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NATURAL BOUNDARIES OF
A FAMILY OF DIRICHLET SERIES

ALEXANDRU ZAHARESCU AND MOHAMMAD ZAKI

ABSTRACT. We study the natural boundary of the Dirich-
let series

Fq,b,H,α(s) =
∑

m,k≥1
mk≡b (mod q)

H(α log(m + k))
Λ(m)Λ(k)

(m + k)s
,

where Λ is the classical Von Mangoldt function, H is a smooth
periodic function with period 1, α > 0 is a real number and
b, q > 0 are integers with (b, q) = 1.

1. Introduction. Let ψk(s) be a Dirichlet series given by ψk(s) =∑∞
m=1 ak(m)/ns, 1 ≤ k ≤ r, and consider the multiple Dirichlet series

Ψr(s1, . . . , sr|ψ1, . . . , ψr) =

∞∑
m1=1

· · ·
∞∑

mr=1

a1(m1)

ms1
1

a2(m2)

(m1 +m2)s2

· · · ar(mr)

(m1 + · · ·+mr)sr

Matsumoto and Tanigawa [14] showed that Ψr(s1, . . . , sr | ψ1, . . . , ψr)
can be continued meromorphically to Cr if, for each k ∈ {1, 2, . . . , r},
ψk(s) =

∑∞
m=1 ak(m)/ns is absolutely convergent for σ = �(s) >

αk > 0, can be continued meromorphically to the whole plane C,
holomorphic except for a possible pole of order at most 1 at s = αk,
and of polynomial order in any fixed strip σ1 ≤ σ ≤ σ2. They also
described explicitly the location of the singularities. In particular, if
all ψk(s) are entire, then Ψr(s1, . . . , sr | ψ1, . . . , ψr) is also entire. One
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of the tools employed in the proof of this result is the Mellin-Barnes
formula

(1.1) (1 + λ)−s =
1

2πi

∫
(c)

Γ(s− z)Γ(z)

Γ(s)
λ−zdz

where s, λ ∈ C, λ �= 0, | argλ| < π, �(s) > 0, 0 < c < �(s), and the
path of integration is the vertical line from c − i∞ to c + i∞. Egami
and Matsumoto [4] also point out that, if one assumes that ψk(s),
1 ≤ k ≤ r, have finitely many poles, then Ψr(s1, . . . , sr | ψ1, . . . , ψr)
can be continued meromorphically to Cr. If ψk(s), 1 ≤ k ≤ r, have
infinitely many poles, then the behavior of Ψr(s1, . . . , sr | ψ1, . . . , ψr)
might be quite different. Let Λ(n) be the Von Mangoldt function, and
let

M(s) = −ζ
′(s)
ζ(s)

=

∞∑
n=1

Λ(n)

ns
.

Define

φ2(s) = Ψ(0, s;M,M) =

∞∑
k=1

∞∑
m=1

Λ(k)Λ(m)

(k +m)s
=

∞∑
n=1

G2(n)

ns
,

where

G2(n) =
∑

k+m=n

Λ(k)Λ(m).

It is easy to see that φ2(s) converges absolutely for �(s) > 2. Fujii [6]
showed that, if we assume RH, then

∑
n≤x

G2(n) =
1

2
x2 −H(x) +O((x log x)4/3),

where H(x) = 2
∑

ρ x
1+ρ/ρ(1 + ρ). For more results on G2(n), the

reader is referred to [6, 9, 15]. In [4], Egami and Matsumoto proved
the following result.

Assuming RH, φ2(s) has a meromorphic continuation to �(s) > 1,
and holomorphic except for the simple pole at s = 2 with residue 1, and
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s = 1 + ρ with residue −2η(ρ)/ρ for every nontrivial zero ρ of ζ(s),
where η(ρ) is the multiplicity of ρ.

By applying Perron’s formula, we find that

∑
n≤x

G2(n) =
1

2πi

∫ c+iT

c−iT

φ2(s)
xs

s
ds+O(T−1x2+ε), c > 2.

By shifting the path of integration to �(s) = 1 + ε, one finds that
1/2x2 − H(x) equals the sum of the residues. So, it is reasonable to
say that the properties of H(x) are closely related to the behavior of
φ2(s).

Let I denote the set of imaginary parts of nontrivial zeros of ζ(s). It is
a well-known conjecture that the elements of I are linearly independent
over the rationals. The following is a special case of this conjecture.

