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ON q-BASKAKOV-MASTROIANNI OPERATORS

OCTAVIAN AGRATINI AND CRISTINA RADU

ABSTRACT. The aim of the paper is to investigate a q-
analogue of a general class of linear positive operators de-
fined by Baskakov and developed by Mastroianni. Our results
are the following: the moments of the operators are explic-
itly expressed with the help of new q-analogues of Stirling
numbers, the rate of convergence is established in different
function spaces by using both modulus of continuity and a
certain weighted modulus of smoothness, the identification,
as particular cases, of q-analogues for two classical sequences
of positive approximation processes.

1. Introduction. The approximation of functions by using linear
positive operators introduced via q-calculus is currently under intensive
research. The pioneer work has been done by Lupaş [11] and Phillips
[17] who proposed generalizations of Bernstein polynomials based upon
q-integers. The q-Bernstein polynomials quickly gained popularity, see
[6, 14, 15, 18, 21]. A comprehensive review of the results on this class
along with an extensive bibliography is given in [16]. Other important
classes of discrete operators have been investigated by using q-calculus,
for example q-Meyer-König operators [7, 20], q-Bleimann, Butzer and
Hahn operators [4, 12], q-Szász-Mirakjan operators [3].

The starting point of this note is a general class of operators intro-
duced by Baskakov [5]. Later on, Mastroianni’s approach [13] devel-
oped this approximation process. For comparison, [2, pages 344, 350]
may also be consulted. Our goal is to investigate a q-analogue of the
original Baskakov and Mastroianni operators. The class has been in-
troduced by the second author, and their weighted statistical approx-
imation properties were studied [19]. As particular features of this
construction, we mention the following: one requires the values of the
approximated function on a flexible net described with the help of the
powers of a parameter. For our investigation, we define and explore
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a new q-analogue of Stirling numbers. This way, we are able to get
explicit formulae for all moments of our operators based on q-integers.

The paper is organized as follows. Section 2 includes basic facts
regarding q-calculus and contains a new q-analogue of Stirling numbers
of the second kind. The class of announced operators is presented
in Section 3. The key result of this section consists of obtaining all
moments of the operators in terms of q-Stirling numbers. Further on,
in Section 4, the rate of convergence is established. The approach is
developed in two cases: for bounded functions and for functions having
a polynomial growth. As a main tool we use the ordinary modulus
of smoothness and a certain weighed modulus, respectively. The last
section centers around the order of approximation of two special cases
of our general class.

2. On q-Stirling numbers of the second kind. To formulate our
results we need the following definitions, see, e.g., [9, pages 7 13].

Let q > 0. For any n ∈ N0 := {0} ∪N, the q-integer [n]q is defined
by

[n]q := 1 + q + · · ·+ qn−1, n ∈ N, [0]q := 0,

and the q-factorial [n]q! by

[n]q! := [1]q[2]q · · · [n]q, n ∈ N, [0]q! := 1.

Also, the q-binomial coefficients or the Gaussian coefficients are denoted
by
[ n
k

]
q
and are defined by

[
n
k

]
q

=
[n]q!

[k]q! [n− k]q!
, k = 0, 1, . . . , n.

Clearly, for q = 1, [n]1 = n, [n]1! = n! and
[ n
k

]
1
=
( n
k

)
are the

ordinary binomial coefficients. Moreover, for any real number a, we set

[a]q :=
1− qa

1− q
, q �= 1.

In the sequel we will always assume that q ∈ (0, 1).
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The q-derivative of a function f : R → R is defined by

Dqf (x) =
f(x)− f(qx)

(1 − q)x
, x �= 0, Dqf (0) := lim

x→0
Dqf (x) ,

and the high q-derivatives D0
qf := f , Dn

q f := Dq(D
n−1
q f), n ∈ N.

It is said that a function f is q-differentiable on a real interval I if, for
any q ∈ (0, 1), the q-derivative of f exists and is finite in every x ∈ I.
The product rule is

(1) Dq (f(x)g(x)) = Dq (f(x)) g(x) + f(qx)Dq (g(x)) .

We recall the q-Taylor theorem as is given in [8, page 103].

