.

Since H € C3(R), it follows that > mez.men |cmBm(s)| is convergent.
We deduce that

3
hn(n+§+ili)<<0(€)+¥+l),

where C(¢) is a constant independent of 7, 3 is a constant independent
of both ¢ and 7, and D is independent of 1. Since € can be chosen
arbitrarily, it is now clear that Fi (n+ (3/2) +ik) — oo as n — 0T.
Hence, (3/2) + ix is indeed a singularity of Fiyo(s). This completes
the proof of Theorem 1.

Theorem 2. Assume the Riemann hypothesis. Let o > 0 be a
real number such that there exist only finitely many tuples (n,n’,~v,~")
with v # ' for which v + 2man = ' + 2ran’. Let H € C3(R) be
periodic with period 1. Also assume that infinitely many of the Fourier
coefficients of H are nonzero. Then the line Rs = 3/2 is the natural
boundary of

A
Fovma(s) = Z H(alog(m + k)) m
m,k>1
mk=b (mod q)

Proof of Theorem 2. For a Dirichlet character X modulo the prime g,

let
Gof X
-y v A k+m Z 2

k=1m=1 n=1

> AR)A(m)X (k)X (m).

k+m=n

where
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Let us denote

P ials) = m% H(alog(m + k))A(m>(ATff>+Xg:>X<k>
= Z cnd2(s — 2mian, X).
nez

It is shown in [18] that, if X is a nonprincipal character modulo g,
then Fy m,a(s) is holomorphic in s > 1. Also, if X is the principal
character modulo ¢, then Fy, p.o(s)—FH,q(s) is holomorphic in s > 1.
Now note that

Fq,b,H,a(S) = Z %H(O& 1og(m + k‘))

= > X(b)FPr.mals).

Theorem 2 now follows from Theorem 1.

Acknowledgments. The authors are grateful to the referee for
many useful comments and suggestions.
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