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A REGULARIZED TRACE FORMULA FOR
DIFFERENTIAL EQUATIONS WITH
TRACE CLASS OPERATOR COEFFICIENTS

INCI ALBAYRAK, KEVSER KOKLU AND AZAD BAYRAMOV

ABSTRACT. We will obtain a formula for the regularized
trace of the differential equation of the second order with trace
class operator coefficient.

1. Introduction. Let H be a separable Hilbert space. In the
Hilbert space Hy = Lo([0, 7], H), we consider the self-adjoint operator
L generated by the differential expression

U(y) = —y"(z) + Q(z)y(z)

and the boundary conditions

(1.1) y(0) =0, y"(p)=0.
Suppose that the operator function Q(z) in the expression £(y) satisfies
the following conditions:

(1) For all z € [0,7] Q(x) : H — H is a self-adjoint nuclear operator.
Moreover, Q(x) has continuous derivative of second order with respect
to the norm in space o,(H) in the interval [0, 7] and for z € [0, 7],
QW (z) : H — H are selfadjoint operators (i = 1,2).

(2) llQlla, < 1.
(3) There is an orthonormal basis {¢,}52; of the space H such that

Do lQ@)enllm < oo
n=1

Here o1 (H) denotes the space of the nuclear operators from H to H,
as in Gorbachuk et al. [7]. Let L, be the operator generated by the dif-
ferential expression ¢,(y) = —y”(z) and the boundary conditions (1.1).
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The spectrum of this operator L, is the set {(m — (1/2))?}°_,, and
every point of this set is an eigenvalue of L, with infinite multiplicity.
The orthonormal eigenfunctions corresponding to the eigenvalue have
the form

2 1
(1.2) \Ilzmzw—sin(m—i)m-(pn, n=12....
T

In this paper, we investigate the spectrum and regularized trace of the
operator L. Gelfand and Levitan [6] first obtained a trace formula
for a selfadjoint Sturm-Liouville differential equation. After this study
several mathematicians were interested in developing trace formulas for
different differential operators. The current situation of this subject
and studies related to it have been given in the comprehensive survey
paper[11].

Note that the trace formulas are used in the inverse problems of
spectral analysis of differential equations (see, for example [11]) and
have applications in the approximate calculation of eigenvalues of the
related operator [3, 4].

The trace formulas of the abstract self-adjoint operators with con-
tinuous spectrum were first analyzed by Krein [9]. In this work, he
also proved the formula mathematically, which was obtained earlier
[10] through physical theories in quantum statistics and crystal the-
ory. The trace formulas related to the Sturm-Liouville problem with
bounded selfadjoint operator given an infinite interval and having a
continuous spectrum were considered in [1, 2].

Note that Faddev’s study of the regularized trace formula for the
Sturm-Liouville equation with the matrix coefficient in [5] has been
predecessor for [1, 2].

2. Investigation of the spectrum. Let RS and R, be the
resolvents of the operators L, and L, respectively.

Lemma 2.1. If Q(x) satisfies the condition (3) and A € p(L,), then
QRS : Hi — H; is a nuclear operator: QRS € o1(H).

Proof. The system (1.2) of eigenfunctions of the operator L, is an
orthonormal basis of the space H;. Then, as shown in Gorbachuk et
al. [8], it is sufficient to show that the series
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m=1n=
e} oS} 1 2 —
=Y 3 |(m-3) - A 10%ln,
m=1n=1
B 0o o0 1 2 )\—1
_n;; <m_§> _

™2 1 ., 12
x [/0 2 sin? <m— §>x||Q(x)gon|Hdw}

23 (m ——) Al

m:l n=1
oo oo
Cx 2 m™* _lIQ@pallm

is a convergent series in order to prove that QR?\ € 01(H,). Here C, is
a positive constant related only to A. By virtue of condition (3) from
(2.1) we obtain

ﬁ

oo

> D IIQRRWS g, < co.

m=1n=

=

The lemma is proved. ]

Theorem 2.1. If Q(z) satisfies conditions (1)—(3), then the spec-
trum of operator L is a subset of the union of intervals

1\? 1\ 2
Qm:|:<m__> _||Q||H17 <m—§> +|Q||H1:|, m=12,...,

which are pairwise disjoint and

(a) Every point different from (m — (1/2))?%, belonging to the interval
Q. of the spectrum of operator L, is a discrete eigenvalue, whose
multiplicity is finite.