(Condition A). If γj ∈ I (1 ≤ j ≤ 4), and γ1 + γ2 = γ3 + γ4 (�= 0),
then (γ3, γ4) equals (γ1, γ2) or (γ2, γ1).

Fujii [7] studied additive properties of the zeros of ζ(s), and proved
that the set

{γ1 + γ2 : γ1, γ2 ∈ I, γ1 > 0, γ2 > 0}
is uniformly distributed modulo 1. In [4], the following hypothesis is
introduced.

(Condition B). There exists a constant α, with 0 < α < π/2, such
that if γj ∈ I (1 ≤ j ≤ 4), γ1 + γ2 �= 0, and (γ3, γ4) is neither equal to
(γ1, γ2) nor to (γ2, γ1), then

|(γ1 + γ2)− (γ3 + γ4)| ≥ exp (−α (|γ1|+ |γ2|+ |γ3|+ |γ4|)) .

It is proved in [4] that, under RH, and (B), �(s) = 1 is the natural
boundary of φ2(s). A number of authors including Kluyver [10],
Landau [12] and Landau and Walfisz [13] investigated the analytic
continuation and the natural boundary of the series

∑
p p

−s, s ∈ C,
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where p runs over the primes. Estermann [5] gave a criterion for a
certain class of Dirichlet series which have Euler products to indicate
when the series can be continued to the whole plane, and when it has
a natural boundary. The natural boundaries of Euler products in more
general situations were studied by Dahlquist [3] and Kurokawa [11].
Bhowmik, Essouabri and Lichtin [2] recently discussed a multi-variable
generalization of their works.

In [18], the authors considered the function Fq,b,H,α(s) defined by

Fq,b,H,α(s) =
∑

m,k≥1
mk≡b (mod q)

H(α log(m+ k))
Λ(m)Λ(k)

(m+ k)s
,

for any positive integer q any integer b relatively prime to q, any smooth
periodic function H with period 1, and any real number α > 0. They
proved the following result:

Let b and q > 0 be integers with (b, q) = 1. Let H ∈ C2(R) be periodic
with period 1, and α > 0. Assuming GRH, Fq,b,H,α(s) has an analytic
continuation to the half plane �(s) > 3/2, except for simple poles at
s = 2 + 2πiαn.

In this paper, we study the natural boundary of Fq,b,H,α(s) for various
choices of q, b, H , and α.

2. Natural boundary. Assume that H has period 1, H ∈ C3(R),
and

H(t) =
∑
n∈Z

cne(nt), cn =

∫ 1

0

H(t)e(−nt) dt.

Here, we have that cn �H 1/n3. In this section our first objective is
to show that �s = 3/2 is the natural boundary of

FH,α(s) =
∑
m1≥1

∑
m2≥1

H(α log(m1 +m2))
Λ(m1)Λ(m2)

(m1 +m2)s

for most values of α > 0. In [18], it is shown that FH,α(s) is meromor-
phic for �(s) > 3/2 and equals

∑
n∈Z cnφ2(s − 2πiαn). FH,α(s) has a
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singularity at each point of the form 3/2 + i(γ + 2παn) where γ ∈ I,
i.e., ζ((1/2) + iγ) = 0, and n ∈ Z.

For α > 0 and A ⊆ Z, let DA,α denote the set

DA,α =

{
γ + 2παn : n ∈ A, ζ

(
1

2
+ iγ

)
= 0

}
.

Theorem 1. Assume Riemann hypothesis. Let α > 0 be a real
number such that there exist only finitely many tuples (n, n′, γ, γ′) with
γ �= γ′ for which γ + 2παn = γ′ + 2παn′. Let H ∈ C3(R) be
periodic with period 1. Also assume that infinitely many of the Fourier
coefficients of H are nonzero. Then the line �s = 3/2 is the natural
boundary of

FH,α(s) =
∑
m1≥1

∑
m2≥1

H(α log(m1 +m2))
Λ(m1)Λ(m2)

(m1 +m2)s

=
∑
m∈Z

cmφ2(s− 2παim).

Remark 1. If E denotes the set of all α > 0 which does not satisfy the
hypothesis of the theorem above, then E is countable. Also, observe
that, if α > 0 satisfies the hypothesis, then there exists an N ∈ N such
that, for all n > N and all m ∈ Z, 1/2 + i(κ− 2παm), κ = γ + 2παn,
is not a zero of the Riemann zeta function ζ(s). We fix the least such
N and denote it by Nα.

