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GRADE STABLE LIE ALGEBRAS I

SEUL HEE CHOI AND KI-BONG NAM

ABSTRACT. We define a grade stable Lie algebra. The
Lie automorphism group Autp; (W™ (2)) of the Witt type Lie
algebra W (2) is unknown [4, 8, 11]. It is not easy to find an
auto-invariant set of W1 (2) [1, 2]. The automorphism group
Autp;ie(ST(2)) of the special type Lie subalgebra St(2) of
the Lie algebra W+(2) = W(0,0,2) is found in the paper
[10]. Since the Witt type Lie algebra W(1,0,2) containing
W+ (2) is grade stable, we can find the Lie automorphism
group Autrie(W(1,0,2)) of the Lie algebra W(1,0, 2).

1. Introduction. The Lie algebra automorphism groups of some
self-centralizing Lie algebras are found in the papers [6, 7, 8]. Since the
Witt type algebra W (1,0,2) is not self-centralizing, it is an interesting
problem to find its Lie algebra automorphism group Autr;.(W(1,0,2))
[4, 11]. The Lie algebra W(1,0,2) is Z-graded, and we define a graded
Lie algebra to be grade stable if all Lie automorphisms preserve the
grade. We first show that the degree zero component is preserved by
any Lie automorphism (Lemma 2); this is an extension of the results
of [1, 2]. Then we show that any Lie automorphism 6 of W (1,0, 2)
satisfies

9(81) = 81 and 9(82) = 6162, or 0(61) = —61 and 9(61) = 6262

for nonzero scalars ¢y, ¢z (Lemma 3). Finally we determine the Lie au-
tomorphism group of W (1,0,2) (Theorem 1); it follows that W (1,0, 2)
is grade stable.

2. Preliminaries. Let F be a field of characteristic zero (not
necessarily algebraically closed). Throughout the paper, N and Z will
denote the nonnegative integers and the integers, respectively. Let F*®
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be the multiplicative group of nonzero elements of F. The Witt type
algebra W(n,m, s) has the standard basis
(1) Bw(nme) = {e™ e raft o aipa it o), |

Alyeve yQpyllye-- ybm € 2,

Imtls---tmis EN, 1<u<m+s, n<m}

and the usual multiplication, i.e., Lie bracket, [4, 8, 10, 11]. Let L be
a Lie algebra over F with a basis S = {s,, | u € I'}. The Lie algebra L
is degreeing if for any s € S we define the Lie degree degric(s) € Z of s.
Thus, for any ! of L, we may define degpic(!) as the highest Lie degree
of the nonzero basis terms of I. An element [ of L is degree stable
if for any I; € L, degric([Cl,11]) < degric(l1) holds. For a degreeing
Lie algebra L, the degree stabilizer Str;c(L) of the Lie algebra L is the
vector subspace of L spanned by all elements which are degree stable.
For any 6 € Autye(L), we have the following diagram:

L————0(L) = L

o T

Stiie (L) _ H(StLie (L))

where Autr;e(L) is the automorphism group of the Lie algebra L and
Strie(L) — L, respectively, 0(Strie(L)) — 6(L) is an embedding as
vector spaces. It is an interesting to note that the equality

(3) Strie(L) = 0(StLie(L)),

sometimes holds and sometimes does not hold for any 6 € Autrie(L).
A Lie algebra L is degree-stabilizing if Sty;.(L) is auto-invariant,
i.e., the equality (3) holds [1, 2, 10]. For each basis element

BT enTrgll g Ee0, of W(n,m,s), we define the Lie degree

e
deg e (€217 .. gnTnglt .. m;;"j;@u) = i1+ -+ lim] + Gmt1 + Cnts
where |i,| is the absolute value of 7,, 1 < u < m [11]. For any el-
ement | of W(n,m,s), we can define the Lie degree degric(l) as the
highest degree of nonzero basis terms of [. The Lie algebra W (n,m, s)

is Z™-graded as follows:

