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ON ¢-BASKAKOV-MASTROIANNI OPERATORS
OCTAVIAN AGRATINI AND CRISTINA RADU

ABSTRACT. The aim of the paper is to investigate a g-
analogue of a general class of linear positive operators de-
fined by Baskakov and developed by Mastroianni. Our results
are the following: the moments of the operators are explic-
itly expressed with the help of new g¢-analogues of Stirling
numbers, the rate of convergence is established in different
function spaces by using both modulus of continuity and a
certain weighted modulus of smoothness, the identification,
as particular cases, of g-analogues for two classical sequences
of positive approximation processes.

1. Introduction. The approximation of functions by using linear
positive operators introduced via g-calculus is currently under intensive
research. The pioneer work has been done by Lupag [11] and Phillips
[17] who proposed generalizations of Bernstein polynomials based upon
g-integers. The g-Bernstein polynomials quickly gained popularity, see
(6, 14, 15, 18, 21]. A comprehensive review of the results on this class
along with an extensive bibliography is given in [16]. Other important
classes of discrete operators have been investigated by using g-calculus,
for example g-Meyer-Konig operators [7, 20], g-Bleimann, Butzer and
Hahn operators [4, 12], ¢-Szdsz-Mirakjan operators [3].

The starting point of this note is a general class of operators intro-
duced by Baskakov [5]. Later on, Mastroianni’s approach [13] devel-
oped this approximation process. For comparison, 2, pages 344, 350]
may also be consulted. Our goal is to investigate a g-analogue of the
original Baskakov and Mastroianni operators. The class has been in-
troduced by the second author, and their weighted statistical approx-
imation properties were studied [19]. As particular features of this
construction, we mention the following: one requires the values of the
approximated function on a flexible net described with the help of the
powers of a parameter. For our investigation, we define and explore
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a new g-analogue of Stirling numbers. This way, we are able to get
explicit formulae for all moments of our operators based on ¢-integers.

The paper is organized as follows. Section 2 includes basic facts
regarding g-calculus and contains a new g-analogue of Stirling numbers
of the second kind. The class of announced operators is presented
in Section 3. The key result of this section consists of obtaining all
moments of the operators in terms of ¢-Stirling numbers. Further on,
in Section 4, the rate of convergence is established. The approach is
developed in two cases: for bounded functions and for functions having
a polynomial growth. As a main tool we use the ordinary modulus
of smoothness and a certain weighed modulus, respectively. The last
section centers around the order of approximation of two special cases
of our general class.

2. On ¢-Stirling numbers of the second kind. To formulate our
results we need the following definitions, see, e.g., [9, pages 7-13].

Let ¢ > 0. For any n € Ny := {0} UN, the g-integer [n], is defined
by
nly:=1+q+---+q¢"' neN, [0],:=0,

and the ¢-factorial [n],! by
[nlg! == [1g[2]q -~ [n]g; n €N, [0]g!:=1.

Also, the g-binomial coefficients or the Gaussian coefficients are denoted
by [Z]q and are defined by

Clearly, for ¢ = 1, [n]y = n, [ni! = n! and [}], = (}) are the
ordinary binomial coefficients. Moreover, for any real number a, we set

In the sequel we will always assume that ¢ € (0,1).
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The g-derivative of a function f : R — R is defined by

fz) = flgz)

x7é05 qu(o) :i%qu(x)v

and the high ¢-derivatives DO f := f, D f := Do(D}~' f), n € N.

It is said that a function f is ¢g-differentiable on a real interval I if, for
any ¢q € (0,1), the g-derivative of f exists and is finite in every = € I.
The product rule is

(1) Dy (f(x)g(x)) = Dy (f(2)) 9(2) + fq2)Dq (9()) -
We recall the g-Taylor theorem as is given in [8, page 103].

