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WEAKLY PROJECTIVE C∗-ALGEBRAS

TERRY A. LORING

ABSTRACT. The noncommutative analog of an approxi-
mative absolute retract (AAR) is introduced, a weakly pro-
jective C∗-algebra. This property sits between being residu-
ally finite dimensional and projectivity. Examples and closure
properties are considered.

1. Introduction. The noncommutative analogs of absolute retracts
and absolute neighborhood retracts in the category of C∗-algebras are
the projective ([8]) and semiprojective ([2]) C∗-algebras. In applica-
tions, semiprojectivity is often not the most desirable property; many
authors have looked instead at weak semiprojectivity ([9]). For exam-
ple, see [7, 11, 13, 21].

Using what are called approximative retracts, Clapp, many years ago
in [6], defined approximative absolute retracts (AAR) and approxi-
mative absolute neighborhood retracts (AANR). The relation between
AANR spaces and weakly semiprojective C∗-algebras will be explored
elsewhere. Here, we get started on a noncommutative analog of AAR,
the weakly projective C∗-algebra.

The class of weakly projective C∗-algebras has some of the expected
closure properties. In addition, weak projectivity for A is enough to
imply that A is residually finite dimensional.

In [5] it has been determined which compacta X have C0(X \ {x0})
projective the dendrites. It would be nice to know when C0(X \ {x0})
is semiprojective, weakly projective or weakly semiprojective.

The reader is warned that what is called weak projectivity in [18] is
weak semiprojectivity.

Many of the ideas here were inspired by ongoing collaborations with
Søren Eilers and Tatiana Shulman.
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960 TERRY A. LORING

There are potentially more definitions and results related to absolute
neighborhood retracts than will be interesting when adapted to C∗-
algebras. Some places these might be found are [22] and the more
classic [4, 12]. For C∗-algebras recently found to be projective, see [5,
16, 20].

2. Approximative absolute retracts (AARs). In defining
approximative absolute retracts we follow [6]. Recall that a compactum
is a compact, metrizable space.

Definition 2.1. A compactum X is an approximative absolute
retract (AAR) if, whenever X is a closed subset of a compactum Y ,
there is a sequence rn of continuous functions rn : Y → X so that

lim
n→∞ rn(x) = x

uniformly over x in X .

We next use a pushout to get an approximate extension property.
This is a variation on an old trick. See [12, Proposition 3.2].

Theorem 2.2. Let X be a compactum. Then X is an AAR if,
and only if, whenever Z is a closed subset of a compactum Y and
f : Z → X is continuous, there is a sequence gn of continuous functions
gn : Y → X for which gn(z) → f(z) uniformly over z in Z. To
summarize in a diagram:

Y
�

�
���

gn

X Z�
f

�

�

Proof. Suppose X is an AAR and we are given Y, Z and f as
indicated. Take the pushout, or adjunction space:

X ∪Z Y Y�

ι2

X

�

ι1

Z�
f

�

�
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Notice that X ∪Z Y is a compact metrizable space and that ι1 is an
inclusion. We can apply the definition of AAR and find

rn : X ∪Z Y −→ X

with rn ◦ ι1(w) → w uniformly. Therefore, when z is in Z,

lim
n
rn ◦ ι2(z) = lim

n
rn ◦ ι1(f(z)) = f(z)

uniformly, so we may set gn = rn ◦ ι2.
To prove the converse, assume that the second condition holds and

that X is a closed subset of a compactum Y . We can find gn as in this
diagram

Y
�

�
���

gn

X X�
idX

�

�

with gn(x) → idX(x) uniformly for x in X . We set rn = gn.

Corollary 2.3. Suppose X is a compactum. Then X is an AAR if,
and only if, for every unital surjection π : B → C between separable,
unital, commutative C∗-algebras, and for every unital ∗-homomorphism
ϕ : C(X) → C, there is a sequence ϕn : C(X) → B of unital ∗-
homomorphisms so that π ◦ ϕn → ϕ.

Proof. This is straightforward, except perhaps the meaning of the
convergence. We require

lim
n→∞ ‖π ◦ ϕn(h)− ϕ(h)‖ = 0

for each h in C(X).