(b) (m — (1/2))? may be an eigenvalue of the operator L, whose
multiplicity is finite or infinite.
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(c) The equality lim,, oo Apn = (m — (1/2))2 holds. Here {\mn}2;
are the eigenvalues, belonging to the interval ., of the operator L, and
each eigenvalue has been repeated according to multiplicity.

Proof. The resolvent Ry of operator L satisfies the equation
(2.2) RS — R\QRS = R».

If xe R\UZ_,Q,, then

0o e (me)

For the self-adjoint operator R = (L, — A\I)~!,

(o)

holds. From here and (2.3), we obtain

>HQ||H17 m:1,2,....

—1
| R3]z, = max
m

1B N1, < 11901, -

Hence,
QRS a, < [1Qlla, 1B, < 1.

Thus, A(B) = R{ — BQRY is a contraction operator from £(H;) to
L(Hy). Here L(H;) is the linear bounded operator space from Hj
to Hy. According to this, A(Ry) = R), that is, equation (2.2) has
a single solution Ry € L(Hp). Thus, every point A ¢ UX_,Q,, is
the regular point of the self-adjoint operator L. So, the spectrum of
operator L is (L) C U2_;Q,,. From formula (2.2) and Lemma 2.1,
for every A € p(L) N p(Lo), Ry — RS belongs to o1(H;), that is,
Ry — RY is the nuclear operator. In this case, as was proved in Kato
[8, page 244], the continuous parts of the spectra of operators L, and
L coincide. According to this, and since the spectrum of operator L,
is continuous, the continuous part of the spectra operator L is the set
{(m —(1/2))?}c°_,. This also means that assertions (a), (b) and (c) of
Theorem 2.1 are satisfied.
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3. A formula for the regularized trace. Let {¥,un}ps 1
be the orthonormal eigenfunctions corresponding to the eigenvalues
{Amn}y ne1 of the operator L and

r={n

Bgzn = (-,\Ilfn ) \II;;uw Byn = ('7\Ilmn)H1\Ilmna
e’} 1 2r e’}

-3 (nmg) B = 2 s bt
n=1 n

Theorem 3.1. If the operator function Q(z) satisfies conditions (2)
and (3), then the series

0o 1 2
Z(Apn<p§> >7 p:la27"'a

n=1

are absolutely convergent series.

Proof. The difference Ry — RS satisfies the following formula

(3.1) RA—RA—ZZ)\ e _Zz(m—(lg)hx

m=1n=1 m=1n=1

since, except for (p — (1/2))? and the {\,,}2°; eigenvalues of the
operators Lo and L, all their eigenvalues are outside of the circle I',.
From the last formula, we have

(3.2) 2i/ MRy — RS

7% AdA B L/ Ad\
B p"2m —(p—(1/2))>  “P"2mi Jp, A= Apn

1 1
Z (< - _> )‘Pann> = L((7p) - LE) )'
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Since the operator function Ry — RY is analytic with respect to the
norm in the oy (Hy) space in the region p(L), from (3.2) we obtain

(3.3) LM — L) € oy(Hy), p=1,2,....
Similarly, it can be shown that
(3.4) LEY —LEY € oy (Hy), p=1,2,....

Since the operator L may only have negative eigenvalues of finite
number, in order to prove the theorem, it is necessary to show that

<oo, p=12,....

Apn >0

For this reason, we shall accept in the following that A,, > 0, p,n =

1,2,.... Since the spectrum of operator Lg;) is the set {0,(p —

(1/2))?"}, we have

1 2r . .
(P 3) = ERY B N = (L By

> (n(3))

AT >(p—(1/2))%"
< Y (@Y - L), Uy,
AL >(p—(1/2))%"

( L(T - r )\Ilmnu\llmn>
m=1n=1 Hy
|| )) op ‘|01(H1)

Using formulas (3.3) and (3.4), from the above inequalities, we find

£ et

Apn>(p—(1/2))?
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x ((r-3) )

Apn>(p—(1/2))?

1\? 1\ ?
< const Z <<p — 2) — )\pn)(p — 5) /\;nl

Apn> (0 (1/2))?

—2
1
_ -1
= const ; <)\p — <p — 5) > < 00.
Apn>(p—(1/2))?

From the last relations, we obtain

2
1
= (r-3)

The theorem is proved. ]

o0

D

n=1

<oo, p=12,....

