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AN EXPLICIT EXAMPLE CONCERNING
THE INVARIANT SUBSPACE PROBLEM
FOR BANACH SPACES

WIESLAW SLIWA

ABSTRACT. We simplify the negative solution to the in-
variant subspace problem for Banach spaces. Developing the
ideas of Read, we give an explicit example of a continuous lin-
ear operator on the Banach space [; without nontrivial closed
invariant subspaces.

1. Introduction. By a space we mean a linear manifold over the
field K of real or complex numbers and by an operator we understand
a linear mapping. Let 7" be an operator on a space E. A subspace
M of E is a nontrivial invariant subspace of T if {0} # M # E and
T(M) C M. One of the most famous problems of operator theory
is the invariant subspace problem for Hilbert spaces. It asks whether
every continuous operator on an infinite-dimensional (i.d.) separable
Hilbert space has a nontrivial closed invariant subspace. This problem
is still open. A vast literature exists dedicated to the invariant subspace
problem for various important classes of Banach spaces and continuous
operators. The invariant subspace problem for complex Banach spaces
solved negatively Enflo [2] and Read [5, 6, 7]. Enflo constructed
an i.d. separable Banach space X and a continuous operator on X
without nontrivial closed invariant subspaces. The paper containing
this very difficult example was submitted for publication in the Acta
Mathematica in 1981. It was accepted in 1985 and it appeared in
1987. In the meantime, Read also constructed a counterexample and
submitted it for publication in the Bulletin of the London Mathematical
Society in 1983. The paper appeared in 1984 [3]. A shorter version of
this proof was published by Read in 1986 [5]. He also constructed
continuous operators on Banach spaces [; and ¢y without nontrivial
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closed invariant subspaces [4, 6]. This l;-example was simplified by
Davie and can be found in Beauzamy’s book [1, Chapter 14].

Note that it is not known whether there exists a continuous operator
without a nontrivial closed invariant subspace on an i.d. reflexive
Banach space.

Let P(d) be a proposition depending on a strictly increasing sequence
d = (d,,) C N. We say that P(d) is true for all d increasing sufficiently
rapidly if there is a constant ¢ € N and functions f; : N* = N, i € N,
with the following property: Whenever the strictly increasing sequence
d = (d;) satisfies d; > c and d,y1 > f-(dy,...,d,) for all r € N, then
the proposition P(d) is true [3, Definition 1.1]. Clearly, P(d) is true
for some strictly increasing sequences d if it is true for all d increasing
sufficiently rapidly.

All known examples of a continuous operator T on a Banach space F
without nontrivial closed invariant subspaces depend on some strictly
increasing sequence d = (d;) C N. It is proved that T is continuous
and has no nontrivial closed invariant subspace for all d increasing
sufficiently rapidly. However, any concrete strictly increasing sequence
d such that T is continuous and has no nontrivial closed invariant
subspace cannot be indicated by means of the proof.

In our proof we do not use the notion of sequences increasing suffi-
ciently rapidly. We indicate concrete increasing sequences d = (d;) C
N such that the operator T is continuous and has no nontrivial closed
invariant subspace. Note also that Enflo, Read and Davie used the
local compactness of K and we do not. The heart of our innovation is
Lemma 6. That is the way we can obtain an explicit growth condition.

2. Results. Let a > 8. Let dy = 2 and (d,,) C N with d,, > a?dr—1
for n € N. It is easy to see that d,_1 > 2n for n € N. Hence we have
dn > a**, n € N. Since the function f(z) = z3/V? is decreasing in the
interval (e?,00) we get df/m < a32n/e”" < g1/(20) for p € N. Thus,
din < qVidn/t < d, 4 for n € N.

Put vy =0, a,, = day,—1, by = d2, and v, = (n—1)(a,+b,,) for n € N.
Then 4n < o*™ < ay,, afl” < avVen/% < b, and bfl" < aVbn/t < @41 for
every n € N. Hence, we get 8na,, < by, 8nb, < ant1, 8(vp_1+1) < an,
aal < aVerlt ab? < aVbn/4 and n2a2 < b, for every n € N.
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For a,b € Z we denote the set {k € Z : a < k < b} by (a, b]; similarly
we define [a, b), [a,b] and (a,b).

