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THE TOPOLOGICAL CENTER
OF WEIGHTED SEMIGROUP ALGEBRAS
WITH A STRICT TOPOLOGY

S. MAGHSOUDI AND R. NASR-ISFAHANI

ABSTRACT. For a family of a locally compact semigroup
S with a weight function w, we have recently introduced and
studied some locally convex topologies T on the weighted semi-
group algebra Mq(S,w) and shown that the strong dual of
(Mo(S,w), T) can be identified with a Banach space of cer-
tain functions on &. In this paper, we shall be concerned
with the second dual of (M, (S, w), T); using this duality, we
first introduce and study an Arens multiplication on the sec-
ond dual of (Mq(6,w), 7). We then investigate the topolog-
ical center of (Mq(S,w), ) for an extensive class of locally
compact semigroups &. As a consequence, we conclude some

results on Arens regularity and strong Arens irregularity of
(Ma(67 UJ), T)'

1. Introduction and preliminaries. Throughout this paper, we
denote by G a locally compact semigroup; that is, a semigroup with a
locally compact Hausdorff topology under which the binary operation
of & is jointly continuous. We also assume that w is a weight function
on G; that is, a real-valued continuous function w with the properties
that w(z) > 1 and w(zy) < w(z)w(y) for all z,y € &.

Let M(6,w) denote the Banach space of all complex-valued regular
Borel measures p on & for which

il = /6 w(z) dlpi|(z) < oo,

and as usual write M (&) and ||u|| for the case where w(z) = 1 for all
x € 6, where || denotes the total variation of p. Then M (S, w) is the
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dual of Cy(6, 1/w) for the pairing

(,€) = /6 £(x) du(x)

for all p € M(S,w) and £ € Cy(S,1/w), the space of all complex-
valued continuous functions £ on & such that £/w vanishes at infinity.
Moreover, M (&, w) is a Banach algebra with respect to the convolution
multiplication * defined by the formula

(s 0,€) = /6 /6 £(ay) dulz) dv(y)

for all u,v € M(S,w) and € € Cy(S,1/w); let us remark that the latter
equality also holds for all ¢ € LY(&, |u|  |v|); see Wong [24].

The space of all measures p € M(G) for which the mappings
x> 0y % || and z — |p] * §5 from & into M (G) are weakly continuous

is denoted by M, (&) (the same as L(&) in Baker and Baker [1]), where
6, denotes the Dirac measure at x. We call & a foundation semigroup
if & coincides with the closure of the set

Ufsupp (1) : p € Mo ()}

Also, the space of all measures p € M(6,w) such that wp € M,(6) is
denoted by M,(&,w). Then M,(S,w) is a closed L-ideal of M (&, w)
called the weighted semigroup algebra of &, see Bami [9].

Let ¢1(&,w) denote the closed subalgebra of M(S,w) consisting of
all discrete measures. Let us point out that M,(S,w) and M (6, w)
coincide with ¢! (&, w) in the case where & is discrete.

Also let L*>°(6; M,(6,w)) denote the space of all functions £ on &
such that {/w is bounded and p-measurable for all p € M,(S). We
identify functions in L>°(&; M, (S, w)) that agree p-almost everywhere
for all u € M,(6), and for every £ € L*°(6; M,(6,w)), define

1€lloc.wo = sup{lI€/wlloc,jpuf : 1 € Ma(S)},

where [ - ||, denotes the essential supremum norm with respect to
|pe|. Also, define the multiplication -, on L*(&; M,(6,w)) by

§wn=Enjw (§n€ L¥(6; My (6,w))).
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It is known from Bami [9] that L°°(&;M,(6,w)) with the complex
conjugation as involution, the multiplication -, and the norm || - ||co,w
is a commutative C*-algebra with the identity element w; see also Dales
and Lau [4] for the group case. The duality

(0E), ) = (1, €) = /6 ¢du

for £ € L>(6; M, (6,
o from L>(&; M, (6,
known from Bami [9] t
then L>®(6; M,(6,w)
also Sleijpen [20].

