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SURJECTIVE LINEAR MAPS PRESERVING
CERTAIN SPECTRAL RADII

M. BENDAOUD AND M. SARIH

ABSTRACT. Let £(H) denote the algebra of all bounded
linear operators on an infinite dimensional complex Hilbert
space H. In this paper, we prove that a surjective linear
map ¢ from L(H) into itself preserves the spectral radius
r1(.) if and only if ¢ is an automorphism multiplied by a
unimodular scalar. We also consider the case when H is
a finite dimensional Hilbert space and prove that a linear
map ¢ from M, (C) into itself preserves the spectral radius
r1(.) if and only if ¢ is either an automorphism or an anti-
automorphism multiplied by a unimodular scalar. Finally,
we use this result to show that a linear map ¢ from M, (C)
into itself preserves the inner local spectral radius at nonzero
fixed vector zg € C" if and only if there exist a unimodular
scalar o € C and an invertible matrix A € M, (C) such that
A(zg) = zp and ¢(T) = aATA™! for all T € M, (C).

1. Introduction. Let X be a complex Banach space, and let
L(X) denote the algebra of all bounded linear operators on X. For
an operator T € L(X), we denote the spectrum by o(T) and the
approximate point spectrum by o,,(T). We also denote as usual
the spectral radius of T by r(T) := max{|A\| : A € o(T)} which
coincides, by Gelfand’s formula for the spectral radius, with the limit
of the convergent sequence (|77 '/"),. The minimum modulus of T
is m(T) := inf{||Tz|| : ||z|| = 1}, and is positive precisely when T is
injective and has a closed range. Note that the sequence (m(T™)Y/"),
converges and its limit, denoted by r1(T"), coincides with its supremum.
In [12], Makai and Zemdnek proved, in fact, that r1(7") is nothing but
the minimum modulus of o4, (T').

The local resolvent of an operator T € £(X) at a point z € X, pr(z),
is the set of all A € C for which there exists an open neighborhood U)
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of A in C and an analytic function f : Ux — X such that the equation
(T — p)f(p) = x holds for all 4 € Uy. The local spectrum of 7" at z,
denoted by or(z), is given by

or(z) := C\pr(z),

and is a compact subset of o(T). While the (outer) local spectral radius
of T at x is defined by

ro(z) := limsup ||T"z||*/",

n—+oo

and coincides with the maximum modulus of or(z) provided that T
has the single-valued extension property. Recall that T is said to have
the single-valued extension property if for every open set U of C, the
equation

(T —XN¢(A) =0, (reU),

has no nontrivial analytic solution on U.

In [6], Bourhim and Miller characterized linear maps from the algebra
of all n x n complex matrices, M, (C), into itself that preserve the local
spectral radius at a fixed nonzero point. They showed that if 2o € C™
is a fixed nonzero vector, then a linear map ¢ : M,(C) — M,(C)
satisfies r4(1)(20) = rr(20) for all T € M,,(C) if and only if there exist
a scalar a € C of modulus one and an invertible matrix A € M, (C)
such that A(zg) = z¢ and ¢(T) = «ATA ! for all T € M, (C). The
proof of this result uses an important theorem due to Bresar and Semrl
which characterizes linear maps from £(X) onto itself that preserve the
spectral radius; see [8].

In this paper, we first characterize in Section 2 surjective linear maps
preserving the spectral radius r;(.). We then use the obtained result
to describe linear maps on M,,(C) preserving the inner local spectral
radius at a fixed nonzero point. For related results concerning additive
or linear maps preserving the local spectra, we refer the interested
reader to [7, 10].

2. Linear maps preserving the spectral radius r;(.). We state
and prove the main result of this section. Its proof uses some ideas and
arguments from [5, 6].
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Theorem 2.1. Assume that H is an infinite-dimensional complex
Hilbert space. A surjective linear map ¢ from L(H) into itself preserves
the spectral radius r1(.), i.e.,

ri(¢(T)) = r(T), (T € L(H)),

if and only if there exist a scalar ¢ € C of modulus one and an invertible
operator A € L(H) such ¢(T) = cATA™* for all T € L(H).

Proof. The “only if” part is easily verified. So, assume that ¢ pre-
serves the spectral radius 71 (.), and let us see that ¢ is an automorphism
of L(#H) up to a multiplicative constant of modulus one. For every op-
erator T' € L(H), we have m(T) < ri(T), and m(T") < ||T" ||m(T)
for all n > 1. We thus note that m(7") = 0 if and only if 1 (T") = 0, and
the map ¢ strongly preserves operators with minimum modulus zero.
Equivalently, ¢ preserves the left invertibility in both directions.

Now, we shall show that ¢(I) is invertible. This fact holds at once
by applying [4, Theorem 2.2]. However, for the sake of completeness,
we shall prove it here. Since r1(¢(I)) = ri(I) = 1, we note that
m(é#(I)) > 0 and thus there is an operator R € L(#) such that
Rp(I) =1. Set

¢(T) := Ro(T), (T € L(H)).