(4) W(”v m, 5) = @ W(al,...,an)a

(a1,... ,an)EZ"
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where the (ay,... ,a,)-homogeneous component Wi,, .. q,) is the vec-
tor space spanned by
{e®1®1 ... ganTngll .. X Oy lin, ... yin € Z,
in+1,... ain—i-m eN, 1<u< n+m}

An A-graded Lie algebra L = ®,c4L, is graded stable, if for any Lie
algebra automorphism 6 of L, (L,) C L, where A is an additive group
[1, 2]. For any [ in a Lie algebra L, l; is ad-diagonal with respect to
I, if [I,1;] = cl holds where ¢ € F. An element [/ of a Lie algebra L is
ad-diagonal with respect to a subset B of L, if [I,1;] = ¢;l; holds for
any [y € B where c; is a scalar which depends on [ and [y. For a given
basis B of a Lie algebra L, the toral tor.(B) of B is n, if there are
n ad-diagonal elements {l1,...l,} with respect to B such that the set
{ly,...,l,} is the linearly independent maximal set. For a Lie algebra
L, Tor (L) is defined as follows:

Tor (L) = max{tory(B) | B is a basis of L}.

A Lie algebra L is n-toral, if Tor (L) is equal to n. The Lie algebras
W(0,1,0) and W(0,0,1) are 1-toral and self-centralizing [6]. If L is
self-centralizing, then Tor (L) < 1. Note that W(0,n,0) = W(n)
and W(0,0,n) = W*(n). The Lie subalgebra S(0,0,2) of W(0,0,2)
spanned by {[z%02,y'01]|a,i € N} is simple such that Tor (5(0,0,2))
is one [9].

3. Automorphism group Aut (W(1,0,2)) of W(1,0,2). Note
that the Lie algebra W (1,2,0) is spanned by the standard basis
{e*®2'yid, | a,i,j € Z,1 < u < 2}. The Lie subalgebra W (1,0,2)
of W(1,2,0) is spanned by {e**z'yid, | a; € Z,i,j € N,1 < u < 2}.
The simple Lie algebra W (1, 2,0) has simple Lie subalgebras W (1,1, 1),
W(1,0,2), W(1,0,1), W(0,2,0), W(0,1,1), W(0,0,2) and W(0,0,1)
3, 5, 8].

Proposition 1. There is a Lie monomorphism 6 from the Lie algebra
W (1,0,2) to itself such that 6 is not surjective.

Proof. For any element e*z'y?d, of W(1,0,2), 1 < u < 2, and
k € Z*, we define F-map 0 from W(1,0,2) to itself as follows:

e(eazmiypau) _ k—1+a+i+peakzmiyp6u.
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Then 6 can be linearly extended to a Lie endomorphism of W (1,0, 2).
The Lie algebra W (1,0, 2) is simple. It’s easy to prove that if k is 1 or
—1, then 6 can be an automorphism of W(0,0, 1) and if & is not equal
to 1 or —1, then 6 is a monomorphism of W(0,0,1) such that € is not
surjective. This completes the proof of the proposition. O

Lemma 1. The stabilizer Strie (W (1,0,2)) of the Lie algebra
W (1,0,2) is spanned by xd2, yOa, 01 and Oy [10].

Proof. The proof of the lemma is straightforward by the order of the
algebra W (1,0,2), so it is omitted. o

Lemma 2. For any nonzero Lie automorphism 6 of W(1,0,2),
0(z0y) = xdy + b1 and O(ydz) = yd2 + 02 hold, and §(Wy) is a
subset of Wy where Wy is the 0-homogeneous component of W(1,0,2)
fore,c € F.