We say that a function £ € L>®(6; M,(6,w)) vanishes at infinity if,
for each € > 0, there is a compact subset C' of & for which

)) and p € M,(S,w), defines a linear mapping
)) into the dual space (M, (S,w), | - |lw)*. It is
hat, if & is a foundation semigroup with identity,
) can be identified with (M, (S,w), || - ||lw)*, see

w
w

1€ XG\CHOO,w <g;

that is, |£(2)| < € w(zx) for p-almost all z € G\ C (u € M,(6,w)). We
denote by L (6; M,(S,w)) the C*-subalgebra of L>(&; M,(6,w))
consisting of all functions that vanish at infinity. Then L§°(&;My(S,w))
is the || - ||oo,w-closure of the space of all functions in L>(&; M,(6,w))
with compact support; for more details, see [16] by the authors and
Rejali. In the case where & is a locally compact group and w(z) = 1
for all z € &, L§°(6) := LF(6; M,(6,w)) has been introduced and
studied by Lau and Pym [12].

We denote by A the set of increasing sequences of compact subsets
in & and by B the set of increasing sequences (b,,) of real numbers in
(0, 00) with b, — co. For any (A,) € A and (b,,) € B, set

U((An), (b)) = {N € M, (&,w) : /A wdlp| < by for all n > 1};

recall from the authors [13] that U((A,), (b,)) is a convex balanced
absorbing set in the space M,(6,w), and that the family U of all sets
U((Ar), (bn)) for (A4,) € Aand (b,) € B, is a base of neighborhoods of
zero for a locally convex topology 8'(S,w) on M,(&,w) called strict
topology. In the case where & is a locally compact group and w(z) = 1
for all x € G, this topology has been introduced and studied by Singh
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[20]. Moreover, another locally convex topology on group algebras has
been introduced and investigated by Grosser et al. [8]; see also Grosser
[7] for a similar study on Banach modules.

Denote by 00(6,w) the weak topology (M, (6,w), o(L§ (S, M, (6,
w)))) and by n(S,w) the norm topology of M,(&,w). Note that

00(6,w) < BHG,w) < n(G,w),
and therefore,

o(L§F (8, Mo(6,w))) € (Ma(6,w), (8, w))" C (Ma(S,w), n(S,w))".

In the case where G is a foundation semigroup with identity, we have
shown in [13] that 5'(&,w) = n(S,w) if and only if & is compact, and
00(6,w) = BH(S,w) if and only if & is finite. In particular, if & is
infinite, then infinitely many locally convex topologies 7 on M, (S, w)
exist with 00(6,w) < 7 < Y6, w).

We now state the main result of the authors [13] which we need
in the next section; first, let us denote by gg the restriction of p to
L& (6, My (6,w)).

Theorem 1.1. Let G be a foundation semigroup with identity and w
a weight function on &. Suppose that T is a locally convex topology on
My (6,w) with 0¢(G,w) < 7 < BYS,w). Then oo is an identification
between the Banach space L (6, M,(6,w)) and the strong dual of
(Mo (S,w), 7). In particular, the adjoint of of oo is an identification
between (My(S,w), 7)™ and LP (S, M, (6,w))*.

In the present paper, we shall be concerned with the second dual
of M,(6,w) equipped with a locally convex topology 7 such that
00(6,w) < 7 < BYS,w). We first introduce and study an Arens
multiplication on the second dual of (M, (S, w), 7). We then investigate
the topological center of (M, (S, w), ) for an extensive class of locally
compact semigroups &. In particular, we obtain several results on
Arens regularity and strong Arens irregularity of (M,(S,w),7). It
should be noted that the topological center of the second dual ¢!(&)**
of 1(&) := (1(&,1) for a discrete semigroup & has been studied by
Dales, Lau and Strauss [5] and Lau [10].
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2. Second dual of M,(6,w) with strict topology. Let & be a
locally compact semigroup and w be a weight function on &. Recall
that & is said to be compactly cancelative if C~'D and CD™!
compact subsets of & for all compact subsets C' and D of &, where

C™'D={s€&:cs€ D for some c € C}
and
CD'={s€&:sdeC for some d € D}.

Now, suppose that 7 is a locally convex topology on M, (S, w)
with 0(6,w) < 7 < BY(G,w). For each ¢ € (M,(S,w),7)* and
€ My(6,w), the functional ¢p on M, (6, w) is defined on M, (6, w)
by

(P, v) = (b, pxv) (v € Ma(6,w)).
Furthermore, for each ® € (M,(6,w),7)**, the functional ®¢ on
M, (6,w) is defined by

<(I)¢7 :u> = <(I>7¢:u> (,U € Ma(va))'

We begin with the following key lemma which shows that ¢u and ®¢
are well defined and belong to (M, (6, w), 7)*.