Remark 2. If α > 0, and A ⊆ Z is an infinite set, then the set DA,α is
dense. This follows immediately from the classical result of Littlewood
which states that the distance between consecutive imaginary parts of
zeros of ζ(s) tends to 0.

2.1. Proof of Theorem 1. Assume that α > 0 satisfies the
hypothesis of Theorem 1. FH,α(s) is holomorphic in �s > 3/2, except
for simple poles at s = 2+ 2πiαn for each n ∈ Z. Also, for each n ∈ Z
and γ ∈ I, FH,α(s) has a singularity at (3/2) + i(γ + 2παn) (see [18]).
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We have proved earlier that the set

Dα = {γ + 2παn : n ∈ Z, γ ∈ I} .
is dense in R.

By the definition of α, there exists an Nα such that, for all n > Nα,
for all γ ∈ I and for all integers m, we have that (1/2+i(κ − 2παm)
with κ = γ+2παn, is not a zero of ζ(s). Fix such an n so that cn �= 0.
Recall that φ2(s) has a simple pole at s = (3/2) + iγ with residue
−2n(ρ)/ρ. So, φ2(s− 2παin) has a simple pole at s = (3/2) + iκ. Fix
0 < η < 1. Let

φ2(z − 2παin) =
a−1

z − ((3/2) + iκ)
+

∞∑
k=0

ak

(
z −

(
3

2
+ iκ

))k

be the Laurent series expansion of φ2(z − 2παin) at z = (3/2) + iκ.
Then,

(2.1) φ2

(
η +

3

2
+ iκ

)
=
a−1

η
+

∞∑
k=0

akη
k.

Define
hn(s) =

∑
m∈Z
m �=n

cmφ2(s− 2παim).

We want to investigate the behavior of FH,α(s) as s tends to (3/2)+ iκ
horizontally. Put s = η + (3/2) + iκ into hn(s). We get

hn

(
η +

3

2
+ iκ

)
=
∑
m∈Z
m �=n

cmφ2

(
η +

3

2
+ i(κ− 2παm)

)
.

By (3.9) in [4], we have that, for δ > 0, and �s > 1,

(2.2)

φ2(s) =
M(s− 1)

s− 1
− log(2π)M(s)

+
1

2πi

∫
(−δ)

Γ(s− z)Γ(z)M(z)M(s− z)

Γ(s)
dz

−
∑
ρ∈I

Γ(s− ρ)Γ(ρ)M(s− ρ)

Γ(s)
.
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Plugging in s = η + (3/2) + i(κ− 2παm) in equation (2.2), we get

(2.3) φ2

(
η +

3

2
+ i (κ− 2παm)

)

=
M(η + (1/2) + i(κ− 2παm))

η + (1/2) + i(κ− 2παm)
− log(2π)M

(
η +

3

2
+ i(κ− 2παm)

)

+
1

2πi

∫
(−δ)

Γ(η + 3
2 + i(κ− 2παm)− z)

1

× Γ(z)M(z)M(η + 3
2 + i(κ− 2παm)− z)

Γ(η + 3
2 + i(κ− 2παm))

dz

−
∑
ρ∈I

Γ(η + 3
2 + i(κ− 2παm)− ρ)

1

× Γ(ρ)M
(
η + 3

2 + i(κ− 2παm)− ρ
)

Γ(η + 3
2 + i(κ− 2παm))

.

We now consider the first term in (2.3):

M(η + (1/2) + i(κ− 2παm))

η + (1/2) + i(κ− 2παm)
.

We also recall that, uniformly for s = σ + it, −1 ≤ σ ≤ 2,

(2.4) M(s) = −ζ
′(s)
ζ(s)

= −
∑
ρ

1

s− ρ
+O(log |t|+ 2),

where the sum is limited to those ρ for which |γ− t| < 1 ([17, Theorem
9.6 (A)]). Now consider the sum∑

m∈Z
m �=n

cm
M(η + (1/2) + i(κ− 2παm))

η + (1/2) + i(κ− 2παm)
.

Fix a positive integer L, and divide this sum into two sums according
to |m| ≤ L and |m| > L.