Proof. Let 6 be any automorphism 6 of W (1,0,2). For any element
Zamj Caijre®" iy’ 01 + Zb,h,k Cb h k2% yR 0y of W(1,0,2), we have
that

(5) 9({1/327 D caijaeaiyor+ Y Cb,h,k,zebzivhykazb

ayirj b,hk
= 9( E :ica,m 1" ziy Oy + E —1)cpp2e” $hyk32>-
a,i,j b,h,k

This implies that

deg( (cham,le xy’01+z cbhkge Tz yk82>)

a,1,j

< deg (0( X cansaet™ a0+ Y connacs ).

a,i,j b,h,k

Thus, 6(ydz) is in Stri (W(1,0,2)). By Lemma 1, we have that
O(y02) = c120s + coyds + c301 + c402 where cy,...,cq4 € F. First
let us assume that c; is not equal to zero. We have two cases: cg # 0
and ¢y = 0.
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Let us assume that ¢y is not equal to zero. Since 6(y?d2), p # 1,
centralizes 6(yd;) and ¢; is not equal to zero, we have that

(6)  O(yPD2) = Cpby .01 T PO+ Cp b, 5,026 TP Dy + #1

where either ¢, s,.01€"7"% 01 Or Cpp, s, 026”7 T 0y is the maximal
term of the element 6(y?02) and #; is the sum of the remaining terms
of the element 6(yP02) with appropriate coefficients. Note that the Lie
algebra W(0,0,1) spanned by S = {6(y?d2) | p € N} is simple and
self-centralizing. Since 0(y0s) is an ad-diagonal element with respect
to S and ¢ is not zero, we have that 6(y?92), p # 1, does not have a
term with ", » > 1. Since 2901, ¢ € N, centralizes y02, 6(2%01) can
be written as follows:

(7)  0(2901) = cqayt,,01€%°8 101 + Cqd, 1,026 10, + #2

as 0(yPdy). Since c; is not zero, if 6(y?d2), p € N, is in the 0-
homogeneous component Wy, then the proof of lemma is obvious, i.e.,
we can derive a contradiction easily. Thus, without loss of generality,
we can assume that by, is not zero in (6). For any p; and ¢, 8(x?04)
and 6(yP*02) have terms in the same nonzero homogeneous compo-
nents. Otherwise, they cannot centralize each other. By (6) and (7),
there are also two positive integers p; and ¢; such that (z%9;) and
6(y?102) have terms which are not in Wy. There is a ¢ € F so that
[0(z10y),0(z?01) — cO(yPr02)] is not zero. This contradiction shows
that ¢y is equal to zero. We can put 8(yds) = c1x0s + 301 +c402. This
implies that (yd2) cannot be an ad-diagonal element with respect to
6(y*0.). This contradiction shows that c; is zero. Second, let us assume
that ¢; is equal to zero. We have that 0(y0d2) = cayds + 301 + c405.
Since z*9,, k € N, centralizes yd» and W (1,0, 2) is Z-graded, we have
that the maximal term of §(z*0; ) is either e?®z"yP9; or e*®z"yPd, with
an appropriate coefficient. This implies that 6(xz0,) can be written as
follows:
0(x01) = #3 + €1,0,0,0,101,

where #3 is the sum of the nonzero terms of 6(z0;) such that the terms
are not in Wp. Since the Lie algebra spanned by {0(z*9;) | k € N}
is isomorphic to W(0,0,1), we have that 8(x01) = c1,0,0,0,101 for
c1,0,00,1 € F°®. Since x0; is an ad-diagonal element with respect
to 01, we can prove that 6(01) = cpr0,0,1€ %01 with an appropriate
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coefficient. By 6([01,2%01]) = 26(z01), we can prove that §(z20;) =
C2,—r0,0,0€  "*01 with an appropriate coefficient. Similarly we can also
prove that 8(z%0;1) = c3,_2,.0,0,1€” 2“1 with an appropriate coefficient.
Since 6 is surjective, there is an element ! € W(1,0,1) such that
6(1) = €?"*9,. We have that 6([l,231]) = ¢’0; with an appropriate
nonzero coefficient ¢”’. This implies that