Lemma 2.1. Let G be a compactly cancelative foundation semigroup
with identity and w a weight function on &. Suppose that T is a
locally convex topology on M,(S,w) with 09(S,w) < 7 < BYG,w)
and ¢ € (My(6,w),7)*. Then

(i) ¢p € (Ma(S,w), )" for all p € Mo(S,w).

(il) P € (Mo (S,w), 7)* for all & € (My(6,w), 7)**

Proof. (i) Let u € My(6,w). First, note that ¢u € (My(6,w),
n(G,w))* and thus o (o) € L>®(&,M,(6,w)). Also, for each
v € M(6,w) we have

e @n@avta) = o)

= (¢, u*v)

//% 0)(ye) dia(y) do(x).
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We therefore have

1 pp)() = /6 071 (6) (yx) du(y)

for v-almost all z € & (v € M,(S,w) ), and hence
“Hon) € LF (8, Ma(8,w));

indeed, it is known from [16, Proposition 2.3] that the function

T /6 Y(yx) dp(y)

is in Cp(6,1/w) for all v € L§(6,My(6,w)). That is, ¢u €
(Mo (6, w),7)".

(ii) Without loss of generality, we may assume that g, *(¢) is a non-
negative function in L§(6, M, (6,w)). Let & € (My(6,w),7)**; to
prove that ®¢ € (My(S,w),7)*, we also may assume that of(®P) is
a positive functional on L§°(6, My (6,w)). In view of Theorem 1.1,
¢ € (My(6,w),n(6,w))* and

181l = llog " (9)lsc -

For any v € M,(6,w),

(Do, )| = [(D, ¢w)
= {25(®), g ' (¢v))]
< lleo (@)l IIQO (@)oo o
< lea(®)[HI 1]l

It follows that ®¢ € (M,(6,w),| - |lw)*. Since & is a foundation
semigroup with identity,

D) € L®(6, M, (6, w)).

It remains to show that o~ (®¢)/w vanishes at infinity.

To show this, note that g5 ' (¢) € L¥(S, M,(S,w)), and so for each
0 < ¢ < 1, there is a compact subset A of & with g5 (¢)(t) < ew(t)
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for p-almost all t € G\ A (p € M,(S,w)). Choose a functional
Ve LF(6; M,(6,w))* and a compact set B in & such that

loo(®) — ¥ <e and (¥,8) = (¥,XpE)
for all £ € LF(6; My(S,w)), see [16, Proposition 2.4]. Then, for
each positive measure o € M,(S,w) with ||lo|l, = 1 and supp (¢) C

&\ AB7!, there is a compact subset C' of & for which

CCG\AB™! and (wo)(&\C)<e.
On the one hand, since C~*AN B = @, it follows that

log ' (60) XB|lcow < £ ([l0] +1);

indeed, for each x € &\ C7*A we get Cx C &\ 4, and hence,

/ 051 (6) (yz) do(y) < / 071 (6) (y) dor(y)
S

&\C

4 /C 071 (6) () dor(y)

o @) 4
<t [ BT dwo))

w(yz)
<ew(®) (log (D) lcow + lo]lw)
<ew() (8] +1);

recall from (i) that

o (60)(z) = / 071 (6) (yx) do(y) > 0

S

for v-almost all x € & (v € M,(6,w)); thus,

0" (¢0)(w) < ew() (] +1)

for v-almost all x € &\ C7 1A (v € M,(6,w)).



986 S. MAGHSOUDI AND R. NASR-ISFAHANI

On the other hand, o~ (®¢) is a positive function in L= (&, M, (S,w));
indeed, for each positive measure v € M, (&, w) we have gy ! (év) > 0,
and so

/6 01 (@) (x) dv(z) = (B, v)

We therefore have

/ o1 (®0)(2) do () = (D6, 0)
G\AB-!