For nonempty sets A, B C N we write A < B if 1 + max A = min B.
For n,r € N with n > r we put:

Jn,r - ((T - 1)an + Un,T,T'an),

[ran; ran + vnfrfl]a

In,r
Ly = ((n—1)an + (r — )by, r(ay + by,))

and

Knﬂ‘ = [r(an + bn)7 (n - l)a'n + Tbn]

These sets are nonempty and J, , < I, < Jpry1y Ly < Kpp <
Lypyryr for n,r € N withn > r+1and Jppno1 < Inpn-1, Lnpn_1 <
K, n—1 for n > 2. Moreover, X,, := Uf;ll(Jnyr Ul,,) = (vn-1,(n —
Day], Y, = Uf;ll(Ln’T UKnr) = ((n — 1)ap,vy,] for n > 2; so
X, <Y, <X,y forn>2and U2, (X,UY,)=N.

Let F = Klz] and F,, = {f € F : deg(f) < n} for n € Ny, where

No = NU{0}. F is a linear algebra over K and F;, is a subspace of F’
for every n € Ny. Put

zt if 1 = 0;

ol@r—Dan—2il/Vian i if ; ¢ Jn,r and n,r € N with n > r;
fi =% an_p(xt — b ") ifiel,, and n,r € N with n > r;

al@r=1bn=2i/Vabngi if j € L, . and n,r € N with n > r;

z' — bzt 0n ifi € K, and n,r € N with n > r.

Clearly, lin{f; : 0 <i <n} = F, for n € Ng. Thus, (f;)$2, is a Hamel
base in F. For f € F of the form f = Y. ¢; fi we put || f|| = 21" |eils
Il |l is a norm on F.

Denote by E = (E, ||-||) the completion of the normed space (F, ||-||)-
The Banach space F is linearly isometric to [;.

Put A,, = avV*™ and B,, = Vb for m € N. We have the following

Lemma 1. (a) Let m € N withm > 2. Then maxXo<;<(m—1)a,, Il <
Ay and maxo<i<o,, ||2']] < By,.
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(b) Let n,r € N withn > r. Then ||z* —z'~"|| < 2a,1, fori € I,
and ||zt — br it < 20071 fori € Ko, ..

Proof. For m € N we have [0, ma,+1] = [0,vy,] U Uy (Jpg1,r U
Im+17r) and [O,Um+1] = [0, mam_H] U UT:I(LW+177’ U Km+177).

Clearly ||z°|| = 1. Let n,» € N with n > r. It is easy to check that
|#]| < eV for i € Jy,, and ||f]| < aVP" for i € Ly, .

Let ¢ € I, . For j € [0,r) we have i—ja,, € I,, ,_j, s0 ar:ir—l—jfi*].an =

gi—ian — gi=(i+an_ Hence, Z;;(l) a;ir+jfi7jan — 2 giTen s
ot —ai=ren|| = $728 any; < 2,1, Then [l27]] < 2a,%,+ [l2#= |

and i — ra, € [0,v,_2].

Let ¢ € K,,. For j € [0,r) we have i — jb, € K, ,_;, so
g I = fi o+ b,z 0FD Hence, zf = E;;é bl fijb,, +bh il
50 ||’ bt ="0 || = 32775 b, < 267,71 Then [[af|| < 267,71 4by |2t =rb |
and i — rb, € [an, (n —1)ay].

Hence, by induction, we get maxo<i<(m-1)anm llz¢| < avem and

maxo<i<y,, ||| < a¥Pm for m > 2. O

Lemma 2. The operator T : (F,||-||) — (£ ), Tf = zf is
continuous and ||T|| < .

Proof. Tt is enough to show that ||Tf;|| < « for any i € Nj. Since
1 € Joy wehave f; = alo2~2/Via2 g Thus, Tfy = o = o 02~ 2/Viar g,
hence, ||T fo|| < 1.

Let i € N. For some n,r € N with n > r, we have i € J,, , U I, , U
L, ,UK,,. Consider four cases (and many subcases).