Theorem A. If the function g(x) is capable of expansion as a
convergent power series and q is not a root of unity, then

(x—a)y .
g(z) = Z T!qug(a),
r=0 q
where
r—1 r -
@ =[[o=va =3 [}] a0
s=0 k=0 q

Since our aim is to approximate functions defined on Ry, we
need meshes of this interval. Taking into account the nets A, =
([kl¢/([n]qd*1))k>0, n € N, we define a suitable g-difference opera-
tor as follows

(2) Agfk,s = fr.s,

(3) ATy = @ A frirs — Al frse1, 7€ No,

where fis = f([k]¢/(¢°[n]q)), k € No, s € Z.
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The following lemma gives an expression for the rth g-differences
A7 fk,s as a sum of multiplies of values of f.

Lemma 1. The g-difference operator Ay defined by (2), (3) satisfies

T

Agf’“:z( 1) —igili= 1)/2[ ] Frtjitar
(4) = 714

forr,k € Ng, s€Z.

Proof. We apply mathematical induction with respect to r € Ny. By
using (2) it is easy to see that (4) is satisfied for r = 0.

Further on, we assume that (4) is true for an arbitrary » € N. From
the recurrence relation (3) we obtain

Ag+1fk s = qTATfk+1 s Arfk,s—l

=4 Z T 7 J(J /2 {j:| fk+J+1,J+9 r
q

_Z T 7 ](] n/2 [j] fk+JJ+9 r—1

q

= T(T+1)/2fk+r+1 s+ (_1)T+1fk,sfr71

+qr T J ](] /2 {j] fk+J+1,J+9 r
q

_ yr—i—1 FUtD/2 r o
z ] e

= qr(r+1 /kaJrrJrl,s + (_1)T+1fk,sfr71
r—1

+ Z(_l)f’—jqj(j—l)/Q

=0
T ; r
X t1its—r Q"] . J .
fk+j+1,j+ (q []L-H] []—Fl}q)
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By using the formula
T+ 1} r—j {r} { r ]
. =q o+ ,
L +1 q J1q j+l q
we can write

A;Jrlfk,s = T(T+1)/2fk+r+1 s T (_]—)TJrlfk,sfrfl

r npe|r+l
+Z Tg 0 [j+1:|qfk+j+1,j+5r

r+l . . r 4+ 1
= Z(—l)rﬂﬂqj(ﬁl)/ [ j ] Frtjjts—r—1,
=0 a

and the proof is finished. a

For each (m,r) € Ng x Np, let us consider the number o4(m,r)
defined by

r—j)(r— 2| T [r_j]m
(5) oq(m,r) = o 'Z 1)iglr=0r=i=1)/ []] e

q q(r Jj)m

Lemma 2. The numbers o4(m,r), (m,r) € Ng x Ny, given by (5)
enjoy the following properties.

(6) 04(m,0) =0, (meN) and 04(0,0) =1,
(7)

¢ oq(m+1,7) = [rlgoq(m,7) + o4(m,r = 1), meNo, r €N,
(8) og(m,r) =0, r>m.

Proof. Identity (6) follows immediately from (5). In order to prove
(7) we recall the formula

o 3]sl B e
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By using definition (5), for each m € Ny, r € N, we can write

1
og(m,r—1) = T
.
(10) , .
oyt [r=1] [r =il
x2 (-1 L‘—J qrm
Jj=1 q

On the other hand,

X Z(_l)jq(rfjfl)(rfjf2)/2 [7’ - 1] [r— j];n

(r—3)
j=0 PR A

3

[r]q i r—i—jenye [r] [ =dg
" 2V il, g

i) (r—i— [7‘ — j]m e r—1 r—i— r
x q(r=i=Dr=j 2)/2fj)7qn q¢ _ —g
q b1y J1q

1 < :
S Y

) ) — g™ _ 1
x ¢(r=i=(r=i=2)/2 [T(Tii)]rqn qr—1< [7“ ] 1] - = {T] )
q J ¢ Ul

Taking into account (9) and (10) the proof is complete. O

For establishing relation (8) on the basis of (7), it is enough to prove
oq(m,m+1) =0, for any m € Ny. Since

o 1 - N
met 1=l = o S () e
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and

m+1 J m+1
3 i/ m+ll (1N L _0
J gk q* ’
q

=0
for0<k<m-+1,

we can write

U‘I(mvm + 1)

m+1
1 S m-+1 )
_ 1V gliG=1)]/2 _ 5
= [m + 1 lgm DI/ Z;)( 1Yq [ j L[m+1 ilq
=

_ (1-gq)™™" % D) 1\
= m + 1l 12 Z 1= =0 @

q

In what follows, the monomial of m degree is denoted by e,,, m € Np.