First consider the sum∑
m∈Z
m �=n
|m|>L

cm
M(η + (1/2) + i(κ− 2παm))

η + (1/2) + i(κ− 2παm)
.
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Note that, if we put s = (1/2) + η + i(κ − 2παm) into (2.4), then we
get

M

(
1

2
+ η + i(κ− 2παm)

)
= −ζ

′((1/2) + η + i(κ− 2παm))

ζ((1/2) + η + i(κ− 2παm))

= −
∑
ρ

1

(1/2) + η + i(κ− 2παm)− ρ

+O

(
log(|κ− 2παm|+ 2)

)

= O

(
1

η
log(|κ− 2παm|+ 2)

)
.

Thus,

∑
m∈Z
m �=n
|m|>L

cm
M(η + (1/2) + i(κ− 2παm))

η + (1/2) + i(κ− 2παm)

= O

( ∑
m∈Z
m �=n
|m|>L

|cm| (1/η) log(|κ− 2παm|+ 2)

|κ− 2παm|+ 2

)

= O

(
1

η

∑
m∈Z
|m|>L

1

m2

log(|κ− 2παm|+ 2)

|κ− 2παm|+ 2

)

= Oγ,α,n

(
1

η

∑
m∈Z
|m|>L

1

m2

)

= Oγ,α,n

(
1

ηL

)
.

Next, consider the sum

∑
m∈Z
m �=n
|m|<L

cm
M(η + (1/2) + i(κ− 2παm))

η + (1/2) + i(κ− 2παm)
.
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Note that α is such that (1/2) + i(κ− 2παm) is not a zero of ζ(s) for
any |m| < L. For z = η + (1/2) + i(κ− 2παm), and for any zero ρ of
ζ(s),

1

|z − ρ| ≤
1

|(1/2) + i(κ− 2παm)− ρ| .

Thus, we find that

∑
m∈Z
m �=n
|m|≤L

cm
M(η + (1/2) + i(κ− 2παm))

η + (1/2) + i(κ− 2παm)
= Oγ,α,n,L(1).

Putting this all together, we get

∑
m∈Z
m �=n

cm
M(η + (1/2) + i(κ− 2παm))

η + (1/2) + i(κ− 2παm)
= Oγ,α,n,L(1) +O

(
1

ηL

)
.

Let ε > 0 be given. Choose L = 
1/ε�. Then, we have that the sum
above is

O

(
ε

η

)
+Oε,γ,α,n(1).

Thus, with α, γ and n fixed,

∣∣∣∣ ∑
m∈Z
m �=n

cm
M(η + (1/2) + i(κ− 2παm))

η + (1/2) + i(κ− 2παm)

∣∣∣∣ ≤ C(ε) +
εβ

η
,

where C(ε) is a constant independent of η and β is a constant indepen-
dent of both ε and η.

We remark here that a similar argument was applied to get rid of
Condition (B) of [4], see Bhowmik [1].

In what follows, we will make use of the following well-known estimate
on Γ(s).

|s|σ−(1/2)e−π/2|t|e−σ/3 � Γ(s) � |s|σ−(1/2)e−π/2|t|,
for s = σ + it with 0 < σ < |t|.
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Here the implied constants are absolute and independent of σ and t.
This implies that

sup
t∈R
m∈Z

Γ

(
η +

3

2
+ δ + i(κ− 2παm− t)

)

= sup
u∈R

Γ

(
η +

3

2
+ δ + iu

)
= O (1) .

Also, supt∈R Γ(−δ + it) = O(1), since Γ(−δ + it) = 1/(−δ + it)Γ(1 −
δ + it).

Next, consider the integral in (2.3) which we denote by Zm(s):

1

2πi

∫
(−δ)

Γ(η + 3
2 + i(κ− 2παm)− z)

1

Γ(z)M(z)M(η + 3
2 + i(κ− 2παm)− z)

Γ(η + 3
2 + i(κ− 2παm))

dz

Note thatM(−δ+it) = O(log |t|+2), andM(η+(3/2)+i(κ−2παm)−
z) = O(1). So the integral is

�
∫ ∞

−∞

log(|t|+ 2)|Γ(η + 3
2 + i(κ− 2παm) + δ − it)Γ(−δ + it)|

|Γ(η + 3
2 + i(κ− 2παm))| dt.