The map ¢ is unital and satisfies m(p(T)) < ||R||m(¢(T)) for all
T € L(H). From this, we infer that o,,(T) C 0ap(p(T)) for all
T € L(H) and that

r(T) <r(p(T))

for all T € L(H). By [6, Lemma 2.6], the map ¢ is injective.
As ¢ is surjective, there exists an operator Ry € L(H) such that
#(Ro) = I—¢(I)R. We have p(Rg) = Rp(Ro) = R(I—¢(I)R) =0, and
Ry = 0 by the injectivity of ¢. This implies that 0 = ¢(Ro) = I—¢(I)R,
and ¢(I) is invertible.

Keep in mind that the map ¢ strongly preserves operators with
minimum modulus zero and note that, since  is a unital linear map for

which [R7H|7Im((T)) < m(p(T)) < [|R[|m(¢(T)) for all T € L(H),
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we have
A€ 0ap(p(T)) < m(p(T) —AI) =0
— m(e(T'— X)) =0
— m(o(T — )\I)) =0
= m(T - X)=
= A€ 0y,(T)
for all T € L(H). In other words, we have o4, (¢(1')) = 04p(T) for all

T € L(H). By [9, Corollary 3. 1] there exists an invertible operator
A € L(H) such that p(T) = ATA Hor all T € L(H).

It remains to show that R = cI for certain ¢ € C of modulus one. To
do so, it suffices to show that = and Rz are linearly dependent for all
x € H. We first note that

r1(RH(T)) = r1(p(T)) = r1(T) = ri(6(T))
for all T € L(H). Since ¢ is surjective, we in fact have
(2.1) r1(T) = r1(RT)

for all T € L(H). Next, suppose by the way of contradiction that
there is ¢y € H such that z¢y and Rz, are linearly independent, and let
W be the orthogonal complement of the linear subspace spanned by
{zo, Rzo} in H. Fix a nonzero complex number « for which |a| < 1,
and define linearly the operator Q € L(H) by

T ifeeW
Qr:={ o 'Rxy ifzx=ux
azg if £ = Rxg.

It easy to check that r1(Q) = 1 and that RQ(Rxy) = aRxzg. These
show that

ri(RQ) < laf <1=r(Q),
and lead to a contradiction; see (2.1). Thus there exists ¢ € C such
that R = ¢I, and 1 = r1(I) = r1(R) = |c|. The proof is therefore
complete. ]

The following result shows that, unlike in the infinite dimensional
case, even anti-automorphisms on M, (C) preserve the spectral radius

7“1(.).
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Theorem 2.2. A linear map ¢ from M, (C) into itself preserves
the spectral radius r1(.) if and only if there exist a scalar ¢ € C of
modulus one and an invertible matric A € M,(C) such that either
#(T) = cATA™ for al T € L(H) or ¢(T) = cAT" A~ for all
T € M, (C). Here T*™" denotes the transpose of T € M, (C).

Proof. Note that, since r1(7) = min{|A| : X € o(T)} for all
T € M,(C), we only need to prove the necessity. Assume that
¢ preserves the spectral radius r{(.), and note that ¢ preserves the
invertibility in both directions. By either [2] or [13], there are invertible
matrices A and B in M,(C) such that either ¢(T) = ATB for all
T € M,(C) or ¢(T') = AT*" B for all T € M,(C).

To complete the proof, it suffices to show that ¢(I) = AB = cI for
some ¢ € C of modulus one. We note that

ri(@(D) T ¢(T)) = r1(T) = r1(4(T))
for all T' € M,,(C). Since ¢ is bijective, we in fact have

(2.2) ri(¢(I)7'T) = r1(T)

for all T € M, (C). Now, just as we did in the proof of the preceding
theorem, we can prove using this identity, (2.2), that ¢(I) = AB = cI
for some scalar ¢ of modulus one. O

3. Linear maps preserving the inner local spectral radius.
We first review some notation and definitions from local spectral theory
that we will need in the sequel. Our references are the papers of V.G.
Miller, T.L. Miller and Neumann [14] and the remarkable books of
Aiena [1] and of Laursen and Neumann [11].

For a closed subset & of C and an operator I' € £(X), the corre-
sponding global spectral subspace of T, denoted by Xr(&), is the set
of all z € X for which there is an analytic function f : C\ & — X such
that (A —T)f(\) =« for all A € C\ &. It is a hyperinvariant subspace
of T generally non closed. Note that the outer local spectral radius of
T at a point z € X is nothing but the radius of convergence of the
series FI(\) := — " ., T™z/A\"*! which satisfies (' — A\)F(\) = z for
all |\| > rr(z). Thus

rp(z) =inf{§ > 0:2 € Xr(V(0,9))},
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where V(0, §) is the closed disc of radius 0 centered at the origin. The
counterpart of the outer local spectral radius of 1" at x is the so-called

inner local spectral radius of T" at « which played a decisive role in [14].
It is defined by

vr(z) :=sup{d > 0: 2 € Xr(C\V(0,0))},

where V(0,0) denotes the open disc of radius § centered at 0. When T’
is injective and x is in the hyperrange, T X := N, >oT" X, of T, then

vr(z) = lim inf [|T~"a]| 7/,

which is the radius of convergence of the series F(\) = > A"T "'z
that satisfies (T'— \)F(\) = x for all |\| < t7(z). We refer the reader
to [14] for more details.