Lemma 3. For f =e,,, m € Ny, one has
" [rlq!

[l

(11) Ay for-1= g o4(m,r), 1€ Ny.

Proof. For r = 0 identity (11) follows immediately from (2) and (6).
Let r € N, m € Ng and f = e,,. By using (4), we obtain

AT fort = i(_l)ﬁjq]‘(rl)/? [;L <qj_[%][qn]q)m

j=0
_ " N pyige-ae—i-npe [r] P2
[l =0 p glr=m
q"[r]q!
= [n[]rlq oq(m,r) o
q

Remark 1. It can easily be proved that

lim o4(m,r) = T'Z ()jm, m € Ny, r € Ny,

qg—1—
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the limit representing S(m,r), the classical Stirling numbers of the
second kind, see [1, page 824]. Thus, o,(m,r) can be considered to be
a g-analogue of Stirling numbers. We point out that our numbers are
distinct from the known g-analogue Sg(m,r) used in [3].

3. The T, , operators and their moments. Inspired by the
general class introduced in [5, 13] and following [19, Section 3],
let (¢n)n>1 be a sequence of real valued functions defined on Ry,
continuously infinitely g-differentiable on Ry, ¢ € (0,1), and satisfying
the following conditions.

(12)
(P1) ¢,(0)=1, neN,
(13)
(P2) (—1)"Dig¢,(z) >0, neN, ke Ny, x>0,
(P3) For all (z,k) € Ry x Ny there exists a positive integer i,
0 < i <k, such that

(14) Dit g, (z) = (1) DY 6, (¢ 2) B ki a (7).
where
lim Bn,k,ik,q(o)

ip+1
*[nlg

(15) =1

qk‘fik

We consider the operators
(16)

T (fi2) = Z
k=0

where f € F(R4) :={f : Ry — R, the series in (16) is convergent}.

[+]

q
[n]q qk—l)’ x>0,

([—k]r)f q[k(k71)1/2D§¢n (x)f <

For each n € N, T, , is a linear positive operator satisfying the
interpolating property T, ,(f;0) = £(0).

With the help of the ¢-Stirling numbers introduced in the previous
section, our main aim is to indicate all moments of our operators.

Lemma 4. Let T, 4, n € N, be defined by (16). One has

(17)  Tglemsz) =Y ([;]92

r=0 q

q" Dydn(0)ag(m,r), x>0.
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Proof. Let f € F(R4).
By using (2), the operator T}, 4 can be expressed as follows

oo

T q(f;) Z

k=0 ‘1

’“’“—”/QD’;oﬁn(x)Agfk,H

On the basis of (1), the g-derivative of T;, . f is given by

Dan,q(fﬂf
_ _i (—ﬂf)k k(k+1)/2Dk+1¢ (x)Aof
- []f] ' q n q k+1,k
k=0 g
+Z X Ca)® gt V2D G (2) A fr
k=0
_ = (—x)k k(k—1)/2 k ryk-+1 0 _AD
= q "Dt dn () (A fur1h — Ao frk—1)
[k] ! q q q
k=0 q
=3 G DL @

For n € N and € R4, by induction with respect to r € N we can
prove

;Q(fv - TZ

k=0 klq!

k(k 1)/2 rkaJrr(bn( )Agfk,kJrrfL

Choosing x = 0, we deduce D;T, 4(f;0) = (=1)"Dg¢n(0)AL fo,r—1
Consequently, taking into account Lemma 3, we get

D'Ty g(em;0) = (—=1)7g™ ["lq! Dl (0)oq(m, 7).