(8) (1, 2%0,] = " x0;

with an appropriate nonzero coefficient. There is no element [ of
W(1,0,2) such that (8) holds. This contradiction shows that c3 is
zero. Since y0, is an ad-diagonal element with respect to 2, we have
that 6(02) = c502 for ¢5 € F*. Since 02 and y0s centralizes 0;, we are
able to prove that

0(01) = coyu0,1€" 201 + -+ €0,0,0,012°01 + -+ +€0,0,0,0,101

with appropriate coefficients. Similarly, for ¥, k # 1, we are also
able to prove that

k
0(x"01) = Crpw,0,1€"°Y01 + -+ - + Ch0,6,012° 01 + - -+ + C0,0,0,101

with appropriate coefficients. Since the Lie algebra spanned by
{6(z*8,) | k € N} is isomorphic to W (0,0,1), we can prove that
0(z01) = 01 +ce01 and 6(01) = 701 where ¢g € F and ¢7 € F*. Thus,
by induction on i; and j; of z'*y/19;, 1 < t < 2, we can also prove rou-
tinely that 6(Wp) is a subset of W, where Wy is the 0-homogeneous
component of W(1,0,2). Therefore, we have proved the lemma. ]

Lemma 3. For any 0 € Autpie (W (1,0,2)), either 6(01) = 01 and
0(02) = 102 hold, or 0(01) = —01 and 6(02) = c202 hold where
Cc1,C2 € Fe.

Proof. Let 6 be an automorphism of the Lie algebra W(1,0,2). By
Lemma 2, we have that 6(z0;) = 01 + ¢101 and 0(y02) = yOa + c20,
hold for ¢1,c2 € F. By Lemma 2, we also have that 6(0;) = c30;
and 0(0;) = c402 for c3,cq4 € F*. Since 9; is an ad-diagonal element
with respect to e*0; and yd; centralizes e®0;, we can prove that
6(e®01) = c5e" 0 such that csr = 1. Since 6 is surjective, 7 is either 1
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or —1. Otherwise, by Proposition 1, § can be a monomorphism which
is not surjective. Therefore, we have proven the lemma. ]

Notes. For any basis element e"*2Py‘d,, 1 < u < 2, of the Lie
algebra W (1,0,2) and c1,... ,cq € F*, let us define F-maps 6"

a1,d1,c1,c2
and 6
az,dz,c3,cq

from W (1,0, 2) to itself respectively as follows:

(9)

08ty s (€77T'YP0,) = aldy "7 (@ 4 1) (y + 02)P Dy
(10)
— T % —i_ r1=p+éi,u_—rz %
O docorcs (€50 YP0) = (1) lag"dy P e (2 + 03) (y + €4)P B

Then F-maps 6’:1 dy.ey.e, and 0, 4 . can be linearly extended to Lie
automorphisms of the algebra W(1,0,2) where §1,,, is the Kronecker

delta. O

Lemma 4. For any 6 € Auty;e (W(1,0,2)), the automorphism 0 is
either 07 or 6 with appropriate scalars as shown in the

ai,di,c1,c2 a2,d2,c3,c4
Notes.

Proof. Let 6 be an automorphism of the Lie algebra W(1,0,2). By
Lemma 3, either §(0;) = 01 and 6(92) = d102 hold or 8(9;) = —9y and
6(02) = d205 hold where d;,dy € F*. Let us prove the lemma by using

following two cases: Case I. (0;) = 0; and 6(92) = d10- hold, and
Case II. (01) = —0; and 0(0;) = d202 hold. O

Case I. Let us assume that 8(9;) = 01 and 0(92) = d10» hold.
This implies that 6(zd1) = (z + ¢1)0; for ¢; € F. Thus, since 0y
centralizes y?0s, p € N, and 0(dz) = d10s, we are able to prove that
0(y02) = (y + c2)02 where c2 € F. By induction on p of y?d;, p € N,
we are also able to prove that