For eachm ∈ Z, let us denote Lm = [γ+2πα(n−m)]/2 = [κ−2παm]/2.
Let m0 be the largest integer such that Lm0 > 0. Then Lm0+k ≤ 0 for
all k ∈ Z. Also, for all m ∈ Z, |Lm − Lm+1| = πα. So, |Lm0+k| > παk
for all k ∈ Z. By applying Stirling’s formula, the integral is

�
∫ ∞

−∞

log(|t|+ 2)|Γ(η + (3/2) + δ + i(2Lm − t))||Γ(−δ + it)|
|Γ(η + 3

2 + i2Lm)| dt

� exp(πlm)(2lm)−η−1

×
∫ ∞

−∞
exp

(−π
2

(|t|+ |2Lm − t|
)
log(|t|+ 2)|

(|t|+ 1)−δ−(1/2)(|t− 2Lm|+ 1)1+η+δdt,

where lm = |Lm|.
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Let

T2(s) =

∫ ∞

−∞
exp

(−π
2

(|t|+ |2Lm − t|
)

× log(|t|+ 2)|(|t|+ 1)−δ−(1/2)(|t− 2Lm|+ 1)1+η+δdt.

Assume thatm < m0. Then Lm > 0. We break up the above integral
as J1 + J2 + J3, where J1 is the integral over the interval [−∞, 0], J2
is the integral over the interval [2lm,∞] and J3 is the integral over the
interval [0, 2lm].

Next we get an estimate of J3.

J3 = exp(−πlm)

∫ 2lm

0

log(t+ 2)|(t+ 1)−δ−(1/2)(2lm − t+ 1)1+η+δdt

= exp(−πlm)

∫ lm

0

log(t+ 2)|(t+ 1)−δ−(1/2)(2lm − t+ 1)1+η+δdt

+ exp(−πlm)

∫ 2lm

lm

log(t+2)|(|t|+1)−δ−(1/2)(2lm−t+1)1+η+δdt

� exp(−πlm)×
∫ lm

0

log(t+ 2)|(t+ 1)−δ−(1/2)(2lm + 1)1+η+δdt

+ exp(−πlm)

∫ 2lm

lm

log(lm+2)|(lm+1)−δ−(1/2)(2lm−t+1)1+η+δdt

� exp(−πlm)lη+(3/2)
m log(lm + 2).

Similarly, one can easily show that

J1 � exp(−πlm)(lm)η+1+δ,

and, also
J2 � exp(−πlm)(2lm)−δ−(1/2) log(2lm).

Thus,
T2(s) � exp(−πlm)lη+1+δ

m (log lm + 2).

Now assume that m > m0. Then Lm < 0. By changing variables we
get

T2(s) =

∫ ∞

−∞
exp

(−π
2

(|t|+ |2Lm + t|
)

× log(|t|+ 2)|(|t|+ 1)−δ−(1/2)(| − t− 2Lm|+ 1)1+η+δdt.
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Since Lm = −lm, we have that

T2(s) =

∫ ∞

−∞
exp

(−π
2

(|t|+ | − 2lm + t|
)

× log(|t|+ 2)|(|t|+ 1)−δ−(1/2)(| − t+ 2lm|+ 1)1+η+δdt

=

∫ ∞

−∞
exp

(−π
2

(|t|+ |2lm − t|
)

× log(|t|+ 2)|(|t|+ 1)−δ−(1/2)(|t− 2lm|+ 1)1+η+δdt.

As before, we can show that

T2(s) � exp(−πlm)lη+1+δ
m (log lm + 2).

Hence,

Zm(s) � l
1
2
m(log lm + 2)2.

Next, observe that the second term in (2.3) is O(1). Lastly, we
consider the sum

Bm(s) =
∑
ρ∈I

Γ(η + 3
2 + i(κ− 2παm)− ρ)

1

Γ(ρ)M(η + 3
2 + i(κ− 2παm)− ρ)

Γ(η + 3
2 + i(κ− 2παm))

.

This sum is

� 1

Γ(η + (3/2) + i2Lm)

×
∑

ρ= 1
2+iγ′∈I

log(|2Lm − γ′|+ 2)Γ

(
η +

3

2
+ i(2Lm − ρ

)
Γ(ρ).