Of course, every AR is an AAR. To see examples of AARs that are
not AR, we can use the following, a rewording of [6, Theorem 2.3].

Theorem 2.4. Suppose X is a compactum and that θn : X → X
is a sequence of continuous functions that converges uniformly to the
identity. If each θn(X) is an AAR, then X is an AAR.
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Proof. Let d be a compatible metric on X . Passing to a subsequence
we may assume

d(θn(x), x) ≤ 1

n

for all n and all x. Suppose X is a closed subset of a compactum Y . We
apply Theorem 2.2 to θ(X) to find continuous rn as in this diagram,

Y
�

�
���

rn

X θn(X)� � X�
θn

�

�

with

d(rn(x), x) ≤ 1

n

for all x in X . Therefore,

d(rn(x), x) ≤ d(rn(x), θn(x)) + d(θn(x), x) ≤ 2

n

for all x in X .

Example 2.5 ([6, Example 2.2]). For an AAR that is not an AR,
we have the topologist’s sine curve

X

There is an increasing sequence of closed subsets Xn with dense union
where each Xn is homeomorphic to a closed interval.
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X1 X2 X3

The map rn : X → Xn that sends X \Xn horizontally to the left-most
ascending segment in Xn, while fixing Xn, gives us

d(rn(x), x) ≤ 2−n+1,

and so X is an AAR. On the other hand, X is not path connected and
so not an AR.

3. Pointed approximative absolute retracts. From the point of
view of C∗-algebras, we need not only C(X) for X a compactum, but
most importantly also the ideals C0(U) for open subsets U . We could
consider locally compact spaces (see [19]) but instead opt to look at
pointed compacta. In terms of C∗-algebras, a pointed space translates
to the surjection δ∞ in the exact sequence

0 −→ C0(X) −→ C(X+)
δ∞−→ C −→ 0.

In the noncommutative case we will of course look at λ in the exact
sequence

0 −→ A −→ Ã
λ−→ C −→ 0.

We use Ã to mean “add a unit, no matter what.” For a locally compact
space X , we use X+ to denote the one-point compactification. If X is
compact, then X+ has an extra, isolated point.

Definition 3.1. A pointed compactum (X, x0) is a pointed approxi-
mative absolute retract if, wheneverX is a closed subset of a compactum
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Y , there is a sequence rn of continuous functions rn : Y → X so that

rn(x0) = x0

for all n and

lim
n→∞ rn(x) = x

uniformly over x in X .

Lemma 3.2. Suppose x0 is any point in a compactum X0. If (X, x0)
is a pointed approximative absolute retract, then X is an approximative
absolute retract.

Proof. Ignore x0.

Example 3.3. If X is the topologist’s sine curve, and if x1 is the
point on the bottom-left of X as drawn in Example 2.5, then (X, x1)
is not a pointed AAR.

Proof. By definition, X sits as a closed subset of the unit square S.
For (X, x1) to be an AAR, we would need rn : S → X that fix x1 and
that come close to fixing elements of X . The points in X off the left
edge are not path connected in X to x1, and the continuity of rn forces
rn(S) to be a subset of that left edge. This is a contradiction.

Theorem 3.4. Let X be a compactum and x0 a point in X. Then
(X, x0) is a pointed AAR if and only if, whenever Z is a closed subset
of a compactum Y , z0 is a point in Z and f : Z → X is continuous with
f(z0) = x0, there is a sequence gn of continuous functions gn : Y → X
for which gn(z0) = x0 for all n and gn(z) → z uniformly for z in Z.

Proof. The proof of Theorem 2.2 can be modified as follows. In the
adjunction space,

ι2(z0) = ι1(f(z0)) = ι1(x0).
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The rn can now be found with the additional property rn(ι1(x0)) = x0,
and so we find

gn(z0) = rn(ι2(z0)) = rn(ι1(x0)) = x0.

Corollary 3.5. Suppose X is a compactum and x0 is in X. Then
(X, x0) is a pointed AAR if, and only if, for every unital surjection
π : B → C between separable, commutative C∗-algebras, and for every
∗-homomorphism

ϕ : C0(X \ {x0}) −→ C,

there is a sequence

ϕn : C0(X \ {x0}) −→ B

of ∗-homomorphisms so that π ◦ ϕn → ϕ.