Theorem A. If the function g(x) is capable of expansion as a
convergent power series and q is not a root of unity, then

g(x) =

∞∑
r=0

(x− a)rq
[r]q!

Dr
qg(a),

where

(x− a)
r
q =

r−1∏
s=0

(x− qsa) =

r∑
k=0

[
r
k

]
q

q[k(k−1)]/2xr−k(−a)k.

Since our aim is to approximate functions defined on R+, we
need meshes of this interval. Taking into account the nets Δn =
([k]q/([n]qq

k−1))k≥0, n ∈ N, we define a suitable q-difference opera-
tor as follows

(2) Δ0
qfk,s = fk,s,

(3) Δr+1
q fk,s = qrΔr

qfk+1,s −Δr
qfk,s−1, r ∈ N0,

where fk,s = f([k]q/(q
s[n]q)), k ∈ N0, s ∈ Z.
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The following lemma gives an expression for the rth q-differences
Δr

qfk,s as a sum of multiplies of values of f .

Lemma 1. The q-difference operator Δr
q defined by (2), (3) satisfies

(4)
Δr

qfk,s =

r∑
j=0

(−1)r−jqj(j−1)/2

[
r
j

]
q

fk+j,j+s−r

for r, k ∈ N0, s ∈ Z.

Proof. We apply mathematical induction with respect to r ∈ N0. By
using (2) it is easy to see that (4) is satisfied for r = 0.

Further on, we assume that (4) is true for an arbitrary r ∈ N. From
the recurrence relation (3) we obtain

Δr+1
q fk,s = qrΔr

qfk+1,s −Δr
qfk,s−1

= qr
r∑

j=0

(−1)r−jqj(j−1)/2

[
r
j

]
q

fk+j+1,j+s−r

−
r∑

j=0

(−1)r−jqj(j−1)/2

[
r
j

]
q

fk+j,j+s−r−1

= qr(r+1)/2fk+r+1,s + (−1)r+1fk,s−r−1

+ qr
r−1∑
j=0

(−1)r−jqj(j−1)/2

[
r
j

]
q

fk+j+1,j+s−r

−
r−1∑
j=0

(−1)r−j−1qj(j+1)/2

[
r

j + 1

]
q

fk+j+1,j+s−r

= qr(r+1)/2fk+r+1,s + (−1)r+1fk,s−r−1

+

r−1∑
j=0

(−1)r−jqj(j−1)/2

× fk+j+1,j+s−r

(
qr
[
r
j

]
q

+ qj
[

r
j + 1

]
q

)
.
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By using the formula[
r + 1
j + 1

]
q

= qr−j

[
r
j

]
q

+

[
r

j + 1

]
q

,

we can write

Δr+1
q fk,s = qr(r+1)/2fk+r+1,s + (−1)r+1fk,s−r−1

+
r−1∑
j=0

(−1)r−jqj(j+1)/2

[
r + 1
j + 1

]
q

fk+j+1,j+s−r

=

r+1∑
j=0

(−1)r−j+1qj(j−1)/2

[
r + 1
j

]
q

fk+j,j+s−r−1,

and the proof is finished.

For each (m, r) ∈ N0 × N0, let us consider the number σq(m, r)
defined by

(5) σq(m, r) =
1

[r]q!

r∑
j=0

(−1)jq(r−j)(r−j−1)/2

[
r
j

]
q

[r − j]mq
q(r−j)m

.

Lemma 2. The numbers σq(m, r), (m, r) ∈ N0 ×N0, given by (5)
enjoy the following properties.

σq(m, 0) = 0, (m ∈ N) and σq(0, 0) = 1,(6)

qrσq(m+ 1, r) = [r]qσq(m, r) + σq(m, r − 1), m ∈ N0, r ∈ N,
(7)

σq(m, r) = 0, r > m.(8)

Proof. Identity (6) follows immediately from (5). In order to prove
(7) we recall the formula

(9)

[
r − 1
j

]
q

=
1

qj

([
r
j

]
q

−
[
r − 1
j − 1

]
q

)
, r, j ∈ N.



778 OCTAVIAN AGRATINI AND CRISTINA RADU

By using definition (5), for each m ∈ N0, r ∈ N, we can write

(10)

σq(m, r − 1) =
1

[r − 1]q!