! [l

Choosing a = 0 in Theorem A, we obtain

. x” r - —z)" m
Tpglem;x) =Y == DiThg(em;0) = > ( i 4" Dl (0)aq(m, 7).
rl,! n

= ! = [l

Taking into account (8), the proof is complete. O



782 OCTAVIAN AGRATINI AND CRISTINA RADU

Formula (17) gives the explicit form of the first three moments of
T4, n € N, operators which will be read as follows

(18) Ty qleo;x) =1,
(19) T, oleriz) = —x%]“”

cr) = 22 Dg(b”(o) _ Dq¢n(0)
. Tralesi®) =0 =

We point out that these three particular moments have been obtained
by a straightforward calculation in [19, Lemma 1], without involving g-
Stirling numbers. Taking advantage of the above relations, the second
central moment of 7}, 4, n € N, is given by the formula

(21) Thg(02;2) = ap g2® + by gz, >0,
where p,(t) =t — =z, (t,z) € Ry x Ry, and

Dyn(0) , DZ¢n(0) _ Dy9a(0)

e T gmE 0 T T T

(22)  ang=1+2

Relation (13) implies b,, > 0, n € N. Examining properties
(P1)—(P3), we also deduce

2
(23) Hﬁ“%ﬁo):_l’ 1131%’]9:(1%, i € {0,1}.
q

The second limit was established keeping in view that (14)—(15) imply
two variants for ngbn(O): i1 = 0 and i; = 1, respectively.

Since lim,[n], = (1 — ¢)~!, by using the above limits, relation (20)
implies lim, T, 4(e2;2) = ¢ 2% + (1 — ¢)z. On the basis of the
Bohman-Korovkin theorem, it is clear that (7}, 4)n>1 does not form an
approximation process. The next step is to transform it for satisfying
this property. For each n € N, constant ¢ will be replaced by a number
gn € (0,1) such that lim,, ¢, = 1. An immediate result will be seen as
follows.
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Theorem 1. Let (gn)n>1, 0 < gn < 1, be a sequence, and let Ty, 4, ,
n € N, be defined as in (16). If lim,, g, = 1, for any compact K C Ry
and for each f € F(Ry)NC(Ry), one has

IimT, . (f;x) = f(z), wuniformly in x € K.

Proof. We get lim,, ¢’t =1, 0 < i; < 1, and lim,[n],, = co. On
the basis of relations (18)—(20), see also (23), the Bohman-Korovkin
theorem implies our statement. ]

4. Error estimations. We explore the rate of convergence of T}, 4, ,
n € N and ¢, € (0,1), in terms of both the modulus of continuity and
of a certain weighted modulus.

Denoting by C(R4) the space of all bounded continuous real-valued
functions on R, we state the following general estimate.

Theorem 2. Let (gn)n>1, 0 < ¢ < 1, be a sequence such that
lim, ¢, =1 and T}, 4,, n € N, are defined as in (16). For each n € N
and every f € Cp(Ry), one has

T, (fFi2) = f@)] < (14 Vimax{@, 2%} ) w (fi Vo) . 220,

and
(24) lime, 4, = 0.
Here w(f;-) stands for the modulus of continuity associated to f and

(25) Cn,qn ‘= |an,qn| + b,

the sequences (an,qg, )n, (bn.g,)n being defined by (22).

Proof. For any positive linear operator L, see e.g. the monograph [2,
Theorem 5.1.2], quantitative error estimates can be expressed in terms
of the test functions as follows

ILf = fI < [f]Leo — 1]

+ (Leo + %\/ (Leo) (ch%)) w(f;9), 6>0.

(26)
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On the other hand, (21) implies
O S Tnvqn (9027 x) S |a'n;qn | x2 + bnanx S max {x’ xQ} C’I’L,qn .
Also taking into account (18), from (26) with 6 = /¢, 4., our first

statement follows.