Case 1. i € J,,,. Then Tf; = ol(?r=Daen=2i/Vian git1,

1.1°. i < ray, —1. Then i+1 € Jy, ., 50 fiy1 = al?r=Den—20+1)]/Vian
't Thus, Tf; = oV f; 1. Hence, |Tf;|| = ¥/ Vi < q.

1.2°. i = ra, — 1. Then Tf; = al2-9l/Viangran By Lemma 1
we have ||z7%» — 2°|| < 2a,',. Thus, |27 | < 2a,', +1 < 2 so
|Tfi]| < a=Ven/t <anl < 1.
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Case 2. i € I, ,. Then T'f; = a5, (z"F — gitl-an),

2.1°. i <rap+vp_r_1. Theni+1 € I, s0 fiy1 = @, (a1 —
gtt1=en). Thus, [|Tfil| = || fisall = 1.

2.2°. i =rap+ vy—r_1. Then 4(i +1) < (4r + 1)a, < b,. Put
j=i—an+1.

Ifr < n—1, theni+1 € Jy, ,y1; 80 fiy1 = al@rhan—2(i+1)]/Vdan i+l
Hence, H$i+1” = o [@r+Da.—2(i+1)]/v4an < o Van/4,

Ifr=n—1,theni+1 € Ly ;50 fit1 = lbn—2(i+1)]/vV4abr i+l Hence,
|zt = o~ [bn—2(i+1)]/v4by < o Von/4,

Ifr =1andn =2,thenj =1¢€ Jo; and ||z7] = a*[a272]/\/_4a2||fj|| <
a~Vaz/4,

Ifr=1and n > 2, thenj c Jnfl,l; so f] — a[an71*2j]/\/4an,1xj‘
Hence, HmJH — a_[an—l—Q(Un—2+1)]/1/4an,1 < a_m/4‘

If 1 <7 <mn—1, then using Lemma 1 we get ||z/ — z?»-—1F1|| <
2a;1T+1. Moreover, vp_r—1 +1 € Jp_p 1, SO

f’l) 41 = a[a‘n*T_Z(vn—r—l"Fl)]/\/ 4an7rx'un—r—1+1
n—r—1 °

Hence, [lz—+-3+1] < o~ V@ /4, Thus, laf]| < 2,y +aVar o/,

Ifr=n—1,then j € J, 1550 fj = al(?n=3)an—=2j]/V4an 3.7 Hence,
H;U]H = a‘[an_2}/\/4an S a_\/ﬁ/‘l_

It follows that T4l < aner (]| + 27]) < 2an-r(ayl, s +
a Van—r/t)y < gt |

Case 3. i € L,, .. Then Tf; = (?r=1)bn=2i]/Vabn git1,

31°. i < r(an +by) — 1. Then i +1 € Ly, S0 fiy1 =
a(@r=Dbn =204+ D1/vV4bn) i+l - Thus Tf; = a?/V¥=f, . Hence,
ITfi|| = o/ VP < a.

3.2°. i = r(a, +b,) — 1. Then Tf; = al=bn=27en+2l/Vabngi  where
j = r(an + by). By Lemma 1 we have |27 — bjz"*| < 2b;7". In
Case 1 we have shown that ||z"%"|| < 2. Hence, ||z’| < 3b7!. Thus,
ITFill < 3o Von/2p=t < bt
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Case 4. i € K, . Then T'f; = 2'*! — p,2t+1-bn,

41°. i < (n — a, + rb,. Then i +1 € K,,, so fiy1 =
it — b,z 1=t = Tf;. Hence, ||Tf;|| = 1.

42° i=(n—1)a, +7b,. Put j =i+ 1—0b,. Then j € L,,, so

f]_ — l(2r=1)bn—25]/V4bn 45 Hence, ||x]|| = o [@r+1)bn—2(i+1)]/v4bn <
—Vbn/4
o .