×
r∑

j=1

(−1)j−1q(r−j)(r−j−1)/2

[
r − 1
j − 1

]
q

[r − j]mq
q(r−j)m

.

On the other hand,

qrσq(m+ 1, r)− [r]qσq(m, r)

=
[r]q
[r]q !

qr−1

×
r∑

j=0

(−1)jq(r−j−1)(r−j−2)/2

[
r − 1
j

]
q

[r − j]mq
q(r−j)m

− [r]q
[r]q !

r∑
j=0

(−1)jq(r−j)(r−j−1)/2

[
r
j

]
q

[r − j]mq
q(r−j)m

=
1

[r − 1]q!

r∑
j=0

(−1)j

× q(r−j−1)(r−j−2)/2
[r − j]mq
q(r−j)m

(
qr−1

[
r − 1
j

]
q

− qr−j−1

[
r
j

]
q

)

=
1

[r − 1]q!

r∑
j=1

(−1)j

× q(r−j−1)(r−j−2)/2
[r − j]mq
q(r−j)m

qr−1

([
r − 1
j

]
q

− 1

qj

[
r
j

]
q

)
.

Taking into account (9) and (10) the proof is complete.

For establishing relation (8) on the basis of (7), it is enough to prove
σq(m,m+ 1) = 0, for any m ∈ N0. Since

[m+ 1− j]mq =
1

(1 − q)m

m∑
k=0

(−1)k
(
m
k

)
qk(m+1)−kj ,

for 0 ≤ j ≤ m+ 1,
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and
m+1∑
j=0

qj(j−1)/2

[
m+ 1

j

]
q

(
− 1

qk

)j

=

(
1− 1

qk

)m+1

q

= 0,

for 0 ≤ k < m+ 1,

we can write

σq(m,m+ 1)

=
1

[m+ 1]q!q[m(m+1)]/2

m+1∑
j=0

(−1)jq[j(j−1)]/2

[
m+ 1

j

]
q

[m+ 1− j]mq

=
(1 − q)−m

[m+ 1]q!q[m(m+1)]/2

m∑
k=0

(−1)k
(
m
k

)
qk(m+1)

(
1− 1

qk

)m+1

q

= 0.

In what follows, the monomial ofm degree is denoted by em, m ∈ N0.

Lemma 3. For f = em, m ∈ N0, one has

(11) Δr
qf0,r−1 =

qm[r]q!

[n]mq
σq(m, r), r ∈ N0.

Proof. For r = 0 identity (11) follows immediately from (2) and (6).

Let r ∈ N, m ∈ N0 and f = em. By using (4), we obtain

Δr
qf0,r−1 =

r∑
j=0

(−1)r−jqj(j−1)/2

[
r
j

]
q

(
[j]q

qj−1[n]q

)m

=
qm

[n]mq

r∑
j=0

(−1)jq(r−j)(r−j−1)/2

[
r
j

]
q

[r − j]mq
q(r−j)m

=
qm[r]q !

[n]mq
σq(m, r).

Remark 1. It can easily be proved that

lim
q→1−

σq(m, r) =
1

r!

r∑
j=0

(−1)r−j

(
r
j

)
jm, m ∈ N0, r ∈ N0,
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the limit representing S(m, r), the classical Stirling numbers of the
second kind, see [1, page 824]. Thus, σq(m, r) can be considered to be
a q-analogue of Stirling numbers. We point out that our numbers are
distinct from the known q-analogue Sq(m, r) used in [3].

3. The Tn,q operators and their moments. Inspired by the
general class introduced in [5, 13] and following [19, Section 3],
let (φn)n≥1 be a sequence of real valued functions defined on R+,
continuously infinitely q-differentiable on R+, q ∈ (0, 1), and satisfying
the following conditions.