Since the operator function Ry — RY belongs to o1(H;) for every
A € p(A) from formula (3.1) and Theorem 3.1, we have

. - = 1 1
tr(RA—RA):ZZ<)\ _)\_(m—(l/Q))Z_)\)'

Multiplying both sides of this equality by A\/(27) and integrating over
the circle [A| = b, = (p — (1/2))? + p, we have

. — At — R%) d\
(3.5) 277 o, r(Rx — R})
1 & ( 1 1 >
= A - d\
213 J|x|=b, mzzln:l Amn = A (m—(1/2))? = A
+ — A < — > d.
218 J)x|=bp Z Z A — A (m—=(1/2))2 = A

m=p+1n=1

For m < p and p > 1, by condition (2),

1\2 1\2 1\2
(m—§> —11Ql, < A < (m—ﬁ) 1Ol < (m—5> tp=b,
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Hence,
(3.6) Amn| <bp, m<p, p>1; n=12,....

Moreover, for m > p,
(3.7)

1\ 1\ 1\
o 2 (1= 5) = Qi 2 (641 3) = QL > (5 5) +p =y

Using (3.5), (3.6) and (3.7),
1 p os} 1 2

(3.8) 2mi s Atr (Ry — R3)d\ = Z <<m - 5) — )\mn>.

On the other hand, from the formula Ry = RS — R\ QR3, the equality

(39)  Rx—R{ =) (1VR3(QR}) + ()N RA(QR)NH

=1

is obtained for every natural number N. From (3.8) and (3.9), we have

j=1 =b»
n (—1)N+1/ . [RA(QRK)N+1] d\
27 Jia=,
Let
. —1)+1 )
sy =S [ e ey an
IAI=b,
1)V
(3.12) M,n = %/ Mr [RA(QR)NT] dA.
|)“:bp

Then from (3.10), (3.11) and (3.12) we have

(3.13) i i <)\m - <m — %>2> = ng + Mpy.

m=1n=1
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Now we shall compute the right side of (3.13). Since the operator
function QRY in the domain C \ {(m — (1/2))?}5°_, is analytic with
respect to the norm in oy (H;), one can show that for MIZ the following
formula is true

(3.14) M) = (Gl / tr (QRY)7 d\.
P o2mig Jinze, A

From (1.2) and (3.14), we have

1
M= — tr (QRY) dX
p 2 A=b, I‘(Q A)
1 - 0y 0 o
= _% IA|=b Z Z(QR)\‘I]mn7‘Ilmn)H1 dA
=% m=1n=1

. ] 1 dX
= Z Z(Q\Pmnv\llmn)Hl 2mi ‘/|>\_b1’ A— (m - (1/2))2

3
Il
-
3
Il
-

\Ilgnn)fh

I
M@
L
©
=]
g.(]

(3.15) "=

> 32 [(@@enenlsint (m- oo

= % Z Z/OW(Q(x)gan,gan)(l —cos(2m — 1)z) dz

Theorem 3.2. If the operator function Q(z) satisfies conditions
(1)—(3), then

(3.16) Jim =M =0, j>2
3.17 lim = M,y =0, N > 4.
( » :

p—o0
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Proof. For j = 2 from (3.13), we write

1
M?=— tr (QR3$)? dA
P A A=b, I‘(Q )\)
(3.18) ) o oo
=— ((QRS)*WY., ¥y ) m, | dA.
4mi J)zj=b, LZ_:U; g '

Moreover, we know that

Q\I,gzn
(m — (1/2))® — A

QRYVY,, =

and
(3.19)

]_ 2 -1
(QR&)Zw:nn—((m—i) —A) ORS QU

X QU7 7)) QY7

From (3.18) and (3.19), we have
(3.20)

s 1 N N N (QU, W2 ), (QU2, ¥, )i
My = 1 /M_bp [Z >0 (A—(m—(1/2))21><A—(r—(1/2))21>] dA.

It is easy to verify that, for m,r < p,

d\
(3.21) /M:bp A= (m— (1/2)2)(A— (r — (1/2))2) 0.