Ifr < n_]_, then Z+l (S LTL,T-‘rl; SO fl-‘rl = a[(2T+1)bn—2(i+1)]/\/4bnmi"rl‘
Hence, [+ = |27 < a~Vor/4,

Ifr=n—1,theni+1€ Joy11;50 fir1 = alan+1=2(+D]/\/4ant1 i+l

Hence, [|z'T|| < a V@n+1/4 < o Vba/4 Thus, we have |Tf;|| <
||| + by ||27]| < 2bpa VP4 <1. o

From now on, by T' we will denote the continuous operator on E such
that Tf = «f for all f € F; clearly ||T|| < |a|-

By the proof of Lemma 2 we get the following

Remark 3. If n,r € N with n > r, then |Tf.q, 1l < a,?,
ITfrantva sl < anly and T fr(a, 0,1l < 077

Let m € N with m > 2. Put Sy, = U2 v 1lnnem. Let Qm : F' —
Fin-1)a,, be an operator such that

fi ifi €[0,(m—1)ay]
Qnfi= —amgi~(m=mlan i o andn>m
0 if i € (N\ Sp,) with i > (m — 1)am.

Clearly, ||mez“ =1lfor 0 < < (’I’I’L - l)a’ma and ”melH <
amBm_1 < /Ay for i € I n_m, n > m. Thus, sup;cn, [|@mfill <
VApn; so the operator @, : (F,||-]|) — (F,|| -||) is continuous and
|1Qml < VAm. From now on, by Q,, we will denote its continuous
extension on (E, || - ||).

We have the following lemma.

Lemma 4. Let m € N with m > 2, and let s € K, 1. Then
IT° —T°Qml < a.
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Proof. It is enough to show that ||T°f; — T°Q.. fi|| < « for every
i € Ny. If i € [0, (m — 1)ay,], then TS f; — T5Q,, fi = 0.

Let ¢ > (m — 1)a,,. For some n,r € N with n > r we have
iedy,UI,,UL,, UK, , IficJ,,UL,,UK,,, then i ¢ S,,; so
Qmfi=0and T*f; = T*Qu fi = T* f:.

Consider four cases.

Case 1. i € J,,. Then T°f; = l?r=1an=2/vaanzi+s e have
m < n, since (m — 1)am, <i < (n—1)a,. Thus, s < 2b,, < \/ay.

1.1°. i < rap,—s. Theni+s € J,, -, S0 fiys = al@r—Dan—=2(i+s)l/Vian y
25, Hence, T® f; = o$/V4n f;, . Thus, |T*f;]| < a.

1.2°. i > ra,—s. Then Téts—rantlyf ) = al@r—Da,—2(ra,-1)]/via.
z'*¢, since ra, — 1 € J,, . It follows that T¢f; = al2ran—2i-2]/Vian

T”S’“‘"Tfmn_ll. Using Remark 3 we get ||T°f;| < aaqitsrang 1 <
—1 by, —
aa,” <a”ma,y <1

Case 2. i € I,,. Then T¢f; = a, ,(z'% — z**57%»). We have
n > m, since (m — 1)a, < i < ra, + vp—r—1 < (n — 1)a,. Thus,
4(i + s) < (4r + )a, < by,.

21°. r = n—m. Then i = ra, + j for some j € [0,v,_1]
and T°Q,fi = —anz’™®>We have i + s € Jy,41, SO fits =
al@r+lan—2(i+s)l/vian gits Hence, ||:c’+s\| < a~Ver/t < g-t Us-
ing Lemma 1 we get ||z("~Vanti+s — gi+s|| < 2q;% . Thus, ||T°f; —
TSmei” _ ameH—S _ (xz—an-l—s _ IH—S)H < ?’amar_n{q—l <1.

22°. r#n—m. Then i ¢ Sy, s0 Qmfi =0 and T°f; — T°Qnfi =
Ts f;.

(a) # > n —m. Then for j = i+ s we have j —a, € Jyp,, 5O
fian = al@r-Den—2G=a)l/Viangi=an Thys, |27 || < a=Van/4,

If r+1 < mn,then j € J, 41; 50 fj = al@riDen—2il/Vian,i Hence,
27| = |27 = || < a=Van/4,

If r+1 = n, then j € Ly1; so f; = aln=21/V4ngi  Hence,
27| < o Vbn/4,

It follows that ||T°fil| < an_(||l27]| + ||z77"]|) < ap_1(a=Ver/* +
a~Van/t) < 1.
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(b) r <m —m. Then ¢ = ra, + j for some j € [0, vp_r_1].