(P1) φn(0) = 1, n ∈ N,
(12)

(P2) (−1)kDk
qφn(x) ≥ 0, n ∈ N, k ∈ N0, x ≥ 0,

(13)

(P3) For all (x, k) ∈ R+ ×N0 there exists a positive integer ik,

0 ≤ ik ≤ k, such that

Dk+1
q φn(x) = (−1)ik+1Dk−ik

q φn(q
ik+1x)βn,k,ik,q(x),(14)

where

lim
n

βn,k,ik,q(0)

[n]
ik+1
q qk−ik

= 1.(15)

We consider the operators
(16)

Tn,q (f ;x) =

∞∑
k=0

(−x)k

[k]q!
q[k(k−1)]/2Dk

qφn(x)f

(
[k]q

[n]q q
k−1

)
, x ≥ 0,

where f ∈ F(R+) := {f : R+ → R, the series in (16) is convergent}.
For each n ∈ N, Tn,q is a linear positive operator satisfying the

interpolating property Tn,q(f ; 0) = f(0).

With the help of the q-Stirling numbers introduced in the previous
section, our main aim is to indicate all moments of our operators.

Lemma 4. Let Tn,q, n ∈ N, be defined by (16). One has

(17) Tn,q(em;x) =
m∑
r=0

(−x)r

[n]mq
qmDr

qφn(0)σq(m, r), x ≥ 0.
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Proof. Let f ∈ F(R+).

By using (2), the operator Tn,q can be expressed as follows

Tn,q(f ;x) =

∞∑
k=0

(−x)k

[k]q!
qk(k−1)/2Dk

qφn(x)Δ
0
qfk,k−1.

On the basis of (1), the q-derivative of Tn,qf is given by

DqTn,q(f ;x)

= −
∞∑
k=0

(−x)k

[k]q!
qk(k+1)/2Dk+1

q φn(x)Δ
0
qfk+1,k

+

∞∑
k=0

(−x)k

[k]q!
qkqk(k−1)/2Dk+1

q φn(x)Δ
0
qfk,k−1

= −
∞∑
k=0

(−x)k

[k]q!
qk(k−1)/2qkDk+1

q φn(x)
(
Δ0

qfk+1,k −Δ0
qfk,k−1

)

= −
∞∑
k=0

(−x)k

[k]q!
qk(k−1)/2qkDk+1

q φn(x)Δ
1
qfk,k.

For n ∈ N and x ∈ R+, by induction with respect to r ∈ N we can
prove

Dr
qTn,q(f ;x) = (−1)r

∞∑
k=0

(−x)k

[k]q!
qk(k−1)/2qrkDk+r

q φn(x)Δ
r
qfk,k+r−1.

Choosing x = 0, we deduce Dr
qTn,q(f ; 0) = (−1)rDr

qφn(0)Δ
r
qf0,r−1.

Consequently, taking into account Lemma 3, we get

Dr
qTn,q(em; 0) = (−1)rqm

[r]q !

[n]mq
Dr

qφn(0)σq(m, r).

Choosing a = 0 in Theorem A, we obtain

Tn,q(em;x) =

∞∑
r=0

xr

[r]q !
Dr

qTn,q(em; 0) =

∞∑
r=0

(−x)r

[n]mq
qmDr

qφn(0)σq(m, r).

Taking into account (8), the proof is complete.
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Formula (17) gives the explicit form of the first three moments of
Tn,q, n ∈ N, operators which will be read as follows

Tn,q(e0;x) = 1,(18)

Tn,q(e1;x) = −x
Dqφn(0)

[n]q
,(19)

Tn,q(e2;x) = x2
D2

qφn(0)

q[n]2q
− x

Dqφn(0)

[n]2q
.(20)

We point out that these three particular moments have been obtained
by a straightforward calculation in [19, Lemma 1], without involving q-
Stirling numbers. Taking advantage of the above relations, the second
central moment of Tn,q, n ∈ N, is given by the formula

(21) Tn,q(ϕ
2
x;x) = an,qx

2 + bn,qx, x ≥ 0,

where ϕx(t) = t− x, (t, x) ∈ R+ ×R+, and

(22) an,q = 1 + 2
Dqφn(0)

[n]q
+

D2
qφn(0)

q[n]2q
, bn,q = −Dqφn(0)

[n]2q
.

Relation (13) implies bn,q ≥ 0, n ∈ N. Examining properties
(P1) (P3), we also deduce

(23) lim
n

Dqφn(0)

[n]q
= −1, lim

n

D2
qφn(0)

q[n]2q
=

1

qi1
, i1 ∈ {0, 1} .