We are now in a position to state the main result of this section which
characterizes linear maps from M, (C) into itself that preserve the inner
local spectral radius.

Theorem 3.1. Let n be a positive integer, and let zg € C™ be a
fized nonzero vector. A linear map ¢ from M, (C) into itself satisfies
to(ry(z0) = tr(x0) for all T € M, (C) if and only if there are a scalar
a € C of modulus one and an invertible matrizx A € M,(C) such that
Azg = xo, and ¢(T) = aATA™! for all T € M, (C).

The proof of this theorem uses several auxiliary lemmas. The first
one, quoted from [14], identifies the outer and inner local spectral radii
of an operator with Dunford’s condition (C) at cyclic vectors. Recall
that an operator T' € £(X) is said to have Dunford’s condition (C) if
the local subspace X7(Q2) := {z € X : or(x) C Q} is closed for every
closed subset 2 of the complex field C. Recall also that an element
x € X is said to be a cyclic vector for T if the linear span of the orbit
{T"z:n=0,1,2,3, dots} is dense in X.

Lemma 3.2. For an operator T € L(X), the following hold.

(i) If T has the single-valued extension property, then
tr(z) = min{|A\| : A € op(x)}

forallz € X.
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(ii) If T has the Dunford condition (C) and z is a cyclic vector for
T, then either tp(z) =0 or vp(z) = (7).

The next two lemmas are simple, and their proofs are straightforward
and are therefore left to the reader; see for instance [6].

Lemma 3.3. Let zq be a fixed vector in X. For an invertible operator
A € L(X), the automorphism ¢ : T € L(X) — ATA ! € L(X)
preserves the inner local spectral radius at xy if and only if Axy = Axy
for some A € C.

Let us first fix some more notation. For a Banach spaces X, let X*
be its dual. For T € £(X) we will denote by T™ the adjoint of 7'

Lemma 3.4. Assume that X is a complex Banach space of dimension
at least two, and let z9 € X be a nonzero vector of X. If A € L(X*, X)
is a bijective operator, then the anti-automorphism ¢ : T — AT* A1
does not preserve the inner local spectral radius at xg.

We have now collected all the necessary ingredients and are therefore
in a position to prove the main result of this section.

Proof of Theorem 3.1. We only need to check the necessity. So,
assume that ¢ preserves the inner local spectral radius at xg, and let
us first prove that ¢ is bijective. Let Ry € M,,(C) such that ¢(Ry) = 0,
and let us show that Ry = 0. We have

(3.1)  tro+r(Z0) = to(ro+1)(T0) = Lo(r)(z0) = tr(20) =0

for all nilpotent matrices T € M,,(C). By Lemma 3.2 (i), we see that
Ry + T is not invertible for all nilpotent matrices T € M, (C). By [15,
Proposition 5.2], we have Ry = 0, and ¢ is injective. Therefore, the
map ¢ is, in fact, bijective; as desired.

Next, let us prove that r1(¢(7)) = r1(T) for all matrices T € M, (C).
To do so, let T € M, (C) be a cyclic matrix for which zq is a cyclic
vector. Note that, if ¢ (zg) = 0, then 0 € o (z¢) C 0(T) = 04p(T) and
also r1(T") = 0. Therefore by, Lemma 3.2 (ii), we have r1(T") = tp(zo).

Now, let T be an arbitrary matrix in M,,(C) and note that there is
a sequence (T})x of matrices in M, (C) having z( as a common cyclic

vector and converging to T'; see for instance [6, Lemma 2.5]. For every
k > 0, we have

(3.2) r1(Tk) = vr, (o) = te(Ty) (T0) > T1(A(Tk)).
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By [3, Corollary 3.4.5], the spectral function ry(.) is continuous, and

(3-3) r1(T) > r1(¢(T))

for all T € M,,(C). Since ¢~ also preserves the inner local spectral
radius at xg, it follows that

(3-4) ri(T) > r1(¢~H(T))

for all T € M, (C). Combining the above two inequalities (3.3) and
(3.4), we get

ri(¢(T)) = r(T)

for all T € M,,(C). By Theorem 2.2 there are a complex number ¢ of
modulus one and an invertible matrix A € M,,(C) such that either

$(T) = cATA™Y, (T € M,(C)),
#(T) = cAT*"A™*, (T € M,(C)).

Lemma 3.3 and Lemma 3.4 state that ¢ takes only the first form with
Axy = Az for some nonzero A € C. Replacing A by A/ if necessary,
we get the desired conclusion. ]

Finally, we close the paper with the following natural conjecture
which suggests itself.

Conjecture. Assume that H is an infinite-dimensional Hilbert
space, and let xy be a monzero vector of H. A linear map ¢ from
L(H) onto itself preserves the inner local spectral radius at zy if and
only if are a scalar o € C of modulus one and an invertible operator
A € L(H) such that Axg = xq, and ¢(T) = «ATA™ for all T € L(H).
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