Ifj+s<wvpp_1,theni+s €L, ;50 fits = an_p(ziT—gits7an) =
Tsfi. Thus, ||Tsfl|| =1.

If j +5 > v,—r—1, then we have T°f; = a,_.(z"* — zit579n) =
T5+j7vn—r—1[an_r(xran+vn—r—1 o x(rfl)an+vn_r_1)] = Tsti—vn_r_1—1
Tfra,+v,_,_,- Using Remark 3 we get || T°f;|| < asti—vn-—r-1-1g 1 <

s, —1 2by, ,—1
a‘a, . <a”ma,, <1

Case 3. i € L,,. Then T°f; = l?r=Ubn=2il/Vabngi = where
j =1+ s. We have n > m, since v—1 < @, < i < r(ay + by) < vy,.
Thus, 45 < ant1.

3.1°. n=mand j > v,. Then j€Jp41,1; 50 fj:a[“"“’zj]/v‘lanﬂmj
and [[27]| = alemn2l/ Ve < gmVann/t o Thus | |75 <
oV /2|2 || < 1.

3.2°. n=m and j < v,. Then 5 > na, +rb, and r <n — 1.

(a) If j < (r+1)(an+by), then j € Ly, »11; s0 f; =al(3r+1)bn=2i]/vV4bn i
Thus, ||T° f;|| = al=26n+2sl/V4n < o since s — b, < /by

(b) If (r+1)(an+bn) < j < (n—1)ap+(r+1)b,, then using Lemma 1
we get ||z — b7 Hlzd=( Db < 2b7 and |2/~ HD|| < A, < b,
Thus, [|27]] < 2b7 46712 < 3b? < aVbr/%, Moreover, we have |1 f;|| =
ol (r=D)bn=2i]/VAbn|| 27 || < o~ VPn/4||zd ||, since 47 = 4(j—s) > (4r—1)by,.
It follows that |7 f;|| < 1.

(c)Ifj>(n—1)a,+ (r+1)b,, then r <n—2 and j € L, ,12; s0
fj _ a[(2r+3)b"_2j}/\/4b"1:j. Thus, ”Tssz _ a[25—4bn]/\/m <a.

33°.. n > mand j < r(a, +b,). Then j € L,,, so f; =
alGr=Dbn=2j1/VAbngi  Thus, ||T°fi|| = a?s/V¥» < q, since s < 2by, <
Vb,.

3.4°. n>mand j > r(a, +by,). Put k =r(a,+0b,). Clearly, k—1 €
Ly, 50 fr1 = al@r=Dbn=2(k=D]/vVan k=1 Hence, TI~FTf, | =
al@r=1bn=2(k=1)1/vVabn zj  Thuys, |z7]| < a_[(zr_l)bn_z(k_l)]/\/‘mHT”3—1
|Tfr—1]|. By Remark 3 we get ||Tfr_1]] < b,!. It follows that
|75 fi|| < alPFE=i=D/Vibngs=1p—1 < osp-1 < ozm“"b;i|r1 < 1, since
E—i—1<s5<2by, <by.



THE INVARIANT SUBSPACE PROBLEM 635

Case 4. i € K, . Then T°f; = xd — b,z where j =i+ s. We
have n > m, since (m — 1)a,, <i < (n—1)a, + rb, < v,.

41°. n=mand j < (n—1)an+ (r+1)b,. Then j > (r+1)(a,+b,),
sor+1<n-—1andj€ K, 1. Thus, f; =27 — byl ~bn = T f;, so
172 fill = 1.

4.2°. n=mand j > (n — 1)a, + (r + 1)b,. Then 45 < (4r + 5)b,, <
41

If r < n—2 then j € Ly 42 and f; = alr+3)0n=2i1/Vabngi. o
27| < 1.

If r > n—2, then j € Jp411 and f; = alan+1=2]l/v4ant1gd, g0
l2?]] < 1.