Proof. For locally compact spaces Λ and Ω, the pointed continuous
maps from (Ω+,∞) to (Λ+,∞) are in one-to-one correspondence with
the ∗-homomorphisms from C0(Λ) to C0(Ω). The ∗-homomorphism
h 	→ h ◦ f will be a surjection if and only if f : Ω+ → Λ+ is
injective. Convergence in hom(C0(Λ), C0(Ω)) corresponds to uniform
convergence of functions that preserve the points at infinity. The result
follows.

Theorem 3.6. Suppose X is a compactum, that θn : X → X
is a sequence of continuous functions that converges uniformly to the
identity and that x0 is a point in X that is fixed by all the θn. If each
(θn(X), x0) is a pointed AAR, then (X, x0) is a pointed AAR.

Proof. Just observe that, in the proof of Theorem 2.4, the rn can now
be found by fixing x0.

Example 3.7. If X is the topologist’s sine curve, and if x0 is the
point on the top-right of X as drawn in Example 2.5, then (X, x0) is a
pointed AAR.
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4. A noncommutative analog of AAR. From Corollary 3.5 we
see how to define weak projectivity. In light of Examples 3.3 and 3.7, we
will need to take care when dealing with unital C∗-algebras. We will, in
fact, never define a notion of “weakly projective in the unital category,”
but will define, for not-necessarily-unital C∗-algebras, the notion of
“weakly projective relative to unital C∗-algebras.” This rather ruins
the analogy with the topology but is more in keeping with how C∗-
algebraists work. More than zero of us avoid the unital category for
the simple reason that it does not allow for ideals.

Definition 4.1. Suppose A is a separable C∗-algebra. We say A is
weakly projective if, for every ∗-homomorphism ϕ : A → C and every
surjection ρ : B → C of arbitrary C∗-algebras, there is a sequence
ϕn : A→ B of ∗-homomorphisms so that ρ ◦ ϕn → ϕ.

By restricting what surjections ρ is allowed to be, we get weaker
properties.

Definition 4.2. Suppose A is a separable C∗-algebra. We say A
is weakly projective with respect to unital C∗-algebras if, for every ∗-
homomorphism ϕ : A → C and every unital surjection ρ : B → C
between unital C∗-algebras, there is a sequence ϕn : A → B of ∗-
homomorphisms so that ρ ◦ ϕn → ϕ.

Obviously projective implies weakly projective and weakly projective
implies weakly projective with respect to unital C∗-algebras.

Lemma 4.3. If A is weakly projective with respect to unital C∗-
algebras, then A does not have a unit.

Proof. Suppose A is unital. Consider the interval over A,

IA = C ([0, 1], A) ,

and the surjection found by evaluation at both endpoints,

δ0 ⊕ δ1 : IA −→ A⊕A.
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The ∗-homomorphism ι1 : A→ A⊕A defined by ι1(a) = (0, a) should
lift approximately to ψn : A→ IA. At 0, ψn(1) will be a projection near
0, and so indeed ψn(1)(0) = 0 for large n. The only thing homotopic to
0 in the space of projections in A is 0 itself, so we conclude ψn(1) = 0
for large n. Therefore,

((δ0 ⊕ δ1) ◦ ψn) (1) = (0, 0)

will not converge to ι1(1) = (0, 1).

Theorem 4.4. If A is a separable C∗-algebra, then the following are
equivalent:

(a) A is weakly projective;

(b) for all separable C∗-algebras B and C and for every ∗-homomor-
phism ϕ : A → C and every surjection ρ : B → C, there is a sequence
ϕn : A→ B of ∗-homomorphisms so that ρ ◦ ϕn → ϕ.

Proof. Certainly (a) implies (b). For the reverse, suppose (b) holds
and ϕ : A → B/I is given. Let a1, a2, . . . be dense in A. Pick any
b1, b2, . . . so that π(bk) = ϕ(ak), and let B0 denote the C∗-algebra
generated by the bk. This is separable. Let I0 = B ∩ I. If we let ϕ0

denote ϕ but with codomain B0/I0, we have the commutative diagram

B0

�

π0

�
ι B

�

π

A �
ϕ0 B0/I0 �

ι B/I

ϕ

�

We know there are ϕn : A→ B0 with π0 ◦ϕn(a) → ϕ0(a), and so ι◦ϕn
are the desired approximate lifts.