= (05(®), 05" (¢0))
< [{e6(®) = ¥, 05" (¢0))]
+ (¥, 05 ' (¢0) X5)]
< 1le6(®) = ¥l leg * (¢0) oo o
+ 1%l leg ' (¢0) XBlloo.w
<ellloll + (o (@) + D¢l + DI

This shows that, if v € M,(6,w), then

071 (29)(2) < ew(@) 0]l + (lles(@)I + D (Il + 1)]-

for v-almost all x € &\ AB~!; otherwise, there exist a positive measure
o € M,(S,w) and a o-measurable set D C &\ AB~! with o(D) > 0,
llollw =1 and supp (o) C D such that

07 (2)(2) > ew(@) [0l + (e (@)l + D(lIll + 1)]-

for o-almost all x € D. Therefore,

D
>ellloll + (leo (@) + D (lIgll + 1]

X /Dw(x) do(x)
=e[lloll + (leo (@)l + 1) (llll + 1],

/ o1 (6)(2) do(x) > / o1 (®6)(x) do(x)
S\AB-1
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which is a contradiction. It follows that
gfl(@@ € LF (6, M, (6,w)),
whence ®¢ € (My(S,w), T)*. O

Proposition 2.2. Let G be a foundation semigroup with identity and
w a weight function on &. Then the convolution product on M,(&,w)
is separately continuous with respect to the weak topology oo(S,w), and
the Mackey topology 1o(S,w).

Proof. The separate continuity of the convolution on M,(&,w) in the
Mackey topology is an easy consequence of the separate continuity in
the weak topology; see, for example, [23, Corollary 26.15]. So, we only
need to note that the convolution is separately continuous in the weak
topology by Lemma 2.1. O

The following example shows that the convolution is, in general,
not 3'(S,w)-separately continuous in M,(&,w) for all foundation
semigroups with identity.

Example 2.3. Let & = [1,00) and w(x) = « for all x € &. Then
S with the discrete topology and the operation zy = max{z,y} is a
foundation semigroup with identity, and w is a weight function on &. It
is easy to see that u +— p* 07 is not B1(&, w)-continuous on M, (S, w).

Proposition 2.4. Let G be a compactly cancelative semigroup with
identity and w a weight function on &. Then the convolution product
in M,(6,w) is BY(&,w)-continuous on bounded sets.

Proof. Let (ua) be a bounded net convergent to zero in 8(&,w)-
topology and v € M,(6,w). Let also U((A,), (by)) be an arbitrary
BY(&,w)-neighborhood of zero. Choose compact set C' with

w[(&\ C) <b1/2M,
where M is a bound for (p,). Set
V= U((AnC 7Y, (bn/2[|V[|))-
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Let g be such that p, € V for all & > ag. Then, for each a > ag, we
have

o # 7](An) < (o] * 1)) (An)
/ma Ay~ dlv|(y) + / ol (Awy ™) dV](9)
S\C

-1 w v
< /C 0l (AnC Y w(y) dlv|(y)
+ /6 el (™) vl )

< g+ o
14
= e, e
< b,.
Hence, j, * v converges to zero in 5*(&,w)-topology. o

Theorem 2.5. Let G be a compactly cancelative foundation semi-
group with identity and w a weight function on &. Suppose that T is a
locally convez topology on M, (S, w) with 0o(S,w) < 7 < BHS,w).
Then (M, (S,w),7)** with the first Arens product ® can be iden-
tified with a Banach algebra, where ® © ¥ is defined by the equa-
tion (P © U,¢) = (D,V¢) for all &,V € (My(S,w), 7)™ and ¢ €
(M, (6,w),T)*.

Proof. We only need to show that ® © ¥ € (M,(6,w),7)**. First,
note that ® ® ¥ is well defined by Lemma 2.1. Now, for each
Y € L (6, My(6,w)) we have

(@O, 00(1)) = (@, Voo (v))
= (05(®), 05 (Yao(¥)));

moreover, it follows easily that

llea (Too(¥)) o < 1105 (@)II 1%l

So, the linear functional T on L (&, M,(6,w)) defined by

T() = (2 OV, 00(4))
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for ¢ € LF (6, M,(6,w)) is bounded by ||o§(®)] ||ef(P)]. In par-
ticular, T € Lg(6, Ma(6,w))*, and therefore ® © ¥ = o5 H(T) €
(My(6,w), 7)**. o

In the following, denote by L§%.(&, M, (S,w)) the C*-subalgebra of
those functions in L§°(&, M,(6,w)) with continuous representatives.