(11) 0(y70) = d; " (y + c2)0a.
Similarly, we can prove inductively that

(12) 0(z'0y) = (x +c1)"0y



820 SEUL HEE CHOI AND KI-BONG NAM

for i € N. By [01,0(202)] = d102 and 0o centralizing z0>, we have
that 6(z0,) = diz0dy + C(1)01 + C(2)0; with appropriate scalars.
By 6([y02,z02]) = —0(xd2), we have that C(1) = 0, i.e., 8(z02) =
dyx0s + C(2)0s. By [01,0(xyds)] = yOa + c202, we have that 0(xyds) =
zyda+coxda+y., C(i,1)y'0r +22,; C U, 2)y? 0> with appropriate scalars.
By [02,0(zy02)] = 0(x02), we have that 0(zydz) = zyds + caxd2 +
(C(2)y/d1)02+C(0,1)0:+C(0, 2)0, with appropriate scalars. Since y0s
centralizes xyda, we have that C'(0,2) = (c2C(2)/dy), ie., 8(zyds) =
(z + (C(2)/d1))(y + ¢2)02 + C(0,1)0;. Since xz0; is an ad-diagonal
element with respect to zyd2, we have that ¢; = (C(2)/d;) and
C(0,1) = 0, i.e., O(xzydz) = (x + c1)(y + ¢c2)02. Thus, by induction
on i and p of z'yPd,, we can prove that

(13) 0(a'y?02) = di P (2 + c1) (y + c2)" Do

By [d202,60(y0:1)] = 01 and 0 centralizing yd;, we have that 6(yd;) =
dy yd, +C(3)01 +C(4)0, with appropriate scalars. Similarly to 8(x0s)
we can prove that

(14) 0(z'yP01) = d; P (z + c1) (y + c2)P 0.

Since the Lie subalgebra W (1,0, 0) of the Lie algebra W (1,0, 2) spanned
by {e**01 | a € Z} is self-centralizing, the element 0; is an ad-
diagonal element with respect to e*0;, and the element 0y centralizes
the element e*d;, we can prove that 8(e®0;) = a1e*0; + aze® D2 where
a1,a2 € F. By [0(e "01),a1€"01 + a2e”0:2] = 201, we can also prove
that (e ®0;) = aj'e ®d;. Thus, by induction on r of the element
€0y, 1 <wu <2, we can prove that 8(e"*0,) = afe"0,. This implies
that, by (13), we can prove that

(15)  O(ez'yPd,) = ajdy TTem (x4 e1)i(y + c2)Pdu,

where 4 ,, is the Kronecker delta. This implies that 8 is the automor-
phism 67 of the Lie algebra W(1,0,2) in the Notes.

a1,d1,c1,c2

Case II. Let us assume that 8(9;) = —0; and 0(92) = d20 hold.
Similarly to Case I, we can prove that

(16) (e a'yd,) = (=1)' ey dy " e (3 + ) (y + €a)" O,
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where 41 ,, is the Kronecker delta. This implies that ¢ is the automor-
phism 6 of the Lie algebra W(1,0,2) in the Notes.

az,d2,c3,c4

Thus, we have proven the lemma by the Notes, Case I and Case II. O

Theorem 1. The automorphism group Autr;e (W(1,0,2)) of the
Lie algebra W (1,0,2), is generated by 6 and 6 with

; - ai,di,cr,c2
appropriate scalars as shown in the Notes.

a2,d2,c3,c4

Proof. The proof of the theorem is obvious by the Notes and
Lemma 4. Let us omit the details of the proof. u]

Note that the Lie algebra W(1,0,1) spanned by the standard basis
B = {e**z'0 | a € Z,i € N} is self-centralizing [7].

Corollary 1. The Lie automorphism group of the Lie algebra
W(1,0,1) is a subgroup of the Lie automorphism group of the Lie
algebra W(1,0,2) and Autrie (W(1,0,1)) is generated by 92‘17170170 and
02y,1,c5,0 With appropriate scalars as shown in the Notes.