If r<n—1, then j — b, € L, 41 and

fg b, (2r+1)b —2(j—bn)]/V/4by, £EJ by,

50 [|lzibn|| < a=VOn/t < b1,
Ifr=n—1,then j —b, € Jyot1,1 and

fjfbn — a[an+172(j7bn)]/\/ dant1 :Uj_bn;

50 [[&7 70 || < |af TVt < oy
It follows that ||7° ;|| < ||z + b ||z? ]| <2 < a.

43°. n > m and j < (n — 1l)an, + rb,. Then j € K,, and
fi =27 = buai=tn =T fi; 50 |T*fi]| = 1.

4.4°. n>m and j > (n — 1)a, +rb,. Then 45 < (4r 4+ 1)b, < ap41.

If r <n—1,then j € Ly,4+1 and f; = al@+Don=2i1/Vabngi, o
7] < 1.

If r =n—1, then j € Jpt1,1 and f; = alonti=2il//4ani i, g0
&[] < 1.

Moreover, we have j — b, € Ly, and

f] b, (27' 1)b,, —2(j—bn)]/V4b, $J by,

so ||lzi=tn|| < a=Vin/4 < b7l Tt follows that ||T5f;]| < |[j«f] +
bllz? || <2 < a. O
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For f € F of the form f = > ;" c;z* we put |f| = Y~ |ci|. The
functional |- | : F — [0,00), f — |f| is a submultiplicative norm on F.

It is easy to check that for m € N with m > 2 and y € F;,_1)4,, We
have [|ly|| < An|y| and |y| < maxo<i<(m-1)a,, [filllyl] < VAmlly|.-

For n € Ny we denote by P, the linear projection from F onto F,
such that P, (z*) = 0 for i > n. We have z(P,v) = P, y1(zv) forn € N
and v € F.

We need two other lemmas to prove our theorem.

Lemma 5. Lete € E with e #0 and k € N with k > 2. Then there
exists an m € N with m > k such that |P(;,_p)a,, (Qme)| > a,,!'.

Proof. Suppose by contradiction that for every m € N with m > k
we have
(1) ‘P(m—k)am(Qme” < a;nl‘

For some (ej) € [1(No) we have e = >3 e;f;. Then || =
> lejl > 0. Put ¢, = (n—1)a, for n € N. For n € N we have
Z;’;O ejfi = Z;’;O Yn ;@ for some (yn,j)j2o C K. For n > 2 we obtain
Qn(X5e, 116 fi) = 232" zn,ia’, where

oo

(2) Zn,g = —0an Z ei+(m7n)am'
m=n+1

So we get

Un—1

(3) Que =D yng@ + Y znja’.
§=0 §=0

From (1) and (3) we obtain for m > k

(m—k)am

(4) Yo lymil <an'

J=vm-1+1

Let m > n > k and My, = ((m — n)am + vp_2, (M — n)am + vn_'l].
Clearly, My, 5 C [@m,Cm] = U;":_llfmﬁ UUT:_ZIJWS and f; = am—s(z" —
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zt=m) for i € Iy, s € [I,m) and f; = al@s—Dam—2i/Viam gi for
i€ Jms, sE€[L,m). If j € My, then j € Iy o —n; if @ € [ar, ] and
t—am € My, then ¢ € Jm—nt2. Thus, ym ; = ane; for j € My, 5.
Clearly, M, C (Vm—1,(m — k)ay,]. Using (2) and (4) we obtain for
n >k,

VUn—1 o] Un—1
(5) Yo gl YD DY anlejim—nyan
J=Vn_2+1 m=n+1j=v,_2+1

o0
= Z Z |ym,j‘§a;1'

m=n+1jEMm n

From (3) and (1) we get for n > k

Un—1

(6) D Yng + 24l < |Pa, (Qne)| < ay’.

j=0
Hence, by (5), we have for n > k,

Un—1

(7) > vnsl <a,t+a," =2q,"

j=vnp_2+1

Let n > k. Put M,, = Z;lvn,1+1 e;jfi— Z;;UH*IH Yn, ;2.