Corollary 4.5. Suppose X is a locally compact, metrizable space. If
C0(X) is weakly projective then (X+,∞) is a pointed AAR.

Example 4.6. If X is the topologist’s sine curve, and if x1 is
the point on the bottom-left of X as drawn in Example 2.5, then
C0(X \ {x1}) is not weakly projective.
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Theorem 4.7. Suppose A is a separable C∗-algebra and that θn :
A→ A is a sequence of ∗-homomorphisms that converges to the identity
map. If each θn(A) is weakly projective, then A is weakly projective. If
each θn(A) is weakly projective with respect to unital C∗-algebras, then
A is weakly projective with respect to unital C∗-algebras.

Proof. Assume that the θn(A) are weakly projective. Suppose
ρ : B → C is a surjection of C∗-algebras, and we are also given a
∗-homomorphism ϕ : A → C. If a1, a2, . . . is a dense sequence in A,
then we can pass to a subsequence of the θn so that

‖θn(aj)− aj‖ ≤ 1

n
(1 ≤ j ≤ n).

We are now looking at

B

�

ρ

A �
θn

θn(A) � � A �ϕ C

Since θn(A) is weakly projective, there are ∗-homomorphisms ϕn as in
this diagram

B

�

ρ

A �
θn

θn(A) � �

��
��

��
����ϕn

A �ϕ C

with

‖ρ ◦ ϕn(θn(aj))− ϕ(θn(aj))‖ ≤ 1

n
(1 ≤ j ≤ n).

Then
‖ρ ◦ ϕn ◦ θn(aj)− ϕ(aj)‖ ≤ ‖ρ ◦ ϕn(θn(aj))− ϕ(θn(aj))‖

+ ‖ϕ(θn(aj)− aj)‖
≤ ‖ρ ◦ ϕn(θn(aj))− ϕ(θn(aj))‖
+ ‖θn(aj)− aj‖ ≤ 2

n
,

and so the ϕn ◦ θn are the desired approximate lifts.
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The proof of the second statement is nearly identical, starting with
the extra assumptions that B, C and ρ are unital.

While Y + being an absolute retract does not generally lead to C0(Y )
being projective, we do know that C0(0, 1] is projective. This is enough
to get the following example. One could get more exotic examples by
starting with more exotic projective C∗-algebras as seen, for example,
in [17].

Example 4.8. If X is the topologist’s sine curve, and if x0 is the
point on the top-right of X as drawn in Example 2.5, then C0(X \{x0})
is weakly projective.

Example 4.6 and 4.8 show that it is possible to have Ã ∼= B̃ with A
weakly projective and B not weakly projective.

Theorem 4.9. If A is a separable C∗-algebra, then the following are
equivalent:

(a) A is weakly projective with respect to unital C∗-algebras;

(b) for all separable, unital C∗-algebras B and C and for every ∗-
homomorphism ϕ : A→ C and every unital surjection ρ : B → C, there
is a sequence ϕn : A→ B of ∗-homomorphisms so that ρ ◦ ϕn → ϕ;

(c) for all unital C∗-algebras B and C and for every unital ∗-
homomorphism ϕ : Ã → C and every unital surjection ρ : B → C,
there is a sequence ϕn : Ã → B of unital ∗-homomorphisms so that
ρ ◦ ϕn → ϕ;

(d) for all separable, unital C∗-algebras B and C and for every unital

∗-homomorphism ϕ : Ã → C and every unital surjection ρ : B → C,
there is a sequence ϕn : Ã → B of unital ∗-homomorphisms so that
ρ ◦ ϕn → ϕ.

Proof. The proof of Theorem 4.4 works to show the equivalence of
(a) and (b) so long as we set B0 to be the C∗-subalgebra generated by
the bk and 1B. Just as easily, we get the equivalence of (c) and (d).
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Assume (a), and suppose that we are given B and C unital, a unital

surjection ρ : B → C, and ϕ : Ã → C unital. The assumption on A
give us the ψn in this diagram,

B

�

ρ

A
��

��
��

����ψn

� � Ã �
ϕ

C

with ρ ◦ ψn(a) → ϕ(a) for all a in A. We can extend ψn to a unital

∗-homomorphism ϕn on Ã by

ϕn(a+ α1) = ψn(a) + α1B.