Proof. The proof of the corollary is straightforward by Theorem 1
and Theorem 4.3 in [7]. mi

Corollary 2. The Lie algebra W (1,0,2) is graded stable with respect
to its standard basis.

Proof. The proof of the corollary is straightforward by Theorem 1. O

Corollary 3. The Lie subalgebra L of W(1,0,2) spanned by
{zPy*0, | p+i < 1,1 < u < 2} is auto-invariant [1, 2.

Proof. The proof of the corollary is obvious by Theorem 1. Let us
omit the details of the proof. u]

Proposition 2. For the Lie algebra W(1,0,2), Tor (W(1,0,2)) is
one, i.e., W(1,0,2) is one-toral [1, 2].
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Proof. Because of the standard basis of W (1,0, 2), Tor (W(1,0,2)) >
1. Let us assume that there is a basis B of W (1,0,2) such that
0 # tory(1,0,2)(B). Let us show that tory (102 (B) < 1. Let I be
an ad-diagonal element with respect to B. Since W (1,0, 2) is Z-graded
in (4) and simple, [ is in the 0-homogeneous component W. By taking
a sufficiently large integer a and l; € B such that [; has a term in the
a-homogeneous component W,, we have that [I,l;] # cly, for ¢ € F.
This contradiction shows that [ has no terms with 9;. This implies that
l can be written as follows:

l= Z cpy? 0o
P

with appropriate scalars. Since [ is ad-diagonal with respect to a
basis of the simple Lie subalgebra W(0,0,1) of W (1,0,2) spanned by
{y'd | i € N}, we can prove that | = yds + co02. Let Iy be an ad-
diagonal with respect to B such that [ # l5. Since [ centralizes [5 and
W(0,0,1) is self-centralizing, [ is a scalar multiple of ;. This implies
that Tor (W (1,0,2)) is one. Thus, we have proven the proposition. O

Theorem 2. Let Ly be a simple Lie algebra which is also a self-
centralizing Lie algebra. If Lo is mot a self-centralizing Lie algebra,
then there is no monzero Lie algebra homomorphism from Lo to Lj.
There is no Lie isomorphism from L to L.

Proof. The proof of the theorem is easy, and so is omitted. ]

If a Lie algebra L is self-centralizing, then Tor (L) < 1. There is a
non self-centralizing Lie algebra L such that Tor (L) =1 [10].

Corollary 4. There is no nonzero Lie algebra homomorphism from
the Lie algebra W(1,0,2) to the Lie algebra W(0,1,0), respectively
W (0,0,1). There is no Lie isomorphism from the Lie algebra W(1,0,2)
to the Lie algebra W(0,1,0), respectively W (0,0, 1).

Proof. The proof of the corollary is straightforward by Theo-
rem 2. m]



GRADE STABLE LIE ALGEBRAS I 823

Theorem 3. Let Ly be a Lie algebra such that Ly contains a mazimal
Lie subalgebra L,,, with Tor (L,,) = ny and Ly be a Lie algebra such
that Lo contains a mazimal Lie subalgebra L, with Tor (L,,) = ns.
If ny > ng, then there is no nonzero Lie algebra homomorphism from
Ly, to Ly,. If ny > no, then there is no Lie isomorphism from Ly, to
L,,.

Proof. Since s > t, if there is a nonzero Lie algebra homomorphism
from Lg to L, then we derive a contradiction easily. This completes
the proof of the theorem. a

Corollary 5. Let L, be s-toral, and let L; be t-toral Lie algebras. If
s > t, then there is no nonzero Lie algebra homomorphism from L to
L;. If s > t, then there is no Lie isomorphism from Lg to L.

Proof. The proof of the corollary is straightforward by Theo-
rem 3. ]

Note that the converse of Theorems 2 and 3 are generally untrue.

Acknowledgments. The authors thank the referee for the sugges-
tions on the first and second drafts of the paper.
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