Lemma 2.6. Let G be a compactly cancelative foundation semigroup
with identity and w a weight function on &. Suppose that T is a locally
convez topology on M,(6,w) with 0¢(S,w) < 1 < B1(S,w). Then

00 (¢1); 05" (1) € LG(&, Ma(S,w))
for all p € My(6,w) and ¢ € (M,(S,w), 7)*.
Proof. First, note that gy (¢u)(x) = (¢, u*0,) for v-almost all 2 € &
(v € My(6,w)); indeed,
[ et @@ avta) = .05 6)

= (pp,v)
= (p,p*v)

_ / (6, 1% 8,) dv(x).
S

Lemma 2.1 together with the weak continuity of the mapping « +— puxd,
from & into M(S,w) imply that the function =z — (¢, * g is
continuous on &; see [9]. Thus,

00 (1) € L3 (S, Mo (S, w)).

Similarly, o ' (1) € L§%(&, Ma(S,w)). O

Proposition 2.7. Let & be a compactly cancelative foundation
semigroup with identity and w a weight function on &. Suppose that T is
a locally convex topology on M,(6,w) with 0o(S,w) < 7 < BY(S,w).
Then (Mq(S,w),T) is a closed ideal in its second dual equipped with
strong topology.
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Proof. That My(6,w) is closed in (M, (6,w), 7)** follows from Theo-
rem 1.1 and the fact that of(M,(S,w)) is closed in LF (S, M, (S, w))*.

Now, suppose that y € M,(S,w) and ® € (M,(S,w), 7)**. We show
that
neod®e (M,(6,w), 7)™

that ® © p € (M,(6,w), 7)** is similar. Since M,(S,w) is an ideal in
M(6,w), we have pxo € M,(6,w), where o is the restriction of o (P)
to Cy(6,1/w). So it suffices to show that

pOP=pxo.
To that end, let ¢ € (M,(S,w),7)*. By Lemma 2.6 and its proof we

have
(o @, 0) = (P, ou)
= (05(®), 05 "(op))

- / (6 1% 62) dor(z)
—/< 1), x 6,) do(x)

/ / 05 (8) () dpu(y) do(x)

— [ @)
S

= (09 (@), nxv)
= (u*0,9).
That is, 4 ® ® = u * o as required. ]

3. Topological center of M,(S,w) with strict topology. Let &
be a compactly cancelative foundation semigroup with identity and w
a weight function on &. Suppose that 7 is a locally convex topology on
M, (6, w) with 0(S,w) < 7 < B1(S,w). For any ¥ in (M,(&,w), 7)**
the map ® — ®O WV is weak*-weak™* continuous on (M, (S,w), 7)**. For
an element ® in (M,(S,w), 7)™, the map ¥ — & ¥ is in general not
weak*-weak™* continuous on (M, (6,w),7)** unless ® is in M, (6, w).

The topological center of (My(S,w), T)** with respect to ® is denoted

by
21 (Ma(6,w), 7))



WEIGHTED SEMIGROUP ALGEBRAS 991

and is defined to be the set of all & € (My(S,w),7)** for which the
map ¥ — ® © ¥ is weak*-weak™ continuous on (M, (S, w), 7)**

We are now ready to give the main result of this section.

Theorem 3.1. Let G be a compactly cancelative foundation semi-
group with identity and w a weight function on &. Suppose that
T 4s a locally convex topology on M,(S,w) with co(6S,w) < 7 <
BHG,w). If @ € Z1(My(6,w),7)*™) and p is the restriction of
05(®) to Co(&,1/w), then oy (pu) € L55.(6, My (6, w)) for all ¢ €
(M, (6,w),T)*.

Proof. Let ¢ € (M,(6,w),7)* and v € M,(S,w). Since
05 ' (6v) € LE.(6, Ma(S,w))

by Lemma 2.6, it follows that

(v, ou) = (¢, *v)
= (1, 05" (v9))
= (05(® ) o (ve))
= (D O, ).

Now, let ¥ € (M,(6,w), 7)™ and choose a net (v,) in M,(6,w)
such that v, — ¥ in the weak® topology of (My(S, w) T)**. Since
& € Z((My(6,w),7)**), the map T — & © T is weak*-weak*
continuous on (M, (S,w),7)** and thus

(U, ) = 1131%, Bh)
= 1131(@ O vy, @)
= (PO VU, ¢).