The second limit was established keeping in view that (14) (15) imply
two variants for D2

qφn(0): i1 = 0 and i1 = 1, respectively.

Since limn[n]q = (1 − q)−1, by using the above limits, relation (20)
implies limn Tn,q(e2;x) = q−i1x2 + (1 − q)x. On the basis of the
Bohman-Korovkin theorem, it is clear that (Tn,q)n≥1 does not form an
approximation process. The next step is to transform it for satisfying
this property. For each n ∈ N, constant q will be replaced by a number
qn ∈ (0, 1) such that limn qn = 1. An immediate result will be seen as
follows.
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Theorem 1. Let (qn)n≥1, 0 < qn < 1, be a sequence, and let Tn,qn ,
n ∈ N, be defined as in (16). If limn qn = 1, for any compact K ⊂ R+

and for each f ∈ F(R+) ∩ C(R+), one has

lim
n

Tn,qn(f ;x) = f(x), uniformly in x ∈ K.

Proof. We get limn q
i1
n = 1, 0 ≤ i1 ≤ 1, and limn[n]qn = ∞. On

the basis of relations (18) (20), see also (23), the Bohman-Korovkin
theorem implies our statement.

4. Error estimations. We explore the rate of convergence of Tn,qn ,
n ∈ N and qn ∈ (0, 1), in terms of both the modulus of continuity and
of a certain weighted modulus.

Denoting by CB(R+) the space of all bounded continuous real-valued
functions on R+, we state the following general estimate.

Theorem 2. Let (qn)n≥1, 0 < qn < 1, be a sequence such that
limn qn = 1 and Tn,qn, n ∈ N, are defined as in (16). For each n ∈ N
and every f ∈ CB(R+), one has

|Tn,qn(f ;x)− f(x)| ≤
(
1 +

√
max {x, x2}

)
ω
(
f ;

√
cn,qn

)
, x ≥ 0,

and

(24) lim
n

cn,qn = 0.

Here ω(f ; ·) stands for the modulus of continuity associated to f and

(25) cn,qn := |an,qn |+ bn,qn ,

the sequences (an,qn)n, (bn,qn)n being defined by (22).

Proof. For any positive linear operator L, see e.g. the monograph [2,
Theorem 5.1.2], quantitative error estimates can be expressed in terms
of the test functions as follows

(26)

|Lf − f | ≤ |f | |Le0 − 1|
+

(
Le0 +

1

δ

√
(Le0) (Lϕ2

x)

)
ω (f ; δ) , δ > 0.
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On the other hand, (21) implies

0 ≤ Tn,qn(ϕ
2
x;x) ≤ |an,qn |x2 + bn,qnx ≤ max

{
x, x2

}
cn,qn .

Also taking into account (18), from (26) with δ =
√
cn,qn , our first

statement follows.

Since qn → 1−, on the basis of (22) and (23), we get (24).

In what follows, we give estimates of the errors |Tn,qnf − f |, n ∈ N,
involving functions with polynomial growth. For a given N ∈ N,
N ≥ 2, considering the weight wN , wN (x) = (1 + xN )−1, x ≥ 0,
we consider the space

CN (R+)

:= {f ∈ C (R+) : a constant Mf exists such that |wNf | ≤ Mf} ,

endowed with the norm ‖ · ‖∗N , ‖f‖∗N := supx≥0 |wN (x)f(x)|. Since
N ≥ 2, the Korovkin test functions ej , j ∈ {0, 1, 2}, belong to CN (R+).

For our purposes, we need some preliminary results regarding Tn,q

operator.

Setting γn,r,q := (−1)rDr
qφn(0), (13) guarantees γn,r,q ≥ 0, (n, r) ∈

N×N0.

For any m ∈ N, σq(m, 0) = 0 and formula (17) can be written

(27) Tn,q(em;x) =
qm

[n]mq

m∑
r=1

γn,r,qσq(m, r)xr , x ≥ 0,

a polynomial of degree almost m having all coefficients positive.

Setting

(28) An,m,q := qm
m∑
r=1

γn,r,qσq(m, r),

relation (27) implies

(29) 0 ≤ Tn,q(em;x) ≤ 1

[n]mq
An,m,q(1 + xm), x ≥ 0.
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Lemma 5. Let Tn,q, n ∈ N, be defined by (16). The operators map
CN (R+) into CN (R+).