Since ¢, — 17, on the basis of (22) and (23), we get (24). O

In what follows, we give estimates of the errors |T,, 4, f — f|, n € N,
involving functions with polynomial growth. For a given N € N,
N > 2, considering the weight wy, wy(z) = (1 +2V)~7! = > 0,
we consider the space

Cn (Ry)

={f e C(Ry): aconstant My exists such that |wy f| < My},
endowed with the norm || - ||, [|f|ly = sup,>o [wn(z)f(z)|. Since
N > 2, the Korovkin test functions e;, j € {0, 1,2}, belong to Cn (R+).

For our purposes, we need some preliminary results regarding 7, 4
operator.

Setting vn,rq = (=1)"Dg¢n(0), (13) guarantees vy, .4 > 0, (n,7) €
N x N().

For any m € N, g4(m,0) = 0 and formula (17) can be written

(27) Tn,q(emy = q—m Z nT,qu m, T .’,C x Z 0,

qr:

a polynomial of degree almost m having all coefficients positive.

Setting
(28) Anmg = 0" Y Tnrg0q(m.r),
r=1

relation (27) implies

(29) 0< T, qlem;x) < Apmq(l+2™), z>0.

L
[l
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Lemma 5. Let T, 4, n € N, be defined by (16). The operators map

Proof. Let f € Cy(Ry4), meaning |f(z)| < Ms(1+ V), 2 > 0. Since
Th,q is a linear positive operator, consequently monotone, we can write
successively

T (f5 )| < Tog (If]52) < MyTq(1+ en; )

Aan N
< 24V > .
Mf<1+ )y )(1+x ), >0

We used (18) and (29). Clearly, T;, of € Cn(R4). O

Lemma 6. Let T, 4, n € N, be defined by (16). If

(30) 0.(t) =1+ (z+[t—z))V t>0, 2>0,
then
Tn,q (93:7 LC) S Bn,N,q(l + xN)a
(31) N
Tnq(0%;2) < \/2Bpong(1+2"), x>0,
where
A
(32) Brmq=2""1 <2m - —’ZL)
! ]y

and Ap m.q s given by (28).

Proof. Since 0,(t) <14 2z +t)N < 14+2N"1((22)N +V), by using
(18) and (29), we can write

Tpg (0;2) <14 2N71 ((2x)N +Thg (eN;x))
An,N,q

[n]§

S22N_1(1+$N)+2N_1 (1+Z‘N),

and the first inequality from (31) is proved.
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Further on,

(6) < (1+ @2z + ")
<2(1+ 2z +1t)*")
<2(1+24N 1 2N+22N71t2N).

By applying T}, , and by using again (18), (29), the second inequality
follows. O

For obtaining bounds on the approximation error by T, ,, we use a
modulus of smoothness Qpn defined as follows
(33)
Qn(f;0) = sup wy(@+h)[f(z+h) = f(x)], 6>0, feCnRy).

x>0
0<h<§

The usefulness of this modulus and some basic properties of it may

be found in [10]. Among them, Qn(f;md) < mQn(f;0), m € N, is

mentioned. Since Qy(f; ) is monotonically increasing with respect to
6 (6 >0) and o < [a] +1 < a+ 1 holds, the above property implies

(34) On(f;00) < (a+1)Qn(f36), 6>0,
for any a > 0.

Theorem 3. Let (gn)n>1, 0 < ¢n < 1, be a sequence such that
lim, ¢, =1 and T}, 4,, n € N, are defined as in (16). For each n € N
and every f € Cy(R4), N > 2, one has

(35) T, (f;2) — f()|
S 2 (Bn,N,qn + 2Bn,2N,qn) (1 + xNJrl)QN (fa RV cn,qn) )

x > 0, where Bymgq, and cpngq, are described by (32) and (25),
respectively.