So, if (e ) is a net in My (S, w) with po — @ in the weak™* topology
of (M,(6,w), 7)**, then

(¥, o) = (W, ppia);
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that is,
(05(0), 0 ' (dp)) = lim(g5(P), 05" ($pta))-

Since elements of LG (S, M,(6,w))* are of the form gf(¥) for some ¥
in the second dual of (M, (S, w), 1), it follows that

00 (dpa) — 05 ' (d12)

in the weak topology of L§°(&, M,(6,w)). According to Lemma 2.6,
05" (911a) € L3L(6, Mo (6, w))

for all .. Since L§.(6, M, (6,w)) is weakly closed in L§®(&, M, (6, w)),
we conclude that oy ' (¢p) € L&5.(6, M, (6, w)). O

Corollary 3.2. Let G be a compactly cancelative foundation semi-
group with identity and w a weight function on &. Suppose that T is a
locally convex topology on M,(6,w) with 0o(&,w) < 7 < BYG,w).
If & € Z1(Mu(6,w),7)*) and p is the restriction of of(®) to
Co(&,1/w), then the function x — p(Cx~") is in L§%.(S, Ma(S,w))
for all compact subsets C' of &.

Proof. Since o5 ' (00(Xc) p)(z) = p(Cz~1) for v-almost all x € &
(v € M,(6,w)), the result follows from Theorem 3.1. o

Let &, w and 7 be as in Theorem 2.5. The algebra (M,(6,w),7) is
called Arens regular if the map ¥ — & © U is weak*-weak* continuous
on (My(6,w), 7)™ for all & € (M,(6,w), 7)**, ie.,

Z1(My(6,w), 7)) = (Mu.(6,w), 7).

As a consequence of Theorem 3.1, we obtain a necessary condi-
tion for Arens regularity of (M,(S,w), (&, w)). Arens regularity
of (My(6,w),n(6,w)) has recently been studied by the authors and
Rejali [16]; see also Dzinotyiweyi [6] and Rejali [18] for locally com-
pact semigroups and Baker and Rejali [2] and Craw and Young [3] for
discrete semigroups.
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Corollary 3.3. Let G be a compactly cancelative foundation semi-
group with identity and w a weight function on &. Suppose that T is a
locally convex topology on My (S, w) with oo(6,w) < 7 < BH(S,w). If
(M,(6,w),T) is Arens reqular, then

00 ' (1), 05 ' (1) € LTu(S, Mo(S,w))

for all ¢ € (My(6,w),7)* and p € M(S,w). In particular, the
functions x — p(Cx~') and x — p(x='C) are in LE.(&, My (S,w))
for all p € M(G,w) and compact subsets C' of &.

Proof. Let ¢ € (My(G,w),7)* and p € M(S,w). Let m €
L&°(6,M,(6,w))* be an extension of p from Cy(S,1/w) to LF(6,
M,(6,w)). Then, by assumption,

® = g5 (m) € Z1((Ma(S,w),7)™).
So, by Lemma 3.1,
00 (91) € LGS, Mo(8,w)).
Now, let (1q) be a net in M,(6,w) with po — @ in the weak®

topology of (M,(&,w),7)**. Then, for any ¥ € (M,(6,w), 7)™, we
have ¥ € 21 ((M,(6,w), 7)**), and therefore

(T, 2¢) = (YO 2,9)
= 11(511<\IJ © Has ¢>

= 1im(V, un o).
It follows that
(05(¥), 0p " (P9)) = lim(o5(P), 05" (1ab))-

Thus,

20 () — 07 ' (®9)
in the weak topology of L§(6, My(6,w)). In view of Lemma 2.1, we
have o5 (Ha®) € LY, (6, M,(6,w)) for all a. Consequently,

Qal(q)¢) € L(C)>,oc(67 Mo (6, w)).
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The proof will be complete if we note that g, (®¢) is identical to the
function oy 1(u¢). For the last part, we only need to note that, for all
1€ M(6S,w) and compact subsets C of &, we have

2y '(eo(Xc) p)(x) = p(Ca™")

and

2y ' (moo(xc))(@) = p(z~*C)

for v-almost all z € & (v € M,(6,w)). u|

Let us recall that, for a semigroup & with an identity element e, the
group of units of & is the set

$H(e) :={x € & : there is a y € & such that zy = yx = e}.