This formula is true also for m,r > p. Then, from (3.20) and (3.21),
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X |(Q\I,Z'ma \Iqu)H1| )

which implies that

e 35 ((-3) - (-3)) ZZ

r=p+1q=1 m=1n=1
o o 2
(3.22) x [(QU2,, W7 |
oo 2 2\ —1 oo
1 1 .
=3 ((r-3) ~(v-3) ) Trew.i,
r=p+1 g=1

Using (1.2) and condition (3) we estimate expression ) -2 1Qwe, %, -

2
o] o0 ™ 2 1
QW?2=/Q\/j'<——> d
;H q||H1 qz:; o (53) 7l_sm r 5 TPq . X
(3.23) <3 [ 10@git ds
g=1

= lIQ@)edllE, < C,
qg=1

where C is a positive constant. From (3.22) and (3.23), we have

M2 < cr_él ((r— %)2 - <p— %>2>_1.
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It can be shown that the inequality
oo 1 2 1 2\ -1 1 -1/2
.24 - =] - - = 2lp— =
o 3 ((3) ~(-3)) <2b-3)
r=p+1
is true. From the last two inequalities, we have

lim M? = 0.

p—o0
In a similar form it can be proved that
lim M, = 0.

p—o0

We shall now prove formula (3.16) for j > 4. For this we estimate
the expression || QRS ||o, (m,) on the circle [A\| = b,. As shown in [10],

HQR§HU1(H1) < Z Z ||QR§\PZ’I/H||H1
m=1n=1

By (2.1) and condition (3), we get

T:;i:;l«m;)?A)l)
(S (o 3) oo (o 3))
-3 ((v3) - (3) ) )
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R (GHRGHEDD
<o(te 2 o((mz) (3)) )

From here and (3.24), we have

1 2
(3.25) HQRKHQ(H) < (4, |)\‘ = bp = (p— 5) +p, Ciy>0.

Now we estimate || R} ||z, on the circle |A| = b,. For m < p,

and, for m > p +1,

1\2 1\?2 1\2 1\2
——) =l > —— ) Al > —=) —(p==) =p>np.
(m=3) A= (m3) -z (pr1-g) ~(o-3) —r=

Hence,
1 2 —1 1 2

On the other hand,

1 2
15, = max { (= 5 ) =

From here and (3.26), we have

(3.27) 1Rz, <7
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Using Theorem 2.1 and condition (3) it can be shown that, on the
circle |\| = by, for sufficiently large p,

(3.28) ||R)\||H1 < Cgp_l, 02 > 0,

is true. From (3.14), (3.25) and (3.27), and since Q(z) satisfies
condition (2), we have

. 1 ;
Ml = — / tr (QRY)? dX
M) = 5. o, (QES)
1 .
< R}’ dX
= 277 N, 1(QR) lloy (7r,)[dA|
1 .
< - RS R 7| g, |dX
< 377 S, QR oy (2r,) I(QRI) ™ [ 11, [dA

Sy R LAY

p

< 0121—]'/ pl_j|d)\| < Cgp3_j, C3 > 0.
|A=bp

From here, we get '
lim MJ =0, j=>4,

p—r00
and so formula (3.16) is proved.

We now prove formula (3.17). From (3.12), (3.25), (3.27) and (3.28),
we have

1
M, = —
| pN| 2

/ Mr [Ry(QR3)NT] dA
|)“:bp
g/ A [t [RA(QRS)N+]| [dA

‘)‘|:bp
<ty [ IBAQRN |, gy N

|)“:bp

< [ IRl HQEY g
< Cobyp™! /M = bl QRAIN, QRS Lo vy 1N

< Cobpp M| QI H,p~ N Ci2mb, < Cyp*™ N, Cy>0.
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From here, we get
lim MPNZO, NZ4

pP—>0o0

The main result of this article is given by the following theorem.

Theorem 3.3. If the operator function Q(z) satisfies conditions
(1)—(3) then

i [g <Amn<m%>2>%Awtr Q(x) dx] = i[tr Q(m)—tr 9(0)].

The series on the left side of this equality is called the regularized
trace of operator L.

Proof. From (3.13), (3.15), (3.16) and (3.17), we obtain

(5 (e (1)) 2 [ oo

m=1 “n=1

1 s
—— lim tr Q(x) cos(2m — 1)z dx

T P30 Jo
1 S ™ ™

=—— / tr Q(z) cosma dax — (—1)m/ tr Q(z) cosma dx
2 el 0 0

ig{[/ tr Q( )\/gcosmxdx]\/gcosm.o
N [/Oﬂ \/jcosmxdx}\/gcosmﬂ'}
= —1[tr Q(0) — tr Q(r)].
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