Proof. Let f ∈ CN (R+), meaning |f(x)| ≤ Mf(1+xN ), x ≥ 0. Since
Tn,q is a linear positive operator, consequently monotone, we can write
successively

|Tn,q(f ;x)| ≤ Tn,q (|f | ;x) ≤ MfTn,q(1 + eN ;x)

≤ Mf

(
1 +

An,N,q

[n]Nq

)
(1 + xN ), x ≥ 0.

We used (18) and (29). Clearly, Tn,qf ∈ CN (R+).

Lemma 6. Let Tn,q, n ∈ N, be defined by (16). If

(30) θx(t) = 1 + (x+ |t− x|)N t ≥ 0, x ≥ 0,

then

(31)
Tn,q (θx;x) ≤ Bn,N,q(1 + xN ),√
Tn,q (θ2x;x) ≤

√
2Bn,2N,q(1 + xN ), x ≥ 0,

where

(32) Bn,m,q := 2m−1

(
2m +

An,m,q

[n]mq

)

and An,m,q is given by (28).

Proof. Since θx(t) ≤ 1+ (2x+ t)N ≤ 1+ 2N−1((2x)N + tN ), by using
(18) and (29), we can write

Tn,q (θx;x) ≤ 1 + 2N−1
(
(2x)N + Tn,q (eN ;x)

)
≤ 22N−1(1 + xN ) + 2N−1An,N,q

[n]Nq
(1 + xN ),

and the first inequality from (31) is proved.
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Further on,

θ2x(t) ≤
(
1 + (2x+ t)N

)2
≤ 2

(
1 + (2x+ t)2N

)
≤ 2

(
1 + 24N−1x2N + 22N−1t2N

)
.

By applying Tn,q and by using again (18), (29), the second inequality
follows.

For obtaining bounds on the approximation error by Tn,q, we use a
modulus of smoothness ΩN defined as follows
(33)
ΩN (f ; δ) = sup

x≥0
0<h≤δ

wN (x+h) |f(x+ h)− f(x)| , δ > 0, f ∈ CN (R+) .

The usefulness of this modulus and some basic properties of it may
be found in [10]. Among them, ΩN (f ;mδ) ≤ mΩN (f ; δ), m ∈ N, is
mentioned. Since ΩN(f ; δ) is monotonically increasing with respect to
δ (δ > 0) and α < [α] + 1 ≤ α+ 1 holds, the above property implies

(34) ΩN (f ;αδ) ≤ (α+ 1)ΩN (f ; δ), δ > 0,

for any α > 0.

Theorem 3. Let (qn)n≥1, 0 < qn < 1, be a sequence such that
limn qn = 1 and Tn,qn, n ∈ N, are defined as in (16). For each n ∈ N
and every f ∈ CN (R+), N ≥ 2, one has

(35) |Tn,qn(f ;x)− f(x)|
≤ 2

(
Bn,N,qn +

√
2Bn,2N,qn

)
(1 + xN+1)ΩN

(
f ;

√
cn,qn

)
,

x ≥ 0, where Bn,m,qn and cn,qn are described by (32) and (25),
respectively.

Proof. Let n ∈ N and f ∈ CN (R+) be fixed. For each t ≥ 0 and
δ > 0, on the basis of (33) and (34) with α := |t− x|δ−1, we get

|f(t)− f(x)| ≤
(
1 + (x+ |t− x|)N

)( |t− x|
δ

+ 1

)
ΩN (f ; δ)

=

(
θx(t) +

1

δ
θx(t) |t− x|

)
ΩN (f ; δ) ,
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where θx was introduced in (30). Taking into account that Tn,qn is a
linear positive operator preserving the constants, we can write

|Tn,qn(f ;x)− f(x)| = |Tn,qn(f − f(x);x)| ≤ Tn,qn (|f − f(x)| ;x)
≤ Tn,qn

(
θx +

1

δ
θx |ϕx| ;x

)
ΩN (f ; δ)

=

{
Tn,qn (θx;x)

+
1

δ
Tn,qn (θx |ϕx| ;x)

}
ΩN (f ; δ)

≤
{
Tn,qn (θx;x)

+
1

δ

√
Tn,qn (θ2x;x)

√
Tn,qn (ϕ2

x;x)

}
ΩN (f ; δ) .