Now, let &, w and 7 be as in Theorem 2.5. The algebra (M,(6,w), )
is called strongly Arens irregular if

Z1(My(6,w),7)*) = (Mu(6,w), 7).

In the case where & is a locally compact group, strongly Arens irregu-
larity of M,(6,w) endowed with the norm topology has been studied
by Dales and Lau [4] and Neufang [17].

Theorem 3.4. Let & be a compactly cancelative foundation semi-
group with identity e such that $(e) is open and w a weight function
on &. Suppose that T is a locally convex topology on M,(6,w) with
00(6,w) < 7 < BHS,w). Then (M,(6,w),T) is strongly Arens irreg-
ular.

Proof. Let ® € Z((My(6,w),7)**) and p be the restriction of
05(F) to Cop(6,1/w). It is sufficient to show that u € M,(S,w).
It follows from Corollary 3.2 that the function z — u(Cz™!) is in
L§5.(6, M, (6, w)) for all relatively compact subsets C' of &. In partic-
ular, x — u(Cx~1) is equal almost everywhere to a continuous function
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on & for all relatively compact subsets of &. Now, Theorem 4.4 in [21]
implies that
w*dy € My (6)

for all z € &, where & consists of all z € & that for every neighborhood
U of z, the set U= txNzU ! is a neighborhood of e. Since §(e) is open,
e € G by Theorem 9.18 of [22]. Therefore, u € M,(&). This, together
with the fact that M,(S) is solid, implies that p € M, (6, w). O

As a consequence of Theorem 3.4, we have the following result.

Corollary 3.5. Let & be a compact foundation semigroup with
identity such that $(e) is open. Then (My(S), |- ||) is strongly Arens
wrreqular, i.e.,

Z1(Ma(S), |- 1)) = (Ma(S), || - |])-

Example 3.6. Let T be a discrete finite semigroup with identity
and & a compact Hausdorff topological group. Let & = & x ¥ be the
direct product semigroup of & and €. Then & is a compact foundation
semigroup with identity e for which $(e) is open. Corollary 3.5 shows
that (My(&),] -||) is strongly Arens irregular.

As another special consequence of Theorem 3.4, we have the main
result of [15].

Corollary 3.7. Let & be a locally compact group and w a weight
function on &. Then (M,(6,w),T) is strongly Arens irregular for
all locally convex topologies T on M,(S,w) such that oo(S,w) < 7 <

BH(S,w).

The Arens regularity of ¢1(&,w) with the norm topology has been
studied by several authors; see for example, Craw and Young [3] and
Baker and Rejali [2]. As a consequence of Theorem 1.1, we have the
following result.

Proposition 3.8. Let G be a discrete semigroup with identity and
w a weight function on &. Suppose that T is a locally convex topology
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on (1(&,w) with 00(&,w) < 7 < BYS,w). Then
HB,w) = Z1(((H(6,w), 7)™) = ((H(S,w), 7)™,

In particular, ({*(&,w), ) is Arens regular.

Proposition 3.9. Let & be a compactly cancelative foundation
semigroup with identity e such that $(e) is open and w a weight function
on &. Suppose that T is a locally convex topology on M,(S,w) with
00(6,w) < 7 < BYG,w). Then (M,(S,w),T) is Arens regular if and
only if & is discrete.

Proof. The “if” part follows from Proposition 3.8. For the converse,
let u be an element of LF (S, M,(6,w))* with (u,&) = &(e) for all
¢ € C.(6), the space of continuous functions with compact support.
Theorem 1.1 together with the assumption implies that u = p*(u) for
some p € My(S,w). In particular,

§le) = (u, &) = (w, 0(&)) = (1, )

for all £ € C.(6). It follows that u = ., the Dirac measure at e on 6.
Thus, §. € M,(G); that is, & is discrete; see [1, Theorem 2.8]. O

In conclusion, let us mention two natural conjectures for a compactly
cancelative foundation semigroup & with identity, a weight function w
on G, and a locally convex topology 7 on M,(6,w) with 0¢(6,w) <
7 < BB, w).

Conjecture 1. (M,(S,w), ) is Arens regular if and only if & is
discrete.

Conjecture 2. (M,(6,w),T) is always strongly Arens irreqular.
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