Then
ρ ◦ ϕn(a+ α1) = ρ(ψn(a) + α1B)

= ρ(ψn(a)) + αϕ(1)

→ ϕ(a) + αϕ(1)

= ϕ(a+ α1),

and we have verified (c).

Assume (c), and suppose B and C are unital and we are given a ∗-
homomorphism ϕ : A→ C and a unital surjection ρ : B → C. We can
extend ϕ to a unital ϕ by

ϕ(a+ α1) = ϕ(a) + α1C .

The assumption on A now gives us the unital ∗-homomorphisms ψn in
this diagram,

B

�

ρ

A � � Ã
	
	
		
ψn

�
ϕ

C

ϕ

�

with
ρ ◦ ψn(a+ α1) −→ ϕ(a+ α1).

We take for the needed approximate lifts the restriction of the ψn to
A. We have verified (a).
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Corollary 4.10. Suppose X is a locally compact, metrizable space.
If C0(X) is weakly projective with respect to unital C∗-algebras, then
X+ is an AAR.

Corollary 4.11. Suppose A and B are separable C∗-algebras. If A
is weakly projective with respect to unital C∗-algebras and Ã ∼= B̃, then
B is weakly projective with respect to unital C∗-algebras.

We present the analogs of Theorems 2.2 and 3.4. We also include
analogs of the fact that, if X is a compact subset of [0, 1]n, that to
prove X as an AAR, it suffices to show X is an approximate retract of
[0, 1]n. There is a similar statement involving the Hilbert cube.

The replacement for [0, 1]n is a projective C∗-algebra, such as the
universal C∗-algebra generated by n-contractions. Such an object is an
acquired taste, so we state our result to allow for a choice of projective
C∗-algebra. The point is that, to test a given A, it suffices to work
with a single map onto A from a single projective.

Theorem 4.12. Suppose that A is a separable C∗-algebra. Each of
the following two conditions is equivalent to A being weakly projective:

(a) for every C∗-algebra B, and for every surjection ρ : B → A, there
is a sequence θn : A → B of ∗-homomorphisms so that ρ ◦ θn(a) → a
for all a in A;

(b) there exists a projective C∗-algebra P and surjection ρ : P → A
for which there is a sequence θn : A→ P of ∗-homomorphisms so that
ρ ◦ θn(a) → a for all a in A.

Proof. Suppose A is weakly projective. Given ρ : B → A a surjection,
we can approximately lift the identity map on A as in this diagram:

B

�

ρ

A

�
�
���θn

A

We have proved (a), and it is obvious that (a) implies (b).
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Suppose we are given ϕ : A → C and a surjection π : B → C. Since
P is projective, we can find ψ to make this diagram commute:

P

�

ρ

�
ψ

B

�

π

A �ϕ C
The maps ϕn = ψ ◦ θn show that A is weakly projective.

Theorem 4.13. Suppose that A is a separable C∗-algebra. Each of
the following two conditions is equivalent to A being weakly projective
with respect to unital C∗-algebras:

(a) for every unital C∗-algebra B and for every unital surjection

ρ : B → Ã, there is a sequence θn : Ã→ B of unital ∗-homomorphisms
so that ρ ◦ θn(a) → a for all a in Ã;

(b) there exists a projective C∗-algebra P and a unital surjection

ρ : P̃ → Ã for which there is a sequence θn : Ã → P̃ of unital ∗-
homomorphisms so that ρ ◦ θn(a) → a for all a in Ã.

Proof. Suppose that A is weakly projective with respect to unital C∗-
algebras. Given ρ : B → Ã a unital surjection, we can approximately
lift the identity map on Ã, as in this diagram:

B

�

ρ

Ã

�
�
���θn

Ã

We have proved (a). Again it is obvious that (a) implies (b).

Suppose that we are given ϕ : A → C and a unital surjection
π : B → C. Since C is unital, we can extend ϕ to a unital ∗-
homomorphism ϕ : Ã → C. Since P is projective and B is unital, we
can find ψ a unital ∗-homomorphism to make this diagram commute:

P̃

�

ρ

�
ψ

B

�

π

A � � Ã �
ϕ

C

ϕ

�
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The maps ϕn = ψ ◦ θn show that A is weakly projective with respect
to unital C∗-algebras.