Clearly, (vn_1,cn] = Ui} (Jns Ulns). If i€ UZZ]Jn s UU I s,
then P, . fi = 0; if ¢ € I,;, then P, _,(f;) € F,, ,. Thus,
P,, (M) € F,,_,; but M,, = Z;ZBI Yn,jT! — ;if)l ejfj € Fuo, 1,

Un_ U 1
so M, € F, _,. Hence, Zj:vi_zﬂ ejfi — ijvi_ﬁl Yn ;T =
i tn i fj for some (¢, ;)i",> C K. By (7) and Lemma 1, we get

=0 =0
Un—1 Vn—1 Un—-2
Yoo leyl<|l Do efi Dt
J=Vn—2+1 Jj=vn-2+1 j=0
Vn—1
2B, _1 1
S Z ‘yn,j|Bn71 S a < m
Jj=vn-—2+1 n an
Hence, for m > k, we have Z;va,1+1 lej] < Z?va,1+1|ej\ <

—1/2 1

Upii < ay'. Using (2) we get for n > ki 57" |zn | <
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anzm n—i—lzj =0 ‘€J+m nam| > anzm n+1Z] =Um_ 1+1|ej‘ < an

00 —1/2 1/2 1
Zm:n+1 Qi1 < 2ana, S Opiq-

Let n > k. Applying (6), we obtain

P'U"*I <Znejfj> ‘ = P'Unfl <Znyn,jmj> ‘
j=0 =0

Un—1

=3 lynjl <ap'+a,y <207
j=0

Moreover, we have

Pvn1< > 6jfj>‘§ > el max ]|Pvn71(fj)|

J=vn—_1+1 Jj=vn-1+1 JE€(vn-1,n
< a;lan_l.
Vp— Cn Cn
Thus, |Z 1leJ| =[Py, 1(23 Oejf]) by, 1(23 —vp_141 ejfi)l <
2a;," an 1. Forsome (s, ;);" " CK wehave Y7 " e fj = > 5" sn i’
Hence
Vn—1 Un—1 Un-—-1
Yoleil =Y snja?| <D [snjlBas
j:O j:O j:O
Un—1
. 2a,_ _
Z Snvjwj Bn1 < = 1Bn*1 < anll
3=0 "
for every n > k. It follows that 77" lej| = 0, so e = 0; a
contradiction. a

Lemma 6. Letn € N. Letm € [0,n], 0 <e <2 ' and2 < M <
e L. Assume thaty € F,, with |y| < M and |P,,(y)| > Me. Then there
exists a q € F,, with |g| < e ®™' such that |P,(qy) — ™| < ¢.

Proof. Clearly, y = Y"1 y;@* for some (y;)?_, C K. By assumption,
we have 7" o |y;| < M and Y07 |yi| > Me.

0

If n =1 and m =0, then ¢ = yalm — ygzyl:zcl satisfies our claim.
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If n =1 and m = 1, then we can take ¢ = y; 'z if |yo| < 272 M,
and q = y, 'zt if |yo| > 2712 M.

Suppose that our claim is true for n = k > 1. We shall prove that it
is true for n = k + 1.

Let m=0,0<¢e <2 'and 2 < M < e !. Then we put qozyo_1
and ¢;11 = —yo_1 Z;ill Yjgi+1—; for 0 < i<k and g = Zfiol gizt. It is
easy to see that Py11(qy) — 2% = 0 and

k+1 k+1 _
) e—(k+2) _1 '
lg| = Z lqi| < Za_l\yorl < ﬁ < g~ (k+2) < o= (2k+2)!,
ele~t —
1=0 i=0

Let 1 <m<k+1,0<e<2tand 2 < M < e~ L. Consider two
cases.

Case 1. [yo| < (¢/2)®9"*%. Then S0 [y < M and X7, [yil >
M (g/2). By the inductive assumption for § = Zfill y;z'~!, there exists
a g =Y oq with |g| < (¢/2)" )" and |Py(qg) — 2™ Y| < (¢/2).
Then we have |q| < e~ (2*+2)" and

|Pet1(qy) — 2™ = |Prya(g(2d + yoz°)) — za™ !
= |z(Pr(qy) — &™) + yoa| <e.