The last increase is based upon the Cauchy-Schwarz inequality. Fur-
ther, by using inequalities (21) and (31), we obtain

(36) |Tn,qn(f ;x)− f(x)|
≤
(
Bn,N,qn +

1

δ

√
2Bn,2N,qncn,qn

√
max {x, x2}

)
(1 + xN )ΩN (f ; δ) .

The following inequality h/wN ≤ 2/wN+1 holds on R+ both for
h = e0 and for h =

√
max{e1, e2}. Applying it in (36) and choosing

δ =
√
cn,qn , the claimed result follows.

Our concern is to determine the magnitude with respect to n of
the constant appearing in (35), under the hypothesis qn → 1−, n →
∞. As a first step, keeping in view (15), we have βn,k,ik,qn(0) =
O([n]ik+1

qn ), 0 ≤ ik ≤ k. Examining (14), we deduce γn,r,qn =
(−1)rDr

qnφn(0) = O([n]rqn), r ∈ N0. Next, (28) guarantees An,m,qn =
O([n]mqn) and, consequently, (32) implies Bn,m,qn = O(1). Thus, under
the assumptions of Theorem 3, inequality (35) implies the following
global estimate

‖Tn,qnf − f‖∗N+1 ≤ KNΩN

(
f ;

√
cn,qn

)
, f ∈ CN (R+) ,

where KN is a constant independent of f and n.



788 OCTAVIAN AGRATINI AND CRISTINA RADU

5. On some particular cases. Two special cases of the (Tn,q)n
sequence have been revealed in [19, Section 5], these representing q-
analogues of some known discrete positive approximation processes.

5.1. We choose φn(x) := Eq(−[n]qx), x ≥ 0, n ∈ N. Here Eq is the
known expansion in the q-calculus of the exponential function defined
as follows:

Eq(x) =

∞∑
k=0

qk(k−1)/2 xk

[k]q!
, x ∈ R,

see, e.g., [9, page 31]. This way, Tn,q operators turn into S∗
n(·; q; ·),

a q-analogue of Szász-Mirakyan operators indicated in [19, equation
(5.1)], where αn was taken to be equal to 1.

We get

(37) an,q = 0, bn,q =
1

[n]q
, cn,q =

1

[n]q
, n ∈ N,

the quantities introduced by (22) and (25).

5.2. Choosing φn(x) := (1 + qnx)−n
q , x ≥ 0, n ∈ N, Tn,q

operators become a q-analogue of the ordinary Baskakov operators, a
slight modification of V ∗

n (·; q; ·) indicated in [19, equation (5.6)]. More
precisely, in this case we have Tn,q(f ; qx) = V ∗

n (f ; q;x). This time, we
get

(38) an,q =
1

q[n]q
, bn,q =

1

[n]q
, cn,q =

1 + q

q[n]q
, n ∈ N.

Further on, in the above two special cases, we consider q = qn, where
0 < qn < 1 and limn qn = 1. Examining (37) and (38) with q = qn, on
the basis of our results established in the previous section, we deduce
the following.

Remark 2. The order of approximation of f by the q-analogues of
Szász-Mirakjan and by ordinary Baskakov operators is O(1/

√
[n]qn).

On the other hand, it is known that each of these original classical
linear positive operators has the order of approximation O(1/

√
n).
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However, 1/
√
n ≤ 1/

√
[n]qn for any n ∈ N. To maximize the

order of approximation by Tn,qn , we are interested to have [n]qn be
of the same order as n. Thus, a question should still be raised: what
additional assumption upon the sequence (qn)n guarantees carrying out
this requirement? The answer was given by Derriennic [6, Lemma 3.4]:
it is necessary and sufficient that n0 ∈ N and c > 0 exist such that, for
any n > n0, q

n
n ≥ c holds.
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ence, 1 Kogălniceanu St., 400084 Cluj-Napoca, Romania
Email address: rcristina@math.ubbcluj.ro



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize false
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [1200 1200]
  /PageSize [432.000 648.000]
>> setpagedevice