5. Properties of weakly projective C∗-algebras.

Definition 5.1. A quotient B = A/I of a separable C∗-algebra A
is an approximate retract of A if there is a sequence λn : B → A of
∗-homomorphisms so that ρ ◦ λn(b) → b for all b in B. Here ρ is the
canonical surjection.

We use WP to stand for weakly projective.

Proposition 5.2. An approximate retract of a separable WP C∗-
algebra is WP.

Proof. The proof is very similar to that of Theorem 4.7.

We use RFD to stand for residually finite dimensional. Recall
that A is RFD if A has a separating family of finite dimensional
representations. To read about other properties equivalent to this, see
[1, 10].

Proposition 5.3. An approximate retract of a separable RFD C∗-
algebra is RFD.

Proof. Given nonzero b in B, we may find m so that λm(b) ≥ ‖b‖/2.
Now take a finite dimensional representation of A with π(λm(b)) �= 0.
Then π ◦ λm is a finite dimensional representation of B that does not
send b to zero.

Theorem 5.4. A C∗-algebra that is weakly projective with respect to
unital C∗-algebras is RFD.

Proof. If A is weakly projective with respect to unital C∗-algebras, it
is an approximate retract of the unitization of a projective C∗-algebra.
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Projective C∗-algebras are RFD ([17, Section 1]), and therefore so are
their unitizations.

Lemma 5.5. If A is weakly projective and D is semiprojective, then
[D,A] is trivial.

Proof. Suppose ϕ : D → A is given. Let δ1 : CA → A be the map
defined on the cone over A by evaluation at 1. The weak projectivity of
A provides us with ∗-homomorphisms ψn : A→ CA with δ1◦ψn → idA.
Let ϕn = δ1 ◦ ψn ◦ϕ so that ϕn ∼ 0 and ϕn → ϕ. By [2, Theorem 3.6]
there is some n for which ϕn ∼ ϕ.

Theorem 5.6. If A is weakly projective, then K∗(A) = 0.

6. Closure properties. The closure properties for projectivity
found in [14] hold, and with practically the same proofs, for weak
projectivity. The proofs involve hereditary subalgebras generated by
positive elements, which are almost never unital, so we do not know
about these closure properties for weak projectivity with respect to
unital C∗-algebras.

Theorem 6.1. If A is separable and weakly projective, then Mn(A)
is weakly projective.

Proof. The proof is very similar to that of [15, Theorem 10.2.3].

Theorem 6.2. Suppose that An is separable for all n (finite or
countable list). Then ⊕nAn is weakly projective if and only if each An
is weakly projective.

Proof. If the sum is WP, we use Proposition 5.2 and the fact that
summand is a retract of a direct sum to conclude that each summand
is WP.

For the converse we have, as in [15, Theorem 10.1.13], a way to lift
orthogonal elements in the direct sum, each completely positive in An
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and so can reduce to a lifting problem of the form⊕
Bn

�

⊕
ρn

⊕
An �⊕

ϕn

⊕
Cn

Suppose that F is a finite subset of ⊕An with F = {a1, . . . , ak} and
aj = 〈aj,n〉. There are ψn : An → Cn with

‖ρn ◦ ψn(aj,n)− ϕn(aj,n)‖ ≤ ε

for each j. Then∥∥∥(⊕ ρn

)
◦
(⊕

ψn

)
(aj)−

(⊕
ϕn

)
(a)

∥∥∥
= sup ‖ρn ◦ ψn(aj,n)− ϕn(aj,n)‖

is also less than or equal to ε.

7. Questions. The Hilbert cube has nice properties, like local
connectedness and the fixed-point property, and these get inherited by
all ARs and, to a lesser extent, by all AARs. It would be nice to
find similar properties of a “free” C∗-algebra (generated by a universal
sequence of contractions).

Question 7.1. Does contractability plus weak projectivity imply
projectivity?

This question is motivated by the commutative situation. See [6,
Theorem 7.2]. An answer may be hard to find, as Lemma 5.5 shows
that all the obvious invariants vanish on the weak projectives.