Note that, by Stirling’s formula, we have

Bm(s) � exp(πlm)(2lm)−η−1

∑
ρ= 1

2+iγ′∈I

exp

(−π
2

(|γ′|+ |2lm − γ′|
)

× log(|2lm − γ′|+ 2)(|2lm − γ′|+ 1)η+(1/2)

= exp(πlm)(2lm)−η−1(C1 + C2 + C3),



NATURAL BOUNDARIES OF DIRICHLET SERIES 673

where

C1 =
∑

ρ=(1/2)+iγ′∈I
γ′<0

exp

(−π
2

(|γ′|+ |2lm − γ′|)
)

× log(|2lm − γ′|+ 2)(|2lm − γ′|+ 1)η+(1/2),

C2 =
∑

ρ=(1/2)+iγ′∈I

γ′>2lm

exp

(−π
2

(|γ′|+ |2lm − γ′|)
)

× log(|2lm − γ′|+ 2)(|2lm − γ′|+ 1)η+(1/2),

and

C3 =
∑

ρ=(1/2)+iγ′∈I

0<γ′≤2lm

exp

(−π
2

(|γ′|+ |2lm − γ′|)
)

× log(|2lm − γ′|+ 2)(|2lm − γ′|+ 1)η+(1/2).

Note that

C1 = exp(−πlm)
∑

ρ=(1/2)+iγ′∈I
γ′>0

exp(−πγ′)

× log(2lm + γ′ + 2)(2lm + γ′ + 1)η+(1/2).

Divide C1 into two sums according to 0 < γ′ ≤ 2lm and γ′ > 2lm.
Applying partial summation to the sum over 0 < γ′ ≤ 2lm, we have
that it is O((2lm)η+(1/2)) log 2lm. Also, the sum over γ′ > 2lm is of
exponential decay uniformly in m, and one can show that

C1 � exp(−πlm)((2lm)η+(1/2)) log 2lm.

By partial summation, we have that

C2 = exp(−πlm)
∑

ρ=(1/2)+iγ′∈I
γ′>2lm

exp(−πγ′)

× log(γ′ − 2lm + 2)(γ′ − 2lm + 1)η+(1/2)

� exp(−πlm)

∫ ∞

2lm

exp(−πt)

× t log t log(t− 2lm + 2)(t− 2lm + 1)η+(1/2)

� exp(−πlm)((2lm)η+(3/2))(log 2lm)2.
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We can similarly show that

C3 � exp(−πlm)((2lm)η+(3/2))(log 2lm)2.

We conclude that

Bm(s) � l1/2m (log lm + 2)2 �α,γ,η m.

Since H ∈ C3(R), it follows that
∑

m∈Z,m �=n |cmBm(s)| is convergent.
We deduce that

hn(η +
3

2
+ iκ) � C(ε) +

εβ

η
+D,

where C(ε) is a constant independent of η, β is a constant independent
of both ε and η, and D is independent of η. Since ε can be chosen
arbitrarily, it is now clear that FH,α(η + (3/2) + iκ) → ∞ as η → 0+.
Hence, (3/2) + iκ is indeed a singularity of FH,α(s). This completes
the proof of Theorem 1.

Theorem 2. Assume the Riemann hypothesis. Let α > 0 be a
real number such that there exist only finitely many tuples (n, n′, γ, γ′)
with γ �= γ′ for which γ + 2παn = γ′ + 2παn′. Let H ∈ C3(R) be
periodic with period 1. Also assume that infinitely many of the Fourier
coefficients of H are nonzero. Then the line �s = 3/2 is the natural
boundary of

Fq,b,H,α(s) =
∑

m,k≥1
mk≡b (mod q)

H(α log(m+ k))
Λ(m)Λ(k)

(m+ k)s
,

Proof of Theorem 2. For a Dirichlet character χ modulo the prime q,
let

φ2(s, χ) =

∞∑
k=1

∞∑
m=1

Λ(k)Λ(m)χ(k)χ(m)

(k +m)s
=

∞∑
n=1

G2(n, χ)

ns
,

where
G2(n, χ) =

∑
k+m=n

Λ(k)Λ(m)χ(k)χ(m).
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Let us denote

Fχ,H,α(s) =
∑

m,k≥1

H(α log(m+ k))
Λ(m)Λ(k)χ(m)χ(k)

(m+ k)s

=
∑
n∈Z

cnφ2(s− 2πiαn, χ).

It is shown in [18] that, if χ is a nonprincipal character modulo q,
then Fχ,H,α(s) is holomorphic in �s > 1. Also, if χ0 is the principal
character modulo q, then Fχ0,H,α(s)−FH,α(s) is holomorphic in �s > 1.
Now note that

Fq,b,H,α(s) =
∑

m,k≥1
mk≡b (mod q)

Λ(m)Λ(k)

(m+ k)s
H(α log(m+ k))

=
1

φ(q)

∑
χ (mod q)

χ(b)Fχ,H,α(s).

Theorem 2 now follows from Theorem 1.
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