Case 2. |[yo| > (¢/2)®W*L. Then we put ¢; = 0 for 0 < i < m,
Gm =5 " and Gumij = —Yp " D1y Yim+j—i for 1 <j < k+1—m. For
q= Zfiol g;x" it is easy to check that Pyy1(qy) — 2™ = 0 and

k+1—m 1 k+1—m M j
d= 3 lanssl < op > (—)
=0 Yol =0 |yl

1 (M/|yO\)k+1 —1 < g~ (2k+2)!

ol (MJlw) -1 = -

Remark. It is easy to see that the assumption y € F), in Lemma 6
can be replaced by the assumption y € F'.



640 WIESLAW SLIWA

Now we are ready to show our main result.

Theorem 7. Assume that di > o and d, 1 > amdn) for every
n € N. Then the linear continuous operator T' on E has no nontrivial
closed invariant subspace.

Proof. Let M be a closed subspace of E with M # {0} such that
T(M) C M. Then g(T)(M) C M for every g € F. Let e € M with
0 < |le|| < 1. We shall prove that for every 6 > 0 there exists an
f € F such that |[f(T)e — 2°|| < 6. Let 6 > 0. Let k > 2 with
ak—1 > 66~ . By Lemma 5 we have |P(;,_k)q,, (@me)| > a,,! for some
m > k. For Ry = (amA,)R2m=2eml' we have aamAmRym < bm,
since amA, < a%m and aol®m—Deml' < Put y = Q,e. Then
vl < VAR|@mlllel < Am

By Lemma 6 there exists a ¢ € F(,,_2)q,, With |g| < R,, such that

m

(8) |Pin—2)a,, (ay) — ™99 | < (@A)t

(S1) Put f = bylzm*Pmg and S = Km,. Then f = Y  gt.z*
for some (ts)ses C K. Let z = fy. Using Lemma 4 we get
1 (T)e — 2l = |2 sests(T" = T°Qmell < Lses ltsla = |fla =
lglab,! < Rpab! <a,,

(S2) Let a = (m — 1)am + by, and b = 2(m — 1)ay, + by,. Clearly,
z € Fy; s0 z = Zl}:o sja’ for some (s;)5_y C K. Then [z — Pyz|| =
b . b - . .
HE; at1 558 | < 305 apy [sjlmaxacjcp [|27] < |z], since [la/|| =
~[B3bm =2j1/VAbm < g bm—d(m—D)am]/Vibn < 1 for j € (a,b] C Ly,
Wehave lz| < |fllyl = b allyl < b R A < al. Thus, ||2—P, z|| <

al.

(S3) Let t = z%mqy and ¢ = (m — 1)a,,. Clearly t € Fy.; so
t = EZC ot for some ()i, C K. For j € [am,c|, we have
Jj+bm € Kmyl Thus, b} x”b — 2| = b_1||fj+bm\| = b,,!. Hence,
we get || Puz—Put|| = || Pa(b7} " t) = Put]| = [|Pa(352 S Vil @0 ) =
Pc(zj =am 'nyJ)H = ZJ —am "/melx]er 7zj=am V! || < Zj:am ;]
o5 taitom — 27| < |t|b L. Thus, |P,z— P.t|| < b R, Ay, < al, since
lt] < lally] < RimAm
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(S4) Using (8) we get |P.t — x(m~Fktham| = |gom(P,_, (qy) —
x(m’k)“m)\ = |Pim—2)a,, (qy) — m(m*k)“m\ < (amAn)~t. Hence, ||P.t —
x(m—k-l—l)amH < a‘7_n1'

(S5) By Lemma 1 we have ||z(m~k+tDam _ 20| < 24! . Since
f(Te—z° = (f(T)e—2)+ (2= Py2)+(Pyz— Pot) + (Pt —a(m—F+ham) 4
(z(m—k+Dam _ 20) we obtain || f(T)e — 2°| < 6a;', < 0.

We have shown that for every § > 0 there exists an f € F such that
| f(T)e — 2°|| < §. It follows that z° € M. Hence, z" = T"z" € M for
all n € Ny. Thus, F C M,so M = FE. ]
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