Question 7.2. Is the class of C∗-algebras that are weakly projective
with respect to unital C∗-algebras closed under direct sums?

Question 7.3. Is the class of C∗-algebras that are weakly projective
with respect to unital C∗-algebras closed under the formation of matrix
algebras?
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Question 7.4. For separable C∗-algebras, is it true that

M2(A) is weakly projective w.r.t. unital C∗-algebras
=⇒ A is weakly projective w.r.t. unital C∗-algebras?

Question 7.5. For separable C∗-algebras, is it true that

M2(A) is weakly projective =⇒ A is weakly projective ?

See [3, Section 4] and [11, Section 3].

REFERENCES

1. Robert J. Archbold, On residually finite-dimensional C∗-algebras, Proc. Amer.
Math. Soc. 123 (1995), 2935 2937.

2. Bruce Blackadar, Shape theory for C∗-algebras, Math. Scand. 56 (1985),
249 275.

3. , Semiprojectivity in simple C∗-algebras, in Operator algebras and
applications, Adv. Stud. Pure Math. 38, Math. Soc. Japan, Tokyo, 2004.

4. Karol Borsuk, Theory of shape, PWN Polish Scientific Publishers, Warsaw,
1975.

5. Alex Chigogidze and Alexander N. Dranishnikov, Which compacta are non-
commutative ARs?, Topology Appl., to appear.

6. Michael H. Clapp, On a generalization of absolute neighborhood retracts, Fund.
Math. 70 (1971), 117 130.

7. Marius Dadarlat and George A. Elliott, One-parameter continuous fields of
Kirchberg algebras, Comm. Math. Phys. 274 (2007), 795 819.

8. Edward G. Effros and Jerome A. Kaminker, Homotopy continuity and shape
theory for C∗-algebras, in Geometric methods in operator algebras, Pitman Res.
Notes Math. Ser., Longman Sci. Tech., Harlow, 1986.

9. Søren Eilers and Terry A. Loring, Computing contingencies for stable relations,
Internat. J. Math. 10 (1999), 301 326.

10. Ruy Exel and Terry A. Loring, Finite-dimensional representations of free
product C∗-algebras, Internat. J. Math. 3 (1992), 469 476.

11. Don Hadwin and Weihua Li, A note on approximate liftings, Oper. Matrices
3 (2009), 125 143.

12. Sze-tsen Hu, Theory of retracts, Wayne State University Press, Detroit, 1965.

13. Huaxin Lin, Weak semiprojectivity in purely infinite simple C∗-algebras,
Canad. J. Math. 59 (2007), 343 371.



WEAKLY PROJECTIVE C∗-ALGEBRAS 977

14. Terry A. Loring, Projective C∗-algebras, Math. Scand. 73 (1993), 274 280.

15. , Lifting solutions to perturbing problems in C∗-algebras, Fields Inst.
Mono. 8, American Mathematical Society, Providence, RI, 1997.

16. , A projective C∗-algebra related to K-theory, J. Funct. Anal. 254
(2008), 3079 3092.

17. Terry A. Loring and Gert K. Pedersen, Projectivity, transitivity and AF-
telescopes, Trans. Amer. Math. Soc. 350 (1998), 4313 4339.

18. Gert K. Pedersen, Extensions of C∗-algebras, in Operator algebras and
quantum field theory Int. Press, Cambridge, MA, 1997.

19. Michael J. Powers, Fixed point theorems for non-compact approximative
ANR’s, Fund. Math. 75 (1972), 61 68.

20. Tatiana Shulman, Lifting of nilpotent contractions, Bull. Lond. Math. Soc.
40 (2008), 1002.

21. Jack Spielberg, Weak semiprojectivity for purely infinite C∗-algebras, Canad.
Math. Bull. 50 (2007), 460 468.

22. Jan van Mill, Infinite-dimensional topology, North-Holland Math. Library
43, North-Holland Publishing Co., Amsterdam, 1989.

Department of Mathematics and Statistics, University of New Mexico,
Albuquerque, NM 87131
Email address: loring@math.unm.edu



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize false
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [1200 1200]
  /PageSize [432.000 648.000]
>> setpagedevice