Proof. Let n € N and f € Cn(Ry) be fixed. For each ¢t > 0 and
d > 0, on the basis of (33) and (34) with a := |t — 2|61, we get

0= @1 < (14 ot le-a)) (54 1) aw 110)

(820 + 360 1e = ) x (£:0).
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where 6, was introduced in (30). Taking into account that T, 4, is a
linear positive operator preserving the constants, we can write

Tn,q, (f32) = F(@)| = [Thg, (f = f(2);2)] < Thpg, (If = f(@)]52)
< Thq. <‘9z + %t% |z ;x) Qn (f30)

{0 02i0)

1
+ 3T O liel0) [ (7:0)

IA

{Tn;qn (9937 x)

# 5T O30\ T, (2i0) o (759).

The last increase is based upon the Cauchy-Schwarz inequality. Fur-
ther, by using inequalities (21) and (31), we obtain

(36)  [Thq,(f;2) — f(2)]

1
< <Bn7N7qn + g\/an,QN,qncn,qn \/max {z, x2}> (1+ xN)QN (f;0).

The following inequality h/wy < 2/wxny1 holds on R4 both for

h = ep and for h = y/max{e,ea}. Applying it in (36) and choosing
0 = /Cn.q., the claimed result follows. O

Our concern is to determine the magnitude with respect to n of
the constant appearing in (35), under the hypothesis ¢, — 17, n —
0o. As a first step, keeping in view (15), we have By k. .q,(0) =
O([n]ik*1), 0 < i) < k. Examining (14), we deduce 7 rq, =
(=1)"Dy ¢n(0) = O([n]y, ), r € No. Next, (28) guarantees Ay, m g, =
O([n]y! ) and, consequently, (32) implies By, 1.4, = O(1). Thus, under
the assumptions of Theorem 3, inequality (35) implies the following
global estimate

”Tn,qnf - f||7v+1 < KnQn (f7 \/Cn,qn) , feCln (R+),

where K is a constant independent of f and n.
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5. On some particular cases. Two special cases of the (T}, ¢)n
sequence have been revealed in [19, Section 5], these representing g-
analogues of some known discrete positive approximation processes.

5.1. We choose ¢, () := E,;(—[n]qx), z > 0, n € N. Here Ej is the
known expansion in the g-calculus of the exponential function defined
as follows:

0 k
E,(z) = qu(k—l)ﬂ%, z €R,
k=0 q’

see, e.g., [9, page 31]. This way, T, , operators turn into S (-;q;-),
a g-analogue of Szdsz-Mirakyan operators indicated in [19, equation
(5.1)], where «,, was taken to be equal to 1.

We get

1 1
(37) (n,q =0, bpg = — Cng=—, neN,
! ! [n]q ! [n]q

the quantities introduced by (22) and (25).

5.2.  Choosing ¢n(z) = (1 +q"z);", * > 0, n € N, T,
operators become a g-analogue of the ordinary Baskakov operators, a
slight modification of V,*(-;¢; -) indicated in [19, equation (5.6)]. More
precisely, in this case we have T), 4(f;qz) = V,*(f; ¢; ). This time, we
get

1 1 1+g¢

; bp,g = , Cnyg = ———
! [n]q ! q[n]q

(38) QAn,qg = , neN.

Further on, in the above two special cases, we consider ¢ = ¢,,, where
0 < gn <1 and lim,, ¢, = 1. Examining (37) and (38) with ¢ = gy, on
the basis of our results established in the previous section, we deduce
the following.

Remark 2. The order of approximation of f by the g-analogues of
Szdsz-Mirakjan and by ordinary Baskakov operators is O(1/+/[nq, )-

On the other hand, it is known that each of these original classical
linear positive operators has the order of approximation O(1/y/n).
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However, 1/v/n < 1/4/[n],, for any n € N. To maximize the
order of approximation by T, ,,, we are interested to have [n],, be
of the same order as n. Thus, a question should still be raised: what
additional assumption upon the sequence (gy,), guarantees carrying out
this requirement? The answer was given by Derriennic [6, Lemma 3.4]:
it is necessary and sufficient that ng € N and ¢ > 0 exist such that, for
any n > ng, g, > c holds.
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